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Abstract:

The recent global analysis of three-flavor neutrino oscillation data indicates that the normal neutrino

mass ordering is favored over the inverted one at the 3o level, and the best-fit values of the largest neutrino mixing
angle 6,3 and the Dirac CP-violating phase ¢ are located in the higher octant and third quadrant, respectively. We

show that all these important issues can be naturally explained by the u-7 reflection symmetry breaking of massive

neutrinos from a superhigh energy scale down to the electroweak scale owing to the one-loop renormalization-group

equations (RGEs) in the minimal supersymmetric standard model (MSSM). The complete parameter space is explored

for the first time in both the Majorana and Dirac cases, by allowing the smallest neutrino mass m; and the MSSM

parameter tan( to vary within their reasonable regions.
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1 Introduction

The striking phenomena of solar, atmospheric, reac-
tor and accelerator neutrino oscillations have all been ob-
served in the past twenty years [1], demonstrating that
the standard model (SM) of particle physics is by no
means complete, and it must be extended to explain
both the origin of tiny but finite neutrino masses and
of large lepton flavor mixing effects. Qualitatively, the
smallness of neutrino masses might be attributed to the
existence of some heavy degrees of freedom at a super-
high energy scale: a popular idea known as the seesaw
mechanism [2]. The largeness of neutrino mixing angles
and CP-violating phases might originate from an under-
lying flavor symmetry [3, 4], which should also manifest
itself at a superhigh energy scale. Thus, a combination of
the seesaw and flavor symmetry conjectures is the most
likely phenomenological approach to understanding what
is behind the observed spectrum of neutrino masses and
the observed pattern of lepton flavor mixing. In this
case, the renormalization-group equations (RGEs) are
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imperative to bridge the gap between the (theoretically
suggestive) superhigh and (experimentally measurable)
low energy scales [5, 6].

Because the oscillation experiments are insensitive to
the Dirac or Majorana nature of massive neutrinos, one
may describe the link between the three known neutri-
nos (v,, v,, and v,_) and their mass eigenstates (v, v,,
and v,) in terms of a 3 x 3 unitary matrix, namely the
Pontecorvo-Maki-Nakagawa—Sakata (PMNS) matrix [7]
5,670

C12C13 512C13

_ is is
V=1 —812C03—C13513593€"  C13Co3—515513523€ C13523

812803 C12813C03€"°  —C19823—815815C03€" C13Cyy

(1)
with ¢;; =cosf,; and s,; =sind,; (for ij=12,13,23). A
global analysis of currently available data on neutrino
oscillations indicates that the normal neutrino mass or-
dering (m, <m, <m,) is favored over the inverted one
(m; < m; < m,) at the 30 level. Furthermore, the
best-fit value of the largest neutrino mixing angle 0,,
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is slightly larger than 45° (i.e., located in the higher
octant), and the best-fit value of the Dirac phase § is
slightly smaller than 270° (i.e., located in the third quad-
rant) [8, 9]. Because 6,, = 45° and § = 270° can nat-
urally be derived from the neutrino mass matrix M,
constrained by the p-7 reflection symmetry?, a sim-
ple flavor symmetry that assures that M, is invariant
under proper charge-conjugation transformations of the
left- and right-handed neutrino fields [4, 12, 13], the sym-
metry is expected to be the minimal flavor symmetry re-
sponsible for nearly maximal atmospheric neutrino mix-
ing and potentially maximal CP violation in neutrino
oscillations. If this simple discrete symmetry is realized
at a superhigh energy scale, such as the seesaw scale with
A,.~10" GeV, then it will be broken at the electroweak
scale Agy ~ 102 GeV owing the RGE running effects,
leading to deviations of (6,,,0) from (45°,270°). Whether
such quantum corrections evolve in the right direction to
fit the experimental results for 6,, and § at low energies
depends on the neutrino mass ordering and the theoreti-
cal framework accommodating the RGEs [14-16]. Thus,
this dependence provides an elegant possibility for cor-
relating three major issues in today’s neutrino physics:
the neutrino mass ordering, the octant of 6,;, and the
strength of leptonic CP violation.

Given the fact that a credible global analysis of rele-
vant experimental data often points to the truth in par-
ticle physics?, it is necessary for us to take the latest
global-fit results of neutrino oscillations seriously, and to
investigate their implications independently of any de-
tails of model building. In this study, we show that the
normal neutrino mass ordering, the slightly higher oc-
tant of 0,,, and the possible location of ¢ in the third
quadrant can naturally be correlated and explained via
RGE-induced p-7 reflection symmetry breaking of mas-
sive neutrinos; that is, via the one-loop RGE evolution
of neutrino masses and flavor mixing parameters from
A,.~10" GeV down to Agy ~10% GeV in the minimal
supersymmetric standard model (MSSM). This kind of
correlation will soon be tested by more accurate experi-
mental data.

Although the same topic has been discussed previ-
ously, the present study differs from previous works at
least in the following aspects:

e Based on more reliable experimental data, espe-
cially the 30 indication of the normal neutrino mass
ordering, our work is the first to numerically ex-
plore the almost complete parameter space in both

the Majorana and Dirac cases, by allowing the
smallest neutrino mass m, and the MSSM parame-
ter tan 8 to vary within their reasonable regions. In
comparison, previous work such as Ref. [6] has only
estimated the RGE correction to #,, by assuming
that 6, =0. This is an approximation that has
now been excluded. Such work also did not con-
sider all four distinct cases of the Majorana phases
in the p-7 reflection symmetry limit, nor the RGE
correction to 4.

e While all previous studies have simply assumed
some special values of m, and tanf to “illustrate”
a possible correlation of the neutrino mass order-
ing with the octant of #,, and the quadrant of §
based on the RGE-induced -7 reflection symme-
try breaking, our present work has made remark-
able progress in “figuring out” which part of the
parameter space is favored by current neutrino os-
cillation data, and which part is unfavored or ruled
out. The outcome of our in-depth analysis is there-
fore more up-to-date , suggestive, and useful for
model building.

e Our statistical analysis shows that currently the
best-fit points of ,; and § [8, 9] can be explained
by the u-7 reflection symmetry breaking induced
by the RGE running from A, down to Ay, but
this simple flavor symmetry itself is in slight dis-
agreement (at the lo confidence level) with the
low-energy data. Although the best-fit points may
shift when new data becomes available, the analy-
sis method itself will remain useful.

e The upcoming precision measurement of ¢,, and
an experimental determination of § will test the
considered scenario and help to locate the correct
regions in parameter space for the smallest neu-
trino mass m,, the MSSM parameter tang, and
even the Majorana phases. No previous approaches
were able to achieve this.

The rest of the paper is organized as follows. In Sec-
tion 2 we present the main analytical results of the u-7
reflection symmetry breaking caused by the RGE run-
ning effects. In Section 3 the parameter space of tan(
and m, is extensively explored and constrained with the
help of current experimental data. Section 4 presents a
summary and some concluding remarks.

1) As in most literature, in this case the so-called p-7 reflection symmetry actually means the v,,-v, reflection symmetry in the
neutrino sector. One may refer to the discussions above Eq. (2) or Eq. (9) in Section 2, and to Refs. [10, 11] for the building of specific
models that realize this interesting discrete flavor symmetry without involving charged leptons.

2) One successful example of this kind was the global-fit “prediction” for an unsuppressed value of 6,5, made in 2008 [18], which
proved to be essentially true after the direct measurement of 6,5 was reported in 2012 [19]. This work has recently been recognized by

the prestigious Bruno Pontecorvo Prize.
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2 RGE-induced p-7 reflection symmetry
breaking

2.1 The Majorana case

Let us assume that the tiny masses of the three known
neutrinos originate from a viable seesaw mechanism at a
superhigh energy scale A, ~10" GeV. Without loss of
generality, we choose the basis in which the mass eigen-
states of the three charged leptons are identical with their
flavor eigenstates. In this case, only the neutrino sector
is responsible for lepton flavor mixing and CP violation.
If the effective Majorana neutrino mass term is invariant
under the charge-conjugation transformations v, <>v¢g,
v, < Vig and v, <> Vg, then the corresponding mass
matrix must take the form

(2)
(m),. |

&~
Il

exp |+

Here, x=1In (u/ AM), where p is an arbitrary renormal-
ization scale between Apy and A, g, and g, denote the
gauge couplings, and y, and y, (for o =e,u,7) denote
the Yukawa coupling eigenvalues of the top quark and
charged leptons, respectively. The smallness of y, and
y,, assures that I,~I ~1 holds to an excellent degree of
accuracy. Note that

1 1n(AM/AEW) ,
A =1-1~ 167T2/ yz(x) dx
0

(5)

is also a fairly small quantity, but may affect the running
behaviors of the flavor mixing parameters in an appre-
ciable manner [20]. To illustrate, Fig. 1 presents the two-
dimensional maps of A_ (left panel) and I, (right panel)
versus the variables A and tanj3. One can observe that
I, does not change significantly with different settings of
A, and tan. In comparison, A_ can change from 0.001
to 0.05. Note that shifting the energy scale is equivalent
to altering tanf, and the outputs at A, = 10" GeV
and A, =10 GeV are reasonably similar in magni-
tude. If we shift the energy scale from A, =10" GeV to
A,.=10° GeV, then A_ will lie in the range (0.001,0.03)
instead of (0.001,0.05). In the following numerical cal-

*

constrained by (m),, = (m)?,. (m),, = (m):,. (m),, =
(m)%,, and (m),. = (m):_[4]. One may diagonalize a
generic 3x3 Majorana mass matrix through UTM U*=
Diag{m,,m,,m,}, where the unitary matrix U can be
decomposed as U=P,V P,, with P,=Diag{e%: e'%x el¢r}
and P, =Diag{e'*,e'",1} being the phase matrices, and
V as shown in Eq. (1). Taking account of the u-7 re-
flection symmetry of M, we immediately arrive at the
following constraints on U: 6,, =45°, § =90° or 270°,
p=0° or 90°, and o0 =0° or 90° for the four physical
parameters, as well as ¢, =90° and ¢,+¢,_ =0° for the
three unphysical phases. Because a clear preference for
sind <0 has been obtained from a recent global analysis
[8], it is fairly reasonable for us to focus only on §=270°
in the p-7 symmetry limit.

In the framework of the MSSM, the evolution of M,
from A, down to Agy through the one-loop RGE can
be expressed as [20]

with Ty=Diag{I,,I,,1,}, in which

e o

(3)

1617T2 /Oln(A;LT/AEW) (ggf(x)+3g§(x)—3yf(x)> dxl ,

1 (A, /Agw) ,
o = €Xp _167r2/0 Y. (x) dx

: (4)

|culautions7 we shall fix A, ~10' GeV as the p-7 flavor
symmetry scale.

One may diagonalize the neutrino mass matrix at
A, and then obtain the mass eigenvalues (m,,m,,m,),
flavor mixing angles (6,,,0,5,6,;), and CP-violating
phases (d,p,0). Here, we define Af,; = 0,,(Agy) —
0,;(A,.) (for ij = 12,13,23), Ad = 6(Agw)—0(A,.),
Ap=p(Agw)—p(A,,), and Ao =0 (Agyw)—0(A,,) to
measure the strengths of the RGE-induced corrections
to the parameters of U. As a good approximation, the
three neutrino masses at Ay, are found to be

my (Agw) =~ Ig [1—AT(1—032033)]m1(Au7)7
my(Agyw) =~ Ig [1_Ar(1_3§20§3)]m2(Am)7

my(Agyw) =~ Ig [1_ATC?3]m3(AM)= (6)

where 6, and 6, take their values at Agy,. Unless oth-
erwise specified, the nine physical flavor parameters ap-
pearing in the subsequent text and equations are all those
at Agw. In a reasonable analytical approximation, we
can also arrive at®

A _
T 2 Mo n 2 Moo
Af,, ~ B) C12512 {513( 31 35)+C13C21 } )

1) Note that our analytical results are not exactly the same as those obtained in Ref. [15], where a different phase convention for

the PMNS matrix has been adopted.
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Fig. 1.

A, and MSSM parameter tang.
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A,y ~ 77 (S§2<31np+0%2<3210) (7)
for the deviations of the three flavor mixing angles be-
tween Ay and A, and

AG ~ Br [@ (G =)

2 S13

A, ~

s _ -
-—= (04112@32 312431%"{%” )}

C12512

Ap = AT% {siz (@1’“—43; ) (cg;’wg’“’"“)}

12

81585« _
1213 2 NpNo Mp
Ao ~ A [312( 21~ —Ca1 )

T 2¢q
e (26" G- )] (8)

for the deviations of the three CP-violating phases be-
tween Agy and A, , where 1, = cos2p = +1 and
7, = cos20 = £1 denote the possible options for p and
o in their p-7 symmetry limit at A, , and the ratios
G; = (m;—m;)/(m;+m;) are defined with m, and m;
at Ay (for ¢,7=1,2,3). In obtaining Eqgs. (6)—(8) the
p-7 reflection symmetry conditions 6,5(A ,,) = 45° and
§(A,,,)=270° have also been applied.

2.2 The Dirac case

Although the Majorana nature of massive neutrinos
is well motivated from a theoretical viewpoint, it is also
interesting to consider the possibility of a pure Dirac
mass term for the three known neutrinos, and combine
this with a certain flavor symmetry that can be realized
at a superhigh energy scale A, [17]. In this case, the u-7
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(color online) Possible values of A, (left panel) and I, (right panel) versus the pu-7 reflection symmetry scale

reflection symmetry means that the Dirac neutrino mass
term is invariant under the charge-conjugation transfor-
mations v, <> (V)% vV, < (V,0)S, and v < (v,,)°
for the left-handed neutrino fields and N_y < (N_g)C,
N,g < (N.g)°, and N g <> (N,z)° for the r1ght handed
neutrino fields. The resultant Dlrac neutrino mass ma-
trix is

M= (m)ye (M) (M) |5 9)

and is constrained by (m)_ = (m):,, (m), o = (m )
(m) e = (m)7e; (M), =(m)7,, and (m),, =(m);, [17].
One can observe that in general M, is ne1ther symmetric
nor Hermitian, even though it possesses the -7 reflection
symmetry. However, one may diagonalize the Hermitian
combination M, M] by means of the unitary transfor-
mation UM, MU = Diag{m? ,m2,m?2}, where U=P,V,
with P,=Diag{e!%c,e'?x el } being an unphysical phase
matrix and V taking the form given in Eq. (1). Then, the
u-7 reflection symmetry constraints on M, naturally lead
us to the constraints on the PMNS matrix U; namely,
03 =45°, 6=90° or 270°, and 2¢,—¢,—¢, =180° at A,
Given the global-fit preference for sind <0 [8], we focus
only on the possibility that §(A,,.)=270°.

In the MSSM, the evolution of the Dirac neutrino
mass matrix M, from A, down to Ay, via the one-loop
RGE can be described as [17]

MV(AEW):IO [TL'MV(AW)] ) (10)
where the definitions of I, and 7 are the same as those in
Egs. (3) and (4), respectively. Diagonalizing M, (Agw)
will yield the seven physical flavor parameters at Agy -
Utilizing the same notations as in the Majorana case, we
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summarize our approximate analytical results as follows:

1
m,(Agw) =~ I, 1_§AT(1_C§QC§3):| ml(AW),

1
1_§AT (1_8%2033):| mQ(Ap,T)7

my(Apw) ~ 1, (11)

1
1_§ATC?3:| mB(Apfr)

for the masses of the three neutrinos,

A _ _ _
A, ~ T812612 [633 (Cn +C211)_3§3 (C32+C321 —Ca1 _C311)] )

A _ _
Ab,y ~ 7513013[5%2 (<32+<321)+C%2 (<31+<311)]7

A
Ab,; ~ TT [cT (<32+<§21)+sz (<31+C3711)]

for the deviations of the three flavor mixing angles be-
tween Ay and A, and

(12)

W

A_Te,,(s2,—c2,s? B
A§ ~ _T{ 12 (83, —c155%3) (Cop i)

4 S12513

_312(C§2_5%23§3) (Cor+Cith)
317631

C12513
S _
- ()| (13)
C12512
for the deviation of § between Apy and A, .. In ob-

taining Eqgs. (11)—(13), we have taken into account the
p-7 reflection symmetry conditions 6,4(A ;) = 45° and
§(A,,,)=270°.

The analytical approximations presented in Eqs. (7)
and (8) for Majorana neutrinos or in Egs. (12) and (13)
for Dirac neutrinos are instructive, and helpful for un-
derstanding the RGE corrections to relevant flavor mix-
ing and CP-violating parameters. However, the accuracy
will be rather poor if the neutrino masses are strongly de-
generate. In the subsequent section, we shall numerically
evaluate the effects of u-7 reflection symmetry breaking,
and explore the allowed parameter space to fit current
experimental data.

3 Numerical exploration of the parame-
ter space

In the framework of the MSSM, we numerically run
the RGEs from A, ~10" GeV down to Agy~10% GeV
by taking into account the initial conditions 6,,=45° and
0=270°, as well as the initial values of p and ¢ in the

following four different cases: Case A p=0=0°, Case B
p=0=90°, Case C p=0° and 0=90°, and Case D p=90°
and 0 =0° For any given values of the MSSM param-
eter tanf and the smallest neutrino mass m, at Agy,
the other relevant neutrino oscillation parameters, such
as {sin02, sin®015, Am2,, Am2, } at A, are scanned
over suitably wide ranges with the help of the Multi-
Nest program [21]. Here, we have adopted the notations
AmZ =m3—m? and Am?2, =mi—(m3i+m3)/2, as defined
in Ref. [8]Y. For each scan, the neutrino flavor param-
eters at Ap,, are obtained, and these are immediately

compared with their global-fit values by minimizing
=2
_5(6=¢)
X2:Z 0_2 )

where the ¢, terms denote the parameters at Agy, pro-
duced from the RGE evolution, the £, represent the best-
fit values of the global analysis, and the o, are the corre-
sponding symmetrized 1o errors (i.e., o,=(o; +0;)/2).
In our numerical calculations, we concentrated on the
normal neutrino mass ordering® and adopt the best-fit
values and lo-level deviations of the six neutrino oscil-
lation parameters [8]:

(14)

sin®6,,=3.041513x107",
sin®6,,=2.14%509x1072,
sin26,,=5.511019 1071,

§=1.32103 %,

Am?2,=7.34101"x107° eV?,
Am?,,=2.455%99335 10~ ¢V?2.

atm

(15)

In this case, the smallest neutrino mass m, is allowed
to take values in the range [0,0.1] eV, and the MSSM
parameter tanf may vary from 10 to 50 based on a
reasonable phenomenological argument®. It should be
pointed out that our numerical results are independent of
the analytical approximations obtained in the previous
section, but the latter will be helpful for understanding
some salient features of the former.

3.1 The Majorana case

The strategy of our numerical analysis is rather
straightforward. Let us first examine how significantly
0,, and 0 at Agy can deviate from their initial val-
ues at A, incorporating the recent global-fit results.
To this end, we only need to take into account the

1) In the normal neutrino mass ordering case, one may therefore express m, and mg in terms of m; as my = /m%—l—Amzol and

mg= \/m% +0.5Am§OI+Am§tm .

2) This is not only our phenomenological preference but also a recent 3o global-fit indication that the true neutrino mass spectrum

should exhibit a normal ordering m; <m,<ms;.

3) Note that tan>50 is unfavored, because the heavy-quark Yukawa couplings would fall into the non-perturbative region, while for
tan 8 <10 the RGE-induced corrections to the relevant neutrino parameters are negligibly small, and thus less interesting for our purpose.
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global-fit information concerning the parameter set £ =
{sin®,,, sin*6,3, Am2;, Am?_ }. One can observe that
the RGE running effects always push 6,, to the higher
octant, and in most cases lead d to the third quadrant.
This is the right direction as indicated by the best-fit
values of these two quantities [8]. After this preliminary
diagnosis is reached, the experimental information on 0,
and ¢ will be included in order to evaluate the statistical
compatibility between the RGE-triggered p-7 reflection
symmetry breaking and the global-fit values of 6,, and
d.

IIIIIIIIIIIIIII'IIIII'IIII:IIIII_

100

80 X' min
60

40

Drznin
20
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0‘ {1 | I LL L1
0 002 004 006 0.08 0.1 0.12
m (eV)
Fig. 2. (color online) The behavior of xZ;, (or

D?nin) with respect to the neutrino mass m, for
Case C, (ie., p=0° and 0 =90° at A,,), where
tan=50 has been typically input.

For each given value of m, or tang at Ay, we obtain
the associated x2,, from Eq. (14), which is minimized
over the chosen parameter set £&. In Fig. 2, we illus-
trate x2,;, with respect to m, for Case C as an exam-
ple. It is obvious that x2,, can reach 0 (i.e., the best-fit
point) in most cases, but for m, €[0.05,0.08] eV the value
of x2,, increases to nearly 100. Here, x2, >0 means
that the p-7 reflection symmetry limit at A, cannot be
reached if one runs the RGEs inversely, starting from
the best-fit points of the six neutrino oscillation param-
eters at Apy. This observation will also be true even
if one allows 6,, and ¢ to take arbitrary values at Agy.
The reason for this should be ascribed to the nontriv-
ial differential structures of the RGEs [5, 6], especially
when the evolution becomes wild in a narrow parame-
ter space. In such a case, the Majorana phases p and
o play a potentially significant role. We have demon-
strated that x2, in the bumped region is actually the
local minimum. The reliability of this result is also ver-

ified by running the system from Agy up to A,,. The
squared distance to the p-7 reflection symmetry limit
N=1{0,3=45°,0=270°,p=0°,0=90°} at A, is defined as

_\2
D= (n,—1,) 1
Z 1000 ’ (16)

where the relevant parameters 7, are obtained by
running the RGEs from Agy up to A, with
{sin®0,2, sin’6,3, Am?2,, Am?2, } all taking their best-
fit values at Agy. As shown in Fig. 2, D?. exhibits
a similar bump, the range of which coincides with that
of x2,,- In Eq. (16), the normalization factor 1/1000
is introduced simply to make the amplitude of the D?
bump the same order of magnitude as that of 2, . This
check confirms the observation we obtained by running
the RGEs from A, down to Apy.

Figure 3 depicts the RGE-corrected result of 6,, at
Agyw for different values of m, and tang with x? =0,
where the four possible initial options for (p,0) at A,
have been considered. Note that the boundary condi-
tions for the RGEs include both the initial values of
{045,0,p,0} at A, and the experimental constraints on
{sin6,,, sin®0,,, Am?2, Am?_} at Agy, which are all
specified in our numerical calculations. In this case, one
should keep in mind that the low- and high-scale bound-
ary requirements are likely to be sufficiently strong that
the RGEs do not yield a realistic solution, illustrated by
the gray-gap regions in Fig. 3 (Cases C and D), corre-
sponding to the x2,, >0 bump region in Fig. 2. Some
additional comments on Fig. 3 are in order:

e The gray-gap regions in Cases C and D are a re-
sult of the x2; -bump, as shown in Fig. 2, but there
is no such gap for Cases A and B. In Case A, the
RGE running effect is quite significant, and 6,, may
run to almost 75° for m; ~0.1 ¢V and tang ~50.
Of course, such an evolution will be strongly con-
strained by the experimental information on 6,,,
which has not yet been included in our analysis.
In contrast, 6, is not sensitive to the RGE correc-
tions in Case B, and it maximally changes by only
approximately 1°. For Cases C and D, if one con-
servatively requires that m; < 0.07 eV from the
present cosmological bound [22], then it will be
possible for 6,; to run to 46.6° and 50°, respec-
tively. The best-fit value 0,,~48° [8] can easily be
reached in Cases A and D.

e The RGE correction to 0,, illustrated in Fig. 3 can
be effectively understood with the help of the an-
alytical approximations obtained in Eq. (7) if the
neutrino masses are not too degenerate and the
RGE evolution is not too strong. Eq. (7) tells us
that the sign of Af,, is positive, because A_ and
(31 =~ (5, are all positive for the normal neutrino
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Fig. 3.

(color online) The allowed region of 0,3 at Agw owing to the RGE-induced p-7 reflection symmetry breaking,

where the dashed curves show the contours for some typical values of 053, and the blue one is compatible with the

best-fit result of 6,3 obtained in Ref. [8].

mass ordering. The factor A_ is essentially pro-
portional to tan? 3, because y? o< (1+tan? ) ~tan? 3
for tanf 2 10, and therefore Af,, always increases
with tan?83. On the other hand, the dependence
of 6,, on the neutrino mass m, is different for the
four options of p and o at A, . For example, ("
is proportional to m, for p(A,,)=0°, but is pro-
portional to 1/m, when p(A,, )=90°. In the region
of small m, and tang, the radiative correction to
6,, is proportional to m, for Cases A, C, and D,
but is inversely proportional to m, in Case B with
n,=n,=—1.

In Fig. 4, we plot the allowed region of § at Agy.

Note that for each point in the m,-tang plane, § and 0,,
are determined concurrently. Some remarks are in order.

e The RGE-induced corrections to § in Cases A and
B are very weak, being only approximately 0.5°.
Even though the higher octant of 6,; (including
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its best-fit value) can easily be reached in Case
A, it is impossible to approach the best-fit value
of § (i.e., 6 ~238°). However, the best-fit value
of & can be reached in both Cases C and D. Case
D warrants highlighting, where the best-fit point
(0,3,0)~(48°,238°) is reachable from the same set-
tings of m; and tang.

Similar to the case of 0,5, the radiative correction
to § is also proportional to tan?/3 regardless of its
sign. However, the dependence of § on m, in Eq.
(8) is not as straightforward as that of 6,, in Eq.
(7). There are two terms in Ad, with one enhanced
by 1/sinf,, and the other suppressed by sinf,,, but
the latter can become dominant in some cases. In
Case A, the first term o 1/sinf,, is positive and
dominant when the neutrino mass m, is relatively
small, while the second term osinf,, is negative,
and will gradually dominate when the value of m,
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Fig. 4.

(color online) The allowed region of § at Agw owing to the RGE-induced p-7 reflection symmetry breaking,

where the dashed curves represent the contours for some typical values of §, and the blue one is compatible with

the best-fit result of § obtained in Ref. [8].

increases. These analytical features can explain
the numerical evolution behavior of § for Case A
shown in Fig. 4. In Case B with n, =7, = -1,
both terms of Ad are negative and inversely pro-
portional to m,. Note that the first term of Ad in
either Case A or B is suppressed, owing to the can-
cellation between (3" and (s,"”, and this largely
explains the smallness of Ad. In Case C (or Case
D), the first term of Ad is negative (or positive) and
initially dominant, but the second term containing
"7 =(5" will eventually dominate for relatively
large values of m,. Hence, the RGE-induced cor-
rections to ¢ in these two cases can be considerably
enhanced by 1/Am?2 .
To see the correlation between 6,, and ¢ at Agy, let

us marginalize m, and tang over the reasonable ranges
m, €10,0.1] eV and tanS €[10,50]. Our numerical out-
puts are summarized in Fig. 5, where the recent global-fit

results [8] are plotted as black lines with the 1o (dashed),
20 (solid), and 30 (dotted) contours. The correspond-
ing best-fit point of each analysis is marked as a black
star. We note that the u-7 reflection symmetry point
(0,5,0) = (45°,270°) at Agy, which is marked by the
red circled cross in the plot, lies on the dashed con-
tour. This means that 0,;(Agyw)=45° and §(Agy )=270°
are statistically unfavored at the 1o level [8]. The 6,,-
6 correlation at low energies, which arises from RGE-
induced p-7 symmetry breaking, is described by the pink
or green region. In the pink region, the best-fit values of
{sin6,,, sin*6,,, Am?,, Am?_} can be simultaneously
reached (i.e., x2,, =0). If the value of x2, is relaxed
to 11.83 (i.e., the 3o confidence level for two degrees of
freedom), then the wider green region for 6,, and ¢ will
be allowed. In the two upper panels of Fig. 5, which
correspond to Cases A and B, the allowed range of ¢ is
very narrow. This feature is compatible with the two up-
per panels of Fig. 4, where § varies less than 1°. In these
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(color online) The correlation between 6,3 and § at Agyw compared with the recent global-fit results (ab-

breviated as “CLMP”) [8], where m; and tanf have been marginalized over [0,0.1] eV and [10,50], respectively,
and the red circled cross ® denotes the point (623,8)=(45°,270°). The pink region is allowed for 653 and § when
{sin2 012, sin6,5, Am2,, Amfwm} at Agw take their best-fit values, and the green region is allowed when these
four observables deviate from their best-fit values by a 3o level (i.e., x*=11.83 for two degrees of freedom).

two cases, the green region almost overlaps with the pink
region. In the two lower panels of Fig. 5, corresponding
to Cases C and D, the RGE-induced corrections are
significant. Note that there is a separate shaded region
around 0,,~50° in Fig. 5(C), and this is associated with
the small upper-right corner of the parameter space in
Fig. 3(C) or Fig. 4(C). There is a similar separate shaded
region in Case D, but this is outside the chosen ranges
of 6,, and ¢ in plotting Fig. 5(D), and its confidence level
is significantly weaker, being outside the 3o region of the
global analysis.

To numerically verify the compatibility between our
p-7 symmetry breaking scenario and the current ex-
perimental data, or how well the RGE-triggered u-7
reflection symmetry breaking effect can fit the com-
plete set of data at Agy, now we include the global-
fit information on 6,, and . Namely, we define x* =

X2+X323+X§7 where x? is formed with the parameter set
{sin®0,,, sin®0,,, Am2,, Am?2,} as before, and X5,, and
X3 are the contributions from 6,, and ¢, respectively. In
this case, the minimum of ¥? can be calculated for each
of the four cases of p and o at A, by marginalizing the
relevant quantities over tanf € [10,50], and the result
is plotted in Fig. 6 as a function of m,. For the spe-
cial point (6,3,6)=(45°,270°) at Agy, the corresponding
X2, value is 2.08. Fig. 6 demonstrates the very effec-
tive reduction of x2. by incorporating the RGE run-
ning effect in the framework of the MSSM. Among the
four cases under discussion, the red curve for Case D
with p=90° and 0=0° at A, is most favorable. Even
given the Planck limit on the sum of the neutrino masses
> =m,+m,+m,<0.23 eV at the 95% confidence level
[22], it is still possible to reduce the value of X2, to
almost 0.05.
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Fig. 6. (color online) The minimal ¥* by marginal-
izing over tanf €[10,50]. The colored curves de-
note the four Majorana cases, and the dashed
gray curve denotes the Dirac case. The verti-
cal dashed line is derived from the cosmological
limit on the sum of the neutrino masses [22], and

the horizontal line represents %2, for the point
(023,0)=(45°,270°) at Agw-.

3.2 The Dirac case

Because there is only a single CP-violating phase in
the Dirac case, it is considerably easier to perform a nu-
merical analysis of the parameter space, which is con-
strained by both the RGE-induced p-7 reflection sym-
metry breaking effect and the recent global-fit results of
neutrino oscillation data. Fig. 7 illustrates the allowed
regions of 6,, and § at Agw, and their intimate correla-
tion is illustrated in Fig. 8. Here, the evolution behav-
iors of these two parameters can be understood in a more
straightforward manner than in the Majorana case, sim-
ply because of the absence of the two Majorana phases.
In the leading-order approximation, the analytical ex-
pressions of Af,, and A¢ in Egs. (12) and (13) simplify
to

A m34m3
BT 2 Amz,

atm

Ab

Aje A s, mi+m]

_= 2.
2 cpp81, AmZ,

(17)

It becomes obvious that (6,;,0) may have larger devia-
tions from (45°,270°) for bigger values of m, and tang.
In particular, 6,, and § are always located in the up-
per octant and third quadrant, respectively. The gray
regions in Fig. 7 exist for the same reason as in the Ma-
jorana case, as discussed above. Similar to Case D in
the Majorana scenario, the RGE-induced corrections can
take (0,5,0) very close to their best-fit point, and the
corresponding x2. is represented in Fig. 6 by the gray
dashed line.
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4 Concluding remarks

In neutrino physics, it is usually necessary (and pop-
ular) to introduce some heavy degrees of freedom and
certain flavor symmetries at a superhigh energy scale in
order to explain the tiny masses of the three known neu-
trinos and the striking pattern of lepton flavor mixing
observed at low energies. In this case, it is also necessary
to employ the RGEs as a powerful tool to bridge the gap
between these two considerably different energy scales.
Such RGE-induced quantum corrections may naturally
break the given flavor symmetry, thus leading to some
phenomenologically interesting consequences, including
a possible correlation between the neutrino mass order-
ing and flavor mixing parameters.

In this work, we have considered the intriguing pu-
7 reflection symmetry and its RGE-induced breaking as
an instructive playground to realize the aforementioned
idea, especially in view of the fact that the recent global
analysis of neutrino oscillation data has indicated a re-
markable preference for the normal neutrino mass order-
ing at the 3o level, together with a slightly higher octant
of 6,, and the possible location of § in the third quadrant.
We have shown that all these important issues can be
naturally correlated and explained by the RGE-triggered
-7 reflection symmetry breaking from a superhigh en-
ergy scale A, ~10" GeV down to the electroweak scale
Apw~10? GeV in the MSSM. Unlike previous attempts
along these lines, our study represents the first numeri-
cal exploration of the complete parameter space in both
the Majorana and Dirac cases, by allowing the small-
est neutrino mass m,; and the MSSM parameter tanf
to vary within their respective reasonable regions [0,0.1]
eV and [10,50]. We believe that direct measurements of
the neutrino mass ordering and precision measurements
of 6,;, and ¢ in the near future will test the simple but
suggestive scenario under consideration.

Of course, some of our main observations are subject
to the MSSM itself, and the current best-fit values of
6,, and 6. The reason why we have chosen the MSSM
instead of the SM is three-fold: (a) in the SM it is ex-

tremely difficult to generate an appreciable value of Af,,
via the RGE-induced p-7 symmetry breaking effect, no
matter which neutrino mass ordering is considered; (b)
in the SM the running direction of 6,5 from A, down
to Agw seems to be “wrong” if one takes today’s best-
fit result 6,;>45° seriously in the normal mass ordering
case; and (c) the SM itself may suffer from the vacuum-
stability problem, as the energy scale is above 10° GeV
[23]. When the two-Higgs doublet models (2HDMs) are
considered [24], one may perform a similar analysis to re-
veal the correlation between the neutrino mass ordering,
the octant of 6,5, and the quadrant of § via the RGE-
induced breaking effects. The deviations of 6,;, and
from their values in the p-7 reflection symmetry limit
can be quite different from those in the MSSM case, de-
pending largely on which 2HDM scenario is taken into
account. Ref. [17] has provided an explicit example of
this kind in the type-II 2HDM scenario.

On the other hand, we admit that the best-fit values
of #,, and 0 will unavoidably “fluctuate” in the com-
ing years, when more accurate experimental data are
accumulated and incorporated into the global analysis
framework. That is why we have numerically explored
the complete parameter space to illustrate the tolerable
ranges of m; and tanf that allow us to correlate the
normal neutrino mass ordering with the higher octant
of 0,, and the third quadrant of §. If the inverted neu-
trino mass ordering, the lower octant of 6,,, and (or)
another quadrant of § turned out to be favored by future
precision measurements, it would be straightforward to
consider a different correlation scenario for them, either
within or beyond the MSSM. In the same spirit, one
may study other interesting flavor symmetries and their
RGE-induced breaking, in order to effectively link model
building at high-energy scales to neutrino oscillation ex-
periments at low energies.

We would like to thank Newton Nath, Zhen-hua Zhao,
Shun Zhou, and Ye-Ling Zhou for some useful discus-
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