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Optimization parameter design of a circular e+e− Higgs factory *
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Abstract: In this paper we will show a general method of how to make an optimized parameter design of a circular

e+e− Higgs factory by using analytical expression of maximum beam-beam parameter and beamstrahlung beam

lifetime starting from a given design goal and technical limitations. A parameter space has been explored. Based

on beam parameters scan and RF parameters scan, a set of optimized parameter designs for 50 km Circular Higgs

Factory (CHF) with different RF frequency was proposed.
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1 Introduction

With the discovery of a Higgs boson on the Large
Hadron Collider (LHC) at the energy of about 125 GeV
[1, 2], the world high-energy physics community is inves-
tigating the feasibility of a Higgs factory, a complement
to the LHC for studying the Higgs. The low Higgs mass
makes a circular Higgs factory possible. Compared with
the linear collider, the circular collier as a Higgs fac-
tory has mature technology and rich experience. Also,
a circular Higgs factory has potentially a higher lumi-
nosity to cost ratio than a linear one at 240 GeV [3].
So, much attention is given to the design of a circular
Higgs Factory and several proposals have recently been
put forward [4–8]. In order to find the optimized ma-
chine parameter design starting from the required lu-
minosity goal, beam energy, physical constraints at IP
and some technical limitations, we study a general an-
alytical method for the parameter choice based on the
maximum beam-beam tune shift, beamstrahlung-driven
lifetime and beamstrahlung energy spread.

2 Beam-beam parameter limit coming

from beam emittance blow-up

In e+e− storage ring colliders, due to strong quantum
excitation and synchrotron damping effects, the parti-
cles are confined inside a bunch. The position for each
particle is random and the state of the particles can be
regarded as a gas, where the positions of the particles fol-

low statistic laws. Apparently, the synchrotron radiation
is the main source of heating. Besides, when two bunches
undergo collision at an interaction point (IP), every par-
ticle in each bunch will feel the deflected electromagnetic
field of the opposite bunch and the particles will suffer
from additional heating. With the increase of the bunch
particle population Ne, this kind of heating effect will get
stronger and the beam emittance will increase. There is
a limit condition beyond which the beam emittance will
blow up. This emittance blow-up mechanism introduces
a limit for beam-beam tune shift [9]

ξy6
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τyγNIP

, (1)

where NIP is the number of interaction points (when
there are NIP interaction points, the independent heating
effects have to be added in a statistical way), τy is the
transverse damping time and T0 is the revolution time.

3 Beam lifetime limit and energy spread

limit due to beamstrahlung

When two head-on colliding electron and positron
beams penetrate each other, every particle in each beam
will feel the electromagnetic field of the other beam and
will be defected. This deflection process has some un-
desirable effects. Firstly, the deflected particle will lose
part of its energy due to the synchrotron radiation, called
beamstrahlung, which will increase the energy spread of
the colliding beams, and hence increase the uncertainty
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of the physical experiments. If the beamstrahung is so
strong that particles’ energy after collision is beyond the
ring’s energy acceptance, they may leave the beam and
strike the vacuum chamber’s walls, and hence beam life-
time is decreased. Secondly, the deflected particles will
emit photons, hadrons, etc., which will increase the noise
background level in the detector. Additionally, after the
collision particles will change their flying direction with
respect to the axis by a certain angle. If this angle is
large enough, after the collision the particles will inter-
fere with the detection of small-angle events.

In order to control the extra energy spread by beam-
strahlung to a certain degree, we introduce a constraint
in this paper as

δBS6
1

3
δ0, (2)

where δ0 is the nature energy spread and δBS is the extra
energy spread due to beamstrahlung.

V. I. Telnov [10] pointed out that at energy-frontier
e+e− storage ring colliders, beamstrahlung determines
the beam lifetime through the emission of single pho-
tons in the tail of the beamstrahlung spectra. Unlike the
linear collider case, the long tails of the beamstrahlung
energy loss spectrum are not a problem because beams
are used only once. If we want to achieve a reasonable
beamstrahlung-driven beam lifetime of at least 30 min,
we need to confine the relation of the bunch population
and the beam size as follows [7, 11]

Ne

σxσz

60.1η
α

3γr2
e

, (3)

where Ne is the particle number per bunch, σx and σz

are the horizontal and longitudinal beam size at IP, re

is the electron classical radius (2.818×10−15 m), η is the
energy acceptance of the ring and α is the fine structure
constant (1/137).

4 Beam parameters calculation

The luminosity of the circular collider is expressed by

L[cm−2s−1]=2.17×1034(1+r)ξy

eE0(GeV)NbNe

T0(s)β∗

y(cm)
Fh, (4)

where r=σy/σx is the aspect ratio of the bunch at IP, T0

is the revolution period, β∗

y is the beta function value at
the interaction point, ξy is the vertical beam-beam tune
shift and Fh is the luminosity reduction factor due to the
hourglass effect which is expressed as follows
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, (5)

where K0 is the zero order modified Bessel function of
the second kind.

From Eqs. (1) and (4) one finds a limit for the lumi-

nosity

L0 [cm
−2s−1] = 0.7×1034(1+r)

1

β∗

y [cm]

×

√

E0 [GeV]Ib [mA]P0 [MW]

γNIP

, (6)

Lmax=L0Fh. (7)

In our method, the goal peak luminosity L0, the en-
ergy of the ring E0, the bending radius of the main dipole
magnets ρ, the synchrotron radiation power P0 (machine
technical constraint), the aspect ratio r and the IP num-
ber NIP are the known quantity. From these input pa-
rameters one gets first

U0=88.5×103E4
0 (GeV)

ρ(m)
, (8)

Ib=
eP0

U0

, (9)

δ0=γ

√

Cq

Jερ
, (10)

where U0 is the energy loss per revolution due to syn-
chrotron radiation, Ib is the average beam current,
Cq=3.832×10−13 m is a constant and Jε is the longitu-
dinal damping partition number (in general case, Jε=2).

Then the vertical beta function at IP can be obtained
according to Eq. (6)

β∗
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0.7×1034(1+r)
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γNIP

. (11)

The maximum beam-beam tune shift is [9]

ξy=
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. (12)

Recalling the original definition of the beam-beam tune
shift, for the flat beam, it can be expressed by

ξy=
Nereβ

∗

y

2πγσxσy

, (13)

where σx and σy are the bunch transverse dimensions
after the plasma pinch effect (two colliding bunches are
fully overlapped).

From Eq. (13), one finds

Ne

σxσy

=
2πγ

reβ∗

y

ξy. (14)

Combining Eq. (3) with Eq. (14), one has
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From the constraint of beamstrahlung energy spread in
Eq. (2), one finds

N 2
e

σxσyσz

=
δ0

2.6r3
eγr

. (16)

So, according to Eq. (15) and (16), we get

σx=
5.77δ0β

∗

y

πηαξyγr
. (17)

With certain given coupling factor κε (0.005 for ex-
ample) and the aspect ratio r, one can get the vertical
beam size and horizontal emittance:

σy=rσx, (18)
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y
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From Eq. (13) one gets

Ne=
2πγξy

reβ∗

y

σxσy. (22)

Also from Eq. (3) one gets

σz=
3γr2

eNe

0.1ηασx

. (23)

Finally, in order to calculate the total bunch number,
we have to refer the expression for the average current

Ib=
eNeNb

T0

(

T0=
C0

c

)

, (24)

where T0 is the revolution time which is decided by the
circumference of the ring C0.

Then, having the bunch population Eq. (22), it’s easy
to get the bunch number

Nb=
IbT0

eNe

. (25)

As a summary, we obtain a set of machine parameters
with luminosity goal L0, beam energy E0, ring circumfer-
ence C0, IP numbers NIP, bending radius ρ, synchrotron
radiation power P0, aspect ratio r, coupling factor κε and
energy acceptance η as input.
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, (39)

L=L0Fh. (40)

5 Optimized design for a 50 km Higgs

factory

5.1 Parameter scan

Using the method above, we scan the goal luminos-
ity (L0) with different bending radius ρ, IP number NIP

and energy acceptance η. (All the input parameters in-
cluding the peak luminosity and the technical limitation
are listed in Table 1.) We get some meaningful results
which are shown from Fig. 1 to Fig. 8. Fig. 1 shows that
larger luminosity needs smaller vertical IP beta function,
and larger bending radius and less interaction point can
lose the IP beta, while the energy acceptance will not
affect IP vertical beta function. Fig. 2 shows smaller
bending radius and fewer interaction points give larger
vertical beam-beam tune shift, while the parameter ξy

has no relation with peak luminosity and energy accep-
tance. Fig. 3 shows that larger luminosity needs smaller
bunch population and larger energy acceptance will de-
crease the bunch population, while the interaction num-
ber and bending radius will not affect the bunch pop-
ulation. Fig. 4 tells us that we need a greater bunch
number to get higher luminosity, and also smaller bend-
ing radius and smaller energy acceptance can reduce
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the total bunch number. Meanwhile the bunch num-
ber has no relation with the IP number. For the single
ring collider, bunch number should not be too large due
to the parasitic beam-beam effect. Fig. 5 shows that
higher luminosity indicates smaller horizontal emittance
(a few nanometer) which suggests a difficulty in design-
ing the low emittance lattice with much higher energy of
120 GeV (same conclusion as [7]). Also we see that larger
bending radius, more IP and smaller energy acceptance
will relax the limit for emittance. Fig. 6 tells us that the
bunch length has no relation with the peak luminosity
and IP number, while smaller bending radius and smaller
energy acceptance can help to increase the bunch length.
Finally, Fig. 7 and Fig. 8 show fewer interaction points,
larger bending radius and larger energy acceptance pro-
duce larger hourglass factor and hence larger luminosity.
So if we want to increase the luminosity we have to in-
crease the bending radius and energy acceptance while
reducing the IP number.

Fig. 1. Vertical beta at IP as the function of peak
luminosity.

Fig. 2. Vertical beam-beam tune shift as the func-
tion of peak luminosity.

Fig. 3. Bunch population as the function of peak
luminosity.

Fig. 4. Bunch number as the function of peak luminosity.

Fig. 5. Horizontal emittance as the function of
peak luminosity.
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Table 1. Input parameters for machine design.

energy circumference goal luminosity IP number SR power/ bending aspect coupling energy

E0/GeV C0/km L0/(cm−2s−1) NIP beam P0/MW radius ρ/km ratio r κε acceptance η (%)

120 50 1–6×1034 1–2 50 5–6.2 200 0.005 5–12

Fig. 6. Bunch length as the function of peak luminosity.

Fig. 7. Hourglass factor as the function of peak luminosity.

Generally speaking, we should decrease IP number,
and increase bending radius and energy acceptance in or-
der to achieve higher luminosity. Obviously NIP=1 is the
minimum value for IP number. Assuming the maximum
fill factor of the dipoles is 80%, 6.2 km bending radius
will be a limit for the 50 km ring. Then what we need
to consider is how large the energy acceptance can

Fig. 8. Real luminosity as the function of peak luminosity.

reach and which parameter constrains the enlargement
of energy acceptance.

5.2 Constraints from RF system

As long as a set of beam parameters is determined, we
need to check the RF system to see if the bunch length
and energy acceptance can be achieved.

Firstly, considering the synchrotron radiation energy
loss have to be compensated by the RF cavities, one finds

U0=eVrf sinφs, (41)

where Vrf is the total voltage for the RF cavities and φs is
the synchrotron phase. According to Eq. (41), one gets

φs=π−arcsin

(

U0

eVrf

)

. (42)

The nature bunch length is expressed by

σz=

√

−
2πE0αp

frfT0eVrf cosφs

R̄δ0, (43)

where αp is the momentum compaction factor, frf is the
RF frequency and R̄ is the average radius of the ring.
Then, the expression for the energy acceptance is

η=

√

2U0

παpfrfT0E0

(

√

q2−1−arccos

(

1

q

))

, (44)

where q=
eVrf

U0

. Combining the Eqs. (43) and (44), we can

get the RF frequency frf and the momentum compaction
αp for given RF voltage Vrf and energy acceptance η.

In order to see how large an energy acceptance we can
get, we make a scan of energy acceptance with different
RF voltage (the bending radius is fixed to be ρ=6.2 km).
The results are shown in Fig. 9 and Fig. 10.
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From Fig. 9, one finds that larger energy acceptance
needs higher RF frequency and lower RF voltage indi-
cates lower RF frequency for the fixed energy acceptance.
Fig. 9 shows a linear dependence of the RF frequency to
the energy acceptance. If one wants to choose 350 MHz
RF frequency like LEP2 the corresponding energy accep-
tance is about 3%, and if one prefers 1.3 GHz RF tech-
nology the energy acceptance will be about 8%. In other
words, the maximum luminosity which we can obtain
is closely related with the RF technology (frequency).
From the beam dynamics point of view, lower RF fre-
quency is a better choice because the cavities with lower
frequency have larger aperture and hence lower impen-
dence which is favorable for the collective instabilities.
Also considering there are still technical difficulties to
directly use ILC 1.3 GHz SC technology on storage rings
[12], it’s better to choose the frequency lower than 1 GHz
(700 MHz for example).

From Fig. 10, we can see that the requirement of en-
larging energy acceptance is translated to design a low
momentum compaction lattice and also larger RF volt-

age will relax this tolerance and lose the difficulties of
lattice design. So we need to make a reasonable choice

Fig. 9. RF frequency as the function of energy acceptance.

Table 2. Optimized parameters of circular Higgs factory (CHF) with different RF technology.

350 MHz (LEP2-like) 700 MHz 1.3 GHz (LEP3-like)

technology technology technology

number of IPs 1 1 2 1

energy/GeV 120 120 120 120

circumference/km 50 50 50 50

SR loss/turn/GeV 2.96 2.96 2.96 2.96

Ne/bunch (1012) 1.61 0.79 1.12 0.33

bunch number 11 22 16 53

beam current/mA 16.9 16.9 16.9 16.9

SR power /beam/MW 50 50 50 50

B0/T 0.065 0.065 0.065 0.065

bending radius/km 6.2 6.2 6.2 6.2

momentum compaction (10−4) 0.43 0.38 0.38 0.21

βIP x/y/m 0.2/0.001 0.2/0.001 0.2/0.001 0.2/0.001

emittance x/y/nm 29.7/0.15 14.6/0.073 29.1/0.15 6.1/0.03

transverse σIP/µm 77/0.38 54/0.27 76/0.38 35/0.17

ξx/IP 0.103 0.103 0.073 0.103

ξy/IP 0.103 0.103 0.073 0.103

VRF/GV 4.1 6 6 9.3

fRF/MHz 350 704 704 1304

σz/mm 4.6 2.2 2.2 0.95

energy spread (%) 0.13 0.13 0.13 0.13

energy acceptance (%) 3.5 5 5 7.7

γBS(10−4) 9.7 13.8 13.8 21.3

nγ 0.86 0.6 0.6 0.39

δBS (10−4) 4.3 4.3 4.3 4.3

lifetime due to beamstrahlung/min 30 30 30 30

F (hourglass) 0.49 0.68 0.68 0.87

Lmax/IP (1034cm−2s−1) 2.2 3.1 2.2 4.0
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Fig. 10. Momentum compaction factor as the func-
tion of energy acceptance.

for the total RF voltage while balancing the constraints
from the RF frequency and momentum compaction.

5.3 Optimized machine parameters

Combining the discussions in 5.1 and 5.2, we get a set
of new designs for the 50 km circular Higgs factory with
three typical RF frequencies corresponding to different
RF technology (Table 2). For these designs, we choose
ρ=6.2 km to get the maximum luminosity and each time
the peak luminosity L0 is raised to a highest value until

the minimum βy (confine βy at IP to not be smaller than
1 mm) is reached.

6 Conclusion

In this paper, a general method of how to make an
optimized machine parameter design of a circular e+e−

Higgs factory by using analytical expression of maxi-
mum beam-beam tune shift and beamstrahlung beam
lifetime starting from given luminosity goal, beam en-
ergy and technical limitations was developed. By using
this method, one reveals the relations of machine pa-
rameters with goal luminosity clearly and hence gives an
optimized design in an efficient way. Also, we point out
that the highest luminosity which we can get is closely
related with the RF technology (frequency) and higher
luminosity favors higher RF frequency. So the maximum
luminosity that is realizable is subject to the detailed RF
technology. Finally a series of optimized designs with
different RF frequency for 50 km circular Higgs factory
was proposed based on beam parameters scan and RF
parameters scan. Up to now, the luminosity we got is
the highest one among the existing designs.
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