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Abstract: The systematics of kinematic moment of inertia J
(1) and dynamic moment of inertia J

(2) of superde-

formed (SD) bands in A∼130, 150, 190 mass regions have been studied. We have obtained the values of J
(1) and

J
(2) for all the SD bands observed in the A∼ 130, 150, 190 mass regions by using the experimental intraband E2

transition energies. The result of this work includes the variation of J
(1) with the product of valence proton and

neutron numbers (NpNn). The phenomenon of band mixing has been observed in the A∼130, 150 mass regions and

band crossing has been observed in the A∼190 mass region. The systematics also includes the variation of J
(2) with

the product of valence proton and neutron numbers (NpNn). Evidence of staggering behaviour has been observed in

all three A∼130, 150 and 190 mass regions. We present for the first time the variation of J
(1) and J

(2) of SD bands

in the A∼130, 150, 190 mass regions with NpNn.
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1 Introduction

The main factor which helps in the development of
nuclear structure is the p-n interaction, which was no-
ticed earlier by Shalit and Goldhaber [1]. Talmi [2] ob-
served that the p-n interaction is the primary cause for
deformed nuclei. Federman and Pittel [3–5] and Fed-
erman and Campos [6] emphasized the significance of
the p-n interaction between nucleons in spin partner or-
bits, which results in the rapid phase transition near the
A = 100 mass region. Casten [7, 8] proposed a simple
quantity called NpNn (the product of valence proton
number Np and valence neutron number Nn) which is
used for estimating the residual proton and neutron and
helps in the evolution of nuclear deformation [1, 3, 9].
A simple pattern is observed when nuclear data disclos-
ing the nuclear deformation is plotted against the NpNn

scheme [7]. Many theoretical studies provide an insight
into the nuclear structure by examining the collectivity
in nuclei using the NpNn scheme. Casten [7] highlighted
the importance of the p-n interaction in explaining the
nuclear structure, phase transitions and collectivity by
plotting the variation of NpNn with nuclear observables
for the A∼100−200 mass region. Further information in
this regard is provided by the p- factor parameter intro-
duced by Casten [10]. The properties of nuclei far from
the stability line for three mass regions A∼100, 150, 190

are also explained by the concept of the NpNn scheme.
Casten [7, 11] also explains the smooth variation of NpNn

with energy systematics of even-even nuclei in different
mass regions.

Several other theorists have also studied the vital
role of p-n interactions in the framework of the NpNn

scheme. Zhang et al. [12] suggested a method to calcu-
late p-n interaction energies for individual protons and
neutrons. A linear behaviour has also been observed be-
tween p-n interaction strength against NpNn. Gupta et
al. [13, 14] examined the systematic dependence of the
γ−g interband B(E2) ratios on the NpNn product and
suggested the shape phase transition of the 2+

1 state de-
pends on total boson number NB and NpNn product.
Subsequently, Gupta et al. [15] proposed a power law
expression for a single term and analysed the variation
of a parameter with N , Z and NpNn for the nuclei in
the A = 150−200 mass region. Saini and Gupta [16]
studied the variation of softness parameter with NpNn

by using the VMI NSP model. In the same year, Gupta
and Kavathekar [17] found the relationship between ro-
tational energy and NpNn, showing that the rotational
energy increases with the increase of NpNn. Zhao et al.
[18] applied the NpNn scheme to the even-even nuclei and
the same scheme worked well for odd-even, even-odd and
doubly- odd nuclei. Zhao and Arima [19] implemented
the NpNn scheme to non-yrast levels of even-even nuclei
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and found new types of structural evolution for higher
excitations.

Jin et al. [20] proposed an empirical formula for the
lowest excitation energy of 2+ states in even-even nuclei
with NpNn. Byun et al. [21] explained the concept of
the NpNn scheme and proton-neutron interactions. Fu
et al. [22] obtained the correlation between integrated p-
n interactions by using binding energies and NpNn with
respect to the doubly closed nucleus. Recently, the sys-
tematic dependence of Grodzin product on NpNn was
studied by Kumari and Mittal [23]. Some impressive
outcomes appeared when the NpNn scheme was applied
over the SD bands. Mittal and Sharma [24] calculated
the ±Fo values of the SD bands for the 726N 682 region
and studied the behaviour of ±Fo values with the NpNn

scheme. Sharma and Mittal [25] also studied the nuclear
softness parameter with NpNn and suggested that the
superdeformed (SD) bands are more rigid than normal
deformed (ND) bands.

The moment of inertia of the nucleus depends on the
pairing correlation [26]. The pairing correlation is much
weaker in SD bands than in ND bands [27]. The pairing
becomes weak in SD bands because all the pairs of nucle-
ons are destroyed by the Coriolis force. Therefore, their
spins get aligned along the rotational axis when the ro-
tational frequency is increased [26]. However, when J (1)

is plotted versus rotational frequency and J (2) versus ro-
tational frequency for the A ∼ 130, 150 mass regions,
both J (1) and J (2) decrease with increasing rotational
frequency. This is because the pairing is strongly sup-
pressed by the Coriolis force and the anti- pairing effect
of deformation in the A ∼ 130, 150 mass regions. The
decrease of the values of J (1) and J (2) with increasing
rotational frequency can further be explained by high
N intruder occupation quantum numbers (intruder or-
bitals) [28]. In the A ∼ 190 mass region, when J (1) is
plotted versus rotational frequency and J (2) versus ro-
tational frequency, both J (1) and J (2) increase with in-
creasing rotational frequency. This also leads to weaker
pairing, but in the A∼190 mass region pairing still plays
a vital role due to small deformations. The increase in
J (1) and J (2) with the increase in rotational frequency
can also be explained by the combined alignment of both
high N quasi− protons and quasi- neutrons [29]. The
variation of J (1) and J (2) with rotational frequency be-
haves differently in different mass regions A∼ 130, 150
and 190. Therefore, the above facts motivate us to study
the variations of J (1) and J (2) with NpNn and their be-
haviour in the A∼130, 150 and 190 mass regions.

J (1) and J (2) are important quantities for nucleus
characterization. J (1) is a spin-dependent quantity
which shows an appreciable change with orbital align-
ment, deformation-driving effects, mass and pairing [30].
Therefore, it becomes interesting to observe the variation

of J (1) with other observables. J (2) is a quantity which
can be deduced even in the absence of spin and it varies
strongly from one nucleus to another [30]. The value of
J (2) also helps in providing information on the single par-
ticle configuration by considering the difference between
the moments of inertia of SD bands. To know which sin-
gle particle orbits are involved in these SD bands, one
has to calculate J (2) for that configuration and compare
it with the experimental data.

The aim of the present work is to study the system-
atics of kinematic J (1) and dynamic moment of inertia
J (2) of SD bands in the A∼130, 150, 190 mass regions
in the framework of the NpNn scheme. This study may
provide new insights into J (1) and J (2), which may be
useful in studying the intrinsic structure of nuclei more
clearly.

2 Theory

Several approaches are proposed to calculate the spin
proposition of SD bands [31, 32]. The level spin for SD
nuclei near the A∼ 194 mass region was introduced by
Becker et al. [33] in which transition energies of 25 SD
bands of 13 nuclei were fitted by power- series expansion.
The methods used to determine spins (I) associated with
transitions in SD rotational bands in A∼190 region are
given in Refs. [34–36]. Liu et al. [37] studied the varia-
tion of moments of inertia with angular momentum and
also studied the systematics of bandhead moment of iner-
tia. All the approaches are based upon the comparison of
calculated transition energies or moments of inertia with
their respective experimental results. Many authors [38–
41] have calculated the transition energies for ND and
SD bands, and also found their corresponding J (1) and
J (2). Liu et al. [42] explained the turnover of the J (2) of
the superdeformed nuclear state. Wu et al. [43] estab-
lished the relation between J (1) and J (2) in SD nuclei.
In the same year, Wu et al. [36] extracted J (1) and J (2)

of SD bands from transition energies and discussed their
variation with rotational frequency. One can extract the
values of J (1) and J (2) by using the experimental intra-
band E2 transition energies from the tables of SD bands
given by Singh et al. [44] and continuously updated data
from Ref. [45]. The kinematic and dynamic moment of
inertia is defined as;

J (1)(I−1)/}
2=

2I−1

Eγ(I→I−2)
, (1)

J (2)(I)/}
2=

4

Eγ(I+2→I)−Eγ(I→I−2)
. (2)

It is noted from the equations that J (1) depends upon
the spin proposition whereas J (2) does not. To study the
adiabatic invariant behaviour of dynamical moment of
inertia J (2) of SD bands in the 194Tl nucleus, Eq. (2) has
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been applied [46]. It is also suggested in Ref [46] that J (2)

is used to investigate the dependence of nuclear structure
on the rotational frequency. The above-stated equations
can also be useful in finding the band moment of inertia
J0 in different mass regions.

The phenomenon of high spin superdeformed rota-
tional bands is specified by the kinematic moment of in-
ertia J (1) and the dynamic moment of inertia J (2). To
study the nuclear deformation, the estimation of valence
nucleons is an important measure which can be stud-
ied in the framework of the NpNn scheme. The formula
given in Eq. (1) clearly states that the J (1) has a di-
rect relation with spin. To study SD spectroscopy, the
relation between spin and valence nucleons helps us to
study phenomena like band termination [47], back bend-
ing [48], etc. In the phenomenon of band termination,
as the spin increases, the valence nucleons pairs break
and get realigned with the angular momentum of the
nucleons orbiting along the rotational axis. This gives
the nucleus a prolate shape. In the phenomena of back
bending, the pairs of nucleons break as the spin increases
the moment of inertia, and the nucleons go into different
orbits. Therefore, both the quantities (J (1) and NpNn)
can form a link with each other in terms of spin and
valence nucleons.

The formula given in Eq. (2) clearly states that the
J (2) is not related to the spin and is an important mea-
sure to study the SD bands. The study of SD bands
depends upon the intruder orbitals [49], which have a
strong effect on J (2). On the other hand, the NpNn

scheme [7] also plays an important role in studying the
orbit dependence, shell gaps concept, and intruder or-
bitals, under the guidance of the p-n interaction. There-
fore, both the quantities (J (2) and NpNn) can form a link
with each other in terms of intruder orbitals.

The various valence nucleons with varied spin ranges
can occupy different orbitals. Therefore, the nucleons
polarize in several ways and many nuclear shapes can co-
exist based upon different configurations. The increasing
number of protons and neutrons and increasing spin are
characterized between the single particle shell effects and
the collective degree of freedom. This leads to the differ-
ent structural changes. The different types of structural
change with spin and valence nucleons (valence nucleons
and J (1)) in different A∼130, 150 and 190 mass regions
are band termination, back bending, band mixing, band
crossing, etc.

The structural changes can also be explained on the
basis of intruder orbitals and valence nucleons (valence
nucleons and J (2)). In the A∼130 mass region, the high
j valence particle or the difference in the occupation of
specific high N intruder orbitals, namely h11/2, d5/2, g7/2,
are mainly responsible for the structural changes. In the
A∼150 mass region, the different occupation of specific

high N intruders, namely j15/2 neutrons and i13/2 pro-
tons, are mainly responsible for the structural changes.
In the A∼190 mass region, the quasiparticle alignment
of the same high N intruders, namely j15/2 neutrons and
i13/2 protons, are mainly responsible for the structural
changes. The valence protons and neutrons together are
expected to have strong and specific shape driving forces
on the core of the superdeformed nucleus. Therefore
phenomena like staggering and identical bands can be
explained.

3 Results and discussion

The two attributes of SD bands that highlight their
different rotational properties compared to the ND bands
are large deformation and large shell gaps. The large de-
formation splits the j levels and hence contributes to
reduced Coriolis interactions. In addition to this, large
deformation alters the mean field potential and favours
the nucleon states with high wavefunction density. The
large shell gaps contributing to low−density states near
the Fermi surface give rise to reduced pairing correlation
strength. The large shell gap also highlights the stability
against large changes in the deformation, as a function
of spin [50]. The main factors that decide the behaviour
of SD rotational bands are the single particle field, Cori-
olis and centrifugal forces, and the pairing correlations.
The pairing correlations in different SD bands behave
like rigid rotors at different angular momenta and mo-
ments of inertia (kinematic J (1) and dynamic moment of
inertia J (2))[44, 45]. The J (1) and J (2) can be obtained
by using experimental intraband E2 transition energies
as stated in equation (1) and equation (2). The data
have been taken from Ref.[44, 45]. The calculated val-
ues of kinematic and dynamic moment of inertia for the
A∼130, 150 and 190 mass regions are given in Tables 1
and 2.

3.1 Variation of J
(1) with NpNn

The kinematic moment of inertia J (1) depends only
upon spin. As the linking transitions are missing between
SD bands and ND bands, features like exact excitation
energies, spins and parities of the SD bands remain un-
known. The NpNn scheme is used to estimate the p-n
interaction and helps in the evolution of nuclear defor-
mation. A simple pattern is observed whenever nuclear
data disclosing nuclear deformation is plotted against the
NpNn scheme.

In this work, the values of J (1) obtained with the help
of the experimental intraband E2 transition energies for-
mula as stated in equation (1) are plotted against NpNn.
A complicated and irregular behaviour is observed in
Figs. 1, 2 and 3 for the A∼ 130, A∼ 150 and A∼ 190
mass regions. The irregular behaviour in the A∼130 and
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Table 1. The J
(1) and J

(2) values, in ~
2

MeV
−1,

for different SD bands in the A∼ 130, 150 mass
regions. The experimental data have been taken
from Refs. [44, 45].

Z N SD BANDS J(1) J(2)

58 72 130Ce(1) 32.37 32.78

58 72 130Ce(2) 32.10 54.79

58 72 130Ce(3) 29.86 55.55

58 72 130Ce(4) 21.41 57.14

58 73 131Ce(1) 54.14 56.33

58 73 131Ce(2) 59.03 65.57

58 75 133Ce(1) 61.49 65.57

58 75 133Ce(2) 55.55 61.53

58 75 133Ce(3) 50.15 137.93

59 73 132Pr(2) 47.78 52.63

59 73 132Pr(1) 41.66 57.97

59 73 132Pr(3) 38.08 137.93

59 73 132Pr(4) 47.55 57.97

59 74 133Pr(1) 66.66 58.82

59 74 133Pr(2) 67.5 56.33

59 74 133Pr(3) 71.42 57.14

59 74 133Pr(4) 70.64 62.5

60 72 132Nd(1) 48.42 121.21

60 72 132Nd(2) 46.98 153.84

60 72 132Nd(3) 49.11 59.70

60 72 132Nd(4) 48.34 80

61 72 133Pm(1) 36.17 42.55

61 72 133Pm(2) 35.50 41.23

64 86 150Gd(1) 77.30 117.64

64 86 150Gd(14) 72.92 80

64 86 150Gd(3) 83.79 90.90

64 86 150Gd(13) 74.92 117.64

64 86 150Gd(6) 73.83 88.88

64 86 150Gd(11) 83.33 83.33

64 86 150Gd(9) 81.14 81.63

64 86 150Gd(10) 83.33 85.10

65 86 151Tb(1) 82.53 95.23

65 86 151Tb(2) 86.37 90.90

65 86 151Tb(3) 85.04 86.95

65 86 151Tb(4) 85.82 85.01

65 86 151Tb(7) 76.51 80.00

66 86 152Dy(1) 84.71 86.95

66 86 152Dy(3) 94.57 85.10

66 86 152Dy(4) 85.07 78.43

66 86 152Dy(5) 85.66 75.47

66 86 152Dy(6) 85.30 93.02

64 87 151Gd(1) 80.42 93.02

64 87 151Gd(2) 79.88 95.23

64 87 151Gd(3) 82.01 80.00

64 87 151Gd(4) 81.63 97.56

64 87 151Gd(5) 81.58 88.88

66 87 153Dy(1) 91.53 88.88

66 87 153Dy(2) 91.33 86.95

66 87 153Dy(3) 91.16 86.95

66 87 153Dy(4) 85.75 90.00

66 87 153Dy(5) 91.52 85.01

Table 2. The J
(1) and J

(2) values, in ~
2

MeV
−1,

for different SD bands in the A∼ 150, 190 mass
regions. The experimental data have been taken
from Refs. [44, 45].

Z N SD BANDS J(1) J(2)

65 86 151Tb(5) 78.98 76.92

65 86 151Tb(6) 78.48 78.43

64 87 151Gd(6) 78.23 95.23

64 87 151Gd(2) 79.88 95.23

81 114 195T l(1) 95.89 95.23

81 114 195T l(2) 95.23 100

81 113 194T l(1) 100.74 102.56

81 113 194T l(2) 100.47 102.56

81 113 194T l(3) 95.43 102.56

81 113 194T l(4) 95.45 102.56

81 112 193T l(1) 96.61 100

81 112 193T l(2) 96.91 97.56

81 112 193T l(3) 95.74 93.02

81 112 193T l(4) 103.58 97.56

81 111 192T l(1) 116.60 105.26

81 111 192T l(2) 115.38 108.10

81 111 192T l(3) 98.71 97.56

81 111 192T l(4) 98.59 97.56

81 110 191T l(1) 93.86 97.56

81 110 191T l(2) 94.59 97.56

81 108 189T l(1) 92.03 95.23

81 108 189T l(2) 91.80 100

80 115 195Hg(1) 95.23 100

80 115 195Hg(2) 94.89 100

80 115 195Hg(3) 98.36 97.56

80 115 195Hg(4) 99.41 102.56

80 114 194Hg(1) 89.62 95.23

80 114 194Hg(3) 94.59 100

80 114 194Hg(2) 94.52 97.56

80 113 193Hg(1) 94.42 97.56

80 113 193Hg(2) 94.48 97.56

80 113 193Hg(3) 94.01 97.56

80 113 193Hg(4) 94.48 97.56

80 112 192Hg(1) 88.78 90.90

80 112 192Hg(2) 95.43 97.56

80 111 191Hg(1) 109.32 97.56

80 111 191Hg(2) 95.23 97.56

80 111 191Hg(3) 95.58 97.56

80 111 191Hg(4) 99.64 93.02

80 110 190Hg(1) 85.17 93.02

80 110 190Hg(2) 101.87 133.33

80 110 190Hg(3) 111.11 102.56

79 112 191Au(1) 117.6 95.23

79 112 191Au(2) 95.47 102.56

79 112 191Au(3) 93.99 105.26

A∼ 150 mass regions may be due to the mixing of the
bands (see Figs. 1 and 2). The band mixing may arise
when the energy levels of SD bands with same parity and
signatures are close to each other i.e. E(1) ≈ E(2) for I ≈

Ic. The different SD bands which get mixed with each
other are 133Ce(1), 131Ce(1), 130Ce(1), 132Pr(2), 132Nd(1),
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and 133Pm(1); 133Ce(2), 131Ce(2), 130Ce(2), 132Pr(1),
132Nd(2), and 133Pm(2); 133Ce(3), 130Ce(3), 132Pr(3),
and 132Nd(3); and 130Ce(4), 132Pr(4), and 132Nd(4) (see
Fig. 1).
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J

(1) versus NpNn in the A∼130 mass region.
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In Fig. 2, the SD bands get mixed with each
other are 150Gd(14), 151Tb(7), 152Dy(1), 151Gd(6), and
153Dy(4); 150Gd(6), 151Tb(6), 152Dy(4), 151Gd(2), and
153Dy(2); 150Gd(13), 151Tb(5), 152Dy(5), 151Gd(1), and
153Dy(5); 150Gd(1), 151Tb(1), 152Dy(2), 151Gd(4), and
153Dy(1); and 150Gd(9), 151Tb(3), 152Dy(6), 151Gd(3),

and 153Dy(3). All the above-stated SD bands of the
A∼ 130, A∼150 mass regions can serve as examples of
band mixing. The another possible reason is that the
spin of the lowest level observed in the SD bands in the
A∼130 and A∼150 regions is usually high, which fur-
ther indicates band mixing. In the A∼190 mass region,
most of the bands cross each other, as shown in Fig. 3.
Band crossing occurs when signatures split SD rotational
bands into two families, I=j and I=j+1, each consist-
ing of levels differing in spin by 2~. Therefore the I =j
sequence is shifted downwards in energy (called the fa-
vored signature) against the other (called the unfavored
signature). Therefore, as the spin increases, they cross
each other. The different SD bands which participate in
band crossing are Tl, Hg and Au (see Fig. 3). These
SD bands can serve examples of band crossing. As a re-
sult of the band mixing and band crossing, a reliable spin
measurement is difficult to achieve in these mass regions.
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Fig. 3. Variation of kinematic moment of inertia
J

(1) versus NpNn in the A∼190 mass region.

3.2 Variation of J
(2) with NpNn

We have calculated the dynamic moment of inertia
J (2) for all the SD bands in the A ∼ 130, 150 and 190
mass regions by using experimental intraband E2 tran-
sition energies. We have plotted the dynamic moment
of inertia versus NpNn as shown in Figs. 4, 5, and 6,
and found that J (2) versus NpNn shows a staggering be-
haviour in the A∼130, 150 and 190 mass regions.
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Fig. 5. Variation of dynamic moment of inertia
J

(2) versus NpNn in the A∼150 mass region.

The staggering may occur due to Coriolis mixing,
which causes the two sequences to decouple, so levels
in one band are pushed up in energy with respect to the
other. This behaviour is known in the literature as 4

I=2 bifurcation. The presence of bifurcation has been
examined in the A∼130 [51], A∼190 [52], and A∼150
[53, 54] regions. From Figs. 4, 5 and 6, the different SD
bands of the A∼130, 150, 190 mass regions participate
in staggering behaviour. The SD nuclei resulting in stag-
gering in the A∼130 mass region are 133Ce, 131Ce, 133Pr,
132Pr, 132Nd, and 133Pm (see Fig. 4).

In the A∼150 mass region, 150Gd, 151Tb, 152Tb,
151Gd, and 153Dy are the SD nuclei participating to form
a zigzag pattern (see Fig. 5). Similarly, 195Hg, 194Hg,
193Hg, 192Hg, 191Hg, 190Hg, 189Hg, 195Tl, 194Tl, 193Tl,
192Tl, 191Tl, 190Tl, 189Tl and 191Au are some SD nuclei
forming the zigzag pattern in the A ∼ 190 mass region
(see Fig. 6). The other probable reason for staggering
may be the occupation of high j intruder orbitals and
intrinsic hexadecapole moments of specific single parti-
cle states. These both play a vital role in generating the
zigzag pattern [55, 56].
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Fig. 6. Variation of dynamic moment of inertia
J

(2) versus NpNn in the A∼190 mass region.

4 Conclusion

In this work, we have calculated J (1) and J (2) for SD
bands in the A ∼ 130, 150, 190 mass regions by using
experimental intraband E2 transition energies and pre-
sented their systematics with the NpNn scheme. The
superdeformed rotational bands can be described by us-
ing J (1) and J (2). In general, J (1) and J (2) are used for
nucleus characterization. We have plotted the variation
of kinematic moment of inertia J (1) versus NpNn, and
observed band mixing in the A∼130, 150 mass regions,
and band crossing in the A∼ 190 mass region. Due to
the band mixing and band crossing in these mass regions,
spin determination remains unpredictable. We have also
plotted the variation of dynamic moment of inertia J (2)

with NpNn, and it is highly interesting to observe the
staggering behaviour in the A∼ 130, 150, 190 mass re-
gions.
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