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Abstract Based on a hydro-inspired azimuthally symmetric emission function, we analyze the HBT radius Rs

and the single-particle transverse momentum spectra in Au+Au collisions measured by the STAR Collaboration

at
√

s
NN

= 200 GeV. The results show that consistent assumptions about transverse density (and/or flow

profile) in the calculation of the HBT radius Rs and single-particle spectral analyses play an important role

for understanding the size of the freeze-out source.
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1 Introduction

In high energy heavy ion collisions, two-pion inter-

ferometry (HBT) is a useful tool to obtain space-time

and dynamical information about the source[1, 2]. The

HBT radius parameters obtained from fitting the two-

pion correlation function measure the homogeneity

regions of the source from which particles are emit-

ted with a given momentum[3]. The transverse mass

MT dependence of the HBT radius Rs is often used to

extract the geometric size of the freeze-out source[4, 5].

In theory, the HBT radii can be directly calculated

from the emission function[6, 7]. Generally, for an ex-

panding source, Rs reflects an interplay between the

source size, temperature and velocity gradients. Usu-

ally, the temperature and the transverse flow para-

meter in the expression of Rs are obtained by single-

particle spectra.

In the calculation of the HBT radius Rs from the

emission function, a Gaussian transverse density is

often assumed, and the transverse flow is either a lin-

ear velocity profile or a linear rapidity profile with

radial position[6, 7]. However, in single-particle spec-

tral analyses, it is often assumed that the transverse

density distribution is uniform inside a surface ra-

dius Rb (box profile) and the flow velocity varies

with radial position as a power law[8, 9]. Sometimes,

the transverse Gaussian radius and the velocity at

Gaussian radius in the Rs formula are considered to

be some kind of equivalent geometric surface radius

and surface velocity[5]. In this paper, we analyze the

transverse momentum spectra and HBT radius Rs us-

ing the same hydro-inspired azimuthally symmetric

emission function. We discuss the effects of incon-

sistent assumptions about transverse density (and/or

flow profile) in the calculation of the HBT radius Rs

and single-particle spectral analyses on the size of the

freeze-out source.

This paper is organized as follows. Sec. 2 briefly

introduces the emission function and discusses the

general expression for the HBT radius Rs and the

transverse momentum spectra. An approximate ex-

pression of MT dependence of Rs based on the box

transverse density and linear flow rapidity is given.

In Sec. 3, we perform simultaneous fits to π
±, K±, p,

p spectra and analyze the HBT radius Rs for charged

pion in Au+Au collisions at RHIC energy. Finally,

conclusions are drawn in Sec. 4.
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2 Emission function and MT depen-

dence of the HBT radius Rs

The standard hydrodynamic model can provide

an excellent quantitative description the soft pT spec-

tra and elliptic flow but it is invalid for describing

pion HBT radii[10]. However, some hydro-inspired

parameterizations of the emission function provide a

convenient way to interpret the data. We consider

the extensively used azimuthally symmetric emission

function[7]

S(x,K)∝MT cosh(η−Y )e−K·u/T f(r)δ(τ −τ0) . (1)

The space-time rapidity is labeled as η =
1

2
ln[(t+z)/(t−z)], and τ =

√
t2−z2 is the longitu-

dinal proper time. K =
1

2
(p1 + p2) is the average

momentum of the pair. As an approximation, K is

often put on shell K0 ≈
√

m2 +K2. The Boltzmann

factor exp(−K ·u/T ) arises from the assumption of

local thermal equilibrium (temperature T ) within a

source element moving with four velocity u(x). It is

often assumed that there is a boost invariant longitu-

dinal expansion. With the help of the transverse flow

rapidity ρ(r) = tanh−1 v(r) and the pair rapidity Y ,

the four velocity u(x) and the four momentum K are

expressed as[7]

uµ(x) =
(

coshη coshρ(r), sinhρ(r)
x

r
,

sinhρ(r)
y

r
, sinhη coshρ(r)

)

, (2)

Kµ =
(

MT coshY, KT, 0, MT sinhY
)

,

where KT is the transverse component of K, and

MT =
√

m2 +K2
T is the transverse mass of the pair.

In two-pion interferometry analyses, the relative

momentum q = p1 −p2 is decomposed according to

the “out-side-long” coordinate system[11]: the longi-

tudinal direction is parallel to the beam direction, the

outward direction is parallel to the transverse compo-

nent KT, and the sideward direction is perpendicu-

lar to the longitudinal and outward directions. The

two-pion correlation function is usually expressed in

the longitudinal comoving system (LCMS) frame de-

fined by the vanishing z-component of the pair mo-

mentum. Usually, the correlation function can be ex-

pressed as[5]

C(q,K) = 1+λe−q2

o
R2

o
(K)−q2

s
R2

s
(K)−q2

l
R2

l
(K)−2qoqsR2

os
(K),

(3)

where λ is the coherence parameter. Ro, Rs, Rl, and

Ros are the so-called HBT radii. For central collision

or azimuthally integrated analysis, Ros = 0 for the qs

symmetry.

The main aim of HBT analysis is to extract as

much information as possible about the emission

function S(x,K), which characterizes the particle

emitting source created in the collisions. It has been

pointed at that the HBT radii are related to space-

time variance as[1, 6, 12]:

R2
s (K) = 〈y2〉,

R2
o(K) = 〈(x−vot)

2〉−〈x−vot〉2,

R2
l (K) = 〈(z−vlt)

2〉−〈z−vlt〉2,

(4)

where vo and vl are the transverse and longitudinal

velocities of the pair, respectively. The average nota-

tion is defined as

〈ξ〉=

∫
d4xξ S(x,K)
∫
d4xS(x,K)

. (5)

The HBT radius Rs is independent of the time para-

meter, and it probes the spatial extent of the source.

Substituting Eq. (1) into Eq. (4), one can get the fol-

lowing expression at midrapidity:

R2
s (MT) =

+∞∫

0

drf(r)
r3

α
I1(α)K1(β)

+∞∫

0

drf(r)r I0(α)K1(β)

, (6)

where I0, I1 and K1 are modified Bessel functions.

α≡KT sinhρ(r)/T and β ≡MT coshρ(r)/T . In prac-

tice, f(r) in Eq. (6) is often assumed with Gaus-

sian shape f(r) ∝ exp(−r2/2Rg). The transverse

flow usually has two profiles: the linear flow ve-

locity v(r) = vgr/Rg
[6] and the linear flow rapidity

ρ(r) = ρgr/Rg
[7]. The MT dependence of the HBT

radius Rs can be approximately expressed as[6, 7]

Rs(MT) =
Rg

√

1+v2
g

(MT

T

)

, (7)

Rs(MT) =
Rg

√

1+ρ2
g

(1

2
+

MT

T

)

. (8)

Eq. (7) and Eq. (8) establish contacts between

the experimentally observable Rs and the freeze-out

configurations of the source. Both equations are fre-

quently used to fit the MT dependence of Rs to ex-

tract the source radius Rg
[4, 5, 13, 14]. The tempera-

ture T , and the flow parameter ρg or vg are usually

obtained from simultaneously fitting the transverse

momentum spectra of π
±, K±, p, p by the following
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equation[15]

dN

mTdmT

∝
∫
d4xS(x,p)∝

+∞∫

0

rdrf(r)mTI0

(

pT sinhρ

T

)

K1

(

mT coshρ

T

)

. (9)

In Eq. (9), the density f(r) is often assumed to be

a box profile with surface radius Rb and the flow ve-

locity field is usually taken as the power law form

v(r) = vb(r/Rb)
n. It is known that the values of tem-

perature and flow parameter are model-dependent in

single-particle spectral analyses[16, 17]. Therefore, the

inconsistent assumptions about the transverse den-

sity and flow profile in Eq. (8) (Eq. (7)) and Eq. (9)

may induce some ambiguity. Moreover, the value of

ρg (flow rapidity at Gaussian radius) used in Eq. (8) is

sometimes replaced by the surface flow rapidity ρb ob-

tained from single-particle spectral analyses, and the

obtained Rg is considered to be the geometric surface

radius for a Gaussian transverse density profile[5]. To

a certain extent, these inconsistencies may induce de-

viations when one extracts the geometric size of the

freeze-out source.

We adopt the transverse box density distribution

for extracting the surface radius of the source. Simi-

lar to Eq. (8), the linear flow rapidity ρ(r) = ρbr/Rb

is assumed. Therefore, Eq. (6) can be expressed as:

R2
s (MT) =

Rb∫

0

dr
r3

α
K1(β)I1(α)

Rb∫

0

dr rK1(β)I0(α)

. (10)

In the case of ρ < 1, we have the following approxi-

mation:

α =
KT

T
sinh(ρ)≈ KT

T
ρ,

β−
1

2 =

(

MT

T
cosh(ρ)

)− 1

2

≈
√

T

MT

(

1− 1

4
ρ2

)

. (11)

The modified Bessel functions can be expanded as

Iυ(α) =

+∞
∑

k=0

1

k!Γ (k+υ+1)

(α

2

)υ+2k

.

K1(β) ≈
√

πT

2MT

(

1− 1

4
ρ2

)

e−
MT

T e−
MT

2T
ρ2

. (12)

With the above approximations, R2
s can be expressed

as:

R2
s ≈

T

KT

(

Rb

ρb

)2

×

BG1 +

+∞
∑

k=1

[

B2k+1

k!(k+1)!
− B2k−1

4(k−1)!k!

]

Gk+1

G0 +

+∞
∑

k=1

[

B2k

k!k!
− B2k−2

4(k−1)!(k−1)!

]

Gk

, (13)

where B ≡ KT/(2T ) and Gk are a series of integra-

tions

Gk =

∫ ρb

0

ρ2k+1e−Aρ2

dρ =

k!

2Ak+1

(

1−e−Aρ2

b

k
∑

i=0

Ak−i

(k− i)!
ρ2(k−i)

b

)

, (14)

where A≡MT/(2T ). The mT dependence of Rs cal-

culated from Eq. (13) is shown in Fig. 1 with solid

lines. In the calculation, we take the freeze-out tem-

perature T = 100 MeV and surface radius Rb = 10 fm.

The surface flow rapidity ρb is taken as 0.3, 0.6, and

1.0, respectively. We only expand k to the third-order

term and the higher-order terms are neglected. The

dashed lines give the numerical results from Eq. (10).

Fig. 1. MT dependence of the HBT radius Rs

for the emission function Eq. (1). The dashed

lines are numerically calculated from Eq. (10),

and the solid lines from Eq. (13).

The results show that Eq. (13) gives a good ap-

proximation especially at lower flow rapidity ρg or

lower transverse momentum MT. In fact, when ρb =

0.3, one can get good approximate results even if k

is expanded to the first order in Eq. (13). At RHIC

energy, ρb is around the range 0.7—1.0, and mT is

usually below 0.8 GeV/c in HBT analyses. It has

been pointed out that the decrease of Rs with mT

indicates the existence of transverse flow[6].
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3 Data analysis

The STAR Collaboration has measured single-

particle spectra of π
±, K±, p, p and two-pion cor-

relation functions in Au+Au collisions at
√

s
NN

= 200

GeV[5, 8]. They use Eq. (9) to simultaneously fit the

spectra of π
±, K±, p, p for six centrality bins with

box transverse density and power law velocity field

v(r) = vb(r/Rb)
n. The six centrality bins correspond

to (0—5)%, (5—10)%, (10—20)%, (20—30)%, (30—

50)%, and (50—80)% of the total hadronic cross sec-

tion. The results of temperature T and the surface

flow rapidity ρb = tanh−1 vb as a function of the num-

ber of participants Npart are shown in Fig. 2 with open

circles. The values of Npart are calculated from the

Glauber model. We use Eq. (9) to simultaneously fit

the spectra of π
±, K±, p, p with box density distri-

bution and linear flow rapidity ρ(r) = ρbr/Rb. The

fitted parameters T and ρb as a function of Npart are

shown in Fig. 2 with solid circles (The last two cen-

trality bins are obtained by summing up the (30—

40)%, (40—50)% and (50—60)%, (60—70)%, (70—

80)% centralities used in Ref. [8], respectively.)

Fig. 2. Freeze-out temperature T , surface flow

rapidity as a function of Npart. The errors

do not include the systematic uncertainties.

(open circles are taken from Ref. [5]).

As shown in Fig. 2, the temperature T decreases

with centrality and the surface flow rapidity increases

with centrality in both analyses. The linear flow ra-

pidity gives a higher temperature and lower surface

flow rapidity. In fact, different density distributions

can also affect their values[17]. This implies that the

values of temperature and flow parameter extracted

from single-particle spectra are model-dependent.

Fig. 3. MT dependence of the pion HBT ra-

dius Rs measured by the STAR Collaboration

in Au+Au collisions at
√

s
NN

= 200 GeV for

six centrality bins. The solid lines show the

fits of Eq. (13), and the dashed lines show the

fits of Eq. (8).

Fig. 4. The extracted surface radii of the freeze-

out source as a function of Npart. The solid cir-

cles and the triangles are taken from Ref. [5].

The open circles and open squares are ex-

tracted from fitting Rs to Eq. (13) and Eq. (6)

(power law transverse flow profile). Only the

fitting error is presented.

In order to extract the transverse surface radius,

Ref. [5] has fitted the MT dependence of the HBT

radius Rs to Eq. (8), where the T and ρg are given by

single-particle spectral analyses with box density and

power law flow velocity (open circles in Fig. 2). The

fitted curves are shown in Fig. 3 with dashed lines

and the obtained equivalent surface radii are shown

in Fig. 4 with triangles. The quality of the fits is not
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good[5]. It has been indicated that Eq. (8) is based

on the Gaussian transverse density and linear flow

rapidity, but the values of the open circles given in

Fig. 2 are based on the box density and power law

flow velocity profile. So, we use Eq. (13) to fit the

MT dependence of the HBT radius Rs with T and ρb,

given by solid circles in Fig. 2. The fitted curves are

shown in Fig. 3 with solid lines and the fitted results

of surface radii are shown in Fig. 4 with open circles.

It can be seen from Fig. 3 that a better agreement

between the solid lines and the data is obtained.

Ref. [5] also used a blast-wave model[18] to simul-

taneously fit the transverse momentum spectra, ellip-

tic flow and HBT radii Rs, Ro, Rl. The parameteriza-

tion of the blast-wave model is similar to Eq. (1) with

box transverse density and linear flow rapidity. The

fitting process involves multi-dimensional numerical

integration as in Eq. (9) and Eq. (4)[18]. The obtained

surface radii are shown in Fig. 4 with solid circles.

From Fig. 4, we can see that our results (open circles)

are consistent with the simultaneous blast-wave fit.

Generally, once some kind of transverse density and

transverse flow distribution are adopted in the calcu-

lation of Rs (Eq. (6)), we should make the same as-

sumptions in single-particle analyses (Eq. (9)) to pro-

vide the values of corresponding temperature and flow

parameters. If we want to extract the transverse sur-

face radius of the source, it is more direct to assume

box density distribution in the emission function. The

equivalent surface radius from Eq. (8) is just an ap-

proximation. For another example, if we use the box

density and the power law velocity profile in Eq. (6),

then the values of temperature and flow parameter

can be provided by the open circles in Fig. 3. Fitting

the MT dependence of Rs to Eq. (6), the obtained

surface radii are shown in Fig. 4 with open squares.

It can be seen that the values of the open squares are

also consistent with those of the simultaneous blast-

wave fit. Of course, Gaussian density distribution

can be used in Eq. (6) (i.e. Eq. (7) or Eq. (8)): then

we should use the same assumption in transverse mo-

mentum spectral analyses. Which assumption about

transverse density distribution (and/or flow profile)

is more reasonable may depend on the quality of the

fitting. In this paper, we emphasize that the con-

sistency of the assumptions about transverse density

(and/or flow profile) in the calculation of the HBT

radius Rs and transverse momentum spectra is im-

portant in extracting the size of the source.

4 Conclusion

With an azimuthally symmetric emission func-

tion, we discuss the general expression for the trans-

verse mass spectra and the HBT radius Rs. Based

on the transverse momentum spectral formula and

an approximate analytical expression for MT depen-

dence of HBT radius Rs with box transverse density

and linear flow rapidity, we investigate the transverse

momentum spectra of π
±, K±, p, p and MT depen-

dence of the pion HBT radius Rs measured by the

STAR Collaboration in Au+Au collisions at
√

s
NN

=

200 GeV. To extract the size of the freeze-out source,

it should be reasonable to use the same assumptions

about transverse density (and/or flow profile) in the

calculation of the HBT radius Rs and single-particle

spectra.
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