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Dynamical CP violation at finite temperature
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Abstract: By using the generalized Yang-Mills model, CP violation behavior at finite temperature is inves-

tigated, and it is shown that dynamical CP violation of the generalized Yang-Mills model at zero temperature

can be restored at finite temperature.
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1 Introduction

After the violation of parity symmetry proposed

by Lee and Yang [1] was confirmed, it was argued

that the elementary electric dipole moments would

vanish due to the combined charge conjugation and

parity symmetry, i.e., CP symmetry (or time rever-

sal symmetry). However, it was then pointed out by

Ramsey [2] and Jackson [3] that T invariance was

also an assumption and needed to be checked exper-

imentally. Since then the search for CP violation

has been vigorously pursued. The CP violation was

eventually discovered in the K0 decays system by Val

Fitch, James Cronin, and collaborators [4] in 1964.

Shortly afterwards, in 1967, it was pointed out by

Andre Sakharov that CP violation plays an impor-

tant role in generating the baryon asymmetry in the

Universe.

CP violation has two aspects in gauge theories.

One is the standard CKM model [5, 6]. The other is

the strong CP violation. The first one is a theoreti-

cal problem that must be solved in any realistic model

of weak CP violation. The second one is the source

of CP violation which arises in the strong interac-

tion sector of the theory from the term θ(αs/8π)GG̃,

which is of topological origin. So far, it is well known

that the CKM model does not provide a solution to

the strong CP violation. And CP violation in the

CKM model is not sufficient to generate the desired

amount of baryon asymmetry in cosmology. In ad-

dition to these, there are other avenues which may

reveal the existence of a new source of CP violation

that exists in the Standard Model. In the past few

decades a significant body of work on CP violation

beyond the standard CKM model has appeared. It

encompasses left-right symmetric models [7], sponta-

neous CP violation models [8–11], Timeon model [12]

and so on.

In Ref. [13], the authors have constructed a max-

imally generalized Yang-Mills model (MGYMM). By

considering the combination of the MGYMM and the

NJL mechanism [14], we have proposed a new mech-

anism of CP violation in Ref. [15]. Further, in the

present paper, for a purely theoretical consideration,

we investigate the behavior of our previous CP viola-

tion model at finite temperature which will be neces-

sary to explain the desired baryon asymmetry in the

Universe. We show that dynamical CP violation at

zero temperature can be restored at finite tempera-

ture.

2 Dynamical CP violation of the gen-

eralized Yang-Mills model

In this section, we will review dynamical CP vio-

lation of the generalized Yang-Mills model which we

proposed in Ref. [15]. In the usual Yang-Mills the-

ory gauge invariance is assured through the demand

that vector gauge transform as γµVµ →U(γµVµ)U−1−
(γµ ∂µ U)U−1. In Ref. [13], the authors have again

studied the Yang-Mills theory and constructed a max-
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imally generalized Yang-Mills model in which an

axial-vector field Aµ, a scalar field S, a pseudoscalar

field P and a tensor field Tµν are considered to also

be acceptable as gauge fields. The main idea of the

MGYMM is as follows. Considering a Lagrangian is

invariant under a Lie group with N generators; cor-

responding to each generator of the Lie group there

is one gauge field, and it does not matter whether

they are vector fields or other fields. One can choose

the first NV to be associated with an equal number of

vector gauge fields and the last N ′ to be associated

with an equal number of the other fields. Naturally

NV +N ′ = N . By taking each of the generators and

multiplying it by one of its associated gauge fields

and summing them together, the authors construct a

maximally generalized Dirac covariant derivative D

as

D = γµ ∂µ−iγµVµ +Φ, (1)

with Φ = S + iγ5P − iγµAµγ5 + σµνTµν being the

generic gauge field in which S = gScT c is a scalar

field, P = gP bT b a pseudoscalar field, Vµ = gV a
µ T a

a vector field, Aµ = gAd
µT d an axial-vector field and

Tµν = gT e
µνT

e a tensor field, the superscript a varies

from 1 to NV, b varies from NV + 1 to NV + NP, c

varies from NV + NP + 1 to NV + NP + NS, d varies

from NV+NP+NS+1 to NV+NP+NS+NA and the

superscript e varies from NV +NP +NS +NA +1 to

NV+NP+NS+NA+NT. By defining the transforma-

tion for the gauge fields as

−iγµVµ+Φ→U(−iγµVµ+Φ)U−1−(γµ ∂µ U)U−1,

(2)

one can obtain that D → UDU−1. Then the au-

thors build up the Lagrangian which contains only

the matter fields and covariant derivatives, and pos-

sesses both the Lorentz and gauge invariance

L =−Ψ̄DΨ +
1

2g2
T̃r

(

1

8
(TrD2)2− 1

2
TrD4

)

, (3)

where the trace with the tilde is over the gauge (or

the Lie group) matrices and the one without the tilde

is over matrices of the spinorial representation of the

Lorentz group. The expansion of Eq. (3) reads

L = −Ψ̄DΨ − 1

2g2
T̃r(∂µ Vν −∂ν Vµ− i[Vµ,Vν ])2

− 1

4g2
T̃r [Tr(γµ ∂µ Φ− i{γµVµ,Φ})2] . (4)

As in the usual Yang-Mills theories, when D acts on

the matter field Ψ , its gauge fields are going to be

multiplied by constants (the charges) QV, QS, QP,

QA and QT with the result DΨ = (γµ ∂µ−iQVγµVµ +

QSS+iQPγ5P −iQAγµAµγ5+QTσµνTµν)Ψ . From the

Standard Model one can conclude that QV = 1.

In Ref. [15], by using the above MGYMM with

Φ = S+iγ5P , we have investigated dynamical CP vio-

lation. Taking Φ = S+iγ5P in the covariant derivative

Eq. (1), then Eq. (4) changes to be

L = −Ψ̄γµ(∂µ−iVµ)Ψ − Ψ̄(QSS +iQPγ5P )Ψ

− 1

2g2
T̃r(∂µ Vν −∂ν Vµ− i[Vµ,Vν ])2

− 1

4g2
T̃r

{

Tr[γµ ∂µ(S +iγ5P )

−i{γµVµ,(S +iγ5P )}]2
}

. (5)

This Lagrangian is invariant under CP and T trans-

formations. For convenience, we neglect the inter-

action terms between the scalar field and the pseu-

doscalar field. Then the Lagrangian density (5) be-

comes

L = −Ψ̄γµ(∂µ−iVµ)Ψ − Ψ̄(QSS +iQPγ5P )Ψ

− 1

2g2
T̃r(∂µ Vν −∂ν Vµ− i[Vµ,Vν ])2

− 1

g2
T̃r [(∂µ S− i{Vµ,S})2 +(∂µ P − i[Vµ,P ])2] .

(6)

Looking at Eq. (6), we can find that this model does

not include the Higgs potential term V as usual. De-

spite this, by using the NJL mechanism the symmetry

breaking of this model can be realized dynamically.

By substituting the Lagrangian density (6) into

the Euler equation, we obtain the equation of motion

as

γµ(∂µ−igV a
µ T a)Ψ+(GSS

cT c+iGPγ5P
bT b)Ψ = 0, (7)

(∂2

µ−g2dSV
a

µ V a
µ )Sc−GSΨ̄T cΨ = 0, (8)

(∂2

µ−g2fPV a
µ V a

µ )P b− iGPΨ̄γ5T
bΨ = 0, (9)

(∂µ F a
µν +gfabcV b

µ F c
µν)+[g2dS(S

c)2

+g2fP(P b)2]V a
ν − igΨ̄γνT

aΨ = 0, (10)

in which GS = gQS, GP = gQP, F a
µν = ∂µ V a

ν −∂ν V a
µ +

gfabcV b
µ V c

ν , dS = dabcdabc and fP = fabcfabc (in dS

and fP, where a varies from 1 to NV, b varies from

NV+1 to NV +NP, and c varies from NV +NP+1 to

NV +NP +NS). Multiplying the left- and right-hand

side of Eq. (10) by V a
ν , and then taking the vacuum

expectation value of it, to the lowest-order approxi-

mation in ~, we have [16–18]

fV〈V a
µ V a

µ 〉= dS〈(Sc)2〉+fP〈(P b)2〉, (11)
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with fV = fabcfabc (a, b, c vary from 1 to NV). Here

one can choose the scalar bosons Sc1 and P b1 to be as-

sociated with the unit generator T c1 = T b1 = 1/
√

2Nd

times the Nd ×Nd unit matrix (Nd: the dimensions

of the fundamental representation), and if there is no

unit generator in the Lie group one can introduce a

unit one to it. We denote the vacuum expectation of

the scalar bosons as

〈Sc〉= 〈Sc1〉 6= 0, 〈P b〉= 〈P b1〉 6= 0. (12)

Looking at the Lagrangian (6), we can conclude that

the nonzero expectation value of the pseudoscalar

field P b implies CP violation.

In order to exhibit more clearly the CP -violating

character of the model, we may perform a unitary

transformation under which P b is unchanged, but

Ψ → e−i 1
2

γ5αΨ . Hence, in Eq. (7), by choosing

tanα =
GP〈P b〉T b

GS〈Sc〉T c
, (13)

we have

Ψ̄(GS〈Sc〉T c +iGPγ5〈P b〉T b)Ψ → Ψ̄MΨΨ, (14)

in which the fermion mass

MΨ =

[

1

2Nd

(Gs〈Sc1〉)2 +
1

2Nd

(GP〈P b1〉)2
] 1

2

. (15)

Then after taking the vacuum expectation values of

Eq. (8) and Eq. (9) to the lowest-order approximation

in ~, we obtain the self-consistency equations as

M 2
S〈Sc1〉 = −GS

√

1

2Nd

〈Ψ̄Ψ〉= iGS

√

1

2Nd

TrSF(0),

(16)

M 2
P〈P b1〉 = −iGP

√

1

2Nd

〈Ψ̄γ5Ψ〉

= −GP

√

1

2Nd

Tr[γ5SF(0)], (17)

in which M 2
S = g2dS〈V a

µ V a
µ 〉, M 2

P = g2fP〈V a
µ V a

µ 〉.
Comparing Eq. (16) with Eq. (17), we have

〈Sc1〉=− ifPGSTrSF(0)

dSGPTr[γ5SF(0)]
〈P b1〉=− fPGS

dSGP tanα
〈P b1〉.
(18)

By substituting Eq. (18) into Eq. (15), we have

MΨ = η〈P b1〉, (19)

with

η =
1

dSGP tanα

√

f 2
PG4

S +d2
SG

4
P tan2 α

2Nd

.

By substituting Eq. (11) and Eq. (18) into Eq. (17),

we can rewrite the self-consistency equation as

(g2f 3
PG2

S +g2dSf
2
PG2

P tan2 α)〈P b1 〉3

= −fVdSG
3
P tan2 α

√

1

2Nd

Tr[γ5SF(0)]

= −fVdSG
3
P tan2 α

√

1

2Nd

Tr

∫
d4p

(2π)4
γ5

−iγµpµ−(GS〈Sc1〉T c1 +iGPγ5〈P b1〉T b1)

= −fVdSG
3
P tan2 α

√

1

2Nd

Tr

∫
d4p

(2π)4
γ5[iγµpµ−(GS〈Sc1〉T c1 +iGPγ5〈P b1〉T b1)]

p2 +M 2
Ψ

= −2〈P b1〉
Nd

fVdSG
4
P tan2 α

∫
d4p

(2π)4
i

p2 +M 2
Ψ

. (20)

From Eq. (18), Eq. (19) and Eq. (20) we can finally

obtain that the non-vanishing vacuum expectation

values of the scalar field S and the pseudoscalar field

P are completely determined by the self-energy of the

fermions. Note that Eq. (20) and Eq. (18) determine

the magnitude and the direction of the vacuum state

C0 = (〈Sc〉, 〈P b〉). Evidently, the CP and T sym-

metry is broken dynamically, but the product CPT

symmetry remains intact. The amplitude of the CP

violation [19] is

A− =
G2

P sinαcosα

2Nd(k2 +M 2
P)

, (21)

where k denotes the 4-momentum transfer. From

Eq. (21) we see that the CP violation amplitude A−

depends on the vacuum expectation value 〈P b1〉 and

we can also see that the CP and T symmetry can be

restored when 〈P b1〉→ 0.

3 CP violation at finite temperature

In this section we will investigate the behavior

of CP violation when we take temperature into ac-

count. Let us now assume that the system is at

finite temperature T = 1/b. In this case we can
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use Matsubara formalism which consists of taking

p0 = (2n+1)π/b (n integer for fermions) and chang-

ing (1/2π)

∫
dp0 →

i

β

∞
∑

n=−∞

[20]. At the same time we

also change the system from Minkowski space to Eu-

clidean space. Then the self-consistency Eq. (20) at

finite temperature can be written as

[g2f 3
PG2

S +g2dSf
2
PG2

P tan2 α(β)]〈P b1 (β)〉2

=
2fVdSG

4
P tan2 α(β)

Nd

1

β

∞
∑

n=−∞

∫
d3⇀

p

(2π)3
1

⇀

p
2
+(2n+1)2π2/β2 +M 2

Ψ (β)

=
fVdSG

4
P tan2 α(β)

4Ndπ
3

1

β

∞
∑

n=−∞

∫
d3⇀

p

(2n+1)2π2/β2 +
⇀

p
2
+η2〈P b1(β)〉2

. (22)

We first calculate the summation in Eq. (22):

∞
∑

n=−∞

1

(2n+1)2π2/β2 +
⇀

p
2
+η2〈P b1(β)〉2

=
β2

π
2

∞
∑

n=−∞

1

(2n+1)2 +a2
, (23)

with a2 =
β2

π
2

(

⇀

p
2
+η2〈P b1(β)〉2

)

. The summation in Eq. (23) can be simplified to

∞
∑

n=−∞

1

(2n+1)2 +a2
=

∞
∑

n=0

2

(2n+1)2 +a2
= 2

∞
∑

n=1

1

n2 +a2
− 1

2

∞
∑

n=1

1

n2 +(a/2)
2 . (24)

By using
∞

∑

n=1

1

n2 +a2
=

π

2a
cothπa− 1

2a2
, (25)

and

cothπa =
1

2
[tanh(πa/2)+coth(πa/2)], (26)

one gets
∞

∑

n=−∞

1

(2n+1)2 +a2
=

π

2a
tanh(πa/2) =

π

2a

[

1− 2

exp(πa)+1

]

. (27)

Thus, the self-consistency equation at finite temperature, Eq.(22), can be reduced to

[g2f 3
PG2

S +g2dSf
2
PG2

P tan2 α(β)]〈P b1 (β)〉2

=
fVdSG

4
P tan2 α(β)

4Ndπ
3

1

β

∞
∑

n=−∞

∫
d3⇀

p

(2n+1)2π2/β2 +
⇀

p
2
+η2〈P b1(β)〉2

=
fVdSG

4
P

8Ndπ
3

∫
d3⇀

p









tan2 α(β)
(

⇀

p
2
+η2〈P b1(β)〉2

)1/2
− 2tan2 α(β)

(

⇀

p
2
+η2〈P b1(β)〉2

)1/2
{

exp

[

β
(

⇀

p
2
+η2〈P b1(β)〉2

)1/2
]

+1

}









=
fVdSG

4
P tan2 α(β)

8Ndπ
3

(A−B), (28)

with

A =

∫
∞

0

4π

∣

∣

∣

⇀

p
∣

∣

∣

2

d
∣

∣

∣

⇀

p
∣

∣

∣

(

⇀

p
2
+η2〈P b1(β)〉2

)1/2
, (29)

B =

∫
∞

0

8π

∣

∣

∣

⇀

p
∣

∣

∣

2

d
∣

∣

∣

⇀

p
∣

∣

∣

(

⇀

p
2
+η2〈P b1(β)〉2

)1/2
{

exp

[

β
(

⇀

p
2
+η2〈P b1(β)〉2

)1/2
]

+1

} . (30)
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The integration in A is divergent. Introducing an

invariant momentum cut-off Λ2one can make the in-

tegration finite. The result is

A=2π

[

Λ2−η2(β)〈P b1(β)〉2 ln

(

Λ2

η2(β)〈P b1 (β)〉2 +1

)]

.

(31)

Here we are interested in the CP symmetry behavior

at finite temperature and wish to find the critical tem-

perature TC at which the vacuum expectation value

〈P b1(βC)〉 tends to zero. So the integration in B can

be calculated in the approximation 〈P b1(βC)〉= 0 as

B =

∫
∞

0

8π

∣

∣

∣

⇀

p
∣

∣

∣d
∣

∣

∣

⇀

p
∣

∣

∣

expβ
∣

∣

∣

⇀

p
∣

∣

∣+1
=

2π
3

3β2
. (32)

In the approximation 〈P b1(βC)〉= 0, A changes to be

A = 2πΛ2. (33)

By substituting Eq. (32) and Eq. (33) into Eq. (28),

we have

Tc =
1

bc

=

√
3L

p
. (34)

Thus, we have obtained the critical temperature Tc at

which the vacuum expectation value 〈P b1(βC)〉 tends

to zero, which means that the dynamical breaking of

the CP and T symmetry at zero temperature can be

restored at finite temperature. This result is the same

as those of Ref. [17] and Refs. [21–23], which shows

us that the critical temperature of the phase trans-

formation in dynamical symmetry breaking model is

only related to the momentum cut-off Λ.

We wish to thank Professor SONG He-Shan for

useful discussions.
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