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Abstract: The principle of maximum conformality (PMC) provides a systematic approach to solve the convention-
al renormalization scheme and scale ambiguities. Scale-fixed predictions of physical observables using the PMC are
independent of the choice of renormalization scheme – a key requirement for renormalization group invariance. In
this paper, we derive new degeneracy relations based on the renormalization group equations that involve both the
usual β-function and the quark mass anomalous dimension -function. These new degeneracy relations enable im-
proved PMC scale-setting procedures for correct magnitudes of the strong coupling constant and -running quark
mass to be determined simultaneously. By using these improved PMC scale-setting procedures, the renormalization
scale dependence of the -on-shell quark mass relation can be eliminated systematically. Consequently, the top-
quark on-shell (or ) mass can be determined without conventional renormalization scale ambiguity. Taking the
top-quark  mass  GeV as the input, we obtain  GeV. Here, the uncertainties
arise from errors combined with those from  and the approximate uncertainty resulting from the uncalcu-
lated five-loop terms predicted through the Padé approximation approach.
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I.  INTRODUCTION

pp

The  top  quark  is  the  heaviest  elementary  particle  in
the Standard Model (SM), and its mass is one of the most
important  input  parameters  of  the  SM.  The  largest  mass
among  quarks,  or  equivalently  the  strongest  Yukawa
coupling, implies that the top quark plays a crucial role in
governing the  stability  of  the  electroweak  vacuum.  De-
termining  the  top-quark  mass  accurately  is  helpful  for
testing the precision of the SM, assessing whether the va-
cuum is  in  stable  or  meta-stable  state,  and  searching  for
new physics beyond the SM. Direct measurements of the
top-quark  mass  exhibit  high  precision  in  proton-proton
( )  collisions  at  the  LHC  [1–8];  these  measurements

0.5 ∼ 1
MMC

t MOS
t

rely on the reconstruction of the top quark decay products
and  multipurpose  Monte  Carlo  (MC)  event  generators.
Other  measurements  were  also  reported  in  Refs.  [9–17].
In  the  theoretical  side,  many  studies  aimed  to  relate  the
top-quark  mass  to  its  on-shell  (OS)  scheme  mass,  c.f.
Refs. [18–25]. A  GeV difference between the top-
quark MC mass ( ) and top-quark OS mass ( ) has
been reported [26–32].

MS

mt,0

MS mt,0 = ZOS
m MOS

t mt,0 = ZMS
m mt(µr)

The  top-quark OS mass  has  been  investigated  in  de-
tail in Refs. [33–52]. This mass can be related to the mod-
ified minimal subtraction ( )  scheme running mass by
using  the  perturbative  relations  between  the  top-quark
bare  mass  ( )  and  renormalized  mass  in  the  OS- or

- scheme, e.g.,  and . In

        Received 18 January 2024; Accepted 26 February 2024; Published online 27 February 2024
      * Supported in part by the National Natural Science Foundation of China (12247129, 12175025, 12347101) and the Graduate Research and Innovation Foundation
of Chongqing, China (ydstd1912)
     † E-mail: huangxd@ihep.ac.cn
     ‡ E-mail: wuxg@cqu.edu.cn
     § E-mail: zhengxc@cqu.edu.cn
     ♮ E-mail: yjiang@cqu.edu.cn
     ♯ E-mail: zfwu@cqu.edu.cn
     ¶ E-mail: mahonghao@pku.edu.cn

Chinese Physics C    Vol. 48, No. 5 (2024) 053113

 Content from this work may be used under the terms of the Creative Commons Attribution 3.0 licence. Any further distribution of this work must main-
tain attribution to the author(s) and the title of the work, journal citation and DOI. Article funded by SCOAP3 and published under licence by Chinese Physical Society
and the Institute of High Energy Physics of the Chinese Academy of Sciences and the Institute of Modern Physics of the Chinese Academy of Sciences and IOP Pub-
lishing Ltd

053113-1

http://orcid.org/0000-0002-7343-1907
http://orcid.org/0000-0002-8162-7467


ZOS
m ZMS

m

MS

MS

MS

αs MS
mq q = c,b, t

αs

mq

γm

these expressions,  and  are quark mass renormal-
ization  constants  in  the  OS- and - schemes, respect-
ively.  In  perturbative  Quantum  Chromodynamics
(pQCD)  theory,  the  relation  between  the  OS  mass  and

 mass  has  been  calculated  up  to  four-loop  level
[53–65].  This  allows  for  determining  the  OS  mass  with
the help of  experimental  results  for  the  mass.  In  the
determination  process,  the  key  issue  is  to  set  the  exact
values of the strong coupling constant ( ) and  mass
(e.g., ,  denote  the  charm,  bottom,  and  top
quarks,  respectively).  The  scale  running  behavior  of 
and  is  governed  by  general  renormalization  group
equations  (RGEs)  involving  both  the β function  and
quark mass anomalous dimension : 

das(µr)
d lnµ2

r
= β(as) = −

∞∑
i=0

βiai+2
s (µr), (1)

 

dmq(µr)
d lnµ2

r
= mq(µr)γm(as) = −mq(µr)

∞∑
i=0

γiai+1
s (µr),

(2)
as(µr) = αs(µr)/(4π) {βi} {γi}

MS
β0 = 11−2n f /3 γ0 = 4

n f

αs(MZ) = 0.1179±0.0009 mt(mt) = 162.5+2.1
−1.5

where .  The - and -functions
have  been  calculated  up  to  five-loop  level  in  the -
scheme  [66–74],  e.g.,  and ,  where

 is the number of active flavors. Using reference points
such  as  and 
GeV, reported by the Particle Data Group [75], their val-
ues can be obtained at any scale.

αs

n f

Because  of  renormalization  group  invariance  (RGI),
the physical observable is independent of any choices of
renormalization scheme and scale. However, for a fixed-
order  pQCD  prediction,  the  mismatching  of  and  the
pQCD coefficients at each order leads to the well-known
renormalization  scheme-and-scale ambiguities.  To  elim-
inate such artificially introduced renormalization scheme-
and-scale ambiguities,  the  principle  of  maximum  con-
formality  (PMC)  was  proposed  [76–79].  This  principle
sets  the  underlying  procedure  for  the  well-known Brod-
sky-Lepage-Mackenzie  (BLM) method  [80]  as  well  as  a
rule for generalizing the BLM procedure up to all orders.
A short review of the development of the PMC from the
BLM method can be found in Ref.  [81].  All the features
previously  observed  in  the  studies  on  the  BLM  method
are  also  adaptable  to  the  PMC  with  or  without  proper
transformations,  e.g.,  only  the  RG-involved -terms  in
the  pQCD  series  should  be  treated  as  non-conformal

αs

terms and be adopted for setting the correct magnitude of
.  The  PMC  thus  provides  a  rigorous  scale-setting ap-

proach  for  obtaining  unambiguous  fixed-order  pQCD
predictions consistent with the principles of the renormal-
ization  group 1).  Moreover,  its  predictions  satisfy  all  the
requirements  for  renormalization  group  invariance  [87,
88]. A complete discussion about the PMC can be found
in review articles [89–91].
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To date,  the  PMC  method  has  been  successfully  ap-
plied  to  many  high-energy  processes,  c.f.  Refs.  [92–98],
aiming  to  determine  the  correct  magnitude  of  the  strong
running coupling  of the pQCD series by using the pro-
cedures suggested in Refs. [99, 100]. However, there are
also  many  other  advances  related  to  both  the  running
coupling  and quark  running mass . If the pQCD
series contains both the -terms related to the renormal-
ization of  and the -terms related to the renormaliza-
tion of , some extra treatments must be applied before
using the formulas listed in Refs. [99, 100]; those formu-
las  are  based  on  the  assumption  that  both  the  conformal
and non-conformal terms have been correctly distributed 2).
To achieve a correct PMC prediction, the degeneracy re-
lations among different orders, which jointly constitute a
general property of the QCD theory [103], should be ap-
plied correctly.  In  this  paper,  we derive  new degeneracy
relations with the help of the RGEs involving both the β-
function  and  quark  mass  anomalous  dimension -func-
tion,  which  lead  to  improved  PMC scale-setting proced-
ures.  Such  procedures  are  then  applied  for  determining
the top-quark OS mass by simultaneously determining the
correct magnitudes of  and quark  running mass 
of the perturbative series with the help of RGEs for either
the running coupling  or running mass.

Rδ

Mt

MS

The rest of this paper is organized as follows. In Sec.
II,  we  describe  the  special  degeneracy  relations  of  the
non-conformal  terms  in  the  perturbative  coefficients  by
using  the -scheme. Then,  we  elaborate  on  the  im-
proved procedures of the PMC scale-setting approach un-
der the running mass scheme. We apply these procedures
in Sec. III to determine the top-quark OS mass  via its
perturbative relation to the  mass. Section IV presents
a summary. 

II.  CALCULATION TECHNOLOGY
 

RδA.    Observables in -scheme
Rδ MSThe -scheme  represents  the -type renormaliza-

Xu-Dong Huang, Xing-Gang Wu, Xu-Chang Zheng et al. Chin. Phys. C 48, 053113 (2024)

1) A practical way of achieving scheme-and-scale invariant prediction directly from the initial series, which is called as principal of minimum sensitivity (PMS) [82,
83] has been suggested in the literature. It assumes that all uncalculated higher-order terms give zero contribution and determines the optimal scheme and scale by re-
quiring the slope of the pQCD series over scheme and scale choices vanish. Since the PMS breaks the standard renormalization group invariance [84], it thus cannot be
treated as a strict solution of conventional scheme-and-scale ambiguities, which however could be treated as an effective treatment [85, 86].

MS
n f

2) We have observed that a study on the relation between the OS mass and the  running mass by using the PMC has been issued in Ref. [101]. It should be poin-
ted out that the authors there do not distinguish the functions of various -terms in the perturbative series, which is however important to achieve a precise prediction
[102]. Thus their treatments can only be treated as an effective but not an strict application of the PMC.
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ln(4π)−γE −δ

Rδ=0 =MS
ρ(Q2) MS

R0

tion scheme with a subtraction term , where
δ is  an  arbitrary  finite  number  [99]  satisfying  that

. As an extension of Ref. [99], we consider the
pQCD prediction  including the  running mass.
In  the  reference  scheme , this  prediction  can  be  ex-
pressed as follows: 

ρ0(Q2) = r0mn
q(µr)
ï

1+
∞∑

k=1

rk(µ2
r/Q

2)ak
s(µr)
ò
, (3)

ρ0 R0

mq MS
mq r0

r0

as

µr

Rδ
Rδ

Rδ

where  denotes  the  pQCD  prediction ρ in  the 
scheme, Q represents  a  physical  scale  of  the  measured
observable 1),  is the quark  running mass, n is the
power of  associated with the tree-level term, and  is
a global factor. For simplicity, we assume that  does not
have . The pQCD series is independent of the choice of
renormalization scale , provided that it has been calcu-
lated  up  to  all  orders.  However,  it  is  not  feasible  to
achieve this goal owing to the difficulty of high-order cal-
culations. Generally,  the  pQCD  series  becomes  a  renor-
malization scale that depends on the scheme at any finite
order;  this  dependence  can  be  exposed  by  using  the -
scheme. One can derive the general expression for ρ in 
by using the scale displacements in any -scheme: 

as(µr) = as(µδ)+
∞∑

n=1

1
n!

dnas(µr)
(d lnµ2

r )n

∣∣∣∣
µr=µδ

(−δ)n, (4)

 

mq(µr) = mq(µδ)+
∞∑

n=1

1
n!

dnmq(µr)
(d lnµ2

r )n

∣∣∣∣
µr=µδ

(−δ)n, (5)

δ = − ln (µ2
r/µ

2
δ)where .  It  is  useful  to  derive  the  general

displacement relations as expansions up to fixed order, as
shown in Appendix A.

ρδ
Rδ

Inserting  these  scale  displacements  into  Eq.  (3),  one
can obtain  the  expression of  for  an arbitrary δ in  any

-scheme: 

ρδ(Q2) = r0mn
q(µδ){1+ (r1+nγ0δ)as(µδ)

+ [r2+β0r1δ+n(γ1+γ0r1)δ+
n
2
β0γ0δ

2

+
n2

2
γ2

0δ
2]a2

s(µδ)+O[a3
s(µδ)]}, (6)

ρδ Rδ
µ2
δ = µ

2
r eδ ρδ a4

s

ρ0

δ = 0 Rδ

where  denotes  the  pQCD  prediction ρ in  the 
scheme and . A useful expression of  up to -
order is provided in Appendix B. It is easy to return to 
by  setting .  A  further  description  of  the -scheme

can be found in Sec. II of Ref. [99].
The  renormalization  group  invariance  requires  that

the perturbative series up to all  orders for a physical ob-
servable be independent of the theoretical convention:
 

dρδ
dδ
=
∂ρδ
∂δ
+β(as)

∂ρδ
∂as
+mqγm(as)

∂ρδ
∂mq
.

= 0. (7)

Thus, we can obtain
 

∂ρδ
∂δ
= −β(as)

∂ρδ
∂as
−mqγm(as)

∂ρδ
∂mq
. (8)

{βi} {γi}

∂ρδ/∂δ = 0

Therefore, by absorbing all  and  dependences in-
to the running coupling constant and quark running mass
in  Eq.  (6),  one  can  obtain  a  scheme-invariant  prediction
given  that  the δ-dependence  is  vanished.  Therefore,  the
coefficients  of  the  resultant  series  will  be  equal  to  those
of  the  conformal  (or  scale-invariant)  theory,  that  is,

.

{βi} {γi}

{βi,γi}
ρδ β0a2

s

nγ0a2
s

r1δ

ρδ

The expression in Eq. (6) also exposes the pattern of
-terms and -terms in the coefficients at each order.

Given  that  there  is  nothing  special  about  any  particular
value  of δ, it  is  possible  to  infer  some  degenerate  rela-
tions  between  certain  coefficients  of  the -terms
from  the  expression .  That  is,  the  coefficients  of 
and  can  be  set  equal,  given  that  their  coefficients
are  both .  Therefore,  for  any  scheme,  the  expression
for ρ can be transformed into a similar form to that of :
 

ρ(Q2) = r0mn
q(µr)
ß

1+
Å

r̂1,0+nγ0 ln
µ2

r

Q2

ã
as(µr)

+

ï
r̂2,0+β0r̂2,1+nγ0r̂2,1

+
(
β0r̂1,0+nγ1+nγ0r̂1,0

)
ln
µ2

r

Q2

+
1
2
(
nβ0γ0+n2γ2

0

)
ln2 µ

2
r

Q2

ò
a2

s(µr)

+O[a3
s(µr)]

™
, (9)

r̂i, j µr r̂i,0

{βi,γi}
a4

s

rk(µ2
r/Q

2) r̂i, j

where  are  coefficients  that  do  not  depend  on , 
are conformal coefficients, and the -terms are non-
conformal  terms.  A  useful  expression  up  to -order  is
provided in  Appendix  C.  It  is  easy  to  find  the  relation-
ships between the coefficients  and :
 

Precise determination of the top-quark on-shell mass Mt via its scale-invariant... Chin. Phys. C 48, 053113 (2024)

µr
e+(k1)+ e−(k2)→ γ∗→ q(k3)+ q̄(k4) ln(µ2

r /s)
s = (k1 + k2)2 = (k3 + k4)2 Q =

√
s

1) The Q represents the typical physical scale of the measured observable, which always appears in the pQCD calculation associated with . For example, in the
calculation  of  the n-loop  pQCD  correction  to  the  cross  section  of ,  the  calculated  results  include  terms  like  where

 represents the squared center-of-mass energy. Thus, the scale Q appears in the expression automatically as .
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r1(µ2
r/Q

2) = r̂1,0+nγ0 ln
µ2

r

Q2
, (10)

 

r2(µ2
r/Q

2) = r̂2,0+β0r̂2,1+nγ0r̂2,1

+ (β0r̂1,0+nγ1+nγ0r̂1,0) ln
µ2

r

Q2

+
1
2

(nβ0γ0+n2γ2
0) ln2 µ

2
r

Q2
, (11)

rk(µ2
r/Q

2)
(k = 3,4) r̂i, j

r̂i, j rk(µ2
r/Q

2)
{βi,γi}

n f n f

{βi,γi} n f

r̂i, j

kth n f

The  relationships  between  the  coefficients 
 and  are provided in Appendix D. These rela-

tionships  lead  to  systematic  procedures  to  determine  the
coefficients . In some cases, the coefficients 
in  Eq.  (3)  are  computed  numerically,  and  the  de-
pendence is not known explicitly. However, it is straight-
forward to obtain the dependence on the number of quark
flavors , because  enters analytically in any loop dia-
gram  computation.  To  apply  the  PMC  scale-setting ap-
proach,  one  should  put  the  pQCD  expression  into  the
form of  Eq.  (9).  Owing  to  the  special  degeneracy  rela-
tions in the coefficients of -terms, the  series can
be  matched  to  the  coefficients  in  a  unique  manner.
The -order coefficient in pQCD has an expansion in 
that reads 

rk(µ2
r/Q

2) = ck,0+ ck,1n f + ...+ ck,k−1nk−1
f , (12)

ck,l

µr

r̂i, j

rk(µ2
r/Q

2)
ck,l

where  the  coefficients  are  obtained  from  the  pQCD
calculation  and  are  a  function  of  and Q.  Then,  the
coefficients  in  Eq.  (9)  can  be  determined  by  using
their  relationship  with  and the  known  coeffi-
cients .  The  steps  are  detailed  in  Appendix  E.  In  the
next section,  we will  show improved PMC formulas un-
der the running mass scheme. 

B.    PMC single-scale approach under the
running mass scheme

as(Q∗)
mq(Q∗)

Adopting  the  PMC  single-scale  approach  [100],  the
overall  effective  running  coupling  and  effective
running mass  can be determined by absorbing all
the non-conformal terms. Eq. (9) transforms into the fol-
lowing conformal series: 

ρ(Q2) = r0mn
q(Q∗)

{
1+ r̂1,0as(Q∗)+ r̂2,0a2

s(Q∗)

+ r̂3,0a3
s(Q∗)+ r̂4,0a4

s(Q∗)+O[a5
s(Q∗)]

}
, (13)

Q∗
µr Q∗

Q∗

where  is the PMC scale. More explicitly, by using the
scale displacement relations to shift the scale  to  in
Eq.  (9),  the PMC scale  can be determined by requir-
ing that all non-conformal terms (NonConf.) vanish: 

ρ(Q2)NonConf. = r0mn
q(Q∗){r1,NonConf.(Q∗)as(Q∗)

+ r2,NonConf.(Q∗)a2
s(Q∗)

+ r3,NonConf.(Q∗)a3
s(Q∗)

+ r4,NonConf.(Q∗)a4
s(Q∗)+O[a5

s(Q∗)]}

= 0, (14)

where 

r1,NonConf.(Q∗) = nγ0 ln
Q2
∗

Q2
, (15)

 

r2,NonConf.(Q∗) = β0r̂2,1+nγ0r̂2,1

+ (β0r̂1,0+nγ1+nγ0r̂1,0) ln
Q2
∗

Q2

+
1
2

(nβ0γ0+n2γ2
0) ln2 Q2

∗
Q2
, (16)

ri,NonConf.(i = 3,4)where  the  higher-order  coefficients  are
provided in Appendix F.

ln(Q2
∗/Q

2) as(Q∗)
Owing  to  its  perturbative  nature,  the  solution  of

 can be expanded as a power series over : 

ln
Q2
∗

Q2
=

n∑
i=0

S iai
s(Q∗), (17)

S i

n , 0
S i(i = 0,1,2)

where  are perturbative coefficients that can be derived
by solving Eq. (14). For , the first three coefficients

 are 

S 0 = 0, (18)

 

S 1 = −
(β0+nγ0)r̂2,1

nγ0
, (19)

 

S 2 = r̂1,0r̂2,1− r̂3,1−
nγ0r̂3,2

2
− β1r̂2,1

nγ0

+β0

Å
γ1r̂2,1

nγ2
0
+

2r̂1,0r̂2,1−2r̂3,1

nγ0
− 3r̂3,2

2

ã
+β2

0

Å
r̂1,0r̂2,1

n2γ2
0
− r̂3,2

nγ0

ã
, (20)

S 3

Q∗
mq

as

µr r̂i,0

and  is  provided  in  Appendix  G.  Following  this  idea,
the PMC scale  can be fixed at  any order;  the correct
magnitudes  of  the  quark  running  mass  and  running
coupling  constant  are  determined  simultaneously.
Matching  the -independent  conformal  coefficients ,
the  resultant  PMC  series  will  be  free  of  conventional
renormalization scale ambiguity. In the following section,
we  apply  these  formulas  to  determine  the  top-quark  OS
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Mt MSmass  via its perturbative relation to the  mass. 

III.  NUMERICAL RESULTS

αs(MZ) =
0.1179±0.0009 mt(mt) = 162.5+2.1

−1.5

αs(µr)

For  numerical  calculations,  we  adopted 
 and  GeV [75]. The run-

ning  of  the  strong  coupling  was  evaluated  using
the RunDec program [104]. 

MtA.    Properties of the top-quark on-shell mass 
MSThe  relation  between  the  quark  mass  and  OS

quark mass can be expressed as 

mt(µr)
Mt

=
ZOS

m

ZMS
m

=
∑
n≥0

an
s(µr)z(n)

m (µr), (21)

z(0)
m (µr) = 1 z(n)

m (µr) ln(µ2
r/M

2
t )where  and  is  a  function  of .

As an expansion of a previous study [95], we focus on the
inverted relation with respect to Eq. (21), 

Mt

mt(µr)
=

ZMS
m

ZOS
m
=
∑
n≥0

an
s(µr)c(n)

m (µr), (22)

c(0)
m (µr) = 1 c(n)

m (µr)
ln(µ2

r/m
2
t (µr))

where  and  is  a  function  of
.  Then,  we  can  determine  the  top-quark  OS

mass using the following relationship: 

Mt = mt(µr){1+ r1(µr)as(µr)+ r2(µr)a2
s(µr)

+ r3(µr)a3
s(µr)+ r4(µr)a4

s(µr)+O[a5
s(µr)]}, (23)

ri(µr)(i = 1,2,3,4)
ri(µr)

ln(µ2
r/m

2
t (µr)) µr MS

mt(µr)
γm

O(α5
s) MS

mt(µr)

where  the  perturbative  coefficients 
were reported in Refs. [61, 62] and  are functions of

.  The  dependence  of  the  top-quark 
running  mass  is governed  by  the  quark  mass  an-
omalous  dimension ,  which  has  been  calculated  up  to

 [71, 72].  Thus,  the  top-quark  running  mass
 can be determined by the following equation [72]: 

mt(µr) = mt(mt)
ct[αs(µr)/π]
ct[αs(mt)/π]

, (24)

ct[x] = x4/7(1+1.19796x+1.79348x2−0.683433x3

−3.53562x4)
where 

.

Mt

Mt |O(α4
s )

Conv. = [172.23,172.88] µr ∈ [mt(mt)/2,2mt(mt)]
α4

s

By setting all input parameters to their central values,
the top-quark OS mass  under the conventional scale-
setting approach can be represented as depicted in Fig. 1.
In  particular, Fig.  1 shows that,  in  agreement  with  con-
ventional  wisdom,  the  renormalization  scale  dependence
of  conventional  series  becomes  smaller  when  more  loop
terms  have  been  included.  Numerically,  we  have

 for ; e.g.,
the  net  scale  uncertainty  becomes  ~0.4%  for  a -order

a4
s

µr

≃
µr = mt(mt)

Mt

correction. This  small  net  scale  dependence  for  the  pre-
diction up to -order is due to the well convergent beha-
vior  of  the  perturbative  series.  The  relative  magnitudes
among different  orders  change  significantly  for  different
choices of ; for example, the relative magnitudes of the
leading-order-terms  (LO):  next-to-leading-order-terms
(NLO): next-to-next-to-leading-order-terms (N2LO): next-
to-next-to-next-to-leading-order-terms  (N3LO):  next-to-
next-to-next-to-next-to-leading-order-terms  (N4LO)  1:
4.60%: 0.98%: 0.30%: 0.12% for , which rep-
resents  a  proper  perturbative  nature.  More  specifically,

 up to N4LO-level has the following perturbative beha-
vior: 

Mt |Conv. = 162.5−8.15
−0.83+7.48+6.36

+0.62+1.60+1.80
+0.14

+0.49+0.47
+0.03+0.19+0.14

+0.01

= 172.26+0.62
−0.03 (GeV), (25)

µr = mt(mt)
µr ∈ [mt(mt)/2,

2mt(mt)] Mt

µr

µr =

172.5
[1/2×172.5,2×172.5] Mt = 172.29+0.64

−0.06

172.26 +0.03

whose  central  values  are  those  for ,  and  the
scale uncertainties are estimated by varying 

.  The  higher-order  prediction  of  is  not  a
monotonic function of , which leads to asymmetric un-
certainty.  By  using  another  usual  choice,  i.e., 

 GeV,  and  varying  this  value  within  the  range  of
,  we  obtain  GeV.

The central value shifts from  GeV by  GeV,
and its uncertainty remains asymmetric.

Mt

Mt

We present  under PMC scale-setting approach in-
Fig. 2, which shows the top-quark OS mass  under the
PMC  single-scale  approach  up  to  different  perturbative
orders: 

Mt |O(αn
s )

PMC = {170.01,172.66,172.27,172.41} (GeV) (26)

n = 1
Mt

for , 2, 3, and 4, respectively. There is no renormal-
ization  scale  ambiguity  for  the  PMC  prediction,  and 

 

Mt

µr

Fig. 1.    (color online) Top-quark OS mass  versus renor-
malization scale ( )  under the conventional scale-setting ap-
proach up to different perturbative orders.
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Mt

quickly  approaches  its  steady  value.  After  applying  the
PMC,  the  perturbative  nature  of  the  pQCD  series  is
notably  improved  owing  to  the  elimination  of  divergent
renormalization terms. Moreover, the relative importance
of  the LO-terms:  NLO-terms:  N2LO-terms:  N3LO-terms:
N4LO-terms  changes  to  1:  4.79%: –1.15%: –0.15%:
0.07%. Up to N4LO-level, we have 

Mt |PMC = mt(Q∗){1+ r̂1,0as(Q∗)+ r̂2,0a2
s(Q∗)

+ r̂3,0a3
s(Q∗)+ r̂4,0a4

s(Q∗)+O[a5
s(Q∗)]}

= 166.49+7.97−1.92−0.25+0.12

= 172.41 (GeV), (27)

Q∗where the PMC scale  can be established up to next-to-
next-to-leading-log (N2LL) accuracy by using Eq. (17) as
follows: 

ln
Q2
∗

m2
t (Q∗)

= −68.73as(Q∗)+247.483a2
s(Q∗)

−6447.27a3
s(Q∗), (28)

Q∗ = 123.3

∆Q∗ =
(
+0.2
−0.3

)
which leads to  GeV. Owing to its perturbative
nature,  we take the magnitude of the last  known term as
the  unknown N3LL term in  a  conservative  estimation  of
the unknown perturbative terms. Thus, we obtain a scale
shift of  GeV, which leads to
 

∆Mt |PMC = (+0.04
−0.03) (GeV). (29)

This uncertainty can be defined as the first type of re-
sidual  scale  dependence  due  to  unknown  higher-order
terms [105].  Such  residual  scale  dependence  is  distinct
from the  conventional  scale  ambiguities  and  is  sup-

pressed  owing  to  the  perturbative  nature  of  the  PMC
scale. For the present case, the residual scale dependence
expressed by  Eq.  (29)  is  much  smaller  than  the  conven-
tional scale uncertainty presented in Eq. (25). 

B.    Theoretical uncertainties

(n+1)th nth

ρ(Q2) = c1as+ c2a2
s + c3a3

s + c4a4
s

a5
s Mt

In  pQCD  calculations,  the  magnitude  of  unknown
perturbative terms is also a major source of uncertainty. It
is  helpful  to  find  a  reliable  prediction  of  the  unknown
higher-order  terms.  The  Padé  approximation  approach
(PAA) [106, 107] is a well-known method to estimate the

-order  coefficient  for  a  given -order perturbat-
ive series; this method has been tested on various known
QCD  results  [108]. More  explicitly,  for  the  pQCD  ap-
proximant ,  the  preferable
[n/n+1]-type PAA prediction [109] of the -terms of 
under the conventional scale-setting approach is 

ρN5LO
[1/2] =

2c2c3c4− c3
3− c1c2

4

c2
2− c1c3

a5
s , (30)

a5
s Mt

whereas the preferable [0/n-1]-type PAA prediction of the
-terms  of  under  the  PMC  scale-setting  approach

[92] is 

ρN5LO
[0/3] =

c4
2−3c1c2

2c3+2c2
1c2c4+ c2

1c2
3

c3
1

a5
s . (31)

Mt

This uncertainty can be defined as the second type of
residual  scale  dependence due  to  unknown  higher-order
terms.  Then,  our  prediction  of  the  magnitude  of  the
N5LO-terms of top-quark OS mass  is 

∆Mt

∣∣N5LO
Conv. = ±0.08 (GeV), (32)

 

∆Mt

∣∣N5LO
PMC = ±0.02 (GeV). (33)

µr = mt(mt)

ci

Note  that  the  conventional  result  is  obtained  by  setting
, leading to numerical values that vary with the

renormalization scale  owing  to  the  fact  that  the  coeffi-
cients  are  not  fixed  at  each  order.  However,  the  PAA
prediction of the PMC series exhibits no renormalization
scale  ambiguity,  given  that  the  PMC  coefficients  are
scale-invariant.

The  combination  of  the  two  aforementioned  residual
scale dependences leads to a net perturbative uncertainty
due to uncalculated higher-order terms under convention-
al and PMC scale-setting approaches: 

∆Mt

∣∣High order
Conv. = (+0.63

−0.09) (GeV), (34)
 

 

Mt

µr

Fig. 2.    (color online) Top-quark OS mass  versus renor-
malization scale ( ) under the PMC single-scale approach up
to different perturbative orders.
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∆Mt

∣∣High order
PMC = ±0.04 (GeV). (35)

This shows that the PMC scale-invariant series provides a
more  accurate  basis  than  the  conventional  scale-depend-
ent series for estimating the uncertainty caused by uncal-
culated higher-order terms.

∆αs(MZ) ∆mt(mt)
∆αs(MZ) = ±0.0009

There  are  uncertainties  from  and .
As an estimation, setting  [75], we ob-
tain 

∆Mt

∣∣∆αs(MZ )
Conv. = ±0.09 (GeV), (36)

 

∆Mt

∣∣∆αs(MZ )
PMC = (+0.10

−0.08) (GeV). (37)

MS
∆mt(mt) = (+2.1

−1.5)
To estimate the uncertainty from the top-quark  mass,
setting  GeV, we obtain 

∆Mt

∣∣∆mt(mt)
Conv. = (+2.20

−1.57) (GeV), (38)

 

∆Mt

∣∣∆mt(mt)
PMC = (+2.21

−1.57) (GeV). (39)

∆Mt

∆mt(mt)
This shows that the magnitude of  is close to that of

.
The final results for the top-quark OS mass are as fol-

lows: 

Mt |Conv. = 172.26+2.29
−1.58 (GeV), (40)

 

Mt |PMC = 172.41+2.21
−1.57 (GeV), (41)

∆Mt |High order ∆Mt |∆αs(MZ ) ∆Mt |∆mt(mt)

∆mt(mt)

where the average uncertainties  are  squared with respect
to  those  of , ,  and , re-
spectively. Among these uncertainties, the one caused by

 is dominant 1);  more accurate data are needed to
suppress this uncertainty.

MS mt(mt)

We compare  our  results  with  experimental  measure-
ments [9, 75, 110] and some other theoretical predictions
based on the  analyses  of  top-pair  production at  hadronic
colliders [46–48] in Table 1. All the predictions are con-
sistent with each other within reasonable errors. Owing to
the  large  input  error  of  the  top-quark  mass ,
our  results  show  larger  uncertainty  than  those  of  Refs.
[46–48]. Up to the present known N4LO level, the predic-
tions  under  the  PMC  and  conventional  scale-setting ap-
proaches are both consistent with the latest  experimental
measurements [9].

MS MS mt(mt)

At present, the experimentally measured value of top-
quark OS mass is more precise than that of the top-quark

 mass.  Thus,  one can extract  the  mass  by
inversely using Eq. (23) or the resultant PMC series. This
is discussed in the following section. 

MS mt(mt)C.    Extracting the top-quark  mass 

MS mt(mt)

Mt = 172.5±0.7
MS

mt(mt) = 162.5+2.1
−1.5

Using experimental results of OS mass is also a suit-
able  approach  for  extracting  the  mass .  The
PDG  [75]  reports  that  the  world  average  results  of  top-
quark  OS  mass  is  GeV,  exhibiting  a
higher accuracy than that of the top-quark  mass, i.e.,

 GeV.

MS mt(mt)
µr = mt(mt)

In  the  conventional  scale-setting  approach,  one  can
extract the  mass  by using Eq. (23) and setting
the renormalization scale : 

mt(mt)|Conv. = 162.73+0.67
−0.67 (GeV), (42)

Mt = 172.5
∆Mt = ±0.7

where the central value is obtained by setting 
GeV and the uncertainty is caused by  GeV.

µr ∈ [ 1
2 mt(mt),2mt(mt)]

Considering  the  uncertainty  of  the  renormalization
scale , we obtain 

mt(mt)|Conv. = 162.73+0.00
−1.16 (GeV), (43)

Thus, the conventional prediction is 

mt(mt)|Conv. = 162.73+0.67
−1.34 (GeV), (44)

∆Mt = ±0.7
where the  average uncertainty  is  squared with  respect  to
that  of  GeV  and  the  renormalization  scale

 

MtTable 1.    A comparison of the top-quark OS mass  under
various approaches. Refs. [46–48] derive the magnitude of the
OS mass by comparing experimental data with theoretical pre-
dictions on the top-pair  production cross-sections at  hadronic
colliders.

Mt  /GeV

PMC (this study) 172.41+2.21
−1.57

Conv. (this study) 172.26+2.29
−1.58

CMS [9] 172.93±1.36

PDG [75] 172.5±0.7

ATLAS and CMS [110] 173.4+1.8
−2.0

[46] 172.5±1.4

[47] 171.54+0.28
−0.31

[48] 173.0±0.6

Precise determination of the top-quark on-shell mass Mt via its scale-invariant... Chin. Phys. C 48, 053113 (2024)

mt(mt) ∆mt(mt) Mt |Conv. = 172.26+0.64
−0.13(GeV)

Mt |PMC = 172.41+0.11
−0.09(GeV)

1) If  the  value  of  can  be  measured  very  accurately  to  avoid  the  uncertainty,  we  will  obtain ,  and
.
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µr ∈ [ 1
2 mt(mt),2mt(mt)].

MS mt(mt)
In  the  PMC  scale-setting  approach,  one  can  extract

the  mass  by  using  the  PMC  series  without
renormalization scale uncertainty: 

Mt = mt(Q∗){1+ r̂1,0as(Q∗)+ r̂2,0a2
s(Q∗)

+ r̂3,0a3
s(Q∗)+ r̂4,0a4

s(Q∗)+O[a5
s(Q∗)]}, (45)

Q∗where  the  PMC  scale  satisfies  Eq.  (28).  Thus,  the
PMC prediction is 

mt(mt)|PMC = 163.08+0.66
−0.66 (GeV), (46)

Mt = 172.5
∆Mt = ±0.7

mt(mt) = 162.6+0.4
−0.4

αs

mt(mt) = 162.9±0.5±1.0+2.1
−1.2

where the central value is obtained by setting 
GeV and the uncertainty is caused by  GeV. It
can be demonstrated that the PMC result predicted by Eq.
(46) is  more  accurate  than  the  conventional  result  pre-
dicted  by  Eq.  (44).  Finally,  these  results  overlap  with
those of a previous study of ours,  GeV,
obtained by using the RGE of  alone [95] and the ex-
perimental result  GeV [10]. 

IV.  SUMMARY

γm

MS

αs MS mq

In the  present  paper,  we  have  derived  new  degener-
acy  relations  with  the  help  of  the  RGEs  involving  both
the β-function and quark mass anomalous dimension -
function, leading to improved PMC scale-setting proced-
ures. Such  procedures  can  be  used  to  eliminate  the  con-
ventional renormalization scale ambiguity of the fixed-or-
der  pQCD  series  under  the  running  mass  scheme,
which simultaneously  determines  the  correct  magnitudes
of  and  the  running  mass  of  the  perturbative
series with the help of RGEs. By applying such formulas,

MS

MS
MS

mt(mt) = 162.5+2.1
−1.5

Mt |PMC = 172.41+2.21
−1.57

∆mt(mt)

MS mt(mt) = 163.08+0.66
−0.66

Mt = 172.5±0.7
MS

we  have  obtained  a  scale-invariant -on-shell  quark
mass relation. Consequently, we have determined the top-
quark  on-shell  or  mass without  conventional  renor-
malization scale ambiguity. By setting the top-quark 
mass  as  given  in  PDG as  an  input,  we
obtain the top-quark OS mass  (GeV).
It can be demonstrated that this result is characterized by
a  larger  uncertainty  than  the  experimental  value,  given
that  the  input  error  still exhibits  a  larger  mag-
nitude. We have also inversely determined the top-quark

 mass  by  using  the  top-quark  OS
mass  GeV as input; the resultant predic-
tion  of  the  top-quark  mass  is  more  precise  than  the
experimental value given in PDG.

MS

αs mq

αs mq

The  accuracy  of  the  pQCD prediction  under  the 
running mass scheme strongly depends on the exact val-
ues  of  and .  After  applying  the  PMC,  the  correct
values of the effective  and  can be determined sim-
ultaneously, resulting in a more convergent pQCD series
that  leads  to  a  much  smaller  residual  scale  dependence.
Thus,  a  reliable  and  precise  pQCD  prediction  can  be
achieved.  This  is  also  a  useful  method  to  determine  the
bottom-quark OS mass and charm-quark OS mass in the
future. 
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APPENDIX A: SCALE DISPLACEMENT
RELATIONS

as mq

The general scale displacement relations of the strong
coupling  constant  and  quark  running  mass  up  to
fourth-order are

ak
s(µr) = ak

s(µδ)+ kβ0δak+1
s (µδ)+ k

Å
β1δ+

k+1
2
β2

0δ
2
ã

ak+2
s (µδ)δ

+ k
ï
β2+

2k+3
2
β0β1δ

2+
(k+1)(k+2)

3!
β3

0δ
3
ò
ak+3

s (µδ)+O[ak+4
s (µδ)]. (A1)

 

mn
q(µr) = mn

q(µδ)
ß

1+nγ0δas+

ï
1
2
(
nβ0γ0+n2γ2

0

)
δ2+nγ1δ

ò
a2

s +

ï
nγ2δ+

1
2

(2nβ0γ1

+nβ1γ0+2n2γ0γ1)δ2+
1
3!
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0γ0+3n2β0γ
2
0 +n3γ3

0
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s +
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nγ3δ

+
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1

ã
δ2+

1
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6nβ2

0γ1+5nβ0β1γ0

+9n2β0γ0γ1+3n2β1γ
2
0 +3n3γ2

0γ1

ã
δ3+

1
4!

Å
6nβ3

0γ0+11n2β2
0γ

2
0 +6n3β0γ

3
0 +n4γ4

0

ã
δ4
ò
a4

s +O(a5
s)
™
. (A2)
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ρδ a4
sAPPENDIX B: EXPRESSION OF  UP TO -ORDER

 

ρδ(Q2) = r0mn
q(µδ)
¶

1+ (r1+nγ0δ)as(µδ)+
î
r2+β0r1δ+n(γ1+γ0r1)δ+

n
2
β0γ0δ

2+
n2

2
γ2

0δ
2
ó
a2

s(µδ)

+
î
r3+β1r1δ+2β0r2δ+β

2
0r1δ

2+n(γ2+γ0r2+γ1r1)δ+nβ0

Ä
γ1+

3γ0r1

2

ä
δ2+

n
2
β1γ0δ

2+
n
3
β2

0γ0δ
3

+n2
Ä
γ1γ0+

γ2
0r1

2
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δ2+

n2

2
β0γ

2
0δ
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n3

6
γ3

0δ
3
ó
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s(µδ)+
î
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5
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2
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0r1δ
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2
+
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2
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δ2+n

Äβ2γ0

2
+β1γ1+

3
2
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δ2
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Ä
γ1+

11γ0r1
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δ3+

5n
6
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n
4
β3

0γ0δ
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γ2γ0+

γ2
1

2
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2
+γ1γ0r1
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2
+γ2

0r1

ä
δ3

+
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2
β1γ

2
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24
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0γ
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3
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24
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sAPPENDIX C: EXPRESSION OF ρ UP TO -ORDER
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rk(µ2
r/Q

2)(k = 3,4) r̂i, jAPPENDIX D: RELATIONSHIPS BETWEEN  AND 
 

r3(µ2
r/Q

2) = r̂3,0+β1r̂2,1+2β0r̂3,1+β
2
0r̂3,2+n(γ0r̂3,1+γ1r̂2,1)+

3n
2
β0γ0r̂3,2+

n2

2
γ2

0 r̂3,2+ [β1r̂1,0+2β0r̂2,0+2β2
0r̂2,1
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+n(γ2+γ1r̂1,0+γ0r̂2,0+3β0γ0r̂2,1+nγ2
0 r̂2,1)] ln

µ2
r

Q2
+ [β2

0r̂1,0+n(β0γ1+
1
2
β1γ0+

3
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β0γ0r̂1,0)

+n2(γ0γ1+
1
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r

Q2
+

1
6

(2nβ2
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2
0 +n3γ3
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2
r

Q2
, (D1)

 

r4(µ2
r/Q
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(D2)

 

APPENDIX E: DEGENERACY RELATION

β0a2
s nγ0a2

s β1a3
s

nγ1a3
s β2a4

s nγ2a4
s r1δ riδ

j→ ri+ j, j µr = Q
It  is  possible to infer some degenerate relations from Eq. (B1).  For example, the coefficients of , , ,

, , and  are the same, namely . By substituting , the expression for ρ at  can be rewrit-
ten as
 

ρ(Q2) = r0mn
q(Q)
¶

1+ r̂1,0as(Q)+
(
r̂2,0+β0r̂2,1+nγ0r̂2,1

)
a2

s(Q)+
î
r̂3,0+β1r̂2,1+2β0r̂3,1+β

2
0r̂3,2+n(γ0r̂3,1+γ1r̂2,1)+

3n
2
β0γ0r̂3,2

+
n2

2
γ2

0 r̂3,2

ó
a3

s(Q)+
î
r̂4,0+β2r̂2,1+2β1r̂3,1+3β0r̂4,1+

5
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3
0r̂4,3+nβ0

Ä
2γ1r̂3,2+

5
2
γ0r̂4,2

ä
+n
Ä3

2
β1γ0r̂3,2+γ2r̂2,1+γ1r̂3,1+γ0r̂4,1

ä
+

11n
6
β2

0γ0r̂4,3+n2
Äγ2

0 r̂4,2

2
+γ1γ0r̂3,2

ä
+n2β0γ

2
0 r̂4,3+

n3

6
γ3

0 r̂4,3

ó
a4

s(Q)+O[a5
s(Q)]

©
.

(E1)

µr = QA pQCD calculation prediction for a physical observable at  is
 

ρ(Q2) = r0mn
q(Q)
ï

1+
∞∑

k=1

(
k−1∑
l=0

ck,lnl
f

)
ak

s(Q)
ò
. (E2)

n f ri, j

ck,l ri, j βi γi

r̂1,0 = c1,0 β0 = 11− 2
3 n f γ0 = 4 a2

s

r2,0 r2,1

Comparing Eq. (E1) with Eq. (E2) for each order, the coefficients of the  series can be matched to the  coeffi-
cients in a unique manner. More explicitly, one can derive the relations between  and  by using the  and  coeffi-
cients given in [70, 72]; e.g., it is easy to find that . Substituting  and  into the -order coef-
ficient of Eq. (E1), we can find  and :
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c2,0+ c2,1n f = r̂2,0+

Å
11− 2

3
n f

ã
r̂2,1+4nr̂2,1, (E3)

which leads to
 

r̂1,0 = c1,0, (E4)

 

r̂2,0 = c2,0+

Å
6n+

33
2

ã
c2,1, r̂2,1 = −

3
2

c2,1. (E5)

Following the same procedures, one can derive these relations up to any order. In the present paper, we use the relations
up to fourth order:
 

r̂3,0 = c3,0+

Å
3n+

33
2

ã
c3,1+

Å
9n2+99n+

1089
4

ã
c3,2−

Å
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2

ã
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r̂3,1 = −
3
4

c3,1−
27n+99

4
c3,2+
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4

c2,1, r̂3,2 =
9
4

c3,2, (E6)

 

r̂4,0 = c4,0+

Å
2n+
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2

ã
c4,1+

Å
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4

ã
c4,2+

Å
8n3+198n2+

3267n
2
+

35937
8

ã
c4,3

−
Å

50n3

3
+185n2+

2595n
2
+

10593
2

ã
c3,2−

Å
10n2

3
+15n+

321
2

ã
c3,1

+

Å
20n3

27
−160ζ3n2− 2411n2

9
− 860n

3
−1320ζ3n+

11675
16

ã
c2,1, (E7)

 

r̂4,1 = −
1
2

c4,1−
1
2

(5n+33)c4,2−
Å

19n2

2
+

495n
4
+

3267
8

ã
c4,3+

Å
5n
6
+

19
2

ã
c3,1+

Å
85n2

6
+
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4
+
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8

ã
c3,2

+

Å
100n2

27
+40ζ3n+
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72

− 479
4

ã
c2,1, (E8)

 

r̂4,2 =
3
4

c4,2+

Å
33n
4
+

297
8

ã
c4,3−

Å
5n+

285
8

ã
c3,2+

Å
325
48
− 35n

18

ã
c2,1, (E9)

 

r̂4,3 = −
27
8

c4,3. (E10)

n f

n f

Note that one must treat the  terms which are not related to renormalization of the running coupling and running
mass as part of the conformal coefficient; e.g., the  terms coming from the light-by-light diagrams in QCD belong to
the conformal series. The contributions of light-by-light diagrams are always established separately, given that the light-
by-light diagrams can be easily distinguished from the other Feynman diagrams.
 

ri,NonConf.(i = 3,4)APPENDIX F: 
 

r3,NonConf.(Q∗) = β1r̂2,1+2β0r̂3,1+β
2
0r̂3,2+n(γ0r̂3,1+γ1r̂2,1)+

3n
2
β0γ0r̂3,2+

n2

2
γ2

0 r̂3,2+
î
β1r̂1,0+2β0r̂2,0+2β2

0r̂2,1
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S 3APPENDIX G: 
 

S 3 = r̂1,0r̂3,1− r̂2
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