Chinese Physics C Vol. 43, No. 6 (2019) 065101

Time-crystal ground state and production of gravitational
waves from QCD phase transition”

Andrea Addazi""

. .12
Antonino Marciand'”

1 2:3
Roman Pasechnik™”

1Department of Physics &Center for Field Theory and Particle Physics, Fudan University, Shanghai 200433, China
2Department of Astronomy and Theoretical Physics, Lund University, Lund SE-223 62, Sweden

Abstract: We propose a novel mechanism for the production of gravitational waves in the early Universe that origin-

ates from the relaxation processes induced by the QCD phase transition. While the energy density of the quark-gluon

mean-field is monotonously decaying in real time, its pressure undergoes a series of violent oscillations at the charac-

teristic QCD time scales that generate a primordial multi-peaked gravitational waves signal in the radio frequencies’

domain. The signal is an echo of the QCD phase transition that is accessible by planned measurements at the FAST

and SKA telescopes.
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1 Introduction

The intriguing possibility that prompt phase trans-
itions in the early Universe might have imprinted signa-
tures in the background of gravitational radiation will be
testable through the next generation of gravitational inter-
ferometers. The idea was firstly suggested in Refs. [1-5].
Important developments on understanding the primordial
gravitational waves (GW) production in the early Uni-
verse were made, in particular, in Refs. [6,7].

Dynamical effects of quarks confinement in baryons
and mesons are related to the dimensional-scale transmu-
tation as much as first-order phase transition (FOPT) phe-
nomena, which are characterized by a dynamically gener-
ated energy scale Agcp =~ 200MeV [8]. This suggested the
possibility that the Quantum Chromodynamics (QCD)
phase transition may generate a GW signal in the hot
Early Universe, at a temperature of T =~ Agcp =~ 200MeV.
That a FOPT related to strong interactions may emit GWs
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was initially, although qualitatively, proposed by Witten
[1], and then quantitatively re-elaborated in Refs. [9,10].

The GW signal associated to the QCD phase trans-
ition (QCDPT) cannot be detected in GW terrestrial inter-
ferometers, such as LIGO/VIRGO [11] and KAGRA
[12], and cannot be either measured in future space ex-
periments, such as LISA [13], U-DECIGO [14], BBO
[15], TADII [16] and TianQin [17] projects. The GWs fre-
quency range of a QCDPT is around 1078+ 107°Hz,
which is 5-6 digits lower than the one provided by space
experiments, and 9-10 digits away from LIGO/VIRGO/
KAGRA limits [10]. Furthermore, QCDPT does not leave
any smoking-gun imprinting in the Cosmic Microwave
Background as being sensitive to very low frequency
modes (5-6 digits less [10]).

Nonetheless, a nHz phase transition such as a QCDPT
can be detected, with high precision, from radio astro-
nomical observation of pulsar timing: the GW back-
grounds propagating through pulsar systems alter the ra-
dio signal, leaving an imprint that is in principle observ-
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able". This opens a pathway towards the exciting possib-
ility of testing fundamental particle physics with current
and future radio astronomy experiments, including FAST
[20] and SKA [21]. Within previous QCDPT analyses,
the role of possible relaxation phenomena and gravita-
tional back-reactions were completely neglected. Note,
after the QCDPT, the prompt and violent relaxation ef-
fects around the QCD vacuum energy state are expected,
which retains a broad analogy with the reheating mechan-
ism in inflationary models.

In this letter, we study in detail the possible effects of
the gluon condensate relaxation phenomena. We analyze
the non-linear field equations for the gluonic condensate,
coupled to the Einstein equations, in a Friedmann-
Lemaitre-Robertson-Walker (FLRW) cosmological back-
ground. Our formalism is based upon the effective Ein-
stein—Yang-Mills equations of motion for real-time evol-
ution of the homogeneous gluon condensate in expand-
ing Universe initially formulated in Ref. [22]. During the
relaxation phase, a surprising non-equilibrium phenomen-
on arises: the gluonic condensate field violently oscil-
lates during the relaxation phase, inducing fast oscilla-
tions of the energy-momentum tensor trace for a transi-
ent time of 7~ 10+ 20A6CD The oscillating solution is a
classical non-perturbative solution of the Yang-Mills
field equations coupled to the Einstein field equations.
The emergence of spikes, localized in a characteristic
QCD time lapse A = AQ}:D, and extended in the space di-
mensions, reveals the presence of a ordered pattern of
space-like soliton/domain-walls solutions. We dub these
new solutions chronons. At large cosmological times
t> ZOAQICD, the spikes' periodicity disappears, and the en-
ergy density approaches the QCD vacuum energy minim-
um. The time-ordered classical solution that we found is a
time crystal, i.e. a periodic classical solution spontan-
eously breaking time invariance down to a discrete time
shift symmetry T, :¢— t+nAg ICD, n denoting a natural
number. The concept of time crystal has been first pro-
posed by Wilczek in Refs. [23,24] w1th1n the context of
superconductors and superfluids phys1cs For a review
of time crystals, see e.g. Ref. [27]. The experimental dis-
covery of time crystals was achieved in Ref. [28]. The
spontaneous symmetry breaking of 7-invariance from the
localization of chronons is associated to the appearance
of Nambu-Goldstone bosons, as time-like moduli excita-
tions over the classical background.

During the relaxation stage, a new characteristic fea-
ture is the produced GW signal. While the energy-dens-
ity part of the energy momentum tensor does not exhibit
so violent transitions, the condensate pressure provides

the main contribution to the energy-momentum tensor
trace variation. These pressure kinks inject kinetic en-
ergy into the primordial plasma, inducing turbulence and
sound/shock waves in the plasma very efficiently. In ana-
logy with the case of a bubble propagating in the plasma,
the gravitational radiation is emitted from magnetohydro-
dynamical (MHD) turbulence and sound waves. From our
numerical simulations, which we compare with semi-ana-
lytical estimates, we show that such gravitational back-
ground signal can be tested in future radio observatories
form pulsar timing effects. The spectrum that is pre-
dicted not only lies within the SKA sensitivity, but it fur-
ther displays very peculiar features of the shape form that
cannot be reproduced in any other known mechanism. In
other words, time crystallization of the QCD medium
during the relaxation phase can be tested in close future,
which implies a radical reconsideration of our picture of
QCD confinement itself from the prospective of dynamic-
al cosmological evolution.

2 Space-like domain walls from T-breaking

A standard static domain-wall can be easily obtained
from a scalar field theory that is Z, invariant. With a
simple sombrero-like Higgs potential, Z, can be spontan-
eously broken when the scalar field rolls down to one of
the two possible minima ¢,,. = +v. These internal field
configurations can be localized in the space direction z as
kink profiles. The kink profile interpolates the two min-
ima, namely, ¢(z = —o0) = —v and ¢(z = o) = v. A domain-
wall configuration, as a xy-plane orthogonal to the z-dir-
ection, is achieved through the kink profile transition re-
gion, and its characteristic thickness in z-direction is dir-
ectly related to the kink shape. For a 1¢* theory with a
sombrero potential, one can find a simple analytic kink

solution, specified by ¢(z)—vtanh[—(z 10)] with zg

being the kink center.

As is well-known, for the standard domain-walls the
translational invariance is spontaneously broken, being
the barrier localized in a zy point. This corresponds to the
appearance of a Nambu-Goldstone modulus boson
20(, x,y), localized on the surface of the domain wall, as a
low energy-excitation of its surface in the z-direction.

Intriguingly and exotically, one may consider a kink
profile that, despite of being localized in a space direc-
tion, is also localized in time. A new domain wall exten-
ded in three spatial dimension but localized in a time
lapse, which we dub as a chronon, may correspond to this
solution. By just replacing the z-coordinate with the time

1) Gravitational radiation from FOPTSs detectable in a radio-astronomy experiment may also be originated from Warm Dark Matter models (see e.g. Ref. [18]), while
the electroweak phase transition may be detectable by LISA, u-DECIGO and BBO [19].

2) The original implementation of this idea was criticized in Refs. [25,26].
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variable, one can consider a kink solution, such as

A . .
() = vtanh[—v(t—to)], centered at a time instant 7= f

and interpolating the two vacuum states in the asymptot-
ic time limits ¢(f = —o0) = —v and ¢(¢t = o0) = v. This solu-
tion is associated to a spontaneous symmetry breaking of
the time invariance and to the appearance of a Nambu-
Goldstone boson localized on the xyz-surface #(x,y,z).

In the case of the gluon condensate field equation
coupled to gravity, in a FLRW cosmological background
one can decompose the gluonic field in a classical back-
ground field U(z) plus a non-homogeneous part—see the
Appendix for more technical details. Let us consider the
limit of a static FLRW space time (a = const). A branch
of solutions for the U-field satisfies the equation

1
U'2—ZU4=const, (1)

where U’ is the field derivative with respect to the
Cartesian coordinate time, which we denote here with
xp = 7. A branch of solutions of these equations, obtained

by U? - U?-U} energy density vacuum shift, corres-
ponds to kink (anti-kink) profiles
1% v
U( )Z—tanh[—( - )], 2
=5 ARG 2

where v = Aqcp. A space-like domain wall corresponds to
a kink profile of this type. Time-translational invariance
is spontaneously broken, and a ny(x,y,z) moduli field
arises, with U acquiring the form, U(n—mno(x,y,z)). The
coordinates x,y,z are the domain-wall's worldsheet co-
ordinates. The effective corresponding action reads as

4 1 o o\
s = fd [(a M)—V(U)]

Tw (5 (9m0&))’
=const+ — > fd ( pw ) 3)

This shows that the moduli field is massless, according to
the Nambu-Goldstone theorem.

When the gravitational dynamics is taken into ac-
count, and the scale factor time-dependence is con-
sidered, a more complicated time pattern for the space-
like domain walls arises— see Appendix for technical de-
tails. In this latter case, time-translation is not only
broken down to a Z, symmetry involving the 7, and 7_
branches, but more interestingly is spontaneously broken
down to a (discrete time-translation symmetry
T,:n—>n+ nA&JD. In other words, the system behaves as
a time crystal.

3 Gravitational wave emission

The general coupled field equations of the gluon field
with gravity reads

1 1 b 1 1
%(RV——cSVR):— [(_ :/17:;/1-’-16; ;ff;”)

weo2oH 3272 \/—g
el?"ﬁﬂaﬁ| 1 v a ol
X In W - 4 # ‘7: (4)
s 7 A Fall
6 \/_ fabcﬂc) — 0’
= N

where A= &Aqep is related to the QCD scale parameter
Aqcp by an arbitrary scaling constant &, and e is the base
of the natural logarithm. In the FLRW background, here
cast in  conformal coordinates defined by
ds? = a®(n)(dn? + d¥?), the dynamical system is simplified
to
6a”’ U
u

% a3
1

3b
wU _ AV 5L
K _167r2a4[(U) 4U}’

6e|l(U")* - Lu*
a9 U'ln I((U")" =z U7
on a*at

1. 6el(U) - U
+§U3IHT44=O. (5)

In order to account for thermal bath effects, we have
to consider the thermal loop correction to the classical
equations. The leading order corrections are proportional
to T?U?, where T is the temperature of the early Uni-
verse plasma.

Solving the dynamical system of equations specified
above, at 7=0, we find a U(n) profile characterized by a
time-ordered pattern of spikes —see the Appendix for
more details. Turning on thermal corrections, the only
relevant O(1) corrections arise in correspondence of the
first spike, close to the QCD phase transition scale Agcp.
After IOAE)CD, thermal correction will reduce to a small
effect. The trace of energy-momentum tensor follows the
spike series solution, with violent oscillations while hav-
ing relaxation. Relaxation is induced by the linear dissip-
ative terms of the gluonic condensate in the field equa-
tions of motion, while spikes can be understood as a
back-reaction effect of the gluonic condensate with the
gravitational background. The energy-density part py has
only a suppressed modulation over the relaxation decay
profile in time. Since the gravitational waves emission is
related to the time variation of the energy-density, it turns
out that the GW spectrum is actually suppressed. Most of
the trace tensor variation is provided by the pressure com-
ponent py. The pressure kinks can be efficiently transmit-
ted to the primordial plasma, since the gluonic condens-
ate is strongly interacting with it. Consequently, the pres-
sure kinks pattern chaotized (thermalised) the early Uni-
verse plasma, inducing turbulence and shock sound
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waves in it. As it happens in the standard picture of
FOPTs, turbulence wiggles and sound waves efficiently
produce the gravitational radiation. The pressure distribu-
tion of one kink in the plasma thermalizes very effi-
ciently, within a standard deviation of the order of the
QCD scale. Numerical results are shown in Fig. 1 and
Fig. 2, and put in comparison with the current FAST ex-
periment sensitivity curves and future SKA predicted
bounds. The model efficiency factors enter crucially the
pressure transfer mechanism from the classical condens-
ate to the Universe plasma. Although clearly affected by
several uncertainties, one can show several GW profiles
in the reasonable efficiency range of 1072+ 1073. We re-
mark that an efficiency lower than 1073 seems to be
nearly impossible, since the gluonic condensate cannot be
so weakly coupled to the plasma. This observation car-
ries important phenomenological consequences. Indeed,
we can show that, for an efficiency higher than 3%,
FAST will definitely probe this model. On the other hand,
future FAST data, one can reach the 0.1% efficiency scale.

We provide below simple semi-analytic estimates,
which are nonetheless in agreement with our numerical
analysis.

Qr(10?)
250 |
200} — FAST
150 /
100F A /A\
: . I L v(10°Hz)

5 10 15 20

B——

Fig. 1.
displayed for different efficiency factors, in comparison
with the FAST sensitivity curve [20]. The efficiency factor
is considered to be x = 0.03+0.1.

(color online) The gravitational waves spectrum is
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Fig. 2.
displayed for different efficiency factors, in comparison
with FAST sensitivity curve [21]. The efficiency factor is
considered to vary within x = 1073 +3x 1073,

(color online) The gravitational waves spectrum is

The red-shift due to the expansion of the gravitation-
al background must be taken into account while compar-
ing the GW signals ab origine with measurements at
present time. At this purpose, we recall that the ratio
between the scale factor of the Universe today Ry and the
scale factor of the Universe during the GW production is
expressed by

R, 100\* (1GeV
—=8.0><10—14(—) ( © ) (6)
Ro 8« T.

g« denoting the effective number of degrees of freedom.
Assuming that the Universe expanded adiabatically im-
plies that the entropy S ~ R*T> remained constant. The
characteristic frequency of the GW signal today, denoted
as fop, is related to the one on the GW emission time f, by

- 1) = osx10me( ) e i)
fo= f*(RO) =1.65x10 HZ(H*) aov)\30o) - (7)
The order of magnitude of the GW energy density today,
denoted as Qgw, is related to the one during the emission
time, namely Qgw, through

4 2
R. H.,

Qcw =Qcws| —

ow GW(RO)(HO)

100

8x

:1.67><105h2( ) Q6w ®)
where £ is the current value of the Hubble parameter in
units of 100km /(sec Mpc), and

87"-Gprad _ 8”3g*Tf

H, = = , ©)
3 90M2,

which is the Hubble contribution in the radiation domin-
ated epoch.

The sound and turbulence spectrum induced by the
spiky pressure kinks is in general very complicated.
However, it will display a characteristic series of peaks,
related to the pressure peaks. The magnitude of these GW
peaks can be estimated very easily, thanks to semi-analyt-
ical estimates. The turbulence GW peaks are described by

N, 3 1

N (H, ;i\ (K \: [ 1003
WP Qup =3.35x 1074 ) | =2 (L) , (10
turb Z(ﬁz) l+a Qui v ( )

_ 1 ﬂi E*i 8x.i %
=27%x10">mHz~ | = : ( ) 11
Jurt m ZV(H*,i)(GeV) 100 (b

where the sum is over the number of peaks that contrib-
ute significantly to the GW spectrum, and
o= (12)
Prad

is the ratio between the energy density U and the radi-
ation energy density.

The sound waves spectrum is characterized by the ex-
pressions
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N, 1
N (H,;\( koo \2{100)?
2 _ -6 *,1 v )
P2 = 2.65 % 10 Z;(,Bi )(1+a)( ) v, (13)

Neg 1 ﬁ T ) g e
=19x102mHz Y — L0 ) i) (S 14
fow=1.9x10"m ZZV,’(H )(IOOGeV) 100/ - (19

i=1 ot

We estimated the U peak rapidity as v; = A(T})B;,
which is close to 1 (fast), and the inverse time scale of the
peaks as B; ~ A (A being the confinement scale), while
kvrrb are the efficiency factors of the energy transfer
from the condensate peaks to the early Universe plasma.
We find that: 1) the energy-scale of the first peaks is
around 200MeV;; ii) B8; ~ H,;, since H, is related to the en-
ergy density and pressure of the Universe and follows the
oscillations of the condensate; iii) a ~ 1, if the condens-
ate dominates in the radiation epoch.

Assuming the efficiency factors by = 0.1%+1%—
in analogy to typical response factors in the plasma dur-
ing FOPTs—from the estimates specified above, we ob-
tain an energy frequency within the frequency range
10~° = 10~8 Hz for both turbulence and sound waves. This
implies that the GW signal here predicted lies in the ra-
dio-astronomy pulsar timing scale, while the energy-
density of the GW signal for both the contributions is

around 1078 = 10712, Thus, SKA must be definitely able
probe to this GW signal.

4 Conclusions

We have shown that the relaxation dynamics of the
gluon condensate close to the QCD phase transition be-
haves as a time-crystal within a time range of 1 +20Apcp-'.
This is an effect obtained as a non-equilibrium solution
from the classical gluon equations of the gauge fields
coupled with gravity. Time translation is spontaneously
broken in a time translation discrete symmetry. We have
shown that this proposal to model gluonic condensates in
the early Universe cosmology is already testable. The
model we developed predicts a gravitational radiation
background that can alter the pulsar timing system, and
thus can be tested in radio-astronomy experiments. Spe-
cifically, predictions of the model lay in sensitivity curves
of FAST and SKA. A clear understanding of QCD con-
finement dynamics remains the most challenging prob-
lem of the Standard Model of particles physics. Possible
new information about the confinement dynamics in the
early Universe from radio-astronomy opens a new path-
way towards the frontiers of strong interaction physics.

Appendix A: Spatially homogeneous isotropic YM condensates

We discuss in this section how a gauge-invariant description of
spatially homogeneous isotropic Yang-Mills (YM) condensates
that depend only on time can be obtained. For this purpose, it is
most useful to work in the ghost-free temporal (Hamilton or Weyl)
gauge, fixed by the condition

A% =0, (A1)

which is the basis of the Hamiltonian formulation. In this gauge,
the asymptotic states of the S-matrix automatically contain trans-
verse modes only, which enables to formulate the YM theory in the
Heisenberg representation, consistently beyond the phase trans-
itions—for more details, see e.g. Refs. [29,30]. Under the condi-
tion (Al), the Gauss-laws, which enforce the symmetry under the
residual time-independent gauge transformations, have to be imple-
mented additionally to the Hamiltonian equations of motion. These
equations can be brought into an unconstrained form by imposing a
further time-independent gauge. While in the perturbative phase the
non-Abelian Coulomb gauge is a useful choice, in the case of spa-
tially homogeneous condensates the symmetric gauge for SU(2)
[22,31-34] and S U(3) [35-40] gauge theories is a suitable choice as
will be discussed below.

A.1 Gauge invariant description of a coherent SU(2) condens-

ate

In the SU(2) gauge theory, due to the local isomorphism of the
isotopic SU(2) gauge group and the SO(3) group of spatial 3-rota-

tions, the unique (up to a rescaling) SU(2) YM configuration can be
parameterized in terms of a scalar time-dependent spatially-homo-
geneous field (see e.g. Refs. [33,34,41-43]). Indeed, in the case of
the SU(2) Yang-Mills fields

Ak:Aak%, [%a%]zié—abc%s (A2)
one employs the polar decomposition (symmetric gauge) [33,34] of
the gauge field

1
Aa(q,S) = Oui(q)S it = % €abe (OO (@) (A3)

into an orthogonal matrix O, depending on three gauge angles, and
a physical symmetric (positively definite) tensor field Sy
(&S jx = 0) with two spatial indices consisting of one spin-0 com-
ponent SE,?) =(1/3)04TrS and five spin-2 components. Using the
symmetric gauge, one therefore obtains a unique and gauge-invari-
ant decomposition of the gauge field into a spatially homogeneous
isotropic part (the YM condensate) and non-isotropic/non-homo-
geneous parts (the YM waves), namely

Aak(t’)?) =04 U(t) +A‘ak(t,f),

(Aa(r,0) = f P xA(r,0 = 0, (Ad)

where the YM condensate is positively definite U(s) > 0. In the QFT
formulation, the inhomogeneous YM wave modes Ay are inter-
preted as YM quanta (e.g. gluons), while U(#) contributes to the
ground state of the theory. This is consistent with taking the ex-
pectation value of the fields on a coherent state |o) that encodes the
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symmetry of the background and represents a long-wavelength cos-
mological condensate state (alAxle)=3d,4U(f), having picked at
¥ =0 the macroscopic semiclassical-state.

In the absence of gravity, the spatially homogeneous isotropic
part 6;U(t) of Eq. (A4) satisfies the classical YM equations

(U +52U* = const, (A5)

which can be integrated analytically [22]. In the FLRW Universe,
the classical YM condensate behaves as radiation medium with
a(?) o< t'? and pym = evac/3, characteristic features of the classical
YM field behaviour. The semi-classical dynamics of the homogen-
eous SU(2) condensate and the small YM waves has been thor-
oughly studied in the Minkowski spacetime in Ref. [31].

From the group-theoretical viewpoint, the separation into spa-
tially homogeneous and inhomogeneous components (A4) in the
Minkowski spacetime has certain similarities with an analogical
procedure in the conventional QCD instanton theory in Euclidean
spacetime [44-46]. Namely, in both cases one performs a mapping
of 3-space onto SU(2) subgroup elements of the color SU(3)..
Moreover, as will be discussed below, both cases exhibit remark-
able dynamical similarities (or duality).

Notice furthermore that the homogeneous YM condensate can
be introduced for every gauge group, which contains at least one
SU(2) subgroup (e.g. SUN)), whereas the condensate embedding
or the extraction procedure can be different in every case. These
condensates obey similar equations of motion which may differ by
a rescaling of the coupling constant. Hence, the frequency of the
classical YM condensate oscillations for a SU(N) gauge theory de-
pends on integer N, while the overall dynamical properties are the
same.

A.2 Inclusion of matter fields: effective QCD energy-mo-

mentum tensor

The effective QCD energy-momentum tensor that includes also
quarks is expressed by relations that are similar to ones derived for
the case of pure gluodynamics. The only difference between the
two expressions arises in the effective beta-function coefficient .
When only gluons are taken into account, the one-loop g-function
coefficient of the pure gluodynamics provides the value
b=5b(0)=11. When quarks are also included, the effective value is
found to be [47]

Defp = b +8Lg(my, +mg+my) ~9.6, (A6)

in which L, =(1500+300MeV)~! is the correlation length of the
fluctuations, recovered by the experimental data on quark and
gluon condensates (and supported by the lattice QCD calculations),
and with a value close to the minimal scale of quantum-topological
fluctuations that contribute to the QCD vacuum. It is indeed
renown that for quantum-topological quark-gluon fluctuations [46]

the equality holds
{0 : §5: 10y =~ (0| : e : [0)0] : @ = |0)
=—(0]: %FﬂvFﬁf" |0)L, = —(225+25MeV)’. (A7)

From a phenomenological point of view, we may deploy reas-
onable assumptions, and imagine non-perturbative quantum-wave
(hadron) fluctuations to occur at the same space-time scales as
quantum topological fluctuations. This implies that they should sat-
isfy a functional relation in analogy to (A7). The operator relation
between quark and gluon fluctuations can be then established in
terms of the trace of the quark energy-momentum tensor, once the
vacuum average 4<0|T c)|0) is performed, and thus the topolo-
gical contribution to the energy density recovered. The trace is
hence derived from the trace anomaly [48-50], namely

,B(g
TZ(QCD) —s F“ FY 4 Z myqq. (A8)

q=ud,s

The characteristic topological instanton-type contribution to the en-

ergy density of the QCD vacuum, here denoted with ¢ wp , is then
recovered to be
1
eol =- —<0| —F“ F4" 210+ 2 101 : myiuu - 0)
+(0]: mddd 110) + (0] : my5s 2 |0)]
~—(5+1)x10°MeV. (A9)

This expression is due to the gluons and the light sea u, d, s quark
contributions, providing the maximal value of the topological con-
tribution to the QCD vacuum energy density. Nonetheless, thanks
to our assumptions both the relations (A7) and (A9) are also valid
for the quantum-wave contributions, hence providing the effective
quark contribution to the QCD energy momentum tensor operators,
ie.
8L

T @ef = b(B)(mu+md+mA)T

v(g).eff? (A10)

with obvious meaning of the labels. From this latter, and consider-
ing the expression of the operator energy-momentum tensor of the
gluon field

H

8L,
Tv(q),eff 3) (mu +mg+mg)TH

v(g).eff’ (all)

one can recover in the one-loop approximation the phenomenolo-
gically motivated complete QCD energy-momentum tensor

beft 1 eJ

H a pHP [ opa Y
T qem) > 353 |~ P + 3O Fiu Fa” |In =
bet
- 12; 2FL’VFZ’V, (A12)

with J = -F4, Fi”/ /=g, the constant A related to the QCD scale
parameter by a parameter &, namely 1 = ¢Aqcp, e denoting the base
of the natural logarithm and b.g specified in (A6).

Appendix B: Homogeneous gluon condensate evolution

Now we come to an analysis of the equations of motion for

physical time evolution of the homogeneous YM condensate in the

cosmological environment. For this purpose, we first consider the

effective QCD theory in the one-loop approximation, as in Appendix
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A.2. As was shown in Ref. [51], an extrapolation of the one-loop
approximated Lagrangian of the SU(2) gauge theory into deeply in-
frared (strongly-coupled) regime for the YM vacuum is numeric-
ally justified by a comparison to the all-loop result. This argument
enables us to pursue the same path for QCD revealing the most im-
portant features of the generic non-perturbative QCD. Besides, the
results of such a model can be useful to describe the properties of
the homogeneous YM condensates at large J, away from the
ground state relevant for cosmological QCD phase transition.

B.1 Einstein-YM equations

We take a simplistic approach assuming that before the QCD
transition epoch the gluon-field energy density is dominated by
positively-valued chromoelectric components, while negatively-
valued chromomagnetic components are negligibly small. For con-
venience, in what follows we re-label the corresponding energy-
momentum tensor of the homogeneous YM condensate as
T — T;’U. As discussed in Ref. [51], both components approach
asymptotic ground-state attractors, with exactly opposite densities,
thus yielding the exact cancellation in the IR limit of the theory. In
this section, we look at the dominant chromoelectric solution in the
quark-gluon plasma phase, and study its real time evolution relev-
ant for the QCD transition epoch, away from the asymptotic
ground-state attractor.

By the variational principle, one obtains the EYM system of
operator equations of motion in a non-trivial spacetime

1 1 b1
(RV— —6"R) =—
x

( 7:v A + 6v 7:a17:0'/1)

1o oTH 32712 \/f
(?ﬁg:fl 1 v qa ol
In—2° N 1T (B1)
v H/3
g -abc c) 7—_# | |
0y AN ——=In————|=0.
(s {H e

Notice that from now on, in all the derivations we will perform a
rescaling of the gluon condensate, namely gU(f) — U(¢). The en-
ergy density and the pressure of other forms of matter are irrelev-
ant for the discussion of the dynamical properties of the gluon con-
densate in the early Universe (in particular, for cosmological infla-
tion), and will thus be omitted in practical calculations.

In what follows, we work in the flat FLRW conformal metric,

t:fa(n)dn,

52 . .

a*(ndx" . Besides this,
we neglect quantum-wave fluctuations S, assuming that the ho-
mogeneous gluon condensate U(r) dominates at considered space-

characterized by the relations
V=g =a'(.

the comoving time being defined in ds? = dr* -

time scales. Under these conditions, the system of equations of mo-
tion describing conformal time evolution of the gluon condensate
U = U(n) and the scale factor a = a(n) read

6da’

uU ,uU
% ad =T T 1624[( ]
a( . 65U\ 1, 6e|(U>—iU4|
wU T aw Rt a T B

An additional coefficient 1/2 appears in front of the QCD coupling
constant—which has been absorbed into the definition of the gluon
field —as compared to the SU(2) condensate case considered in

Ref. [22]. The first integral of Eq. (B2) is the Einstein (0,0)-equa-
tion, and reads
3@ ou
% at =T
6el(U")* - U]
0,U _ ’ 4 4
1Y =g H(U B
+(U")? - 1 U4). (B3)

B.2 Asymptotic attractor solution and Z2 symmetry restora-
tion

In full analogy to the SU(2) condensate case considered in Ref.
[22], in the QCD case the system of equations (B2) and (B3) has
the exact solution corresponding to the vanishing logarithm or,
equivalently, satisfies the transcendent equation

32n%e 4, Us
1EAqep)**
6e[(U")* - LUt
 a*éAgen)t

which yields two distinct cases O = +1.

Q=1 Q=

(B4)

One of these cases corresponding to O = +1 has been discussed
in the broad literature before (see e.g. Refs. [22,32,52-55]). In par-
ticular, it provides a positive constant energy density of the gluon
condensate

4

U'y- iu“ >0, T4V = % @ >0, (BS)
and thus has been considered as a potential driver of early-time ac-
celeration epochs in cosmology.

The second solution, characterized by Q = —1, has not been suf-
ficiently discussed in the literature. It is worth noticing that it ap-
pears due to the symmetry of the corresponding RG equation with
respect to the 7 & -7 interchange—see e.g. Ref. [51]. Thus, this
must be considered on the same footing as the solution with Q = +1.
Such a contribution to the energy density of the universe is negat-
ive and has the same absolute value as in Eq. (BYS), i.e.
3b (¢Aqep)*

1
UyY--U*<0, TO" =—
@) 4 0 64m2 6e

<0. (B6)

Provided such a negative-energy vacuum solution is stable, a posit-
ive CC-term should be present to compensate this negative contri-
bution in order to comply with cosmological observations. One
may notice, however, that the corresponding negative energy dens-
ity for ¢~4 coincides with the quantum-topological term eS,PCD
provided in Eq. (A9). As was advocated in Ref. [51], such a cancel-
lation is due to the emergence of a Z, symmetry in the asymptotic
ground state. The metastable positive-energy vacuum configura-
tions are trapped in pockets of 3-space, which are separated from
the stable chromomagnetic pockets by means of the infinite barri-
ers, the so called domain walls.

Such a compensation mechanism grossly reduces or eliminates
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the QCD vacuum effect on the macroscopic late-time Universe ex-
pansion. Indeed, under the conditions specified in Ref. [51], the
macroscopic evolution of the Universe reduces to the standard
Friedmann equation, driven only by matter fields and a small un-
compensated observable term ecc <« Tg’U*, while the evolution of
the gluon condensate happens at characteristic microscopic scales
corresponding to the QCD confinement scale Aqcp, i.€.

3@y
x a*

=€+ €cc,

:a4 (€3 AQCD )4

1
U,2—7U4 ,
@ 4 6e

=4 (B7)

Consequently, such a relatively slow macroscopic evolution of the
Universe for a = a(y), and the rapid fluctuations of the gluon con-
densate U = U(n) at the characteristic QCD timescale, get practic-
ally separated and are independent from each other.

In the present Universe, for which we pick a = ap = 1, the exact
(implicit) partial solutions for the homogeneous gluon condensate
read

U
0=x1, fL:f;,
Uo ,[%u“il
- (6e)'* 4A
o=y 5,2 (BS)

U troen " —n(6e)l,4 ,
corresponding to (B5) and (B6) solutions. Thus, the cosmological
evolution of the gluon field in its ground state can be interpreted as
a regular sequence of quantum tunneling transitions through the
“time-barriers ” represented by the regular singularities in the
quantum vacuum solution of the effective YM theory. In this sense,
the homogeneous gluon condensate in Minkowski spacetime is
analogous to the topological condensate in the instanton theory of
the QCD vacuum in Euclidean spacetime. This latter can be inter-
preted in terms of spatially-inhomogeneous gluon field fluctu-
ations, which are induced by the quantum tunneling of the field
through topological (spatial) barriers between different classical
vacua.

It is worth noticing that the well-known't Hooft-Polyakov

monopole [56,57] is analogous to the classical YM condensate
(A4). While the monopole is introduced by means of an antisym-
metric matrix with mixed Lorentz-isotopic indices in the Weyl
gauge, the considered YM condensate provides a symmetric ana-
logue of this solution. The singularities emerge at the level of the
4-potential of the YM condensate U(r), while all the observable
quantities (such as pressure and energy density), are finite. This
situation reminds the Dirac monopole solution, where a singularity
in the 4-potential emerges along the Dirac string, while the magnet-
ic flux is finite.

As was noticed above, the compensation may not be exact at
the early stages of the Universe evolution, and may be fulfilled
only at asymptotically large times and on the average. Notice fur-
thermore that the macroscopic evolution of the present Universe, in
this case, is only affected by a small remnant of the above cancella-
tion, the observable cosmological constant term. The latter can be
generated e.g. by an uncompensated quantum-gravity correction to
the ground state energy in QCD, which may explain both its abso-
lute value and sign, as was argued in Ref. [47]. Besides that, a pos-
itive uncompensated component of the YM vacuum, correspond-
ing to the positive-valued homogeneous YM (non-QCD) condens-
ate contribution in the early Universe, can be a natural cause for the
cosmic inflation. Below, we will briefly discuss a possible scen-
ario of the early-time accelerated expansion naturally provided by
the homogeneous YM condensate U(z).

B.3 Numerical analysis and tracker solutions of the EYM

system

We now consider a deviation from the exact partial solution
given by Eq. (B8), and study the general solution of the equations
of motion (B2) and (B3), numerically. Let us first choose the sub-
set of initial conditions satisfying Qo = O(t = 1p) > 1, and discuss the
results of the numerical analysis qualitatively.

For this choice of initial conditions, Fig. B1 (upper panel) illus-
trates the physical time evolution of the total energy density (in di-
mensionless units) of the homogeneous gluon condensate U = U(r)

200 350
12
3.0 o
15 25
_. 08
520 g
o kS S 06
Sz =S 1S5 s
~ ~ =
04
0.5 1.0
05 02
0.0- | 0.0 J 0.0
0 10 20 30 40 50 0 10 20 30 40 50 0 10 20 30 40 50
Agept Agept Ngent
Fig. Bl. (color online) We illustrate, as functions of the physical time = [adn, and using units of the characteristic time scale A61CD°

respectively the total energy density 70(r) of the homogeneous gluon condensate (upper panel), the trace of the total QCD energy-
momentum tensor 7%(z) (middle panel) and the logarithm of the scale factor a(r) (lower panel). We indicate the total energy density
and the trace values for Qy = Q(#) = 1, respectively, with horizontal lines in the up and middle panels, where the initial conditions are
chosen as Up =0, Up = (¢Aqcp)?/ V3e, Qo > 1, £ ~ 4, and the gravitational constant is set to be x = 10-"MeV~2, for simplicity of the nu-

merical analysis. We plot both Tg(t) and T%/(») in dimensionless units, and rescale them by A
quasi-periodic oscillations of Q = Q(s) happens to decrease at large ¢ > Ageps

ECD. It is evident that the amplitude of the

oL, and to approach asymptotically unity.
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00 =e+TyY (1), (B9)

where 70V and & are given respectively by Eq. (B3) and by

E:et(%.CD)+ecc, the ecc term denoting the cosmological constant
contribution. In Fig. B1 (middle panel), we show the correspond-

ing result for the trace of the total gluon energy-momentum tensor

Th(0) = 4e+ TV (1), (B10)

in dimensionless units, and the corresponding solution for the log-
arithm of the scale factor is given in Fig. B1 (lower panel). The
period of the T}(r) oscillations is practically time independent,
which can also be proven analytically (see below), while a small
residual time-dependence appears due to a possibly large deviation
from Q = 1. In this analysis we used ¢ ~ 4, providing the exact com-
pensation of the QCD vacuum energy density at 7> 1, such that a
change of ¢ will only affect the asymptotic values of T(‘)’(t) and 77 (1)
at large 1.

Although the amplitude of the condensate U(r) possesses quasi-
periodic singularities, as is seen in the upper panel of Fig. B2, the
evolution of its energy density Tg’U(t) as well as pressure (or
T{,"U(t)) remains continuous in time. One immediately notices that
the general solution asymptotically reaches the analytic solution

| UUU
2 4 6 8 10

/\QCDZ

U /AQCD

Fig. B2.

corresponding to Eq. (BS). This happens after a number of oscilla-
tions of function Q(f) whose amplitude approaches unity at large
physical times ¢, Q(t — o) = 1, for any initial conditions satisfying
Qo > 0. During such a relaxation regime, the total energy density of
the QCD vacuum continuously decreases and eventually vanishes
in the asymptotic limit ¢ > y. Note, this regime is accompanied by
a decelerating expansion of the Universe.

The same quantities have also been studied in the opposite case
of initial conditions, i.e. for 0 < Qy < 1, and the results (without ac-
counting for a € term) are illustrated in the lower panel of Fig. B2.
In this case the general solution asymptotically approaches the de-
Sitter regime as well, in full analogy with the Qp > 1 case. A qualit-
atively similar situation is realized for Qg <0 as well. The de-Sitter
solution, therefore, appears as an attractor (or tracker) solution of
the EYM system. This provides a dynamical mechanism for the
elimination of the gluon vacuum component of the ground state en-
ergy of the Universe, asymptotically at macroscopic space-time
scales and for arbitrary initial conditions and parameters of the
model. This fact provides a generalization of the basic result of
Ref. [22] to the case of arbitrary initial conditions and to a gauge
group possessing a S U(2) subgroup.

0.04 1
0.03
% 0.02
§ .
0.01
0.00 |
0 1 2 3 4 5 6

AQCDt

(color online) We show the homogeneous QCD condensate amplitude oscillations U = U(r), manifesting quasi-periodic sin-

gularities in the physical time ¢ = [adn, for the solutions labelled by Q(U) =1 and the Q(U) = 1. These are shown respectively in the

upper and lower panels, using units of the characteristic time scale A

-1

ocp- The spikes that are displayed are localized in time-lapse,

along the space-like directions, and must be interpreted as new solitonic solutions. In a previous work, we dubbed these solutions

chronons, or y-solutions.

Appendix C: Asymptotic behaviour of the gluon condensate

In Section B.3, the system of equations (B2) and (B3) was in-
vestigated numerically in the general case. We assumed arbitrary
initial conditions and found the universal asymptotics correspond-
ing to the (partial) exact analytic solutions with minimal energy
|0l = 1. In this Section, we will construct the general analytic ap-
proximate solution of this system, in the case of Q(#) being not too
far from unity which reproduces the results of numerical simula-
tions and provides us with an extra important information about the
cosmological evolution of the QCD (or YM, in general) vacuum. In

particular, such a solution will provide an additional proof for the
observed asymptotic behaviour of a(r), T(())(t) and T}/(r). By compar-
ison with the numerical analysis performed above, we will notice
that all the characteristic features of the approximate analytic solu-
tion, corresponding to the one-loop effective action, turn out to be
valid also in the case of a large deviation of Q(¢) from unity, as well
as beyond the perturbation theory. In this sense, the aforemen-
tioned numerical analysis is of important guidance, and supple-
ments the approximated analytic results obtained below.
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C.1 Period of oscillations and relaxation time

One could expect that the oscillatory behavior of the U() func-
tion found analytically for |Q| = 1, will also be present for Qg # 1, as
long as the deviation of Qp from unity is not very large. Indeed, if
the initial energy density is not too large than the period of oscilla-
tions of the positive-energy solution for the condensate U = U(n) in
conformal time, 7,7 can be roughly estimated using Eq. (B8) as fol-

lows
s _ 4ke)'* f
" aghoep ,/1+ ut
T(1/4)*
= ~2.622. Cl
2Var D

The corresponding period in physical time reads approximately
4k(6e)'/* 53
éAqep Aqep’

T,=T7 ~ (C2)

which is close to the numerical result discussed above. Notice that
the period of YM condensate oscillations corresponding to the neg-
ative-energy solution (B6) 7 differs from Eq. (C2), being
V2k(6e)'/*  1.86

£Aqep Aqep

TS = (C3)

The conformal time derivative of the gluon condensate energy

density for Qy > 1 in QCD, given by

6el(U")* - ;U]
a*(éqep)*

ar>Y / 1
0 —ﬂa—[U’2+7U4]l

on e a 4

) (C4)

is negative in the initial moment of time 7 = 1y and its absolute value
decreases such that Tg'U(t) indeed approaches the value Tg’U*, cor-
responding to the exact analytical (de-Sitter) solution given by Eq.
(B5). On dimensional grounds, a rough estimate for the relaxation
time of the YM condensate energy density is approximately given
by

hr—.  @=T(=1). ()

Vg

As will be shown analytically below, the scale factor approaches
the de-Sitter solution at late times

t>

1
= > (C6)

Under the viable hypothesis of co-existence of chromoelectric
and chromomagnetic condensates around the QCD phase trans-
ition epoch, their initial values at ¢ =, before the hadronization of
the quark-gluon plasma may be different (due to different forma-
tion energy scales, for example), and thus they do not identically
compensate each other. Due to the attractor nature of the corres-
ponding solutions the compensation may happen only at late times
(in particular, after the Universe gets hadronized), at typical time
scales 7> 1. While the compensation can be (nearly) exact when
the ground-state energy density is averaged over macroscopically
large spacetime separations, such a compensation may not be exact
locally, yielding a possibly non-vanishing effect (within a typical
hadron scale one is sensitive to) in e.g. hadronic reactions.

Now let us consider the oscillations of the trace T{,"U(t), provid-
ing an information about the pressure of the gluon condensate. The
unobservable function U(r), and hence the combination (U”)? + %U“,
oscillate with non-physical quasi-periodic singularities. Nonethe-
less, the energy density Tg’U(t), which is a physical observable giv-
en by Eq. (B3), has to be continuous, as confirmed by the numeric-
al analysis. The latter condition can only be realized if Q = Q(¢) o0s-
cillates as well with the same period as the condensate, and period-
ically reaches unity (such that its logarithm vanishes). In such a
way Q= Q(f) compensates the corresponding singularities in the
coefficient (U’)? + %U4 term. Besides that, the Q = Q(r) function can
not cross unity, since otherwise it would lead to a non-continuity in
the behavior of Tg'U(t), due to a sign change in the first term in Ref.
[32] when Q= 1. From these qualitative arguments it is clear that
the time evolution of Q= Q(r) function satisfies the constraints
0< Q1)
respectively. The period of its oscillations can then be estimated as
T, 2k(6e)'/*
2 éAqep

and its relaxation time is the same as for Tg'U(t) given in Eq. (C5).

<1lor Q@) > 1 for the initial conditions 0 < Qg <1 or Qg > 1,

T= (€7

Consequently, these basic features of the general solution of the
EYM equations for the YM condensate (as the periods of oscilla-
tions and the relaxation times of the condensate), its energy dens-
ity and the pressure can be described qualitatively, without a refer-
ence either to the numerical calculations or to a particular choice of
model parameters.
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