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Low-energy D∗+D̄0
1 scattering and the nature of

resonance-like structure Z+(4430)*
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Abstract Low-energy scattering of D∗+ and D̄0
1 meson is studied using quenched lattice QCD with improved

lattice actions on anisotropic lattices. The threshold scattering parameters, namely the scattering length a0

and the effective range r0, for the s-wave scattering in JP = 0− channel are extracted: a0 = 2.52(47) fm and

r0 = 0.7(1) fm. It is argued that, albeit the interaction between the two charmed mesons being attractive, it

is unlikely that they can form a shallow bound state in this channel. Our calculation provides some useful

information on the nature of the newly discovered resonance-like structure Z+(4430) by the Belle Collaboration.
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1 Introduction

Recently, a charged resonance-like structure

Z+(4430) has been observed at Belle in the πψ′ in-

variant mass spectrum of B→Kπ+ψ′ decays [1]. This

has triggered many theoretical investigations on the

nature of this structure [2–10], one possible interpre-

tation is a shallow bound state formed by the D∗ and

D̄1 mesons [3, 4]. To further investigate this possi-

bility, the interaction between a D∗ and a D̄1 meson

near the threshold becomes crucial.

In this paper, we briefly report our results on

the scattering threshold parameters, i.e. scattering

length a0 and effective range r0, of D∗ − D̄1 sys-

tem using quenched lattice QCD within the so-called

Lüscher’s formalism [11]. Details of the calculation

can be found in Ref. [12]. Within this approach, it

is also feasible to investigate the possible bound state

of the two mesons [11, 14]. We have used improved

gauge and fermion lattice actions on anisotropic lat-

tices. The usage of anisotropic lattices with asym-

metric volumes has enhanced our resolution in en-

ergy and the momentum. The computation is car-

ried out in all possible angular momentum channels,

although only the JP = 0− channel yields definite re-

sults. We find that, in this particular channel, the

interaction between a D∗ and a D̄1 meson is attrac-

tive in nature. The scattering length after continuum

and chiral extrapolation is a0 = 2.52(47) fm while the

effective range is r0 = 0.7(1) fm. Our simulation re-

sults suggest that the two-particle system resembles

more like an ordinary scattering state rather than a

bound state.

2 Theoretical framework, hadron op-

erators and correlation functions

Consider two interacting particles with mass m1
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and m2 enclosed in a cubic box of size L, with peri-

odic boundary conditions. The spatial momentum k

is quantized according to:

k =

(

2π

L

)

n

with n being a three-dimensional integer. By taking

the center-of-mass frame of the system, the two parti-

cles then have three-momentum k and −k. The exact

energy of the two-particle system in this finite volume

is denoted as: E1·2(k). We now define a variable k̄
2

via:

E1·2(k) =

√

m2
1 + k̄2 +

√

m2
2 + k̄2 . (1)

It is also convenient to further define a variable q2 as:

q2 = k̄
2L2/(2π)2 which differs from n

2 due to inter-

action. Lüscher’s formula then says [11]:

tanδ(q) =
π3/2q

Z00(1;q2)
, (2)

where Z00(1;q2) is the zeta-function. Therefore, by

extracting the exact two-particle energy E1·2(k) from

numerical simulations, one could infer the elastic scat-

tering phase shift δ(q).

In the case of attractive interaction, one obtains

the phase δ(q) by analytic continuation: tanσ(q) =

−i tanδ(q) [11, 14]. In this case we have: tanσ(q) =

π3/2(−iq)/Z00(1;q2). The condition for a bound state

at that particular energy requires: tanσ(q) = −1 in

the infinite volume and continuum limit.

In order to access more low-momentum modes,

it is advantageous to use asymmetric volumes in the

study of hadron scattering [15–17]. If the rectangular

box is of size L×(η2L)×(η3L), Eq. (2) is modified to:

tanδ(q) =
π3/2qη2η3

Z00(1;q2;η2,η3)
, (3)

where Z00(1, q2;η2,η3) is the modified zeta-function

defined in Refs. [15, 16].

For the D∗ and D̄1 mesons, we use the local op-

erators Qi = [d̄γic](x) and Pi = [c̄γiγ5u](x) respec-

tively. The Fourier transform of these operators

yields the single meson operators with definite three-

momentum: Qi(t,k) and Pi(t,k). The two-particle

operator in the A1 channel is given by:

O(A1)(1)(t) =
∑

R∈G

[Q1(t+1,−R◦k)P1(t,R◦k)

+Q2(t+1,−R◦k)P2(t,R◦k)

+Q3(t+1,−R◦k)P3(t,R◦k)] , (4)

where R ∈ G is an operation of the symmetry

group G. Single meson (with and without three-

momentum) correlation functions can be constructed

as usual using the operators Qi(t,k) and Pi(t,k). For

the two-meson operator, the following correlation ma-

trix is constructed:

C(A1)(1)
mn (t) = 〈O(A1)(1)†

m (t)O(A1)(1)
n (0)〉, (5)

where n and m designates different momentum

modes. Applying Wick’s theorem, the single- and

double-meson correlation functions defined above are

transformed into quark propagators which are then

measured using the gauge field configurations gener-

ated in our simulation.

3 Simulation results and discussions

The gauge action use in this study is the tadpole

improved gauge action on anisotropic lattices [18–20]:

while the fermion action used is the tadpole improved

clover Wilson action on anisotropic lattice [21, 22].

Lattices with three different lattice spacings are used

in the calculation. The lattice spacing as in physical

units is determined from a Wilson loop calculation

[23]. Relevant parameters for these lattices can be

found in Table 1. For each set of lattice, the calcula-

tion is done for several light quark and heavy quark

hopping parameters: (κud,κc).

The mass of D∗, D̄1 and the dispersion relations

for them are checked carefully to make sure that sin-

gle charmed meson states are properly realized in the

finite box [12].

The two-meson correlation matrix (5) is first di-

agonalized using Lüscher-Wolff method [13] with the

eigenvalue λi(t, t0) obtained. To enhance the signal

to noise ration, the following ratio was formed:

R(t, t0) =
λi(t, t0)

CD∗(t)CD1
(t)

∝ e−δEi·t (6)

where CD∗(t) and CD1
(t) are the one-particle correla-

tion functions with zero momentum for the respective

mesons. Then, δEi = Ei−mD∗−mD1
is extracted from

the following effective mass:

Meff(t) = ln

(

R(t)

R(t+1)

)

. (7)

With the energy difference δEi extracted from the

simulation data, one utilizes the modified Lüscher’s

formula (3) to obtain the quantity k/tanδ(k) which

has the following known expansion near threshold:

k

tanδ(k)
=

1

a0

+
1

2
r0k

2 + · · · , (8)

with a0 and r0 being the scattering length and the

effective range. Fitting the data for k/tanδ(k) ob-

tained from the simulation according to the above

formula yields the desired parameters a0 and r0.
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After getting the values of a0 and r0 for each pair

of quark mass parameter (κud,κc), the results are in-

terpolated versus κc to the physical charm quark mass

which is determined by the experimental value of

1

4
mηc +

3

4
mJ/ψ.

The interpolated data are then taken for the chiral ex-

trapolation. In this step, the results for a0 and r0 are

extrapolated versus m2
π towards the chiral limit using

a quadratic function in m2
π. Finally, the continuum

limit is taken by a linear extrapolation in a2
s (since we

are using an improved lattice action) for the results of

a0 and r0 obtained after chiral extrapolation. After

these extrapolations, we obtain the scattering length

a0 and the effective range r0 in the A1 channel:

a0 = 2.53±0.47 fm, r0 = 0.70±0.10 fm . (9)

To check the possibility of a bound state, the val-

ues of cotσ(q) corresponding to the lowest (negative)

q2 are obtained as listed in Table 1. It is seen that our

results for cotσ(q) are all positive, far from the bound

state value (−1). Thus, this result is more consistent

with a scattering state than a bound state.

Table 1. Lattice parameters and results for

cotσ(q) at the lowest q2.

β as/fm Volume Nconf. q2 cotσ(q2)

2.5 0.20 82
·12 ·40 700 −0.026(3) 5.23(0.65)

2.8 0.14 122
·20 ·64 500 −0.064(5) 0.16(0.18)

3.2 0.09 162
·24 ·80 200 −0.053(16) 0.92(0.93)

One could investigate this possibility from the val-

ues of scattering length a0. Since we are studying

the scattering near the threshold, it is appropriate to

study the problem using non-relativistic quantum me-

chanics. Within non-relativistic quantum mechanics,

it is known that if the potential acquires an infinitely

shallow bound state, the scattering length should ap-

proach negative infinity [14]. Our lattice results for

the scattering lengths indicate that it is quite large

but positive. This usually happens when the poten-

tial is on the verge of developing a shallow bound

state. Note that this argument is generally valid for a

wide variety of potentials. If we further approximate

the potential by a square-well potential with range R

and depth V0, we find that, R = r0 = 0.70(10) fm

and V0 = 73(21) MeV. These values for a square-

well potential also gives no bound states. If we fix

r0 = R = 0.7 fm, the first bound state will occur at

about V0 ' 92 MeV.

4 Conclusions

We briefly report our quenched anisotropic lat-

tice study for the scattering of D∗ and D̄1 mesons

near the threshold in the channel JP = 0−. After

the chiral and continuum extrapolations, we obtain:

a0 = 2.53(47) fm and r0 = 0.70(10) fm for the scatter-

ing length and effective range, indicating that the in-

teraction between the two mesons is attractive. Our

results also suggest that it is unlikely that D∗ and

D̄1 can form a genuine bound state right below the

threshold. The lowest two-particle state found in the

simulation is likely to be a scattering state. This re-

sult might shed some light on the nature of the re-

cently discovered Z+(4430) state by Belle. However,

we should emphasize that, our lattice calculation is

done in a particular channel only and it is within the

quenched approximation. Obviously, to further clar-

ify the nature of the structure Z+(4430), lattice stud-

ies in other symmetry channels and preferably with

dynamical fermions are much welcomed.
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