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Abstract: Most of previous work on applying the conformal group to quantum fields has emphasized its invariant

aspects, whereas in this paper we find that the conformal group can give us running quantum fields, with some

constants, vertex and Green functions running, compatible with the scaling properties of renormalization group

method (RGM). We start with the renormalization group equation (RGE), in which the differential operator happens

to be a generator of the conformal group, named dilatation operator. In addition we link the operator/spatial

representation and unitary/spinor representation of the conformal group by inquiring a conformal-invariant interaction

vertex mimicking the similar process of Lorentz transformation applied to Dirac equation. By this kind of application,

we find out that quite a few interaction vertices are separately invariant under certain transformations (generators) of

the conformal group. The significance of these transformations and vertices is explained. Using a particular generator

of the conformal group, we suggest a new equation analogous to RGE which may lead a system to evolve from

asymptotic regime to nonperturbative regime, in contrast to the effect of the conventional RGE from nonperturbative

regime to asymptotic regime.
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1 Introduction

The 4-dimensional conformal group [1, 2], with
Poincare group as its subgroup, on the mathematical
side has been investigated thoroughly from different as-
pects, and its applications to physics especially to quan-
tum fields once were also widely considered. However the
applications are not so satisfactory because hitherto no
other perfect quantum system than photon field [3, 4] has
been found so that the corresponding Lagrangian is con-
formal invariant, unless the masses of involved particles
are zero [5–10]. Furthermore, one inference of the confor-
mal invariance is that according to Noether’s theorem, if
a Lagrangian is invariant under scaling transformation,
then the trace of the energy-momentum tensor should
be null [6, 8]. These two factors become obstacles to ap-
ply the conformal group to most material fields. Other
efforts were also experienced to search for an invariant
fermion equation or scattering amplitude [7, 9, 11], and
even to apply it to nonlocal action [12, 13]. None of
the results is pertinent to known material fields. In this
paper we investigate a tentative application by consid-
ering simultaneously the unitary representation and the
coordinate representation of the conformal group, just
mimicking the Lorentz group applied to Dirac equation.

Then we find that the interaction vertices become run-
ning. It follows that the conformal group might make
sense not for invariance, but for running.

In this paper we phenomenologically extract a scal-
ing transformation from renormalization, under which
physical quantities become running. The scaling trans-
formation corresponds to one of the generators of con-
formal group. We then generalize such running effect to
most of the other generators of conformal group. The
renormalization group method (RGM) has its intrinsic
relationship with scaling transformation if viewing the

differentiating operator µ
d

dµ
in the group equation as

scaling operator. In RGM, for a function Λ that repre-
sents a vertex function, a wave function or a propaga-
tor, its renormalized form and unrenormalized form are
linked as [14]

Λ=ZFΛR.

Differentiating the above equation with respect to the
renormalization parameter µ, since unrenormalized Λ is
independent of µ, one immediately gets the renormaliza-
tion group equation (RGE) [15],

µ
dΛR

dµ
+γFΛR=0, (1)
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where γF is the anomalous scaling dimension defined by

γF=µ
d

dµ
lnZF.

In the Section 3 we will note that the operator

µ
d

dµ

is just the scaling operator in its spatial representation,
apart from a coefficient i. Eq. (1) is a special form of
RGE, and a general one should be of the form [16, 17]

[

M
∂

∂M
+β(λ)

∂
∂λ

+nγ(λ)

]

G(n)({xi};M,λ)=0

which is for any Green’s function of massless φ4 theory.
Supposing the function ΛR has a dimension γF with re-
spect to a scale parameter µ, then by such transformation
µ→λµ, the ΛR yields

ΛR(µ,other parameters)=λγFΛR

(µ

λ
,other parameters

)

,

which is the essence of RGM. In this paper we shall use
the scaling form of RGM, but we are free of the detailed
calculation of renormalization.

The remaining parts of the paper are arranged as fol-
lows. In Section 2 we present the basic definition of con-
formal group. In Section 3 we focus on how to derive the
spinor representation. In Section 4 we associate the two
representations of conformal group by physical interac-
tion vertices in conventional sense. Section 5 is dedicated
to generalizing the above association to all kinds of ver-
tices as well as explaining some of the physical meaning
of the vertices and transformations. Then follows the
conclusions and discussions.

2 Basic definition of conformal group

In this section we introduce the basic definitions
of the 4-dimensional conformal group [1, 6], including
their generators and commutations in spatial represen-
tation [1, 18]. The conventional applications were mainly
confined within this spatial representation, apart from a
few exceptions, like Ref. [11]. We start with the null
vector space (Euclidean space),

η2
1+η

2
2+η

2
3+η

2
4+η

2
5+η

2
6=0 . (2)

reserving which gives the popular definition of conformal
group [19]. A special expression of the differential forms
in 4-dimensional spatial representation can be derived
directly from the above equation. In derivation we need
to apply the following variables [1, 2]

xµ =
ηµ

K
, where K=η5+iη6,

where µ = 1,2,3,4, (3)

together with the differential form

∂
∂ηa

=
1

K

{

[δaµ−(δa5+iδa6)xµ]
∂

∂xµ

+(δa5+iδa6)K
∂

∂K

}

, where a=1,2,···,6, (4)

to the definition of 6-dimensional angular-momentum

Mab=i

(

ηa

∂
∂ηb

−ηb

∂
∂ηa

)

, where a,b=1,2,···,6. (5)

Then one gets the following generators for conformal
group [1] [of which in Eq. (56)]

D = iM56=−

(

η5

∂
∂η6

−η6

∂
∂η5

)

= i

(

xµ

∂
∂xµ

−K
∂

∂K

)

,

Pµ = M5µ+iM6µ=i
∂

∂xµ

, Kµ=M5µ−iM6µ

= i

{

−x2 ∂
∂xµ

+2xµxν

∂
∂xν

−2Kxµ

∂
∂K

}

. (6)

The projected form of Eq. (6) (making K as constant
boundary of Minkowski space [2]) with Minkowski con-
vention then is

D = ixµ

∂
∂xµ

, Mµν =i

(

xµ

∂
∂xν

−xν

∂
∂xµ

)

,

Pµ = i
∂

∂xµ
, Kµ=−i

(

x2 ∂
∂xµ

−2xµx
ν ∂

∂xν

)

, (7)

where Mµν represents the components of conventional
angular momentum in 4-dimensions. The corresponding
commutation relation can be obtained by direct compu-
tation,

[Mµν ,Mρσ] = i(gνρMµσ+gµσMνρ−gµρMνσ−gνσMµρ),

[Mµν ,Pρ] = i(gνρPµ−gµρPν),

[D,Pµ] = −iPµ, [D,Kµ]=iKµ,

[D,Mµν ] = 0,

[Mµν ,Kρ] = i(gνρKµ−gµρKν), (8)

[Pµ,Kρ] = −2i(gµρD+Mµρ). (9)

3 Spinor representations of the confor-

mal group

In this section we derive the unitary/spinor represen-
tation of the 4-dimensional conformal group [1, 6] in the
frame of group theory. The representation is derived by
applying Cartan method [19] to SO(6)–SU(4) transform.
Before using the Cartan method to achieve its unitary
representation, it is good to review first the steps of ap-
plying the Cartan method to SO(3)–SU(2) [19][of which
pp. 41-48]. To keep the invariance of x2

1+x
2
2+x

2
3=0, one
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defines the matrix

X=

(

x3 x1−ix2

x1+ix2 −x3

)

. (10)

The trace Tr(X†X) is x2
1+x

2
2+x

2
3. With U as an element

of SU(2) group, we define

X ′=U−1XU, (11)

immediately we have

Tr(X ′†X ′)=Tr(X†X), (12)

thus SU(2) group keeps the trace invariant, and by this
way the group also keeps the metric x2

1+x
2
2+x

2
3. With

the knowledge that the SO(3) group directly reserves the
metric x2

1+x
2
2+x

2
3, we conclude that Cartan matrix X acts

as a mapping between SO(3) and SU(2). By the Cartan

matrix X , one can define spinor

(

ξ0

ξ1

)

by

X

(

ξ0

ξ1

)

=0, (13)

with the solution ξ0=±

√

x1−ix2

2
and ξ1=±

√

−x1−ix2

2
,

and the reverse yields

x1 = ξ2
0−ξ

2
1

x2 = i(ξ2
0+ξ

2
1)

x3 = −2ξ0ξ1, (14)

which automatically satisfies x2
1+x

2
2+x

2
3=0, from which

we can define the spinor reversely.
From the above Cartan matrix X we can extract the

Pauli matrices σ1, σ2, σ3 separately from the coefficients
of x1, x2, x3. Meanwhile Pauli matrices σ1, σ2, σ3 act
as the generators of SU(2) group mentioned above. Fur-
thermore it is easy to test that SU(2) group reserves the
metric

|ξ0 |
2+|ξ1 |

2=Ξ†Ξ. (15)

Coincidentally the n-vectors form (defined in Eq. (22))
based on Pauli matrices do not generate new matrices,
neither the multiplications nor the commutations among
them, they themselves are closed. Now in what follows
we would find the corresponding Cartan matrix from
SO(6) to SU(4)/SU(2,2), namely the spinor represen-
tation for 4-dimensional conformal group.

To achieve its unitary/spinor representation in 4-
dimensions, mimicking the relationship between the met-
ric x2

1+x
2
2+x

2
3 and that in Eq. (15), we shall associate

the metric in Eq. (2) with the invariant quadratic form

|z1 |
2+|z2 |

2+|z3 |
2+|z4 |

2=Z†Z, (16)

by the following matrix [20],

A=











0 x1+ix2 x3+ix4 x5+ix6

−(x1+ix2) 0 x5−ix6 −x3+ix4

−(x3+ix4) −x5+ix6 0 x1−ix2

−(x5+ix6) x3−ix4 −x1+ix2 0











. (17)

Counting the degrees of freedom of the groups conserving
separately Eq. (2) and Eq. (16), one finds they are both
15. Next we only need to extract the coefficients before
xi’s to get the unitary matrices as generators of SU(4),
just like the method used in the three dimensional ex-
ample Eq. (8)–(14). If we want to get the generators
of SU(2,2) we need only to change the signs before x1

and x2 and those ahead of corresponding matrices, which
would change Eqs. (2) and (16) to

−x2
1−x

2
2+x

2
3+x

2
4+x

2
5+x

2
6=0 . (18)

and

−|z1 |
2−|z2 |

2+|z3 |
2+|z4 |

2=Z†Z. (19)

The latter falls into a Dirac spinor like

ψ̃=(z1,z2,z3,z4).

It can be found that the matrix A in Eq. (17) meets
the invariant expression

Tr(A†A)=4(x2
1+x

2
2+x

2
3+x

2
4+x

2
5+x

2
6) (20)

just like the above 3-dimensional example, while the
SU(4) group keeps the above trace x2

1 +x2
2 +x2

3 +x2
4 +

x2
5+x

2
6=constant, and simultaneously reserves the metric

Eq. (16). The above method of linking a real metric to
a matrix is closely analogous to the Cartan method of
constructing a spinor representation in any real space.
Actually, the true spinor space for 4-d conformal group
following Cartan method should be of 8-dimensions in-
stead of 4-dimensions [19] [of which in pp. 88-89]. In
what follows we would take over the process of deriving
all of the n-vectors along the Cartan method [19], though
we work in 4-dimensions rather than 8-dimensions. First
we extract the matrices before the xi’s in Eq. (17), i.e.1-
vectors,

B1 =

(

iσ2 0

0 iσ2

)

, B2=

(

−σ2 0

0 σ2

)

,

B3 =

(

0 σ3

−σ3 0

)

, B4=

(

0 iI

−iI 0

)

,

B5 =

(

0 σ1

−σ1 0

)

, B6=

(

0 −σ2

−σ2 0

)

, (21)

where the σi’s are Pauli matrices. The definition of a
k-vector is

Bk-vector=
∑

P

(−1)PBn1
Bn2

···Bnk
, (22)
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where P denotes different permutations. Applying the
above formula to the 2-vector, and using the correspond-
ing subscripts to denote the 1-vectors involved, then

B12 = B1B2−B2B1=

(

iσ2 0

0 iσ2

)(

−σ2 0

0 σ2

)

−

(

−σ2 0

0 σ2

)(

iσ2 0

0 iσ2

)

=0.

Similarly, let us exhaust all possibilities, then obtain
other nontrivial 2-vectors

B13 = 2

(

0 −σ1

σ1 0

)

, B15=2

(

0 σ3

−σ3 0

)

,

B35 = 2i

(

σ2 0

0 σ2

)

, B36=2i

(

σ1 0

0 −σ1

)

,

B46 = −2i

(

σ2 0

0 −σ2

)

, B24=2i

(

0 σ2

σ2 0

)

,

B23 = −2i

(

0 σ1

σ1 0

)

. (23)

We note that the new ones which are independent of Bi’s
are just B23 and B36. The same line can be followed to
carry out the 3-vectors. Ignoring the repeating ones, we
find the new 3-vectors independent of both 1-vectors and
2-vectors are

B123 ∼

(

0 σ3

σ3 0

)

, B134∼

(

σ1 0

0 σ1

)

,

B145 ∼

(

σ3 0

0 σ3

)

, B245∼

(

σ3 0

0 −σ3

)

,

B345 ∼

(

0 σ2

−σ2 0

)

, B146∼

(

I 0

0 −I

)

,

B124 ∼

(

0 I

I 0

)

. (24)

Computing the 4-vectors and the higher ones will not
give new independent matrices. Finally, we can rear-
range all the above k-vector-produced matrices as follows
[20],

Ui =
1

2

(

σi 0

0 σi

)

Vµ = −
1

2

(

σµ 0

0 −σµ

)

Wµ =
i

2

(

0 σµ

σµ 0

)

Yµ =
1

2

(

0 σµ

−σµ 0

)

, (25)

where σi, i = 1,2,3 are normal Pauli matrices and

σ0 =

(

1 0

0 1

)

. The convention can be changed from

Minkowski to Euclidean spaces while instead requiring
σ2

µ =−1, i.e. making σ0=i and replacing the definition
of σi by those in [20]. The route of inquiring the con-
crete matrices following the Cartan method as above is
a shortcut rarely mentioned in the literature. It can be
checked that the commutations among Ui, Vµ, Wµ, Yµ

are just those for a conformal group [1, 18], accordingly
the mapping from these matrices to differential forms
turns out to be

Ui ↔ γiγj−→i

(

xj

∂
∂xk

−xk

∂
∂xj

)

−→Mjk

Wi ↔ γ0γi−→i

(

xi

∂
∂x0

−x0

∂
∂xi

)

−→M0k

W0 ↔ γ5−→ixµ

∂
∂xµ

−→D

Vµ+Yµ ↔ γµ(1−γ5)−→i
∂

∂xµ
−→Pµ

Vµ−Yµ ↔ γµ(1+γ5)−→

−i

(

1

2
xνx

ν ∂
∂xµ

−xµxν

∂
∂xν

)

−→Kµ. (26)

We use −→ to represent the accurate mappings and ↔
the equivalence, and the commutations have been ex-
amined by computer. Now we recognize that the role

of operator µ
d

dµ
(or xµ

∂
∂xµ

) in the conformal group is

equivalent to the scaling operator D, with its unitary
form γ5.

4 Physical relationship between the two

representations of scaling transforma-

tion

In this section we use scaling transformation as a
paradigm to investigate the effect of conformal group on
the interaction vertex. Enlightened by utilizing Lorentz
transformation to Dirac equation, we first try to link
physically the spatial form of scaling transformation with
its spinor/unitary form, the former representing the real-
istic expansions and contractions of space-time (dilata-
tion and shrinkage means the same), the latter repre-
senting the intrinsic freedom very like spin angular mo-
mentum. Then in the next section we will generalize the
method from scaling transformation to other generators
of conformal group.

As for Lorentz transformation, the transformation
matrix

(

Λν
µ

)

for jµ(y) = ψ̄(y)γµψ(y) corresponds to a
complex transformation S for ψ(y) so that the effect of
the transformed result ψ̄(y)S−1γµSψ(y) is equivalent to
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ψ̄(y)Λµ
νγ

νψ(y). Referencing the case of Lorentz trans-
formation, our goal in this section is to search for the
corresponding vertex-form Γ µ so that it links with trans-
formation S′ by S′−1Γ µS′=Λ′µ

ν Γ
ν , where S′=e

u
2

γ5 , γ5 is
the spinor representation of the scaling operator D, and
Λ′µ

ν represent tensor’s components of scaling transforma-
tion. A similar method was used in a previous paper
[21], but for totally different motivation.

Usually we perform the spatial Lorentz trans-
formation on the vectors Aµ and γµ. Obviously
this combination brings about invariant formalism like
Aν(q2)ψ̄(p)γνψ(p′). We follow the convention that the
same set of {γµ} is used in different coordinate systems,
which naturally yields an equivalence transformation S
satisfying [22, 23]

S−1γµS=Λµ
νγ

ν =γ′µ, (27)

where Λµ
ν stand for the tensors’ components of the

Lorentz transformation. Substituting Eq. (27) into
Aµ(x)ψ̄(x)γµψ(x) yields

A′
µ(y)ψ̄′(y)S−1γµSψ′(y)=A′

µ(y)ψ̄(y)γ′µψ(y) . (28)

While looking for Γ µ we follow the same convention
as that in the above paragraph, i.e., in different coordi-
nate systems we use the same set of {Γ µ}. Then anal-
ogously, we use the form of the above formula Eq. (27)
for scaling transformation as

S′−1Γ µS′=Λ′µ
ν Γ

ν , (29)

where formally we have used Λ′µ
ν to represent the scal-

ing transformation to every coordinate component [7, 9,
11][of which Eq. (2)] instead of using the usual form e−α

[18]. Different from the operator µ
d

dµ
appearing in RGE,

here the operator D has the usual form D=ixν ∂ν , being
a hermitian. With the relation e−iαDpµeiαD=e−αpµ, i.e.
[D,pµ]=−ipµ [18], we have

(Γ µpµ)′scaling transform = S′−1Γ µS′Λ′ν
µ pν

= S′−1Γ µS′e−iαDpµeiαD. (30)

Now let us submit S ′=e
u
2

γ5 obtained from the last sec-
tion (henceforth we use e

u
2

γ5 instead of e
u
2

(1+γ5) as scaling
transformation while no confusion occurs), where u is the
infinitesimal parameter. Formally we get

S′−1Γ µS′Λ′ν
µ pν = e−

u
2

γ5Γ µe
u
2

γ5(pµ)′scaling transform

= e−
u
2

γ5Γ µe
u
2

γ5e−iαDpµeiαD

= e−
u
2

γ5Γ µe
u
2

γ5e−αpµ

.
= e−

u
2

γ5Γ µe
u
2

γ5pµ(1−α). (31)

From the experience of calculating γ-matrix and the fol-
lowing relations

e−
u
2

γ5γµe
u
2

γ5 ≈
(

1−
u

2
γ5

)

γµ

(

1+
u

2
γ5

)

≈ γµ+uγµγ5 , (32)

e−
u
2

γ5γµγ5e
u
2

γ5 ≈
(

1−
u

2
γ5

)

γµγ5

(

1+
u

2
γ5

)

≈ γµγ5+uγ
µ, (33)

e−
u
2

γ5γµ(1±γ5)e
u
2

γ5 ≈
(

1−
u

2
γ5

)

γµ(1±γ5)
(

1+
u

2
γ5

)

≈ (1±u)γµ(1±γ5), (34)

we find out a possible form of Γ µ

Γ µ=γµ(1±γ5) while α∼u . (35)

The transformation in Eqs. (32, 33, 34) can be instead
e−

u
2

(1+γ5) and e
u
2

(1+γ5), the results would obviously be
the same. The coefficients (1±u) of Eq. (34) can be
contracted now to be 1 with coefficients (1∓u) that come
from the transformation of pµ. We note that the in-
finitesimal parameters u and α are not independent. In
this way we set up the relationship between the operator
D and S′=e

u
2

(1+γ5) directly.
We know S′ = e

u
2

(1+γ5) is responsible for acting on
the Dirac spinor as expected. The same transformation
holds for vertex Γ µAµ, as well as Γ µpµ. The resultant
vertex is different from that of Ref. [11] due to the choice
of γ5, since we have followed the convention of Quantum
Field Theory. In fact we have extended the transforma-
tion, the interaction vertex and spinor space simultane-
ously, and these elements can be extended further while
involving further the other generators of the conformal
group.

Now we are interested in what happens if we perform
the scaling transformation S ′ successively N times upon
the vector vertex-form γµ. Different from Eqs. (32, 33,
34), we now employ the following formulism without ap-
proximation

(e−
u
2

(1+γ5))Nγµ(e
u
2

(1+γ5))N

=γµcoshNu+γµγ5sinhNu, (36)

from which one notes that the vector vertex arrives at

its limits γµ(1±γ5) only if
coshNu

sinhNu
→±1, i.e. Nu→±∞.

Nu→±∞ means one carrying out enough steps of in-
flating or shrinking transformation. We call such states
involving interaction vertices γµ(1±γ5) “extreme states”,
which evolve from the interaction vertex γµ with the
scale constantly changing. The variation of coupling con-
stant is assumed to be absorbed into the coupling con-
stant. It turns out that such scaling transformation does
not conserve the vector-dominant interaction, or alter-
natively, the transformation tends to make the coupling
constant as well as interaction vertex running.

5 Generalization to other generators of

conformal group, and running effect

In this section we will apply the method of the last
section to other generators of the conformal group. By

093102-5



Chinese Physics C Vol. 39, No. 9 (2015) 093102

this way we analyze the structure of the conformal group
and its relationship with the vertices of conventional
quantum field theory. Finally we present a table form
for generators (transformations) and vertices, by which
we can judge the concrete physical significance of every
block of the conformal group.

In the last section we have derived the limits γµ(1±γ5)
with the relation e−iαDpµeiαD = e−αpµ, i.e. [D,pµ] =
−ipµ[18]. The Pµ plays the role of the production op-
erator or annihilation operator of D from the point of
view of quantum mechanics. Analogously, we may notice
another similar commutation among conformal group,
[Mµν ,Kρ] = i(gνρKµ−gµρKν). However we fail to get
the variation of vertex γρ(1±γ5) with the transforma-
tion e

u
2

γµγν (operation of Mµν in spinor space). So the
analog cannot be followed by any other commutations of
conformal group. The details are as follows in Eq. (38).
While the angular momentum transformation is written
to be S=e

u
2

γµγν , its effect on vector vertex γµ [we label
it by Γ µ] is

Γ µ′ = e−
u
2

γργσΓ µe
u
2

γργσ ≈
(

1−
u

2
γργσ

)

Γ µ

(

1+
u

2
γργσ

)

≈ γµ+u
(

gµ
ργσ−g

µ
σγρ

)

,

P ′
µ = e−iaMρσPµeiaMρσ =Pµ+ia[Pµ,Mρσ]

= Pµ−a(gµρPσ−gµσPρ). (37)

Combining the above transformations yields

(Γ µPµ)′ =
[

γµ+u
(

gµ
ργσ−g

µ
σγρ

)]

[Pµ−a(gµρPσ−gµσPρ)]

= Γ µPµ+u
(

gµ
ργσ−g

µ
σγρ

)

Pµ−aγ
µ(gµρPσ−gµσPρ)

= Γ µPµ+(u+a)(γσPρ−γρPσ), (38)

when u∼−a, one obtains (Γ µPµ)′ =Γ µPµ. If replacing
γµ with axil-vector vertex γµ(1±γ5) [we use the same
label Γ µ for this vertex], then we get the same form

Γ µ′ = e−
u
2

γργσΓ µe
u
2

γργσ ≈
(

1−
u

2
γργσ

)

Γ µ

(

1+
u

2
γργσ

)

≈ Γ µ+u
(

gµ
ρΓσ−g

µ
σΓρ

)

,

P ′
µ = e−iaMρσPµeiaMρσ =Pµ+ia[Pµ,Mρσ]

= Pµ−a(gµρPσ−gµσPρ). (39)

Combining the above transformations yields

(Γ µPµ)
′
=Γ µPµ+(u+a)(ΓσPρ−ΓρPσ). (40)

Just for this result we conclude that the commutation
[D,pµ]=−ipµ is unique in the conformal group.

We have to use Pµ to make the vertex γµ(1+γ5) run-
ning and Kµ to make the vertex γµ(1−γ5) running. For
example, for Γ µ = γµ(1−γ5) we use Kµ = γµ(1+γ5) to

transform it,

Γ µ′ = e
u
2

γρ(1+γ5)γµ(1−γ5)e
− u

2
γρ(1+γ5)

= [1+
u

2
γρ(1+γ5)]γ

µ(1−γ5)[1−
u

2
γρ(1+γ5)]

= γµ(1−γ5)+
u

2
[γρ(1+γ5),γ

µ(1−γ5)]

−
u2

4
γρ(1+γ5)γ

µ(1−γ5)γρ(1+γ5)

= γµ(1−γ5)+2u
[

gµ
ρ (1−γ5)−γ

µγρ

]

−u2γργ
µγρ(1+γ5), (41)

when u −→ 0, Γ µ′ −→
(

γµ+2ugµ
ρ

)

(1−γ5)−2uγµγρ and
when u−→∞, Γ µ′−→−u2γργ

µγρ(1+γ5). Then combine
the above equation with the spatial transformation P ′

µ=
e−iaKρPµeiaKρ ≈ [1−iaKρ]Pµ [1+iaKρ] =Pµ+ia[Pµ,Kρ] =
Pµ+2a(gµρD−Mµρ), we have

(Γ µPµ)
′
≈ [(γµ+2ugµ

ρ )(1−γ5)

−2uγµγρ][Pµ+2a(gµρD−Mµρ)]

≈ Γ µPµ+2u[gµ
ρ (1−γ5)−γ

µγρ]Pµ

+2aγµ(1−γ5)(gµρD−Mµρ). (42)

The generator Pµ would have similar effect on the vertex
γµ(1+γ5). In this way we make the vertex γµ(1+γ5) run-
ning. So far we are also curious about all of the vertices
γ5, γ

µ, γµ(1±γ5), γ
µγ5, γ

µγν as well as the ones com-
bined with Aµ like γµAµ. When do these vertices remain
conserved and when do they become running (we assume
that the field Aµ transforming as Pµ and use ϕ to mark
a scalar field)? In what follows we list the table form
to show the relationship of generators (transformations)
and vertices, by which we can recognize whether they are
running or conserved.

The above “conserved” means the results as in
Eq. (38), and ”running” means the result like in Eq. (42),
in which there is no way to arrange the value of a and u
so that the redundant terms are cancelled.

By observing the table, we note γ5 is pseudo-scalar
and relates to chirality, so it is conserved under D and
M transformation, but runs under Pµ and Kµ. Pµ and
Kµ plays the role like acceleration additional to Lorentz
group, so it is reasonable to affect the chirality (more
impressive in the above extreme case). γµ and γµγ5

runs as expected since it corresponds to (pseudo-)vector
vertex, the same with γµAµ and γµγ5Aµ. γµ(1+γ5)
(or γµ(1−γ5)) conserves under Kµ( Pµ) transformation
for its commutation relationship. But only when Aµ

performs as Kµ( Pµ) in all of the commutators, can
γµ(1+γ5)Aµ (or γµ(1−γ5)Aµ) be conserved. Different
from former, γµ(1+γ5)Aµ (orγµ(1−γ5)Aµ) only runs un-
der Pµ( Kµ) transformation. γµγνAµAν is a scalar, hav-
ing something to do with rotation, so it is similar to γ5
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in Table 1.

Table 1. The relationship between generators
(transformations) and vertices.

D Pµ Kµ Mµν

γ5(ϕ) conserved running running conserved

γµ running running running running

γµAµ running running running conserved

γµγ5 running running running running

γµγ5Aµ running running running conserved

γµ(1+γ5) running running conserved running

γµ(1+γ5)Aµ conserved running conserved conserved

γµ(1−γ5) running conserved running running

γµ(1−γ5)Aµ conserved conserved running conserved

γµγν conserved running running running

γµγνAµAν conserved running running conserved

6 Conclusions and discussions

By investigating Cartan’s matrices and the genera-
tors of the conformal group, we recognize that there must
be some relationship between conformal group and Dirac
algebra. We find the correspondence by comparing their
commutators, and γ matrices are isomorphic to the alge-
bra of conformal group. Using this representation from
Cartan’s matrices, we associate transformations (genera-
tors) with physical interaction vertex in quantum fields,
just as linking Lorentz transformation with vector vertex
rooted in Dirac equation. Then we find some of the gen-
erators of conformal group can lead to running of some
kinds of vertex, just as shown in the above table. The
running effect is very similar to the effect in renormal-
ization, and in this paper we have amplified the running
effect in renormalization of perturbative dynamics. We
hope by extending such running effect we can step into
the nonperturbative regime with new physics. As stated
above, the tool we rely on is conformal group. In the
historic research path, there were successive failures to
find a conformal invariance dynamics. However this dis-
advantage of conformal group becomes an advantage for
our physical objective. The conformal group may just ex-
ist for running (evolution with scales), but not for invari-
ance. With the differential operator formed by these con-
formal group generators, we may construct equations like
RGE to push some of our results from the perturbative
regime to the nonperturbative regime, where the strong
interaction or intermediate strong interaction works.

We know that from conformal field theory, the opera-
tor Kµ comes from inversion-translation-inversion trans-
form [2, 24], as

x′
µ=

xµ

x2
, x′′

µ=x′
µ+cµ, x̄µ=

x′′
µ

(x′′
µ)2

, (43)

it follows that

x̄µ=
xµ+cµx

2

1+2c·x+c2x2
, (44)

which leads directly to

x̄µx̄
µ=x2/λ(x), (45)

here λ(x) = 1 + 2c · x+ c2x2. It is clear that the
infinitesimal transformation from xµ to x̄µ is Kµ =

−i

(

x2
∂

∂xµ
−2xµx

ν ∂
∂xν

)

[24]. We do not need to get in-

volved in the concrete transformation form, just by com-
paring Eqs. (43, 44, 45), especially Eq. (45), we can note
that Kµ includes the part of dilatation transform as the
effect of generator D. So by comparing with the renor-

malization group equation Eq. (1), i.e. µ
dΛR

dµ
+γFΛR=0

(γF is the anomalous dimension), we may surmise a new
evolving equation which may lead us to a nonperturba-
tive region,

(6K−mγ̃F)Λ̃R

= 0, (γ̃F is a kind of anomalous dimension), (46)

where 6K = γµKµ (γµ is the Dirac matrices of common
sense), the differential operators in Kµ become momen-
tum dependent rather than coordinate dependent to be

compatible with operator µ
d

dµ
in RGM equation, like

Kµ∼
1
2
pνp

ν
∂

∂pµ
−pµpν

∂
∂pν

. The m just represents a mass

dimension, temporally we may regard it as a fermion
mass, and we should compute the γ̃F in a conventional
manner, but with a different differential manner as

γ̃F∼

(

1

2
pνp

ν ∂
∂pµ

−pµpν

∂
∂pν

)

lnZF,

not like

γF∼µ
d

dµ
lnZF ,

where ZF is the renormalization constant relating to
quantity Λ̃R. This generalization differs from the con-
ventional ones [25–28] in that the conventional ones em-
phasize too much the curvature of deformed space-time
metric. This bold assumption may be reasonable since
the non-Abelian strong interaction has been verified to
become asymptotically free while energy increases. At
the high energy limit it happens that the above equation
can reduce back to a normal RGE since

γµKµ ∼ γµ

(

1

2
pνp

ν ∂
∂pµ

−pµpν

∂
∂pν

)

p2→∞
∼

(

1

2
p2γµ ∂

∂pµ
−6ppν

∂
∂pν

)

→
1

2
m2 6∂−mpν

∂
∂pν

→−mµ
∂

∂µ
, (47)
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where 6∂ = γµ
∂

∂pµ
and the on-shell boundary condition

6p = p = m is applied, which may be proportional to
renormalization point [14]. At ultra-high energy limit
the mass constant m is viewed as a one order infinitesi-
mal constant. Thus Eq. (46) can reduce to the familiar

one µ
dΛR

dµ
+γFΛR=0. We attempt to use the Eq. (46) to

describe the opposite direction from asymptotic regime
to nonperturbative regime. The next step on numerical
details is in progress.

References

1 Budini P. Czechoslovak Journal of Physics B, 1979, 29: 6
2 LIU Yu-Fen, MA Zhong-Qi, HOU Bo-Yuan. Commun. Theor.

Phys., 1999, 31: 481
3 Bateman H. Proc. London Math. Soc., 1910, 8: 223
4 Cunningham E. Proc. London Math. Soc., 1910, 8: 77
5 Polchinski J. Nucl. Phys. B, 1988, 303: 226
6 Nakayama Y. arXiv:1302.0884 [hep-th]
7 Gross D J, Wess J. Phys. Rev. D, 1970, 2: 753
8 Kastrup H A. Annalen der Physik, 2008,17: 631;

arXiv:0808.2730 [physics.hist-ph]
9 Dirac P A M. Annals of Mathematics, 1935, 37: 429
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