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Abstract: The constituent quark model is used to compute the ground and excited state masses of QQQ baryons con-
taining either ¢ or b quarks. The quark model parameters previously used to describe the properties of charmonium
and bottomonium states were used in this analysis. The non-relativistic three-body bound state problem is solved by
means of the Gaussian expansion method which provides sufficient accuracy and simplifies the subsequent evalu-
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ation of the matrix elements. Several low-lying states with quantum numbers J* = 5 55 »3

compare the results with those obtained by the other theoretical formalisms. There is a general agreement for the

and 1" are reported. We

mass of the ground state in each sector of triply heavy baryons. However, the situation is more puzzling for the ex-

cited states, and appropriate comments about the most relevant features of our comparison are given.
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1 Introduction

Mesons containing only heavy valence quarks, either
cc¢ (charmonium) or bb (bottomonium), have contributed
to the understanding of the quantum chromodynamics
(QCD) due to their approximately non-relativistic nature
and the clean spectrum of narrow states, at least below
the open-flavor threshold. It is a fact that many precise
experimental results are available for conventional heavy
quarkonia and their analysis has significantly contributed
to the understanding of, for instance, the quark-antiquark
forces [1, 2]. On the other hand, tens of charmonium- and
bottomonium-like XYZ states have been identified by the
experiments at B-factories (BaBar, Belle, and CLEO), -
charm facilities (CLEO-c and BES) and hadron colliders
(CDF, DO, LHCb, ATLAS, and CMS). So far, there is no
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definite conclusion about the nature of these exotic states
(see Refs. [1, 3, 4] for reviews of the experimental and
theoretical status of the subject). The analysis and new
determinations will continue with the upgrade of the ex-
periments such as BES III [5], Belle II [6] and HL- and
HE-LHC [7]. This will provide a sustained progress in
the field, as well as the breadth and depth necessary for a
vibrant heavy quarkonium research environment.

As they are baryonic analogues of heavy quarkonia,
triply heavy baryons may provide a complementary win-
dow for the understanding of the strong interaction
between quarks without taking into account the usual
light quark complications. Moreover, as in heavy quarko-
nia, there is no restriction for finding exotic structures in
the triply heavy baryon spectra, and thus a reliable pre-
diction of conventional QQQ baryonss) is interesting by
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itself as it could provide a template for comparison of fu-
ture experimental findings.

The production of triply heavy baryons is extremely
difficult, and no experimental signal for any of them has
yet been reported. Baranov et al. estimated that triply
charmed baryons may not be observed in e*e™ collisions,
and the expectations for bbb baryons would be even
worse [8]. This conclusion was also reached by Bjorken
in the 1980s [9], and he proposed hadron induced fixed
target experiments as the best strategy to observe the
ground state triply charmed baryon Q}. First estimates
of the production cross-section of triply heavy baryons at
the LHC were evaluated in Refs. [10—13]. In a more re-
cent calculation [14], it was estimated that around
10* - 10° events of triply heavy baryons with ccc and cch
quark content, could be accumulated for 10fb~! of integ-
rated luminosity. Some investigations of the production
rate of multi-charmed hadrons in heavy-ion collisions at
high energies were presented in Refs. [15—17]. Finally, it
was suggested in Refs. [18, 19] to look for triply heavy
baryons in their semi-leptonic and non-leptonic decays.

From a theoretical point of view, the first study of
heavy baryon spectroscopy was carried out to our know-
ledge in Ref. [20] using the QCD motivated bag model.
More recently, there have been other theoretical mass de-
terminations that included the non-relativistic quark mod-
els [21-25] and its relativistic variants [26, 27], the Fad-
deev formalism using a non-relativistic reduction of the
quark-quark interaction [28], front-form formulation of
the effective QCD Hamiltonian [29], QCD sum rules
[30—-33], non-relativistic effective field theories [34—37],
continuum approach to QCD based on the Dyson-
Schwinger equations [38, 39], and the lattice gauge theor-
ies [40-45].

In this work, we compute the spectrum of triply heavy
baryons, including the ground and excited states with
quantum numbers J* = %i, %i, %i and %+. Our theoretical
formalism is the constituent quark model (CQM) pro-
posed in Ref. [46] (see references [47] and [48] for re-
views). This model was recently successfully applied to
the study of the spectra of mesons containing heavy
quarks [49—52], their electromagnetic, weak and strong
decays and reactions [49, 52— 57], their coupling with
meson-meson thresholds [58— 61], and recently to the
phenomenological exploration of multiquark structures
[62, 63]. Therefore, this study entails a first step towards
a unified description of heavy mesons and baryons using
the same quark model, with the parameters and technical
formalism presented in Refs. [49, 52]. Moreover, the pre-
dicted spectrum of triply heavy baryons could also be
seen as a contribution to the template for comparing the
future experimental findings, and for discerning between
the conventional and exotic structures, since the potential
models are expected to describe triply heavy baryons to a

similar degree of accuracy as those obtained in the char-
monium and bottomonium sectors.

The present paper is arranged as follows. We de-
scribe briefly in Sec. 2 the constituent quark model, the
triply heavy baryon wave function and the computational
formalism based on the Gaussian expansion method. Sec.
3is devoted to the analysis and discussion of the ob-
tained results. We summarize and give some prospects in
Sec. 4.

2 Theoretical framework

The Hamiltonian which describes the triply heavy ba-
ryon bound system can be written as

(P o
H Z;(m+ zm,») TCM+];;1 V(). (1)
where Tcy is the center-of-mass kinetic energy. Since
chiral symmetry is explicitly broken in the heavy quark
sector, the two-body potential can be deduced from the
one-gluon exchange and confining interactions. The one-
gluon exchange potential is given by

N 1 P
Voce(#j) =st(/1f -A5)
e_",,/rn(ﬂ)
I‘l'j}’(z)(}l) ’
where m; is the quark mass, A are the S U(3) color Gell-
Mann matrices, and the Pauli matrices are denoted by &.

The contact term of the central potential has been regular-
ized as

1 1
R O"-ldﬁ
% rij 6mimj( ])

2)

S 1 emuln
o(7) i , 3)
where ro(u;;) = Fo/uij is a regulator that depends on the re-
duced mass of the quark-quark pair, y;;.

The wide energy range needed to provide a consist-
ent description of light, strange and heavy mesons re-
quires an effective scale-dependent strong coupling con-
stant. We use the frozen coupling constant [46]

o
a(u;j) =

2 2\’

n M+ Mg
A2
0

4)

in which «g, yo and A are parameters of the model.

Color confinement should be encoded in the non-
Abelian character of QCD. Studies on a lattice have
demonstrated that multi-gluon exchanges produce an at-
tractive linearly rising potential proportional to the dis-
tance between infinitely heavy quarks [64]. However, the
spontaneous creation of light quark pairs from QCD va-
cuum may give rise, at the same scale, to the breakup of
the created color flux-tube [64]. We have tried to mimic
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these two phenomenological observations by the expres-
sion:

Veon(7j) = [—ac(1—e /) + Al (I - 19), ()

where a. and u,. are model parameters. One can see in Eq.
(5) that the potential is linear at short inter-quark distances
with an effective confinement strength o=-a, . (Zfﬁ;),
while it becomes constant at large distances.

Let us mention that the associated tensor and spin-or-
bit terms of the potentials presented above appear not to
be essential for a global description of baryons [28].
Therefore, they have been neglected since the main pur-
pose of our approach is to get a first and reliable unified
description of heavy mesons and baryons. The quark

model parameters relevant for this work are shown in
Table 1.

Table 1. Quark model parameters.

Quark masses me (MeV) 1763
my, (MeV) 5110

OGE 7o (MeV fm) 28.327
a@p 2.118
Ao (fm™1) 0.113

to (MeV) 36.976
Confinement a. (MeV) 507.4
pe (fm™1) 0.576

A (MeV) 184.432

The triply heavy baryon wave function is constructed
as a product of four terms: the color, flavor, spin and
space wave functions. The color wave function can be
written as usual for a baryon. The spin wave function of a
3-quark system was worked out, for instance, in Ref.
[65], and the flavor wave function of a full heavy quark
baryon is trivial.

The spatial wave function of the 3-body system can
be written as a sum of amplitudes of three rearrangement
channels

=1), > = =) - =3 S

Yim, = (D(LLM,‘)(Pl,/h) + (D(LCM, '(Br. o)+ (D(IfM,,)(ﬁ)L/b), (6)
where g; and 1; are the internal Jacobi coordinates
> mj)?j + mk)?k

A =% —
m;+my

= =

Pi=Xj— X, (7
with i, j,k=1,---,3 and i # j # k. Note that we work with
a triply heavy baryon in which either the three quarks are
the same, and then only one rearrangement channel is
needed, or two of the three quarks are equal, and
thus two rearrangement channels must been incorporated.

Each amplitude in Eq. (6) is expanded in terms of an

infinitesimally shifted Gaussian basis functions [66]:

Q)Z{ﬂ (ﬁc‘s /_ic) = Z Ai;j] A [¢ml, (ﬁc) ©On,l, (/_iC)]LM, (8)

mlyml,

where
I— -
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£-0 (v, &)" pe

- L —v, 2 A
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=Ny lim ——— " Cpyp 7P (10)
&—0 (VHZS) 2 1

The spherical harmonics are denoted by Y, () and
Y;zmz(;l); N, and N, are the normalization constants.
The basis parameters {Cim,k, Dimi; k=1, ,kmax} as
well as {Cpm,1» Diym,r; t=1,--+ ,tmax} , are determined, for
instance, in Appendix A.2 of Ref. [66]. The limit € — 0
must be carried out after the matrix elements have been
calculated analytically. This new set of basis functions
makes the calculation of the 3-body matrix elements easi-
er, without resorting to the laborious Racah algebra. Fol-
lowing Ref. [66], the Gaussian ranges v, with i=1,2, are
taken as a geometric progression, which enables their op-
timization using a small number of free parameters.
Moreover, the geometric progression is dense for short
distances, which allows a description of the dynamics
mediated by short range potentials. The fast damping of
the Gaussian tail is not a problem, since we can choose
the maximal range to be much longer than the hadronic
size.

The Rayleigh-Ritz variational principle is used to
solve the Schrédinger equation

[H-E]¥u, =0, 11
and to determine the eigenenergies E and coefficients
Afzc.)l. o, Note that the complete wave-function is written
as

Yim, = ﬂ{[d/LM,x?MS (3)]JM,XfXC} ; (12)

where y¢, ¥/, bed Mx(3) and y .y, are the color, flavor, spin
and space wave functions, respectively. In order to fulfill
the Pauli principle, the antisymmetric operator A is the
same for Q... and Qppp, i.6. A =1-(13)-(23) in a system
with three identical particles.l) However, A =1 for Q.q,
and A =1-(23) for Q.. This is needed because we have
constructed the antisymmetric wave function for the first
two quarks of the 3-quark cluster, and the remaining
quark is added to the wave function simply by consider-
ing the appropriate Clebsch-Gordan coefficient.

1) Note here that each (ij)-term in A express an interchange operator of S 3 permutation group for QQQO-clusters, with Q either a c- or b-quark.
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3 Results

Table 2 shows the total spin and parity J” of the triply
heavy baryons whose masses are calculated. In the non-
relativistic approximation, the total angular momentum L
and spin § are good quantum numbers, and they couple to
the total spin J." The total angular momentum is the res-
ult of coupling of the two possible excitations along the
Jacobi coordinates, i.e. [; and /; of Eq. (8), to obtain L. In
this analysis, / is never greater than L , and the possible
channels are listed in the first column of Table 2. Since a
baryon is a 3-quark bound system, its total spin can only

Table 2. Possible J ” quantum numbers of the studied triply heavy
quark bound systems.
1 3
01,1 == _2
(h, 1) L N 5 N 3
1t 3%

0,0 0 Z 2

e 2 2

0,1

©D 1 173" 173757
(1,0) 272 27272
0,2)

1, 1) 2 1+ 3*s5* 1t 3+t s5*t7"
@,0) 2°2°2 2°2°2°2

Table 3.

Predicted masses, in MeV, of Q. baryons with the total spin and parity J* = 3 s %i, %i and

take values 1/2 and 3/2, and its parity is given by (=1)"*%,
since the parity of a quark is positive by convention.

Tables 3, 4, 5 and 6 show, respectively, the spectra of
the Qcce, Qecn, Qepy and Qupp, baryon sectors computed in
our formalism following the pattern of quantum numbers
shown in Table 2. Since there are no experimental data
for triply heavy baryons, we first compare our results
with the available predictions of lattice QCD. However,
lattice regularized computations have their own issues,
such as the use of the non-relativistic QCD (NRQCD) ac-
tions for heavy quarks, which are not ideally suited for
charm quarks. Also, they do not address all systematic
uncertainties. Therefore, the predictions of other theoret-
ical approaches are also reported in these Tables.

3.1 The Q. baryon sector

Table 3 shows our predicted masses of Q... baryons
with the total spin and parity J* = 1%, 3%, 3% and 2", We
report the S-, P- and D-wave ground and radial-excited
states for all channels mentioned. Since the total wave
function of a ccc baryon must be totally antisymmetric in
order to fulfill the Pauli principle, there is no S-wave
bound state with the total spin and parity J* = %+. From
Table 3, we predict a mass of 4.80GeV for the ground

1* %+. We compare our results with those obtained

by the other theoretical approaches, in particular the recent lattice QCD results in Ref. [42].

JP nL  This work [42] [22] [26] [27]1 [28] [29] [31] [33] [35] [38] [39] [43] [44]
; 1D 5376 5395(13) 5412 — 5216 5324 5358 - - - - - - _
2D 5713 - - - - - - - - - _ _ _ _
; 15 4798 4759(6) 4763 4803 4773 4799 4797 4990(140)  4720(120)  4760(60) 4760 5000 4789(22)  4796(20)
2§ 5286 5313(31) 5317 — - 5243 5309 - - - 5150 - - -
b e see0y) s - - spa sy - - - .
2D 5713 - - - - - - - - - _ _ _ _
5+
5 b 5376 5402(15) 5412 - - 5324 5358 - - - - _ _ _
2D 5713 - - - - - - - - - - _ _ _
; 1D 5376 5393(49) 5412 — - 5324 5358 - - - - - - _
2D 5713 - - - - - - - - _ _ _ _ _
Loap o s9 slle) 512 - S109 594 5103 - - - _ _ .
2P 5525 5608(31) 5610 — — 5456 — — - _ _ _ _ _
%7 P 5129 5120(13) 5132 — 5014 5094 5103 S110(150)  4900(100) - 5007 - - -
2P 5525 5658(31) 5610 — - 5456 - - - _ _ _ _ _
g_ 1P 5558 5512(64) 5637 — - 5494 - - - _ _ _ _ _
2P 5846 5705(25) - - - - - - _ _ _ _ _ _

1) Since spin-orbital interactions are not employed in the present work, triply-heavy baryons with different J* but equal L and S will be degenerated in mass.
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state, which has quantum numbers nL(J*) = 1S (%+). The
mass of the same state is predicted by the lattice QCD
[42] to be 4.76GeV, which compares reasonably well
with our result. A similar level of agreement between the
lattice and our calculations is achieved for the other
ground states of the reported J” channel in Table 3.
Lattice QCD [42] reports two almost degenerate

. . + 3+
states in each channel with quantum numbers J* = 1", %

and %+. They correspond to a different spin excitation be-
cause the three J quantum numbers can be obtained
when coupling a D-wave component with either S = % or
%, Table 3 shows the eigenstate of the lowest mass, which
corresponds to the coupling L®S =2®3/2. Our predic-
tion for the other case, L®S =2®1/2, is 5407MeV ,
which compares reasonably well with the lattice results
5401 + 14MeV, 5461+ 13MeV and 5460 + 15MeV for 1,
3" and 3", respectively. In the positive parity sector, the
only radial excitation that can be compared is the 25 (%+)
state. Our prediction, 5.29GeV, is in fair agreement with
the lattice result 5.31GeV. There is a mismatch of
~0.1GeV between our calculations and the lattice regu-
larized QCD for negative parity excited states (see
Table 3).

Let us mention that the level of agreement should be
taken with some caution because our constituent quark
model suffers from theoretical uncertainties that can be
estimated at +50MeV when the most sensitive model
parameter is modified by 10% . On the other hand, sys-
tematic uncertainties are not estimated in Ref. [42], which
is to say that the lattice errors given in Table 3 are just
statistical. With the lattice NRQCD action and the para-
meters used in [42], the systematic errors may be signific-
ant, especially for the spin dependent energy splitting. A
calculation of the charmonium spectrum with the same
lattice formulation is given in Ref. [67], which can give
an idea of the typical systematic uncertainties.

Table 3 also compares our predictions with the res-
ults reported by the oher theoretical formulations. For the
ground state nL(J") = 1S (%+), our results agree with the
general trend, except for the few cases where the pre-
dicted mass is around 5.0GeV. For the rest of the spec-
trum, the data reported by the other approaches is quite
sparse, with big uncertainties in some cases, making it
difficult to perform a quantitative comparison. However,
there are some theoretical calculations [22, 27-29] where
the reported spectrum is as complete as ours and where
the level of agreement is quite reasonable.

3.2 The Q. baryon sector

Table 4 shows our spectrum of Q,.;, baryons. We pre-
dict two almost degenerate states with quantum numbers
nL(J?) =18 (1) and 1S (3"), and masses of the order of
8.0GeV, which are the two ground states of positive par-

ity Q. baryons. The agreement with the recent lattice-
QCD prediction [45] is remarkable. In this case, the lat-
tice computations are based on: (i) three different lattice
spacings, allowing precise results at the continuum limit;
(i1) the relativistic formulation for the light, strange and
charm quarks; (iii) the lattice NRQCD action for bottom
quarks with non-perturbative tuned coefficients up to
O(a,v*); and (iv) control of the statistical errors below a
percent level.

Let us now turn to the results reported by the other
approaches. As can be seen, there is no agreement in the
masses of the nL(J”)=15 (") and 15 (3") states. The
mass splitting seems to be small, of the order of tens of
MeV, but their absolute masses cluster around two differ-
ent mean values, 8.0GeV and around 8.2 -8.3GeV. This
is quite puzzling. As we do not have a reasonable answer
for this issue, we continue to investigate this sector. It is
fair to note that there are some theoretical computations,
mostly the QCD sum rule predictions, where the reported
masses of the 1S (%+) and 1S (%+) states are quite different,
and large error bands are reported.

There are few computations [28, 29, 38] that provide
a spectrum as complete as ours. The results presented in
Ref. [28] are in reasonable agreement with our calculated
masses, as shown in Table 4. This could be because the
formalism and quark-quark interactions are very similar
despite the differences in numerical tools and model para-
meters. The relativistic effects may have been implemen-
ted in Refs. [29, 38]. The predicted states reported in [29]
are 0.2—0.3GeV higher than ours and those reported by
lattice QCD [45]. In Ref. [38], the spectrum agrees with
ours if all values are lifted by about 0.1GeV. This indic-
ates at least that the mass splittings could be considered
as similar, while the Q. spectrum needs to be disen-
tangled experimentally.

3.3 The Q. baryon sector

Table 5 shows our spectrum of Q;;, baryons. Our pre-
dicted masses for the nL(J*) =15 (1) and 15 3") states
are respectively 11200MeV and 11221MeV , and agree
again with the recent lattice QCD results of Ref. [45],
which are considered quite robust and precise.

We find in this sector a similar situation as already
discussed for Q... There is no clear consensus between
the different approaches for the masses of the
nL(JP) =18 (L") and 15 (37) states. It looks like there is a
convergence around 11.2GeV, but quite different results
with large uncertainties are again given by the QCD sum
rules, introducing noise which is difficult to disentangle.
As expected, the calculations of Ref. [28] is in fair agree-
ment with ours. A comparison of our results with the re-
lativistic formulations reveals an opposite situation to that
in the Q. baryon sector. The computations in Ref. [29]
seem to agree with our results, but we do not have the
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Table 4. Predicted masses, in MeV, of Q.;, baryons with the total spin and parity J¥ = %i, %i, %i and %+. We compare our results with those obtained
by the other theoretical approaches, in particular the recent lattice QCD results in Ref. [45].

JP nL  This work [45] [26]  [28] [29] [31] [32] [33] [35] [38]  [39] [44]

%+ I 8004 8005(13) 8018 8019 8301  8230(130) 8500(120) - 7980(70) 7867 8190  8007(22)
28 8455 - - 8450 8600 - - - - 8337 - -

%+ 1D 8536 - - 8528 8647 - - - - - - -
2D 8838 - - 8762 - - - - - - - -

%+ IN 8023 8026(13) 8025 8056 8301  8230(130) - 8070(100) - 7963 8190  8037(22)
28 8468 - - 8465 8600 - - - - 8427 - -

%+ 1D 8536 - - 8528 8647 - - - - - - -
2D 8838 - - 8762 - - - - - - - -

5+

3 1D 8536 - - 8528 8647 - - - - - - -
2D 8838 - - 8762 - - - - - - - -

7+

3 1D 8538 - - 8528 8647 - - - - - - -
2D 8839 - - 8762 - - - - - - - -

%_ 1P 8306 - - 8316 8491  8360(130) - - - 8164 - -
2P 8663 - - 8579 - - - - - - - -

%7 1P 8306 - ~ 8316 8491  8360(130) - 8350(100) - 8275 - -
2P 8663 - - 8579 - - - - - - - -

%7 1P 8311 - - 8331 8491 - - - - - - -
2P 8667 - - 8589 - - - - - - - -

masses previously reported in Ref. [38]. lattice results 14953+ 18MeV, 15005+19MeV and

It is interesting to mention that the mass reported in
Ref. [35], which is a model independent prediction based
on the non-relativistic effective field theory, agrees well
with our result. Note too that the same level of agree-
ment with the predictions of Ref. [35] exists in all Qppp
sectors, with Q either a c or b quark.

3.4 The Qpp, baryon sector

Table 6 shows the spectrum of Q;, baryons. We pre-
dict a mass of 14.40GeV for the lowest state of the spec-
trum, which has quantum numbers nL(J?) = lS(%+). The
mass of this state predicted by the lattice calculations is
14.37GeV [41]. The agreement between the lattice and
our calculations for each ground state of the J”-channel,
reported in Table 6 , is worse (but not dramatically) than
in the Q.. sector. The only radial excitation that can be
compared is the 25 (%Jr) state, for which our prediction of
14.81GeV is in fair agreement with the lattice result of
14.84GeV. As in the Q.. baryon sector, Table 6 shows
the eigenstate of the lowest mass with quantum numbers
JP = %+, %+ and §+, corresponding to the coupling
L®S =2®3/2. Our prediction for the case LS =2®1/2
is 14932MeV, which compares reasonably well with the

15007 + 19MeV for 1", 3" and 37, respectively.

We turn now to a comparison of the results of our
quark model with the other theoretical approaches. There
are again few results, mostly reported for the QCD sum
rules, which contribute to the scattering of ground state
masses. If these results are excluded from the average,
then the 1S (%+) state has a mass around 14.40GeV, which
agrees with our result. It is encouraging to observe a fair
agreement between our results and those reported in Refs.
[28, 29]. A spectrum as complete as ours is also reported
in Ref. [22], and one can see that there is a global agree-
ment with our predictions. However, Ref. [22] uses the
linear confining interaction between quarks which in gen-
eral produces larger masses for higher radial and orbital
excitations.

We conclude this section by remarking that although
the production of triply bottom baryons as well as their
identification could be extremely difficult, we consider
that the experimental search for these states must be pur-
sued. The Q, system is theoretically the most interest-
ing of all studied here because the triply bottom quark
content makes it the most non-relativistic conventional
few-body bound system that can be formed in QCD.
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Table 5. Predicted masses, in MeV, of Q. baryons with the total spin and parity J¥ = %

. We compare our results with those obtained

by the other theoretical approaches, in particular the recent lattice QCD results in Ref. [45].

JP nL This work [45] [26] [28] [29] [31] [32] [33] [35] [38] [39] [44]
%+ 18 11200 11194(13) 11280 11217 11218 11500(110) 11730(160) - 11190(80) 11077 11370 11195(22)
28 11607 - - 11625 11585 - - - - 11603 - -
%+ 1D 11677 - - 11718 11626 - - - - - - -
2D 11955 - - 11986 - - - - - — _ _
%+ 15 11221 11211(13) 11287 11251 11218 11490(110) - 11350(150) - 11167 11380 11229(22)
28 11622 - - 11643 11585 - - - - 11703 - -
%+ 1D 11677 - - 11718 11626 - - — - - — —
2D 11955 - - 11986 - - - - — _ _ _
5+
3 1D 11677 - - 11718 11626 - - - - - - -
2D 11955 - - 11986 - - - - - - — —
7+
3 1D 11688 - - 11718 11626 - - - — - — —
2D 11963 - - 11986 - - - - - - — _
%_ 1P 11482 - - 11524 11438 11620(110) - - - 11413 - -
2P 11802 - - 11820 - - - - - - — _
%7 1P 11482 - - 11524 11438 11620(110) - 11500(200) - 11523 - -
2P 11802 - - 11820 - - - - — _ _ _
%7 1P 11569 - - 11598 11601 - - - - - - -
2P 11888 - - 11899 - - - - - — _ _

4 Summary

The study of heavy quarkonia has become very use-
ful for examining the relevant QCD properties and funda-
mental parameters, without the usual complications of the
light quark systems. Hence, triply heavy baryons may
provide a complementary window for the understanding
of QCD. Moreover, as in charmonium and bottomonium,
there is no restriction for finding exotic candidates in the
spectra of QQQ baryons, and a reliable prediction of the
conventional triply heavy baryons is important as it may
serve as a template for comparing future experimental
findings.

In the constituent quark model approach, we com-
puted the ground and excited state masses of triply heavy
baryons with quantum numbers J* = 1%, 3%, 3% and 2"
The quark model parameters used in this study are those
that were fitted during the last decade to reproduce a di-
verse array of heavy quarkonium properties, such as the
masses, but also the electromagnetic, strong and weak de-
cays and reactions.

We solved the non-relativistic 3-body bound state
equation by means of a variational method in which the

wave function is expanded using infinitesimally shifted
Gaussians. This set of basis functions makes the calcula-
tion of 3-body matrix elements easier, without resorting
to the laborious Racah algebra. The Gaussian range is
taken as a geometric progression, enabling its optimiza-
tion with a small number of free parameters. Moreover,
the geometric progression is dense at short distances,
which allows a description of the dynamics mediated by
short range potentials. The fast damping of the Gaussian
tail is not a problem, since we can choose the maximal
range to be much longer than the hadronic size.

There are no experimental data related to triply heavy
baryons. Our spectrum for the Q... and Qp; sectors could
be compared with the available lattice regularized QCD
computations. One can state that there is a reasonable
agreement with the lattice calculations for ground states
of all J? channels studied. However, discrepancies are
found for excited states. Some of them can be related to
our limitations and theoretical uncertainties, but the lat-
tice regularized computations also have their own issues,
such as the use of the NRQCD actions for heavy quarks.
Also, they do not address all systematic uncertainties. We
also compared our results with the other theoretical ap-
proaches, and reached the conclusion that there is a gen-
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Table 6. Predicted masses, in MeV, of Q;, baryons with the total spin and parity J¥ = %i, %i, %i and %+. We compare our results with those obtained
by the other theoretical approaches, in particular the recent lattice QCD results in Ref. [41].
JP nL  This work [41] [22] [26] [28] [29] [31] [33] [35] [38] [39] [44]
%+ 1D 14894 14938(18) 14954 - 14944 14896 - - - - - -
2D 15175 - - - 15304 - - - - - _ _
%+ IN 14396 14371(12) 14371 14569 14398 14347  14830(100) 14300(200) 14370(80) 14370 14570  14366(22)
28 14805 14840(14) 14848 - 14835 14832 - - - 14980 - -
%+ 1D 14894 14958(18) 14954 - 14944 14896 - - - - - _
2D 15175 - - - 15304 - - - — - — _
%+ 1D 14894 14964(18) 14954  — 14944 14896 - - - - - _
2D 15175 - - - 15304 - - - - - _ _
%+ 1D 14894 14969(17) 14954 - 14944 14896 - - - - - _
2D 15175 - - - 15304 - - - — - - _
%7 1P 14688 14706(9) 14713 - 14738 14645 - - - - - -
2P 15016 - 15107 - 15052 - - - - - — _
%_ 1P 14688 1471409) 14713 - 14738 14645  14950(110) 14900(200) - 14771 - -
2P 15016 - 15107 - 15052 - - - — - - _
%7 1P 15038 - 15125 - 15078 - - - — - — _
2P 15284 - - - 15402 — — — _ _ _ _

eral trend for the mass of the lowest state in the spectra of
Qcce and Qppp. The predictions of higher excited states
have not been performed in a systematic way in many
theoretical formulations, and we commented on those
cases that present a spectrum as complete as ours.

The Q. and Q. sectors have been less explored in
the lattice QCD. Only masses for the nL(J")=1S (%Jr)
and 1§ (%+) states were reported and they agree with our
results. A wide array of theoretical predictions is avail-
able for the Q.., and Q. sectors. If one discards the res-
ults of the QCD sum rules, a general agreement between
the different approaches is achieved for the average mass
of the nL(J*) =18 (%Jr) and nL(JP) =18 (%+) states. These
values are compatible with our predictions. Again, few
theoretical formulations report a complete spectrum of
low-lying excited states. When available, we have com-
pared them with our calculations.

It is interesting to remark that the spectra of Q..
Qcers Qepp and Qupp, baryons are quite reach in the energy
region 1GeV above the corresponding ground states. We
encourage the design of experiments that would be able
to detect such particles as the rewards could be high. As
mentioned, triply heavy baryons are ideally suited for
studies of QCD, as has been the case for heavy quarko-
nia.

Finally, following these calculations, a possible direc-
tion would be to study the coupling of triply heavy bary-
ons close to their baryon-meson thresholds using the 3Py
decay model, as this mechanism connects the 3- and 5-
quark sectors. Mass shifts, decay widths and all kinds of
scattering phenomena could be available to study these
exotic structures. A similar procedure was followed by
some of the present authors in the heavy quark meson
sector with considerable success.
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