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X2 Forms for Cor r elated Data and Thei r Pr opert ies ¯
Dif rer ent
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AbÔ - et ÚEe pmperm s d º ® ×ctorized chiÇ um fam . which an used in minimm uon d eom lated data, m suzdied , includ-

ing thek btame-- md ó ææedEm- - m e simplined R-vd ue meu uremeÆ m Ò £" d M té tbe eoneh Bio-z qumtMauvely .
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1 Introduction

Ú 1eEü are two often used methods , the covad ancer

matEt x and the scale factor method , to deal m É the com -

lated data , and the equivalence between h m wm dis-

cussed by D - Ago- uni i n Rd . [ 1 ] , whem two typical ex-

ped ment cases , the Og -et azzd the normal ization cases ,

have been studi ed in detai l mainl y fbr two m m umm nu .
For the normal izat ion casez} ' the equivalent conclusi on

has been expanded to mul t i -measUEª,mentsL2¤3j .

l3]
h pmvious study , two points am worthy of notice :

Õ± , it i s easy Ø acqui m anal yt i cal results by using the

factod m d x 2 fom1, wh ieh avoids complex calculations d

inveme matri x ; second , the esUmates of parametem ob -

tamed fmm both the nu td x and the f- d or approach deviate

fmm the expect ed avemee val ue , and the deviation m y k

considerably strik ing , i f the measumment poi nts am qui te

mmzy , or the unceEtai nty of the scal e factor is rather

lazge .
h th i s an k le , the study is devoted to factorim d x 2

form . Besides the two depicted in Rd . [ 1 ] , the other

two fomm come also in to our sid Et . 112e propeø es d m d
the relaHoms between dtgemnt Ö2 tornm am the mai n top

ics of the fol l om ng sections . h addi t ion , attent ion is ô d

to biasness and unb iasedness d mini mimu on esti mates .

Reed-ed l l D¤eembm x m

- SE, , £" ed b, NmeM NÉ zd se--mee Fomdamen d o ,Jima ( 1999'483} a d m T-AeÃ h , . . d CAS ( EF-E )

1)E-m-a tmmh¤ Ô,. i1.ihep-" -m

2)h h dhet e¤ e. tbe eÒ , . lent pmef eamh fomd in Apped iz d thi­ Àeh
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R-vd a me- am me'" , e£" ' lated data

some simpl in ed expertEnental ÓSUIts aEÊ, adoptedAt la¦ ,

to eOma nzz the theoreHeal concl usions .

2 Four x 2 fonn´

h the expedmental datah the exped mental data anal ysis , a scale factor f ,

by which al l data poinu am mu lti pl ied , is intmduced in

the expm÷ ion d ó to take i nto am ount the normal ization
mmenai ntyMJ ] :

x ; = ¥ (ù - k ) 2 + ( 1 - ¬ , ( 1)

û ( eJ Z ef

wheÓ ef is tbe em d É e ¤ ç Tf . And her Si m lar fom ,

where the indi vidual ezm m are also scaled , i8
Ö; = Á (A - k ) 2 + ( 1 - Y ( 2 )

ö ( j b t y e f

Hem sEú , cd pü A and B foll ow D ' Ago- ti± ' s notat ion . h

above two equations , Ó ' s denote n stati sti call y indepen-

dent obeen ati ons , k a physi cal qum ti® , which i s expect -

d Ã a eonustant . In mi ni mi za ion PEWeess k is a Su ing pa-

rameter - However , in some actual anal yses , the normal i -

m d factor is usuall y conÉ i ned × × ×tti ng parametem in-

stead d act ing Ø obm w aHoms - For example , in Ð ( 2S )
ä m exped m nt , Ö2 cm k expreseed asM]

2 ¤ ( N t - M ) 2
x z = ¾ , z , ( 3 )
2 ÷ (Ns- N?)zx =ú ®d
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where N a i s the experimental l y obeew ed event number ,

M eom spondi ng ttm M i cal expectation , which could k

wri tten in da a 1 "

N? = Lt ¤Ò.( ,, ) ¤Å,
² 1em Lt indicates lumi noeity ; Ò. theoreti cal cmes sec-

t ioh whi ch i s a h nCHon oEpammeter vm tor Û ; Å the ef -

f ld eney for a ceEt ai n pmceª , which coul d be Egu md Ø t

by Monte Carlo simul ation . Because of si mulat ion i mper-

feetion , the ermr of Å coul d nd h negh cted , and Ø m -

times could be rather l arge . Under such si tuat ion , e

could be treated as a k ind of scale factor whoee vad a ion
woul d ageet al l data poi nts i n the M me way . H Å ' s erIØr

i s denoted as A , tak ing the corzªElati on coming fm m Å i n-

M account , Eq. (3) becomes
2 ÷ (NE- n! )2 (Å- eo)2

Ö = ýJ z + AZ , ´4)
i¤1 Òi A

wiÉ
¤ Òi ( '1) - eoLt-

-

Hem Å£ is a Ett ing parameter -

O A

f E E , a n d e f ' ? ,

then
Fd = Li ¤¶ ( ,, ) ¤ (e ¤f ) = f ¤ â ,

XZ SL¥ (Nd-F Y (1-Y
, È 4F z, «1
4¤1 6 6 6f

md

Rewztte Nt Ä Õ , and only consider the constant atting

pmblem (m M beoomes k) , them
J ¢ (zt - JEY
ö (ÒJ Z

which is si mil ar to x ; except the factor f acts on the Et-

ti ng paramd er k rather than on the obeervations x s¤ Cor -

m pond ng M X; , them is a -ió lar chiÐ uam form:
xz - ¥ (Zt - Â )2+ (1- f )2

, - Ü (j bt y Ò;

Hem subeeri pts Á and p m choeen in OM er to display the

duali ty of esti mateg and covar ianceg between digemnt chi -

squaÓ forms . This point woul d k seen Ch ariy in the next
secti on . Ò EEls , theÓ am totall y four Öz forms m shown in

(5) and (6) .

of x z fonnsProped ies

In thi s sect ion , th e param ete r est i mates an d £ovar i ¤

ß Ü ï í ë å " í (EZEP& NP) Ú 27í

ances of four Ö2 forms am to be wozt ed Ø t . Firstly , for

Ö: , hum

l12 Å

l È

= 0

= 0

it cm k obtained

~

= Â L . f .
a , that i s

is the wei 6 1ted average dea ned "

3E =

111e i nveme of covarian£e matr ix is

(þ
3E-

-

'

~

-

-

where ê

Ä ¥ê ¥ -

aÆ: ¢
af a k |

®ki |
af af /

2 ¥ - 2 3 |

¥ +ê-2 ½
H deane

25

2 21

E ¥)

~

wheEü
l a¤ 1

? , - L ç -
u f a. I V

| vf |B ó 1
' A

-

-

-
-WG ?¶ ' £

ej 4, ( 5µ
Fmm VA, the vadance of AA cm k acquimd,

eiA = Ò: + (er t )2

w² em Ò: is degned Ø

¥ =Ü ,or ei =If (ù )( 6µ

( 8 ) indi cates the use of Ö: al ways g ves the m$121t d

AA= ê. be seen from mzother formÒ2e reason can

÷ ( é - KMµ2 +
(64)Z õ

(1- f y
e?³' k

the estimated AA Êfor my f ,h minimizati on pmcess,

detem Hned by the summat ion terms of the above equation ,

± the same time , the last tem constmins f to 1 . 131e
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only id uence of -f - i s on d A , which tum out Ø h equd

to quadri c combi nation of the wei Õ ted aversee em r Ò.

÷ × Òf J¿ , the nomEal im Uon unceEt ainty on the avemge .

Ä i s resul t conesponds to such a case , when the nommli -

zat ion factor i n the defl E1i tion of x 2 i s not included , the

overd l unceEt ai nty is added i n quadrature at the enU .
For the other thme x z form , mpeat the si mi l ar pm -

cess , the needed ÓSUIts could h acquimJ , which are

summad md in Table 1 .

'r - bse 1. RØ× ® d f± E XZM ï -

hh ú £d REamder
Scd e f-d or

xt h =f -t f , 1 4Azd +(ef¿)2

F=T¤ê' ¤¤ § ,

1 41-

N ot e z Z a
Ã

a ddM U Z?
exFCMionü ,f µ= 4 ¤­ 4 0 .

It cm h seen ÷ the scale fac¤ f of Ö;

solved h£ m the quaEt ic equation
f ' ´f - 1µ

-
-

Four mots of the above equation am

i - i s T i . i A - 44 2 M T 2 t 4 uâ Ú

1 1 1 f 3 d- + - S á » ¤ l û - r4 2 2 t 4 Õ-
-

wheEü

s =² - új FA+B¤h

T=JOJ 27+2%Zer - "

==ò J

SJ ¹ ¢

A

B

For the l i mi t Òf = 0 , which corresponds to the case that

theÓ i s no conü lat ion between diEemnt poi nts , and the

scal e factor should be identicd l y equal to L then JL f =

1) In fact , one specid m-ad z appm- ch can be u- ed Ø obta a th ¤¤ me unb4¤¤ed ea i mate , , ee appendix .

2 ) For x L th da ml d eaI ed a i on cod d h fom d i n Rd . [ 3 ] .

µ ² ý Ý Ä 4Ö xz Î ½° ä Ô Ê 749ì þ ¢ È :Ø ª

131erefore0 , Ø it is easy to derive f 1.23 = O and A = 1.

A is the masonable physical solution .

ACCOEding to the mSUIts l i sted in Table 1 , the mi ni -

mizat ion of x ; and x ; wi H e ve the bmsed pm mØ esti -

mate k , which i s not equal to the wei d Eted average ê . To

m ½ devi ation i n x ; method , the m le factor 1/ f "

the hmCHon of Òf ÷ × diEemnt number of expednBent

14¤

0.8

£-6

b

' L - f ¶ Ù +4 F )

4 . ¤ef +{ef " '

0.4

02

£

2
í G - s}
L Ie1 ¤l 0.04 0.08 £-12 £.16with the

ov

FES¤l . l j f v¤a-aon ¤ x; - TTze nmnbem m CURe, 1,2,3

4 and 5 , indiea e diEemnt numbem d expa imens points, ,í idz

is 10 , " , 1Þ , 2Þ and m m, E- specUvely .

should h

Zef
' ¤.

- ¾jT
,

+ ¾ ! ½
,

0.04 o-os 0.12 0.16

R g .2 . f vad m on º r x ; . 11Me numbers on cum , 1 ,2 . 3 ,

4 m d 5 , indicate di Eerent numbers of exped ment poM¥ ,

which is 10 , " , 1Þ , 2Þ and 10Þ , mspectiyely
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p o i M s n , h a s b e e n d m w n i n F i g . 1 . C o n Ê p o n d i n g 1y , t h e t i m a t e d s y Öte m a t t p o i M - t o - p o t n t e m m a r e g i v e n ­

variation of faØ r f fmm Ö; is alm dmm in Fig.2. Hem Á 3% . For the RÐ aem dhere , thesystematicumð -
t h e e x p e c t a t i o n d z e , n a m e l y ´ ¢ , µ = Ò f ¤ ( n - 1 ) i s a i n t y i n t h e d e t e c t i o n e S E d e n c y ( ó 8 % ) , t h e l u m i n o s i t y

f f J

u s e d t o c a l c u l a t e sc a l e f a c t o r f - C o m p a r i n g F i g . 1 a n d 2 , m e a s u m m e n t ( Á 6 % ) , t h e e v e n t se l e c t i o n p m e e d u m

i t c m b e m E , b o t h x ; a n d Ö ; w i l l l e a d t o N a m e s s d ( Á 2 % ) , a n d t h e b a c k F u n d s u b s t ò i o n ( ó 3 % )

. . y i e l d e d m c o m m o n s y s t e m a t i c e m r o f Á 1 0 % , w h i c h

m i n i m i m u o n m S EEl t s . H o w e v e r , t h e d e E e o f d e v i a b o n
v s h o u l d h c o n s i d e ± Ä n o m a l u a u o n e r EW E- - N o w t h e s e

f m m t h e w e i g h t e d a v e r a g e i s d i E e m n t . A s t o t h e s a m e

t h i n y e i d Et R - v a l u e s m l l b e u s e d Ø t e s t f o r e g o i n g c o n c l u -

nomaIimtion em h the deviaHon d x; is much smaller - h
SEO n s . F o r m i n i m u m o n , t h e M I N I j I T p a c k a g e s , o n e o f

than that of xi .
¸ u s e f u l C E R N p a c k a g e iéEn 1 M 6é E e¶ n eÜ r gÔ y P lhù1Éyé s it c st (Ì̈ü1ØÐ0]U , iº s u½tui .

. O¤ n t² thë1m e eØo nMt m® E£7 , aô cmØc o r d i nÖg tØo TÓ aú b l̈ ë 1 , b £É töh ÖÈ ; a÷ znM 2Ðd lHi m¾ d . h t½}hh 1æe Xó 2 cØo EnME

Ö ; w i l l d e r i v e u En1b i a 8 e d EnEe s 8 Eü sç 1u1l t s , m o r e o v e r , t h e e s t i - a d o p t e d :

mate variances of two chi-Ðuam am the same exactly- Xeú R;xp , Òaú ARí , and k ú R.

' h b h e 2 . V - 1 ¤ e g f e r R [ ½ . Ä " e r m Ä " £ " d m

4 E x p e r i m e n t t e s a n g

p o ã b t , p o eM W Ú m 6 e e r r o m .

E, IÊV RV½ AR 1 Em/ØV RÐue AR
R , t h e m t i o o f t h e h a d m n p m d u c t i o n c r o e s s e c t i o n H

5 . 60 4 . 0 8 0 . n H 6 . Ø 4 . 50 0 . 17

via mzgle photon annihilation ô the lowest OMer pom- øò 4¤" £16 1 6" 4n o 16
lk e QED / Ì - cmes m tion ÒÌ =4Ðó ½ , is a funda¤ 5.75 4 12 0.´ 1 6.Ó 4.Ø 015

m e n t a l q u a n t i t y i n e + i i n t e r a c t i o n . I t i s c a l c u l a t e d i n 5 . m 4 . 13 0 . m 1 6 . 7 3 4 . 3 8 0 . 15

t h e n a i v e q u a Ë ¤¤p M o n m o d e l a s R = 3 2 J q Q ; , w h e Ó Q q 5 . u 4 . 13 0 . 19 1 6 ¤" 4 È 0 . 16

is the quartEô m cha® , M tlze summation m̈m ýÐeÊr 5mµ 4ØØ ö 1M4 1 6 Ê 4 ¶ 0 13

all t½hh e pmm±ëdÉEu2Ðe
6 . Þ 4 . Ú o . @Ø ' H 6 . õ 4 a1 2n 3 0 . lÇ

7

cØ£ rnIÒÏ e tUi o n a n d t h e ed l e cd t EmØ . w e a lk t e E e c t i n t o eÞ o InmE×sÊi d e¼EmÅüî EÃtHi o n , 1

6 0 , 4 . M 0 . 1 8 H 7 . Þ 4 . 1 0 0 . 1 2

R v a l u e w o u l d b e l a r g e r t h m t h e n a i v e v a l u e ( 1 0 / 3 ) f o r l404 0.15 H 7.05 431 009
f o u r q u a z i t n a v o ¼ , a n d t h c o m e ± t e m i s a s l o w l y 6 15 4 M o 16 1 7 10 4 3 2 o 14

vaÒng mooth function of C M. eneEÃy, in the neon 6.́ 4.Ø 0.± 1 115 4.n o 11
w i t h o u t Ä y Ó m n m c e s , t h e r e ¤ É , R c o u l d Ó a g o n a b l y b e 6 . 2 1 % 0 . 14 1 7 . ´ 4 . Ç 0 1 1

t m a t e d ó a c o n s ta n t i n a g o o d a p p r o x i m a t i o n . 6 . 30 4 . n 0 . 14 1 7 . ¹ 4 ¤" £ . 11

I n m p e d m n L m a n y f a c t o m s h o u l d k c m s i d e m d i n 6 . 3 5 4 . 4 7 0 . 17 1 7 . M 4 . n 0 . l I

R value calculationI) . As a pedÔoecd emnple, a com. 6.Ê 4.31 0.13 1 7.¾ 4.² £"

p a m t i Í c o n
c i s e R e x p m m o d s] i s e v e n h e Ó , 6 Ê 4 n t o 14 1 7 ¨ 4 " o ¶

6 . 5 0 4 . 4 0 0 . 1 5 1 7 . 4 5 4 . 5 1 0 . l 4

R ( N - N ) i

= L Å ( 1 + S ) . ¤ Ð ® , 6 ¤55 4 ¤" 0 ¤16 1 7 . m 4 1 8 0 ¤"

w h e m N i s t h e n u m b e r o f m u l t i - h a d m n i c e v e n t s d e t e c t e d , F o r e x a m p l e , t h e s t a n d a zd c h i - 84F Ea r e f o r m s h o u l d b e

N bJ 8 t h e e s t i m a t e d n u m b e r o f b a c k - F u n d e v e n t s , L i s

t h e i n t e F t e d l u m i n o s i t y , Å ( 1 + S ) i s t h e a c c e p t a n c e f o r

t h e m u l t i - h a d r o n i c e v e n t s w i t h r a d i a t i v e e E e c t i n c l u d e d

a n d ( 1 + 8 ) i s t h e m d a t i v e c o r m c t i o n f a c t o r d u e t o h i d 1¤

e r OM e r Q E D p m e s s e s u p t O OM e r Á 3 . T a b l e 2 l i s t s t h i r -

t y e i å t e x p e d m n t R - v a l u e s W ] . F m m a s t u d y o f d a t a

t a k e n a t d i ú e Ó n t t i m e s a t t h e s a m e C . M . e n e E ¬ y , t h e e s -

l ) 1Tze R value m am ement a BESE h- been de-cdbed m b É [ 7 .Ê , û em ² e detailed calcd aZion about eµ ef iment R vaIue cod d be fom d .

ë Ü ï í ë Ë ï í (EEP& NP) Ú 27í

w n tten as

2 Ç (RL - R)2
Ö = ñ (ARë )2

FiB t , the data li sted in Table 2 × ªE Considemd ±

uneonü lated ( namely , the common sys- temati c ermr d

10 % is not td Een i nto account ) , and FonElula ( 11 )

used i n tlm a tti ng . Mini EÉ zation g ves R = 4 . 2 8 4 ¢ 0 . 0 2 1
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( fl tt ing em r only ) m th Ö2/ n dd = 55 .93/ 37 , 8ee Fig . 3 .

h fact , m to thi s si mpl e exmnple , R and correspondi ng
x z eould be computed di rectl y fmm Fom ulae ( 9 ) and

( 11) , which e ve the same resul ts Ã those h m the St¤

tEng .

,s

5.0

43

8
Ù
2,
- z

4.0

1 5

3.0

6.0 6.5

EaJ GeV

Fig .3 . Fitted R value without m y COTEÛelation ( sol id line

indicate- 11Øng result) .

Next , i n OMer to COTE8ider the corEü lat ion , a scal e

factor f is i ntmduced , whoee uncertai nty rangee h om 1 %

to 20 % , centeri ng amund the normal im tion eETOE- 10 % .

111e nud val ues and thei r ermm ( Etti ng em m only ) m

shown in Fig .4 . Ò 1e top straid It l ine denotes the SÇed R
value for Ö: and x : fom L which is 4 . 284 . 'IEe other

two l i nes corm pond to the tlm mtical cuR ¹ of Ö; and

¨ , m ped ively . Unl i ke Fig . 1 and 2 . the value d E ef

instead of ´ 250f µ i s used in ew e dm d ng .

On the basi s of simpliSed R - val ue measurement m -

SUIts, i t cm be concluded É a the actual Ett ing mSUIts ,

8hmm in Fig . 4 , quanti taHvely ag ÷ ÷ × theore6 cal ex -

pectati ons , li sted in Table 1 :

1 . The fl tted R value in Ö: and x : form consi sts

÷ × each other and m th the weid zted average . Ò 2e devi ¤

¡ £n between x ; and x ; form to the weid zted average

incEøease wiÉ the enhancement of Òf

2 . Ò 1e B¢ ed unceM nties d R in Ö: m d x : in-

1) So faz u m M ai ® is eonem d , ² § cd t h ó 63 £Þ0d" d » neÞtd®#¬e

cÍ æ ô d Òs.¢® m µ® PFmmô£ï ¡××µiómmó¾mÐ a±Å®ÐIØ±ed́lâ7 µ d , i ¤Ð " , . UEEde m a, æ æ ¸ ' ç ´ À Ö Ø h dd niuom d d . it m dd be ¤ ined ô eh eh . AB to dw

u a ë le qu 048d m this paper - 6 p - 3 % , tben e . - 3 % / J 3E z 0 .49 % é hch m m - II eno×gh Ø k nee ected -

é ý Ý Ä 4 ñ xz Î ½° ä ÔÊì þ ¢ È :Ø ª µ Ó, 1

~~

£

0.15 020

ev

FEe -4 . Fi tted R value wi th coÐelation ( sol id lines

indieae ª eomtical µ peetam n) .

7.0 75 em se ÷ × the veloci ty pmpod iom l to th size d Òj , but

for x ; and x ; , the increasi ng veloci ty i s ± ati vely slow -

especially m x ; cm t}

B y v i ô e o f t h e Þ n c m t e e x a m p l e , Ö i a n d Ö ; m

u n f a v o r a b l e f r o m t h e m i n i m i z a H o n p o i n t o f v i e w . 1 E e m a -

s o n s m t w o - f o l d . F i r s t , Ö i a n d x h m d u c e b i a s e d a t t i n g

v a l u e a n d t h e b i a s m i g h t b e r a t h e r s e v e m w h e n t h e c o m -

m o n e ET O E- 6 J i s c o n s i d e r a b l y l a r g e . C o n e m t e l y s p e a k i n g ,

f o r t h e 1 0 % c o m m o n s y s t e m a t i c e r m r i n o u r q u o t e d R -

v a l u e m e a s u r e m e n t , t h e a t t e d R e q u a l t o 2 . 7 4 7 f o r x ;

± 3 . 3 6 9 f o r Ô , m p m t i v e l y . 1 E e d w i a t i o n f m m t h e

w e i d u e d a v e r a g e R i s u p t 0 3 6 % a n d 2 1 % c o r zm p o n d -

i n d y . U n d e r s u c h c o n d i t i o n , t h e c o r Ee C H o n f r o m f a c t o r f

m u s t k t a k e n i n t o a c c o u n t c o ô i e n t i o m l y . S e c o n d , Ö i

÷ Ö ; t e n d t o u n d e r e s t i m a t e t h e a Ç d e n w r w h i c h i s h a d

Ø c o m t . C óm InëI

6 t́ tÎ i Enù1ª g eÊ Er 'ÄEmÉ£w 3¹ r i×s t o o s l o w w¶ i É t h e imEnâEÓc EÓ· aæ8 imEnù1ª g o f c o m m o n e¢ r .

m í f¤ oÀ r ÖÂ i . w h i l e h r x ; , t h e E t t i n g e m r a l m o e t k e e p

t h e s a m e f o r t h e v a r i a H o n o f Ò f ¤ B u t f m m t h e i n t u i t i o n o f

m p e d m e n t p h y s i c s , t h e c o m m o n Ò f s h o u l d b e a d d e d d i -

r e e d y i n t o t h e a n a l a t H n g e r m " j u s t m t h a t f o r x : o r

x . ¤
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5 Discus ion

h th i s m per , th e p m p ea i Å d fou r f act or im d ch i -

sq uam fon ns have been stud i ed . s £m d m pl i S ed R - val ue

exp er i m en t E tt i n g Eü SEEl t s m em ¶ £" d to test the m l evm t

theoret i cal e£" e lu si ons qu an ti tat i vel y . Fm m foreso i ng a s-

cu ssi on s - th e x ; or th Ö: method m m a e£mpam u vel y

ideal app m - eh t o tm at con -e l ated data poi n t s , espec i al l y

when od y one nom al m d fact or shou l d h tak en i n to ä -

m u n t - H owever , h n h er stud y d i sp lays man y tec hn i cal

an d theom t i cal d im cu l t ie¤ .

Fi rst , the tr i c k used in t he equ i val ence p m of for si n -

gl e f ac tor an d Si nd e pam met er ( i . e . con stan t ) Ôt t i ng

c ase wou ld lom iu nmg c , ,ø ea mu l t i - f act or and mu l ti -

pam m eter must be t ak en i n to consid era t i on . u em ibm ,

for mi n i mi za t i on Ó SUI ts fro m c h i - sq u aEü wh i ch con tai n s
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