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Abstract: The Page curve plotted using the typical random state approximation is not applicable to a system with
conserved quantities, such as the evaporation process of a charged black hole, during which the electric charge does
not  macroscopically  radiate  out  with  a  uniform rate.  In  this  context,  the  symmetry-resolved  entanglement  entropy
may play a  significant  role  in  describing the entanglement  structure of  such a  system. We attempt  to  impose con-
straints on microscopic quantum states to match the macroscopic phenomenon of charge radiation during black hole
evaporation. Specifically, we consider a simple qubit system with conserved spin/charge serving as a toy model for
the evaporation of charged black holes. We propose refined rules for selecting a random state with conserved quant-
ities to simulate the distribution of charges during the different stages of evaporation and obtain refined Page curves
that exhibit distinct features in contrast to the original Page curve. We find that the refined Page curve may have a
different Page time and exhibit asymmetric behavior on both sides of the Page time. Such refined Page curves may
provide a  more realistic  description for  the entanglement  between the charged black hole  and radiation during the
evaporation process.
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I.  INTRODUCTION

Quantum  entanglement,  one  of  the  most  prominent
characteristics  of  a  quantum  system,  has  been  shown  to
play  an  important  role  in  many  fields,  such  as  quantum
information,  quantum  computation,  condensed  matter
physics, and black hole physics [1−7]. It demonstrates the
mysterious  non-classical  correlation  between  quantum
subsystems. Entanglement  entropy,  which  is  an  import-
ant measure  of  quantum entanglement,  has  been  extens-
ively  investigated.  In  particular,  for  a  bipartite  system,
Page [6] discovered an important feature for the entangle-
ment  entropy  between  two  subsystems,  which  is  now
sometimes  referred  to  as  "Page's  theorem."  It  states  that
the average entanglement  entropy of  the  smaller  subsys-
tem over random pure states is close to its maximal value,
which is constrained by degrees of freedom in the subsys-
tem.  This  typically  means  that  the  smaller  subsystem  is

almost maximally entangled with the other subsystem. In-
spired  by  this  observation,  Page  originally  noted  that  it
may  be  applicable  to  the  famous  black  hole  information
loss  paradox  [5, 7].  The  core  issue  of  this  paradox  is
whether  the  evaporation  process  of  a  black  hole  due  to
Hawking  radiation 1),  which  is  a  semi-classical  result  in
quantum field  theory  over  a  curved  but  classical  space-
time,  is  fundamentally  unitary  at  the  complete  quantum
mechanical  level.  A complete quantum theory of gravity
has not yet been established, and the microscopic descrip-
tion of  a  black  hole  with  quantum  states  remains  un-
known.  Nevertheless,  Page  suggests  that  random  states
may be chosen as the approximation of black hole states
during  the  evaporation  process 2).  Under  the  condition
that the black hole evaporation process is unitary, it is be-
lieved that Page's theorem is applicable to a system com-
posed of  a  black hole  and its  radiation,  and in  principle,
the typical entanglement entropy of the radiation subsys-
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1) For charged black holes, the Schwinger effect can also contribute to black hole evaporation [8].
2) Recently some work [9–11] advocates that a black hole in some aspects behaves as a chaotic system, implying that the random approximation seems reasonable. 
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tem as  a  function  of  its  size  should  follow the  so-called
Page curve.  This  concept  proposed  by  Page  has  stimu-
lated  considerable  research  to  further  understand  the
black hole  information  paradox  by  investigating  the  en-
tanglement between a black hole and radiation. In partic-
ular, since the island paradigm was proposed in the holo-
graphic  approach  [12−14],  reproducing  the  Page  curve
for the  evaporation  process  of  the  black  hole  via  holo-
graphy has become a central method to argue that the in-
formation is released in the later half stage of radiation.

Nevertheless,  we  know  that  the  approximation  with
totally random states is not always sufficiently precise to
describe the evolution of quantum entanglement in prac-
tice,  because  physically  relevant  systems  usually  have
conserved charges, such as energy, momentum, and elec-
tric charge.  In  a  system  with  conserved  charges,  the  re-
duced  Hilbert  space  is  composed  of  quantum  states  that
are subject to the conservation of charges and thus do not
equal  the  tensor  product  of  the  Hilbert  spaces  [15, 16],
each of which is separately defined on an individual sub-
system.  However,  in  this  case,  the  entanglement  entropy
between  two  subsystems  based  on  the  reduced  Hilbert
space  can  still  be  computed,  which  is  known  as  "sym-
metry-resolved (SR) entanglement entropy" [17, 18], and
has been  widely  investigated  from  many  theoretical  as-
pects [19–74] and in experiments [75, 76]. It is important
to note  that,  when  computing  the  average  SR  entangle-
ment entropy, the original Page's theorem is generally not
applicable.  Therefore,  it  is  interesting  to  investigate  the
Page curve for SR entanglement entropy (SR Page curve)
and compare  it  with  the  Page curves  of  systems without
conserved charges. Some relevant work on this topic can
be found in [77, 78].

It is  well  known  that  a  stationary  black  hole  is  usu-
ally classically  characterized by three conserved quantit-
ies, namely, the mass E,  angular momentum J, and elec-
tric charge Q.  When considering the evaporation of such
a black hole,  it  is  also natural  to assume that  these three
quantities  are  conserved  during  the  evaporation  process.
Therefore,  one  may  apply  SR  entanglement  entropy  to
describe the entanglement between the black hole and ra-
diation. In  principle,  a  refined  Page  curve  may  be  ob-
tained with a similar method introduced by Page,  except
that  only  the  average  value  of  entanglement  entropy  is
considered over the non-factorized reduced Hilbert space
[79]. However, note that for the evaporation of a charged
black  hole,  such  a  calculation  based  on  random  states
does  not  align  with  the  semi-classical  calculation  of
Hawking radiation and the Schwinger effect [8]. The key
point  is  that  the  charge  does  not  radiate  out  at  the  same
rate  as  the  mass  [8, 80–83].  Specifically,  if  we  were  to
randomly  select  states  in  the  entire  Hilbert  space  with  a
fixed  global  charge  number,  the  average  charge  number
of the subsystem (radiation part)  would increase linearly
with  the  number  of  particles  (at  least  in  the  case  of  the

typically  simple  qubit  model,  see Fig.  1).  However,  the
semi-classical  calculation  of  Hawking  radiation  and  the
Schwinger effect reveals that the evolution of the electric
charge Q,  mass E,  and  angular  momentum J exhibits  a
distinct behavior during evaporation [8, 80–82]. In gener-
al, for  a  black  hole,  the  rate  of  energy  and  angular  mo-
mentum  loss  changes  relatively  slowly  during  the  entire
evaporation process [80], whereas the radiation rate of the
electric charge Q depends on the stage of the black hole,
which is specified by the parameter relations [8, 83]. For
different  parameter  values,  the  evaporation  rate  of  the
charge Q varies dramatically,  which  as  described  in  de-
tail in Sec. III. Consequently, the random model, even at
a qualitative level, fails to capture the charge distribution
during the course of evaporation for a charged black hole.
In  this  study,  aiming  to  simulate  the  evaporation  of  a
charged black hole, we analyze the SR entanglement en-
tropy in a qubit model with conserved charges and obtain
various refined  Page  curves  that  reflect  the  different  be-
haviors  of  the  black  hole  as  it  radiates  its  charge.  We
show that this model qualitatively reveals that the charge
does not radiate out with a uniform rate during the evap-
oration of black holes.

The rest of this paper is organized as follows. In Sec.
II, we review the calculation of the average entanglement
entropy  over  totally  random  states  in  a  system  without
conserved charges  and the  average SR entanglement  en-
tropy in a system with conserved charges. In Sec. III, we
introduce a qubit model for the evaporation of a charged
black hole  and propose  refined rules  for  selecting  a  ran-
dom state with a conserved quantity to simulate the distri-
bution of  charges during the different  stages of  evapora-
tion  and  obtain  refined  SR  Page  curves.  In  Sec.  IV,  we
provide a discussion and the outlook for future research. 

II.  AVERAGE ENTANGLEMENT ENTROPY AND
PAGE CURVE BASED ON RANDOM STATES

In  this  section,  we review the  general  concept  of  the
entanglement between two subsystems in a bipartite sys-
tem described by a random pure quantum state.  We first
compute the average value of the entanglement entropy in
a system without conserved charges and then address the
SR  entanglement  entropy  in  a  system  with  conserved
charges. 

A.    Average entanglement entropy and Page curve in a
system without conserved charges

A∪B
HAB =HA⊗HB HA HB

|ψ⟩

Consider  a  bipartite  system  with  the  Hilbert
space ,  where  and  are the  Hil-
bert  space of  subsystems A and B, respectively.  Suppos-
ing  the  total  system is  described  by  a  pure  state ,  the
entanglement entropy of A is defined by 
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S A = −Tr(ρAlnρA), (1)

ρA

HA HB d(HA) = dA

d(HB) = dB HAB
d(HAB) = dAB = dAdB

⟨S A⟩
HAB

HAB
{|n⟩} |ψ⟩ =∑dAB

n=1 cn|n⟩

CdAB dµ(ψ) = δ(
∑dAB

n=1 |cn|2−1)
∏dAB

n=1 dcndc̄n

where  is the reduced density matrix by tracing B. Sup-
posing the dimensions of  and  are  and

,  respectively,  the  dimension  of  is
. Now, we intend to compute the av-

erage value of the entanglement entropy  for random
states in . We must first find the uniform measure in

.  For  this  purpose,  we  choose  an  orthogonal  basis
 for  a  random  state ,  and  then  the

measure is just the uniform measure on the unit sphere of
, which is .

S A

HAB
As a result, the average value of  is obtained by in-

tegrating all the quantum states in the Hilbert space  

⟨S A⟩ =
∫
−Tr(ρAlnρA)dµ(ψ). (2)

ρA

We  can  also  transform  the  integration  variables  into
eigenvalues  of ,  the  details  of  which  can  be  found  in
[79]. The final result is 

⟨S A⟩ = Ψ(dAB+1)−Ψ(dB+1)− dA−1
2dB

(3)

 

≃ lndA−
dA

2dB
for 1≪ dA ≤ dB, (4)

Ψ(x) = Γ′(x)/Γ(x)

dA = dB

⟨S A⟩ = ⟨S B⟩

dA = dB

where  is the  so  called  Digamma  func-
tion. The above result indicates that for a bipartite system
described by pure states, the smaller subsystem is almost
maximally entangled  with  the  other  subsystem.  There-
fore, the  Page  curve,  which  plots  the  entanglement  en-
tropy as a function of the size of the subsystem, first  in-
creases with the size of the subsystem up to its maximal
value  at  and then  decreases  with  the  size,  be-
cause  for  a  pure  system,  one  always  has ,
which is now constrained by the size of the smaller sub-
system B. Obviously,  when the Hilbert  space of the sys-
tem  is  sufficiently  large,  the  Page  time  is  located  at

,  and the  curve  exhibits  a  symmetric  behavior  on
both sides of the Page time. Note that this result is rooted
at  the  uniform  measure  over  the  Hilbert  space  and  thus
does not depend on the details of evolution; in this sense,
it may be treated as a model independent result. 

B.    Average SR entanglement entropy and SR Page
curve in a system with conserved charges

Q̂

In a system with conserved charges, only the quantum
states  subject  to  these  constraints  are  allowable,  leading
to a reduced Hilbert space that may be considerably smal-
ler than the total Hilbert space. For instance, if a bipartite
system  contains  a  conserved  charge ,  the  total  Hilbert

Q̂
space can  be  decomposed  into  the  direct  sum  of  the  ei-
genspace of , 

HAB =
∑
Q
HAB(Q). (5)

HAB(Q)
HAB(Q)

If  the  charge  number Q is  fixed  and  conserved  in  a
system, only one sector needs to be considered: .
One  immediate  difference  for  is  that  it  can  no
longer be  factorized  into  the  tensor  product  of  two  Hil-
bert spaces  of  the  subsystems.  Instead,  it  generally  be-
comes the  direct  sum  of  the  tensor  products  of  the  Hil-
bert spaces of subsystems with fixed charges, 

HAB(Q) =
s∑

i=1

HA(qi)⊗HB(Q−qi), (6)

HAB(Q) ,HA⊗HB

HAB(Q)
HAB(Q) |ψ⟩ =∑s

i=1
√

pi|ϕi⟩ pi ≥ 0∑s
i=1 pi = 1 |ϕi⟩ ∈ HA(qi)⊗HB(Q−qi)

(qi,Q−qi)

where s denotes  the  number  of  possible  distributions  of
charges  into  two  subsystems.  In  such  a  system,  because

,  more  effort  is  required  to  ascertain
the  uniform measure  over  the  Hilbert  space.  On account
of  the  direct  sum  structure  of ,  we  may  write  a
random state in  as , with 
and ,  where .  As  for
each  distribution ,  the  corresponding  Hilbert
space  has  the  form  of  the  tensor  product.  Therefore,  in
this  situation,  the  entanglement  entropy  of  subsystem A
can be factorized into two parts, 

S A =

s∑
i=1

pi(qi)S A(qi)−
s∑

i=1

pi(qi) ln pi(qi). (7)

S A(qi)
HA(qi)⊗HB(Q−qi)

|ϕi⟩

Here,  represents  the  entanglement  entropy  within
the  factorized  Hilbert  space  for  the
state , which  can  be  readily  computed  using  the  for-
mula discussed in the previous subsection.

The uniform measure is also factorized into two parts
[79], 

dµQ(ψ) = dν (p1, . . . , ps)
s∏

i=1

dµ (ϕi) , (8)

dν (p1, . . . , ps)where  is  the  multivariate  beta  distribution
[79].  After  the  average  integration,  we  obtain  the  final
result for the average SR entanglement entropy [79]: 

⟨S A⟩Q =
s∑

i=1

di

dQ

(
⟨S A(qi)⟩+Ψ(dQ+1)−Ψ(di+1)

)
, (9)

di = d(HA(qi)⊗HB(Q−qi)) dQ =
∑s

i=1 diwhere ,  and .
Then,  in  a  similar  manner  as  described  in  the  previous
subsection, we may obtain the SR Page curve as the sizes
of A and B are changed. 
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III.  QUBIT MODEL FOR CHARGED BLACK
HOLE EVAPORATION

M > 2×107M⊙ M⊙
(M,Q)

Q/M

dQ(t)/dM(t) <
Q(t)/M(t) Q(t)/M(t)

Q/M

dQ(t)/dM(t) >
Q(t)/M(t) Q(t)/M(t)

In this section, we consider a simple qubit model with
conserved  charges  to  simulate  the  evaporation  of  a
charged black hole, with the assumption that the process
of  evaporation  is  unitary.  As  mentioned  in  Sec.  I,  based
on the analysis  of  Hawking radiation and the Schwinger
effect,  charged  black  holes  do  not  release  their  charge
uniformly  during  evaporation  [83] 1).  In  fact,  during
evaporation, the black hole may undergo different phases
depending on the black hole mass M and electric charge
Q,  as  previously  revealed  in  [8, 83] 2).  Specifically,  for
the  situations  that  are  of  primary  interest  in  this  study,
when ,  where  denotes the mass of  the
Sun,  the configuration space  may be divided into
two regions  according  to  the  characteristics  of  evapora-
tion: the "mass dissipation zone" and "charge dissipation
zone"  [83].  When  the  charge-to-mass  ratio  of  the  black
hole, ,  is considerably less than one and M is large,
the  black hole  is  in  the  "mass  dissipation zone,"  and the
black  hole  loses  charges  at  a  low  rate 

.  Thus,  the  ratio  becomes  large  as
time t increases.  Conversely,  when  is  relatively
close  to  one  and M is  small,  the  black  hole  is  in  the
"charge  dissipation  zone,"  and  the  black  hole  loses
charges via the Schwinger effect at the rate 

 such that the ratio  decreases with the
evaporation. As a result, if a charged black hole starts to
evaporate from a certain region within the "mass dissipa-
tion zone",  its  electric  charge  may  remain  nearly  un-
changed  until  more  than  half  of  its  mass  is  lost.  Only
when the mass decreases to an order similar to the charge
(in natural units) will significant charge release begin and
the  black  hole  enter  the  "charge  dissipation  zone" 3).
Therefore,  we  conclude  that  the  non-uniform  release  of
charge is a common phenomenon during the evaporation
of  charged  black  holes.  Next,  we  apply  a  micro-level
qubit  model  to  simulate  the  evaporation  of  a  charged
black  hole  and  propose  refined  rules  to  describe  the
charge release at a non-uniform rate and investigate how
the Page  curve  in  this  scenario  differs  from  that  evalu-
ated in the case with completely random states.

N = 20 NA+NB = 20

We consider  a  qubit  model  composed of N qubits  to
simulate a charged black hole radiating out particles. We
divide  the  system into  two subsystems, A and B, corres-
ponding to the radiation and charged black hole itself, re-
spectively. For numerical analysis,  we set the total  num-
ber of qubits as  and require  ,  where

NA NB

NA 0 20

NB

NA

NA

+1 −1

Q̂ =
∑N=20

i=1 σi
z

 and  are the number of qubits in A and B, respect-
ively. Thus, the different partitions with  from  to 
represent the different stages of evaporation from the ini-
tial state to the final state. The number  can be approx-
imately  considered  a  quantity  analogous  to  the  mass
value M of the black hole, whereas  is the energy of ra-
diation.  Alternatively,  because  the  black  hole  loses  its
mass  and  the  energy  of  radiation  becomes  larger  during
evaporation, the number of qubits  may play a role in
time as well. Next, we must introduce a quantity to simu-
late  the  charge  of  a  black  hole.  Similar  to  the  notion  of
spin,  we assume each qubit  may have a  charge of  either

 or ;  hence,  there  is  a  2-dimensional  Hilbert  space
for  each  qubit.  The  total  charge Q of  the  system  is
defined as the eigenvalue of the operator .

Q = 4

N = 20 Q = 4

QB≪ NB

NA
N
2

HA(qi = 0)

d(HA(qi = 0)) =

(
NA

NA/2

)

HB(Q−qi = 4) d(HB(Q−qi = 4))

=

(
N −NA

(cN −NA+Q)/2

)
NA ≥

N
2

QB/NB

HA
Å

qi =
Q

(N/2)
(NA−N/2)

ã
NA N/2

NA

NA qi =
Q

(N/2)
(NA−N/2)

qi

As  a  typical  pattern  of  evaporation,  we  consider  the
system to have a total charge , which is used to sim-
ulate  a  black  hole  with  an  initially  small  charge-to-mass
ratio.  In  the  configuration  with  ( , ),  at  the
early stage of evaporation, subsystem B may fall into the
“mass dissipation zone” due to . In this case, as a
toy model, we stipulate that subsystem B does not release
any charge until  it  shrinks to half its size, that is,  to half
the  total  number  of  qubits.  This  condition  implies  that
when  is less than or equal to half of the total particles
( ), the Hilbert space of radiation is , and cor-

respondingly, .  On  the  other

hand,  the Hilbert  space  of  the  black  hole  is
,  and  correspondingly, 

.  After  half  of  the  black hole  has

evaporated, that is, ,  we consider subsystem B to
have  entered  the “charge  dissipation  zone” because

 is sufficiently large. For a qualitative description,
we  can  require  the  charge  to  evaporate  uniformly  from
the  black  hole  afterward;  therefore,  the  corresponding

Hilbert space for radiation is 
with  from  to N.  Note that  for a finite N, a  tech-
nical  problem  may  arise  when  jumps  to N with in-

teger  steps.  For  some ,  the  corresponding 
 is possibly not an integer; then, we must skip

this  step or demand its  integer part  be .  When plotting
the figure  to  illustrate  the  evolution  of  entanglement  en-
tropy  with  small N,  this  may  cause  visible  imprecision.

Pan Li, Yi Ling Chin. Phys. C 48, 053109 (2024)

dQ(t)/dM(t)1) Here “uniform” refers to the condition that  is approximately constant, or at least it does not change dramatically.

e2

m
≪

e
m2

2) For black holes with mass M <  ≈ 1018g  M⊙, where e and m denote the charge and mass of a single electron respectively. Due to the presence of a strong
electric field at the horizon, they can not possess even one electron for a reasonable length of time; for black holes with mass M <  ≈ 105M⊙, if the charge Q is of a
magnitude similar to M, the Schwinger effect will be strong, resulting in the rapid discharge of the black hole.

3) This process can be observed in Fig.2 of [83].
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Nth, Qth→∞
Qth

Nth
=

Q
N
=

4
20

However, we must emphasize that such imprecision does
not  appear  anymore  in  the  thermodynamic  limit,  which
requires ,  but  keeping  the ratio 

.  We  can  simply  follow  the  calculations men-
tioned above and then appropriately normalize the results.

N = 20 Q = 4

NA

N = 20
NA ≤ N/2

NA ≥ N/2

N = 20

NA ≥ N/2

HAB(Q = 4)

NA = N/2

NA = N/2

N = 20

Now,  we  demonstrate  our  numerical  results  for
 and . For  comparison,  we  depict  the  aver-

age charge  and  average  entanglement  entropy  as  func-
tions of  for different patterns of evaporation in Figs. 1
and 2, respectively. In Fig. 1,  three different patterns for
the  charge  evaporation  are  shown.  The  blue  dotted  line
represents the numerical results for , where we re-
quire that no charge is released before , where-
as  after ,  the  charge is  released with  a  constant
rate. The purple solid line represents the expected charge
profile in the thermodynamic limit, with the same rules. It
is noticed that for , the deviation from the case of
thermodynamic  limit  with  a  perfect  constant  rate  for

 is visible,  but  the  deviation  gradually  disap-
pears  as N increases.  As  a  comparison,  the  green  dotted
line represents  another  pattern,  where  the  charge  is  re-
leased  uniformly  throughout  the  process  of  evaporation,
which is obtained by computing the average value in the
total  Hilbert  space .  Our  main  results  are
shown in Fig. 2, in which various Page curves are plotted
for different  patterns  of  evaporation.  Evidently,  in  com-
parison with  the  Page  curves  with  the  random  state  ap-
proximation, the refined Page curves exhibit two promin-
ent  features.  First,  the  refined  Page  time  may  shift  from
the  middle  point .  Second,  the  refined  Page
curves  exhibit  asymmetric  behavior  on  both  sides  of  the
Page  time.  Such  features  are  understandable  because,  to
match  the  non-uniform  charge  release  from  the  black
hole,  we apply different rules to choose different sectors
of  the  total  Hilbert  space  before  and  after  the  middle
point , which  disrupts  the  symmetry  of  the  di-
mensions of the Hilbert space before and after the middle
point NA = N/2.  In  addition,  to  construct  the  plot  for

 (the blue dotted line), we apply an integer approx-
imation to generate more data.

Note  that  we  only  consider  some  typical  patterns  of
charged  black  hole  evaporation  with  a  specific  set  of
parameters.  One may also perform a similar  analysis  for
other patterns (as mentioned in the first paragraph of Sec.
III  and  footnote  4)  with  different  discharge  behaviors.
Different  constraints  would  need  to  be  imposed  on  the
original  Hilbert  space,  and  then,  the  reduced  Hilbert
space can be used to match different macroscopic evapor-
ation patterns. 

IV.  CONCLUSION AND DISCUSSION

In  this  study,  we  apply  symmetry-resolved entangle-
ment  entropy  to  plot  the  Page  curve  to  understand  the S R

evaporation  of  charged  black  holes.  Owing  to  the  non-
uniform rate  of  discharge during evaporation,  we should
not  simply  evaluate  the  average  entanglement  entropy
over  random states  in  a  single  Hilbert  space  for  all  time
because this would lead to a uniform charge release. In a
toy model, we compute the  entanglement entropy in a

 

⟨QA⟩
NA

HAB(Q = 4)
HAB

HAB
Na ⟨QA⟩

Na ⟨QA⟩ × 20
Nth

Fig. 1.    (color online) Average charge number  over ran-
dom states with particle number in subsystems A under dif-
ferent evaporation  patterns.  (i)  The  green  dotted  line  repres-
ents  the  average  value  over  random  states  in  Hilbert  space

.  (ii)  The  blue  dotted  line  represents  the  average
value  over  random  states  in  the  refined  Hilbert  space .
(iii) The purple solid line represents the average value over the
random states in the refined Hilbert space  in the thermo-
dynamic limit, where the coordinates ( , ) correspond to
( , )  as a result of normalization.

 

⟨S A⟩
NA

HAB =HA ⊗HB = {|−1⟩, |1⟩}⊗20

HAB(Q = 4)

HAB
HAB

Na ⟨S A⟩
Na ⟨S A⟩ × 20

Nth

Fig.  2.    (color  online)  Average  entanglement  entropy 
over  random  states  with  particle  number in  subsystem A
under different evaporation patterns. (i) Red solid line repres-
ents the average value over random states in the total Hilbert
space . (ii) The green dotted line
represents the average value over random states in the Hilbert
space . (iii) The blue dotted line represents the av-
erage  value  over  random  states  in  the  refined  Hilbert  space

.  (iv)  The  purple  solid  line  represents  the  average  value
over  random  states  in  the  refined  Hilbert  space  in  the
thermodynamic limit, where the coordinates ( , ) corres-
pond to ( , )  as a result of normalization.
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qubit system that simulates the charge distribution at dif-
ferent  stages  of  evaporation  for  a  charged  black  hole.
After  imposing  restrictions  on  the  Hilbert  space  of  the
system, we obtain a reduced Hilbert space for each stage
of the evaporation and plot the refined  Page curve for
this  qubit  system.  We  observe  that  the  refined  Page
curve exhibits two distinct features compared to the ran-
dom cases,  that  is,  it  has  a  different  Page  time  and  dis-
plays  asymmetric  behavior  on  either  side  of  the  Page
time.

Although  the  qubit  system  as  a  toy  model  is  too
simple  to  describe  the  quantum  states  of  a  genuine
charged  black  hole,  we  emphasize  that  considering  the
entanglement structure of random states in the qubit mod-
el  grasps  the  essential  idea  of  the  unitary  evolution  of  a
quantum chaotic  system,  which  exhibits  a  highly  en-
tangled  behavior  and  may  be  viewed  as  analogous  to  a
black  hole.  The  refined  SR  Page  curve  obtained  in  this
study matches  the  macroscopic  phenomenon  of  the  dis-
charge  during  black  hole  evaporation  and  has  helped  to
understand  the  release  procedure  of  information  from
charged black holes at a microscopic level. Many aspects

dQA(t)/dt dMA(t)/dt

of this model can be improved in future. First, the analys-
is presented in this paper for charged black holes is some-
what  qualitative.  In  a  more  realistic  black  hole,  various
types  of  particles  may  evaporate,  the  effects  of  which
cannot  be  ignored.  The  evaporation  rate  for  different
particles  can  be  derived  from semi-classical  calculations
of radiation [8]. Second, to simplify the analysis, we only
consider a linear relationship between charge and particle
number release,  whereas  the  actual  quantitative  relation-
ship (e.g.,  and ) would also depend on
specific  calculations  of  the  details  of  the  evaporation
[81–83]. Third, it is also interesting to consider a system
with multiple conserved charges, such as energy and an-
gular  momentum.  We  expect  the  Page  curve  will  differ
quantitatively in such situations. 
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