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B→ (J/ψ,ηc)K decays in the perturbative

QCD approach *
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Abstract In this paper, we calculated the B→ (J/ψ,ηc)K decays in the perturbative QCD (pQCD) factoriza-

tion approach with the inclusion of the partial next-to-leading order (NLO) contributions. With the inclusion of

the significant enhancement from the NLO vertex corrections, the NLO pQCD predictions for the branching ra-

tios agree with the data within 2σ errors: Br(B0 → J/ψK0)= 5.2+3.5
−2.8×10−4, Br(B+ → J/ψK+)= 5.6+3.7

−2.9×10−4,

Br(B0 →ηcK
0) =5.5+2.3

−2.0 ×10−4, Br(B+ →ηcK
+) =5.9+2.5

−2.1 ×10−4.
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1 Introduction

The B → J/ψK and B → ηcK decays are phe-

nomenologically very interesting decay modes and

have drawn great attention for many years. Although

the underlaying weak decay of b → cc̄s is simple, a

clear understanding of the exclusive B → (J/ψ,ηc)K

decays is really difficult because it involves complex

strong-interaction effects.

On the experimental side, the experimental mea-

surements for B→ J/ψKS,L decays result in the preci-

sion determination of sin2β [1]. The branching ratios

of B → (J/ψ,ηc)K decays have been measured with

good or high precision [1, 2]. On the theoretical side,

these decays have been studied intensively by employ-

ing various theoretical methods or approaches, for ex-

ample, in Refs. [3–13]. Unfortunately, it is still very

difficult to give satisfactory explanation for the cor-

responding data without worrying about the serious

problems.

For B→ J/ψK decay, for example, the theoretical

predictions for its branching ratio in both the naive

factorization approach [4] and the QCD factorization

(QCDF) approach [14] are much smaller (a factor of

7–10) than the measured values [5]. In Refs. [8, 9],

the QCDF prediction is Br(B → ηcK) = 1.9× 10−4,

a factor of 5 smaller than the measured value, after

the inclusion of the twist-3 part of kaon. The pre-

dictions obtained by employing the QCD light-cone

sum rules [10] are also too small to accommodate the

data.

In Refs. [12, 13], the authors employed the QCDF

approach to calculate the factorizable contributions,

but the pQCD approach [11] to evaluate the non-

factorizable part to the considered decays. In this

way, they found a large Br(B → J/ψK) compa-

rable with the data, but a small (a factor of 3)

Br(B → ηcK). Furthermore, it should be mentioned

that these results [12, 13] were obtained by treating

one decay with two different factorization approaches:

the self-consistency of such a “mixing-approach” may

be a serious problem.

Up to now, there has been not a clear and sat-

isfactory theoretical interpretation for the measured

large decay rates of B → (J/ψ,ηc)K. We call this

situation the “B → (J/ψ,ηc)K” puzzle. In this pa-

per, we will calculate the branching ratios of the

four B→ (J/ψ,ηc)K decays by employing the pQCD

factorization approach. Besides the full leading or-

der (LO) contributions, the currently known next-to-

leading order (NLO) contributions [15] will also be

included.
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The paper is organized as follows: in Sec. 2, we

first present the formalism of the pQCD approach,

and then make the analytic calculations and show

the decay amplitudes for the considered decays. In

Sec. 3, we show the numerical results and compare

them with the measured values. A short summary

and some conclusions are also given in this section.

2 Formalism and perturbative calcu-

lations

2.1 Formalism

In recent years, the pQCD factorization approach

has been used frequently to calculate various B meson

decay channels. In Ref. [16], the B → J/ψK decays

have been studied by employing the pQCD approach

at leading order. Here we try to apply the pQCD ap-

proach to calculate the B → (J/ψ,ηc)K decays with

the inclusion of the partial NLO corrections.

Using the light-cone coordinates the B meson and

the two final state meson momenta can be written as

P1 =
mB√

2
(1,1,0T), P2 =

mB√
2

(1, r2,0T),

P3 =
mB√

2
(0,1−r2,0T), (1)

respectively, where r = mM2
/mB, and the light mass

mM3
= mK has been neglected. The longitudinal po-

larization of vector J/ψ, εL, is defined as

εL =
mB√
2mJ/ψ

(1,−r2
J/ψ,0T).

Putting the light (anti-) quark momenta in B and

M3 mesons as k1 and k3, respectively, we can choose:

k1 = (x1P
+
1 ,0,k1T) and k3 = (0,x3P

−

3 ,k3T). For

M2 = (J/ψ,ηc) , the momentum fraction of c quark

is chosen as x2P2. Then, by integration over k1, k2,

and k3, the decay amplitude of B→M2M3 decays in

the pQCD approach can be written conceptually as

the convolution,

A(B→M2M3) ∼
∫
dx1dx2dx3b1db1b2db2b3db3×

Tr
[

C(t)ΦB(x1, b1)ΦM2
(x2, b2)×

ΦM3
(x3, b3)H(xi, bi, t)St(xi)e−S(t)

]

,

(2)

where bi is the conjugate space coordinate of kiT, and

t is the largest energy scale in function H(xi, bi, t).

The large logarithms ln(mW/t) are included in the

Wilson coefficients C(t). The large double logarithms

(ln2 xi) on the longitudinal direction are summed by

the threshold resummation [17], and they lead to

St(xi) which smears the end-point singularities on

xi. The last term, e−S(t), is the Sudakov form factor

which suppresses the soft dynamics effectively [18].

For the considered decays, the weak effective

Hamiltonian Heff can be written as

Heff =
GF√

2

[

V ∗

cbVcs (C1(µ)Oc
1(µ)+C2(µ)Oc

2(µ))−

V ∗

tbVts

10∑

i=3

Ci(µ)Oi(µ)
]

, (3)

where Ci(µ) are the Wilson coefficients at the renor-

malization scale µ and Oi are the four-fermion oper-

ators for the case of b̄→ s̄ transition

When the pQCD approach at LO (NLO) is em-

ployed, the LO (NLO) Wilson coefficients Ci(mW)

and αs(t) will be used. We take Λ(5)
QCD = 0.225 GeV,

Λ(4)
QCD = 0.287 GeV (0.326 GeV) for LO (NLO) case.

As discussed in Refs. [19, 20], it is reasonable to

choose µ0 = 1.0 GeV as the lower cut-off of the hard

scale t. In the numerical integrations we will fix the

values Ci(t) at Ci(1.0) whenever the scale t runs be-

low the scale µ0 = 1.0 GeV [19, 20], unless otherwise

stated.

2.2 B→J/ψM3 decays at leading order

At the leading order pQCD approach, the Feyn-

man diagrams for the considered decays are shown in

Fig. 1. After the analytical calculation, we found the

the total decay amplitude for the decays B→ J/ψM3

(M3 = K±,K0):

M(B→ J/ψM3) = FJ/ψM3
fJ/ψ

{

V ∗

cbVcs a2−

V ∗

tbVts (a3 +a5 +a7 +a9)
}

+

MJ/ψM3

{

V ∗

cbVcsC2−

V ∗

tbVts (C4−C6−C8 +C10)
}

,

(4)

Fig. 1. Typical Feynman diagrams contributing to B→ (J/ψ,ηc)K decays at leading order.
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where fJ/ψ is the decay constant of J/ψ meson, ai

is the combination of the Wilson coefficients Ci [19],

while the factorizable and non-factorizable parts are

of the form

FJ/ψM3
= 8πCFm2

B

∫ 1

0

dx1dx3

∫
∞

0

b1db1b3db3 φB(x1, b1)×
{[

[(1−r2)(1+x3)−x3r
2]φA

M3
(x3)+r0(1−2x3)

[
φP

M3
(x3)+φT

M3
(x3)

]
−

r0r
2
[
(1−2x3)φ

P
M3

(x3)−(1+2x3)φ
T
M3

(x3)
]]

αs(t
1
e)he(x1,x3, b1, b3)exp[−Sab(t

1
e)]+

2r0 (1−r2)φP
M3

(x3) ·αs(t
2
e)he(x3,x1, b3, b1)exp

[
−Sab(t

2
e)

]
}

, (5)

MJ/ψM3
= −16

√
6

3
πCFm2

B

∫ 1

0

dx1dx2 dx3

∫
∞

0

b1db1b2db2 φB(x1, b1)×
{

2rrcφ
t
J/ψ(x2)φ

A
M3

(x3)−4rr0rcφ
t
J/ψ(x2)φT

M3
(x3)− [x3 +2(x2−x3)r

2]φL
J/ψ(x2)φ

A
M3

(x3)+

2r0 [x3 +(2x2−x3)r
2]φL

J/ψ(x2)φ
T
M3

(x3)
}

αs(tf)hf(x1,x2,x3, b1, b2)exp [−Scd(tf)] , (6)

where r0 = mK
0 /mB, rc = mc/mB, and CF = 4/3 is a

color factor. The hard function he and the Sudakov

factors Sab are similar to those as given in Ref. [19].

The scales ti
e and tf are of the form

t1e = max(
√

x3(1−r2)mB,1/b1,1/b3),

t2e = max(
√

x1(1−r2)mB,1/b1,1/b3),

tf = max(
√

x1x3(1−r2)mB,
√

(x1−x2)(x3 +(x2−x3)r2 +r2
c )mB,

1/b1,1/b2), (7)

where r = mM2
/mB(M2 = J/ψ,ηc), rc = mc/mB.

2.3 B→ηcM3 decays at leading order

Following the same procedure as for B → J/ψK

decays, it is straightforward to calculate the decay

amplitudes for B→ηcM3 decays.

M(B→ηcM3) = FηcM3
fηc

[
V ∗

cbVcs a2−

V ∗

tbVts (a3 +a5 +a7 +a9)
]
+

MηcM3
[V ∗

cbVcsC2−V ∗

tbVts (C4 +C6 +C8 +C10)] ,

(8)

where the functions FηcM3
,MηcM3

, etc., are of the

form

FηcM3
= 8πCFm2

B

∫ 1

0

dx1dx3

∫
∞

0

b1db1b3db3 φB(x1, b1)×
{[

[(1−r2)(1+x3)−x3r
2]φA

M3
(x3)+r0(1−2x3)

[
φP

M3
(x3)+φT

M3
(x3)

]
+

r0r
2
[
(1+2x3)φ

P
M3

(x3)−(1−2x3)φ
T
M3

(x3)
]]

αs(t
1
e)he(x1,x3, b1, b3)exp[−Sab(t

1
e)]+

2r0 (1−r2)φP
M3

(x3) ·αs(t
2
e)he(x3,x1, b3, b1)exp[−Sab(t

2
e)]

}

, (9)

MηcM3
= −16

√
6

3
πCFm2

B

∫ 1

0

dx1dx2dx3

∫
∞

0

b1db1b2db2 φB(x1, b1)φ
v
ηc

(x2, b2)×

x3

[

(1−2r2)φA
M3

(x3)−2r0 (1−r2)φT
M3

(x3)
]

αs(tf)hf(x1,x2,x3, b1, b2)exp[−Scd(tf)], (10)

where φv
ηc

is the leading twist-2 part of the distribu-

tion amplitude for the pseudo-scalar meson ηc.

2.4 NLO contributions in pQCD approach

In the pQCD approach, the NLO contributions

may come from different sources [15, 19]. For the

considered B → J/ψK and ηcK decays, only the

vertex corrections among the known NLO contribu-

tions [15, 19] will contribute.

For the four vertex correction diagrams [14, 15],
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the infrared divergences from the soft gluons and

collinear gluons in the four diagrams will be can-

celled by each other, respectively. So the total con-

tributions of these four figures are infrared finite. In

other words, these vertex corrections can be calcu-

lated without considering the transverse momentum

effects of the quark at the end-point region in collinear

factorization theorem. Therefore, there is no need

to employ the kT factorization theorem here [15].

The vertex corrections to the B→ J/ψK decays, de-

noted as fI in QCDF, have been calculated in the

NDR scheme [5, 6], and can be adopted directly. For

B → ηcK decays, the NLO vertex corrections can be

included in the same way.

Fig. 2. Dependence of a2 on the renormaliza-

tion scale µ for (a) B → J/ψK and (b) B →
ηcK decays. The solid (dashed) curve stands

for a2 at NLO (LO) level without the vertex

corrections, while the dotted (dash-dotted)

curve refers to the real (imaginary) part of the

a2 at NLO level with the vertex corrections.

Since both B → J/ψK and ηcK are color-

suppressed decays, the Wilson coefficient a2 will play

the dominant role:

a2 = C1 +
C2

3
+

αs

4π

CF

3
C2

(

−18+12ln
mb

µ
+fI

)

,

(11)

with the function fI

fI =
2
√

2Nc

fJ/ψ

∫
dx2φ

L
J/ψ(x2)

[
3(1−2x2)

1−x2

lnx2−

3πi+3ln(1−r2
2)+

2r2
2(1−x2)

1−r2
2x2

]

, (12)

for B→ J/ψK decays, where r2 = mJ/ψ/mB.

For the B→ηcK decays, we adopt the same func-

tion fI as in Eq. (12), but by replacing fJ/ψ and φL
J/ψ

with fηc and φv
ηc

, and setting r2 = mηc/mB, respec-

tively. Some arguments are as follows: In Ref. [9], the

authors calculated the vertex corrections for B→ηcK

decays by taking the twist-3 distribution amplitude

φs
ηc

with the structure γ5 as the leading twist one.

But based on the discussion in Ref. [12], the in-

frared divergences in the vertex corrections to the

B→ηcK decays cancel only for the term proportional

to γ5P/, i.e. the leading twist one. For the twist-3

part, the infrared divergence may still exist [12]. We

here therefore use the leading twist distribution am-

plitudes only. At the leading order, the function fI

is process independent: the same form for both con-

sidered decays. Specifically, φL
J/ψ and φ(v)

ηc
are the

same in form at leading order; while the difference

between the decay constant fJ/ψ= 0.405±0.014 GeV

and fηc = 0.420±0.050 GeV is indeed very small.

It is instructive to check the variation of a2 with

or without the inclusion of the NLO vertex correc-

tions. From Figs. 2(a) and 2(b), one can see that (a)

the µ-dependence of a2(J/ψK) and a2(ηcK) is very

similar, the small difference between the numerical

values of a2 are induced by using similar but different

decay constants and r2; (b) the µ-dependence of a2 is

decreased effectively due to the inclusion of the NLO

vertex corrections; and (c) the vertex correction pro-

vides a large imaginary part to a2, and therefore an

effective enhancement of |a2| is expected.

3 Numerical results and discussions

The input parameters and the wave functions to

be used in the numerical calculations are given in Ap-

pendix A.

Now we calculate the branching ratios for those

considered decay modes. With the complete decay

amplitudes, we can obtain the decay width for the

considered decays,

Γ (B→M2K) =
G2

Fm3
B

32π
(1−r2) |M(B→M2K)|2 , (13)

where r = mJ/ψ/mB or mηc/mB.
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By using the input parameters and wave func-

tions as given in Appendix A, we find the LO and

NLO pQCD predictions (in unit of 10−4) for the CP -

averaged branching ratios of the four B → J/ψK

and ηcK decays and show them in Table 1. The

predictions listed in column one (two) are the LO

(NLO) pQCD predictions. The first theoretical er-

ror in these entries arises from the B meson wave

function shape parameter ωb = 0.40± 0.04 and the

decay constants fJ/ψ = 0.405 ± 0.014 GeV and/or

fηc = 0.420± 0.050 GeV. The second error is from

the combination of the uncertainties of Gegenbauer

moments aK
1 = 0.17±0.17 and/or aK

2 = 0.115±0.115.

In the fourth column of Table 1, as a compari-

son, we also cite the typical theoretical predictions

obtained previously by using various approaches or

models [5, 6, 9, 10]. In the last column of Table 1,

we list the world averages of the experimental mea-

surements [1, 2]. One can see that the LO pQCD

predictions for the branching ratios are indeed much

smaller than the measured values. When the NLO

enhancement is included, however, the pQCD pre-

dictions are basically consistent with the data within

the still large theoretical errors. Of course, the cen-

tral values are still about 40% smaller than the mea-

sured values. There is still some room left for non-

perturbative contributions.

The LO pQCD predictions for the branching ra-

tios of B→ J/ψK decays in Table 1 are about half of

those as given in Ref. [16]. The main reason is the in-

troduction of a new lower cut-off of hard scale “t”. In

the current work, we set a lower cut-off for the hard

scale “t”, tmin = µ0 = 1.0 GeV, in the numerical in-

tegrations. In previous work [16], however, the lower

limit is µ0 = 0.5 GeV.

From general knowledge, the hard scale t must be

much larger than ΛQCD ≈ 0.2 GeV in order to guar-

antee the reliability of perturbative calculations. It

may be conceptually incorrect to evaluate the Wil-

son coefficients at scales as low as 0.5 GeV [21]. The

explicit numerical evaluations of Ci(µ) in the range

of 0.5 6 µ 6 2.0 GeV in Ref. [20] show that the µ-

dependence of Ci(µ) becomes weak in the range of

µ > 1.0 GeV. We therefore believe that it is reason-

able to choose µ0 = 1.0 GeV as the lower cut-off of the

hard scale t, which is also close to the hard-collinear

scale
√

Λ̄mB ∼ 1.3 GeV in SCET.

Table 1. The LO and NLO pQCD predictions (in unit of 10−4 ) of Br(B → J/ψK) and Br(B → ηcK). For

comparison, we also cite the typical theoretical predictions as given in previous literature (in the fourth

column), and the measured values [1, 2].

channels LO NLO others data

B0
→ J/ψK0 1.1+0.8+0.9

−0.5−0.5 5.2+1.0+3.4
−0.9−2.6 ∼ 1.0 [5] 8.71±0.32

B+ → J/ψK+ 1.2+0.9+0.9
−0.5−0.5 5.6+1.0+3.6

−0.9−2.8 ∼ 3.3 [10] 10.07±0.35

B0 →ηcK0 0.8+0.5+0.1
−0.3−0.1 5.5+2.1+1.0

−1.7−1.0 ∼ 2 [9, 12] 8.9±1.6

B+
→ηcK+ 0.8+0.5+0.2

−0.2−0.1 5.9+2.2+1.2
−1.8−1.1 ∼ 2 [10, 12] 9.1±1.3

Now we investigate in more detail why the vertex

corrections can provide a significant enhancement.

The total decay amplitudes as given in Eqs. (4) and

(8) can be re-written as

M = [FC +FP]
Fac.

+[MT +MP]
Spec.

, (14)

where FC and FP stand for the “color-suppressed”

and the penguin part of the factorizable contribution,

coming from the emission diagram Fig. 1(a) and 1(b);

while MT and MP stand for the “Tree” and the “Pen-

guin” part of the nonfactorizable contribution, com-

ing from the spectator diagram Fig. 1(c) and 1(d).

From Eq. (4), for example, it is easy to separate the

total decay amplitude M(B→ J/ψK) into the follow-

ing four parts

FC = F V −A
J/ψKfJ/ψ V ∗

cbVcs a2;

FP = −F V −A
J/ψKfJ/ψV ∗

tbVts (a3 +a5 +a7 +a9) ; (15)

MT = MV −A
J/ψK V ∗

cbVcs C2;

MP = −MV −A
J/ψK V ∗

tbVts (C4−C6−C8 +C10) . (16)

By numerical calculations, we find easily the nu-

merical values (in unit of 10−3) of the individual parts

and the total decay amplitude of M(B → J/ψK) at

the LO and NLO level:

MLO = −1.147
︸ ︷︷ ︸

FC

−0.092
︸ ︷︷ ︸

FP

+(1.487+i0.529)
︸ ︷︷ ︸

MT

+

(0.046+i0.004)
︸ ︷︷ ︸

MP

,= 0.294+i0.533, (17)
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MNLO = (−0.546− i1.433)
︸ ︷︷ ︸

FC

+(0.004− i0.038)
︸ ︷︷ ︸

FP

+

(1.367+i0.485)
︸ ︷︷ ︸

MT

+(0.037+i0.002)
︸ ︷︷ ︸

MP

,=

0.862− i0.984, (18)

and the ratio of the square of the decay amplitude

MNLO and MLO is

RM(B→ J/ψK) =
|MNLO|2

|MLO|2
= 4.62. (19)

For B → ηcK decay, we find the similar result:

RM(B→ηcK) = 7.0.

From the above numerical results, it is easy to see

that

(1) As generally expected, both FP and MP are al-

ways small in magnitude (less than 10%), when com-

pared with MT and FC.

(2) At LO, FC =−1.147 is large in size, but largely

cancelled by the real part of MT (Re(MT) = 1.487)

This strong cancellation results in a small LO pQCD

prediction for the decay rates.

(3) At NLO, the real part of FC changes from

−1.147 to −0.546, the previous large cancellation be-

tween the real parts of FC and MT becomes signifi-

cantly weak, while a large imaginary part Im(FC) =

−1.433 is also produced. These two changes lead to a

large |MNLO|2 and consequently a large NLO pQCD

prediction of the branching ratios.

(4) Although the NLO pQCD predictions for the

branching ratios of the considered decays are consis-

tent with the data within the still large theoretical

uncertainties, the central values of the NLO pQCD

predictions, as listed in Table 1, are still about 60%

of the measured values. Certainly, there is still some

room left for the non-perturbative long distance ef-

fects or other unknown higher order corrections.

(5) Among the three kinds of known NLO contri-

butions in the pQCD approach, only the vertex cor-

rections are relevant to B → (J/ψ,ηc)K decays and

taken into account here. Other possible NLO contri-

butions coming from the Feynman diagrams as shown

in Figs. 5–7 in Ref. [19] are still unknown at present

but they are generally expected to be the small part

of the NLO contributions in the pQCD factorization

approach [15, 19].

In short, from the above pQCD predictions for

the branching ratios and the detailed phenomenolog-

ical analysis, we can conclude that the pQCD pre-

dictions for the branching ratios become close to the

data due to the significant enhancement of the NLO

vertex corrections.

In this paper, we calculated the branching ratios

of the four B → (J/ψ,ηc)K decays by employing the

pQCD factorization approach. The inclusion of the

NLO vertex contributions can provide a significant

enhancement to the leading order pQCD predictions.

Although the central values of the pQCD predictions

are still 40% smaller than the measured ones, they

basically agree with the data within 2σ errors.

Because only those currently known NLO contri-

butions have been taken into account here, to obtain

complete NLO calculations in the pQCD approach,

the still missing pieces should be evaluated as soon

as possible.

The authors are very grateful to Hsiang-nan Li,

Cai-Dian Lü and Ying Li for valuable discussions.

Appendix A

Input parameters and wave functions

The masses, decay constants, QCD scale and B meson

lifetime are the following

fJ/ψ = 0.405 GeV, fK = 0.16 GeV, fηc =0.42 GeV,

mW = 80.41 GeV, mηc = 2.98 GeV, mB = 5.2794 GeV,

mJ/ψ = 3.097 GeV, τB+ =1.643 ps, τB0 =1.53 ps.

(A1)

For the CKM matrix elements, here we adopt the

Wolfenstein parametrization for the CKM matrix, and

take λ = 0.2257,A = 0.814, ρ̄ =0.135 and η̄ = 0.349 [1].

As for the B meson wave function, we make use of

the same parameterizations as in Ref. [22]. We adopt the

model

φB(x,b) = NBx2(1−x)2exp

[

−m2
B x2

2ω2
b

− 1

2
(ωbb)2

]

,

(A2)

where ωb is a free parameter and we take ωb =0.40±0.04

GeV in numerical calculations, and NB = 91.745 is the

normalization factor for ωb = 0.40.

For the vector J/ψ and pseudoscalar ηc meson, we

take the wave functions as follows,

ΦJ/ψ(x) =
1√
2Nc

{

mJ/ψε/LφL
J/ψ(x)+ε/LP/φt

J/ψ(x)
}

,

(A3)
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Φηc (x) =
i√
2Nc

γ5

{

P/φv
ηc +mηcφ

s
ηc

}

, (A4)

respectively, where x represents the momentum fraction

of the charm quark inside the charmonium. The twist-2

and twist-3 asymptotic distribution amplitudes, φL, φv

and φt, φs, can be found in Ref. [23] and the twist-2 kaon

distribution amplitude φA
K, and the twist-3 ones φP

K and

φT
K have been parameterized as given in Ref. [24].
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