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Ẋ(t)= D0X0 +ε(D1X0 +D0X1). (24)

d�§(20), (24)Ú(23), �Äε�Ó�gXê, Ké´

'XC�

[X0,D0X0] = i, (25)

[X0,D1X0 +D0X1]+[X1,D0X0] = 0, (26)

[X1,D1X0 +D0X1] = 0. (27)

�§(21)�)�Eê/ª

X0(T0,T1)=
1√
2
(A+(T1)e

iT0 +e−iT0A(T1)), (28)

A+�A � � � � Ý. 3 T0 = 0 � ^ � e, d �

§(28)Ú(25)k

[A(T1),A
+(T1)] = 1. (29)

r�§�)(28)�\��§(22), Ó�|^é´'

X(29), ¿4exp(±iT0)�Xê�"Kk

−i
√

2D1A
+ =

5

4
√

2
(2A+3A2 +6A+2A+3A+), (30)

i
√

2D1A=
5

4
√

2
(2A+2A3 +6A+A2 +3A), (31)

D2
0X1 +X1 =

− 1

4
√

2
{A+5ei5T0 +(5A+4A+10A+3)ei3T0+

e−i3T0(5A+A4 +10A3)+e−i5T0A5}. (32)



1 6 Ï §ûL�µ8g�{��f�õºÝ�6nØ 515

^Am¦(30), Ó�^A+ �¦(31)¿�üª�~k

∂(A+A)

∂T1

= 0. (33)

KN = A+A´�T0, T1Ã'�~ê�Î. A, A+, N �

m�é´'X�

[A,A+] = 1, [A,N ] = A, [A+,N ] =−A+. (34)

er�ÎA+ ?�Ú�¤�ê/ª: A+ = B+eiβ+

, r

Ù�\��§(30)¿|^é´'X(34), ,�4Ù¢

ÜÚJÜ©O��k

dB+

dT1

= 0, (35)

√
2B+eiβ+ dβ+

dT1

=
5

4
√

2
B+eiβ+

(2N 2 +4N +3). (36)

=B+ ´��mT1Ã'�~þ�Î, 
β+ ÷v��§

�
dβ+

dT1

=
5

8
(2N 2 +4N +3). (37)

ÓnrA+ ��Ý�ÎA =e−iβB �\��§(31)��

B ��mT1Ã', �

dβ

dT1

=
5

8
(2N 2 +4N +3). (38)

d�§(37)Ú(38)�β+(T1) = β(T1)����Î. @o

k

N = A+A= B+B, [B,B+] = 1. (39)

d��§(38)�)�

β =
5

8
(2N 2 +4N +3)T1. (40)

�È©~ê�"¿Ø����5, Ï�B, B+�Eê

.�~þ�Î, §I�dÐ©^�û½. @o"�)

�

X0(T0,T1)=
1√
2

(

B+ei(T0+αT1) +e−i(T0+αT1)B
)

.

(41)

ùpα =
5

8
(2N 2 +4N +3)�~ê�Î. ½ö

X0(T0,T1)=
1√
2

(

B+eiΩt +e−iΩtB
)

, (42)

Ù¥

Ω = 1+εα= 1+ε
5

8
(2N 2 +4N +3). (43)

)(41)÷v��é´'X(25), ¿��Ñy
ªÇ£

Ä.

d�§(39), kXe'X:

f(N)B+ = B+f(N +1), Bf(N)= f(N +1)B. (44)

du�Îβ ´�ÎN �¼ê, K-f(N)= eiβ, k

A+5 = B+5 exp

(

i
25

8
(2N 2 +12N +23)T1

)

, (45)

5A+4A+10A+3 =

B+3(5N +10)exp

(

i
5

8
(6N 2 +24N +31)T1

)

, (46)

5A+A4 +10A3 =

exp

(

−i
5

8
(6N 2 +24N +31)T1

)

(5N +10)B3, (47)

A5 = exp

(

−i
25

8
(2N 2 +12N +23)T1

)

B5. (48)

-γ =
5

8
(2N 2+12N+23), δ =

5

24
(6N 2+24N+31), K

�§(32)z�

D2
0X1 +X1 =− 1

4
√

2
{B+5ei5(T0+γT1)+

B+3(5N +10)ei3(T0+δT1) +c.c}. (49)

�§(49)�A)�

X1 =
1

96
√

2
B+5ei5(T0+γT1)+

5

32
√

2
B+3(N +2)ei3(T0+δT1) +c.c . (50)

Kþf�¹eõºÝ�6)�

X =
1√
2
B+ei(T0+αT1) +ε

1

96
√

2
×

(

B+5ei5(T0+γT1) +15B+3(N +2)ei3(T0+δT1)
)

+c.c .

(51)

ù�(J'Taylor?ê)
[7]

�)ÛL�ª�{', ¿

�U�B/�²;(J?1'�.

4 ?ØÚ(Ø

Äkþf�²;)�­��O´��Äé´

'X, ·�3¦)�L§¥^
é´'X(25), ¿

d d � Ñ 
 þ f � ¹ e � ). � §(25)´ � � é

´ ' X(23)� " � ( J, Ù � � ! � � ( J��

§(26)Ú(27), �±y², ·��)´÷vùü�é

´'X�. ��r��é´'XU�6��ÑU


�¦^õºÝ�6nØ)ûaq�¯KJø�B�

å». 3?nþfog���f¯K�,Bender Ú

Bettencourt
[4]

�Ñ�é´'X¿ØU��í2�·

���¹. Auberson
[6]

3?n�Ó�¯K���Ñ


aq�§(29)�é´'X, �´áur\�'X. Ïd



516 p U Ô n � Ø Ô n ( HEP & NP ) 1 30 ò

·��é´'X��Ñ�©�Ù, ¿�±í2�p�

�¹.

1�, ·��r¤�(JÚ²;�¹?1'�.

�
�Ð/n))�Ôn¹Â, �Ú\Ã�6��Ð

©^�. � t = 0�, X0(0,0)= Q0, D0X0(0,0)= P0, K

d(25)k

[Q0,P0] = i. (52)

@odª(41)k

B =
1√
2
(Q0 +iP0), B+ =

1√
2
(Q0− iP0). (53)

½ö

Q0 =
1√
2
(B+ +B), P0 = i

1√
2
(B+−B). (54)

��B+,B ©O´Ã�6�|��)Ú�v�Î. @

oN = B+B�|�âfê�Î, d�

N = A+A= B+B. (55)

KA+, A©O´Heisenberg L�¥��)Ú�v�

Î. �N ≫ 1�, þfALÞ�²;4�. duN ≫ 1

�, α≈ γ ≈ δ≈ 5

4
N 2, �·�þf�¹�)(51)�4�

�´²;)(15).

���ÄXÚ�Uþ. ®�3���6Cqe8

g�{��f1n�U��Uþ�
[7]

En =

(

n+
1

2

)

+
5ε

48
(4n3 +6n2 +8n+3). (56)

XJ�Äü�ëY�U?�k

∆E = En−En+1 = 1+ε
5

8
(2n2 +4n+3). (57)

ù�´·��"?)¥�ªÇ£ÄΩ. �u��)

¥�γ, δ �α��É�´B,B+ �Øé´�5�(J.

±c<�^õºÝ�6)?n�{��f��,ªÇ

£Ä�Ñ
�����(J, ��I�Î½�)�Î

��müz��Ñ
Ù"�L�ª
[6]. Taylor?ê

[7]

éd¯K�?n�,�Ñ
��), �3��)¥%

ØÑy?ÛªÇ�£Ä, 
õºÝ�6nØKUéd

a�{��f¯K�Ñ�(�(Ø.

ë�©z(References)

1 Nayfeh A H. Introduction to Perturbation Techniques. New

York: Wiley, 1981

2 Mandal S. J. Phys., 1998, A31: L501

3 Bender C M, Bettencourt M A. Phys. Rev. Lett., 1996, 77:

4114

4 Bender C M, Bettencourt M A. Phys. Rev., 1996, D54:

7710

5 Pathak A, Mandal S. Phys. Lett., 2001, A261:276

6 Auberson G, Capdequi P M. Phys. Rev., 2002, A65: 1

7 Pathak A, Mandal S. Phys. Lett., 2002, A298: 259

8 Janowicz M. Phys. Rrp., 2003, 375: 327

9 Kahn P B, Zarmi Y. Amer. J. Phys., 2004, 72: 538

Multiple-Scale Perturbation Theory of Sextic

Anharmonic Oscillator

CHENG Yan-Fu1) DAI Tong-Qing

(College of Electronic Information Engineering, South-Central University for Nationalities, Wuhan 430074, China)

Abstract Classical and quantum oscillators of sextic anharmonicity are analytically solved up to the n-th power of

ε(weak-coupling constant) by using the multiple-scale perturbation theory. Differing from Taylor series solution, the

frequency shift appears in all orders of oscillations no matter it is in the classical or quantum case. So the multiple-scale

perturbation theory is an approximate method to deal with the weak-coupled anharmonic oscillation and is better than

the Taylor series approach.
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