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Nucleon/nuclei polarized structure function, using

Jacobi polynomials expansion
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Abstract We use the constituent quark model to extract polarized parton distributions and finally polarized

nucleon structure function. Due to limited experimental data which do not cover whole (x,Q2) plane and

to increase the reliability of the fitting, we employ the Jacobi orthogonal polynomials expansion. It will be

possible to extract the polarized structure functions for Helium, using the convolution of the nucleon polarized

structure functions with the light cone moment distribution. The results are in good agreement with available

experimental data and some theoretical models.
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1 Introduction

The nature of the short-distance structure of po-

larized nucleons is one of the central questions of

present day hadron physics. For more than sixteen

years, polarized inclusive deep inelastic scattering has

been the main source of information on how the in-

dividual partons in the nucleon are polarized at very

short distances. Following that in recent years un-

polarized and polarized nuclear structure functions

have been discussed from theoretical and experimen-

tal viewpoints [1, 2]. The important issue in this sub-

ject is the different behavior of parton densities in

free nucleons and bound nucleons, i.e. nuclei. Here

the nuclear effects play an essential rule in calculat-

ing parton distribution functions in the nuclei [3]. To

obtain the unpolarized and polarized nuclear struc-

ture functions from nucleon ones, we need to perform

an integral in which the light cone momentum dis-

tribution of the nucleon in the nucleus is convoluted

with nucleon structure functions (in both unpolar-

ized and polarized cases) [4]. The main requirement

for these calculations is well-behaved nucleon parton

distributions. Consequently we are able to calculate

the polarized structure function for the Helium.

2 EMC effect

Several experimental data have revealed consider-

able differences between the free nucleon parton dis-

tribution functions and the bound nucleon parton dis-

tribution, which was discovered several years ago by

European Muon Collaboration (EMC) in 1982 [3, 5].

Fig. 1. The EMC effect in 15N which has been

adopted from [6] and references therein.
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This effect is representing in Fig. 1 for the ratio of

nucleon parton distribution in 15N to 12C. The nu-

clear effects which play a role in polarized and un-

polarized DIS on nuclei can be divided into coherent

and incoherent contributions. Incoherent nuclear ef-

fects result from the scattering of the incoming lepton

on each individual nucleon, nucleon resonance. They

are present at all Bjorken x. Coherent nuclear effects

arise from the interaction of the incoming lepton with

two or more nucleons in the target. They are typically

concentrated at low values of Bjorken x.

3 Polarized constituent quark model

Here we use the valon model as our constituent

quark model [7]. Polarized valon distributions were

calculated by using an improved valon model in the

next-to-leading order approximation [8]. According

to the improved valon model, the polarized parton

distribution is related to the polarized valon distribu-

tion. On the other hand, the polarized parton distri-

bution of a proton is obtained by convolution of two

distributions: the polarized valon distributions in the

proton and the polarized parton distributions in the

valon.

δqi/p(x,Q2) =
∑

j

∫ 1

x

δqi/j

(

x

y
,Q2

)

δGj/p(y)
dy

y
, (1)

where the summation is over the three valons. Here

δGj/p(y) indicates the probability for the polarized

j-valon to have momentum fraction y in the proton.

δqi/p(x,Q2) and δqi/j

(

x

y
,Q2

)

are, respectively, the

polarized i-parton distribution in the proton and j-

valon.

Let us define the Mellin transforms for any func-

tion f(x,Q2) as follows:

M{f(x,Q2)}= M(n,Q2) =

∫ 1

0

xn−1f(x,Q2)dx , (2)

here n is the order of moments. The spin struc-

ture function has then a probabilistic interpretation,

which for the proton reads

M{gN
1 (x,Q2)} ≡ δMN(n,Q2) , (3)

where the δ symbol denotes the moments in the po-

larized case and N, a nucleon, refers to the pro-

ton and neutron separately. According to the valon

model, the moments of polarized parton distribution

functions in the nucleon which are denoted respec-

tively by δMuv
(n,Q2), δMdv

(n,Q2), δMS(n,Q2) and

δMg(n,Q2) can be obtained as follows:

δMuv
(n,Q2) = 2δMNS(n,Q2)×δM

′

U/p(n) , (4)

δMdv
(n,Q2) = δMNS(n,Q2)×δM

′

D/p(n) . (5)

δMS(n,Q2) = δMS
(U,D)(n,Q2)(2δM

′′

U/p(n)+δM
′′

D/p(n)) .

(6)

δMg(n,Q2) = δM gq(n,Q2)(2δM
′

U/p(n)+δM
′

D/p(n)) ,

(7)

In the above equation M ′

j/p(N) is the moment of the

δGj/p(y) distribution, i.e. δM ′

j/p(n) = M{δGj/p(y)}.

The moment of the Non-singlet and singlet sectors for

U and D valons are equal and we denoted them re-

spectively by δMNS(n,Q2) and δMS
(U,D)(n,Q2). The

reason to use new notation for the moments of

δGj/p(y) distribution in Eq. (6), can be found in

Ref. [8].

The moments in Eqs. (4)–(7) including δMNS

(n,Q2), δMS
(U,D)(n,Q2) and ∆M gq(n,Q2) (quark-to-

gluon evolution function), are defined in Ref. [8]. Us-

ing the moments of parton distribution for the nu-

cleon, the twist–2 contributions to the structure func-

tion δMN(n,Q2) can be obtained in terms of the po-

larized parton densities and the Wilson coefficient

functions δCi(n) in the moment space by [9]

δMN(n,Q2) =
1

2

∑

q

e2
q

{(

1+
αs(Q

2)

2π

δCq(n)

)

×

[δMq(n,Q2)+δMq̄(n,Q2)]+

αs(Q
2)

2π

2δCg(n)δMg(n,Q2)

}

. (8)

4 Mellin integral transform of Jaccobi

orthogonal polynomials

Jaccobi orthogonal polynomials is defined by [10]

P (α,β)
n (x) =

(α+1)n

n!
2F1

(

−n,

n+α+β +1,α+1;
1−x

2

)

=

(α+1)n

n!

n
∑

k=0

(−n)k(n+α+β +1)

2kk!(α+1)k

(1−x)k .

(9)

where (m)n is representing the Pochhammer symbol.

This polynomials allow one to factor out an essential

part of the x-dependence of the structure function

into the weight function. Thus, given the moments

δM(n,Q2), a structure function δf(x,Q2) may be re-

constructed in a form of a series [11]

xδf(x,Q2) = xβ(1−x)α

µ
∑

n=0

δM(n,Q2)P(α,β)
n (x), (10)



1536 Chinese Physics C (HEP & NP) Vol. 34

where µ is the number of polynomials needed for con-

vergence of the summation. The relation between

P(α,β)
n (x) and P (α,β)

n (x) polynomials has been revealed

in [11].

5 The statues of nuclei structure func-

tion

We are interested in the polarized deep inelastic

scattering (PDIS) process lT → l′X, where T is a

polarized nucleus (nucleon), l is a polarized lepton

and X is an unobserved hadronic state. The spin-

dependent structure functions of nucleon are related

to the target spin-dependent structure functions in

Bjorken limit as:

gT
1,2(x,Q2) =

∑

i=p,n

∫
x6z

dyNi∆f i
T(y)gi

1,2

(

z =
x

y
,Q2

)

≡

∑

i=p,n

Ni∆f i
T⊗gi

1,2 . (11)

The polarized light cone momentum distribution in

nucleus ∆f i
T(y), is the spin-dependent probability to

find the nucleon in the nucleus with a given fraction

of the total momentum y of the nucleus on the light

front and it can be related to polarized spectral func-

tions [3, 4].

An exact investigation of the invariant spectral

function and nucleon momentum distributions would

require complete information about the nuclear states

(wave functions), which for heavy nuclei is a compli-

cated matter and for that reason this calculation has

been limited to the light nuclei such as Helium, Tri-

tium and nuclear matter. The three-nucleon wave

function obtained using the Faddeev decomposition

and Schrödinger equation is given by,

|Ψ〉= |ϕς〉+|ϕξ〉+|ϕζ〉≡G0(E)V |Ψ〉≡

3
∑

i=1

G0(E)Vi|Ψ〉.

(12)

In this equation |ϕ〉 refers to the Faddeev component

of the wave function and the indices run from 1 to

3, where G0(E) is the three-body Green function and

Vi is the two body interaction potential. Using the

symmetry group properties of the three-nucleon wave

function, one can derive a set of coupled integral equa-

tions for the Faddeev components,

|ϕς〉= G0(E)Tς(E−ες)(|ϕξ〉+ |ϕζ〉) . (13)

Tς is the usual T-matrix defined by the Lippmann-

schwinger equation and ες is the energy of the ς par-

ticle in the three-body center of mass system. The ex-

act solution of these coupled equations is complicated

and has been dealt with using different techniques by

different authors [4].

6 Conclusion

Determination of parton distributions in a nu-

cleon in the framework of quantum chromodynamics

(QCD) always involves some model-dependent proce-

dure like AAC and BB models [12, 13]. We used the

constituent quark framework (valon model) to extract

polarized parton distributions and then polarized nu-

cleon structure functions. Due to limited experimen-

tal data which do not cover the whole range of x and

Q2 values, and to increase the reliability of the fitting,

we employed Jaccobi polynomials expansions.

Fig. 2. Analytical result for the polarized He-

lium structure function in our model and [4]

which has been compared with experimental

data [14, 15].

Having at our disposal the analytical result for the

gN
1 (x,Q2) and convoluting it with the light cone mo-

ment distribution of nucleon in the nucleus, it is pos-

sible to extract polarized structure functions for He-

lium. The result has been depicted in Fig. 2 and in-

dicates good agreement with available experimental

data and the theoretical model in [4].
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