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þ,2 Or bifold-Pr ime M odel of N

Superconformal Theor ies wi th c = 3

h yi pj am l DÉ t

( Inam -- d E±' Eaezg pby, ic- - Th Chia- -e Ac-demy d Sem e-- , Reij iÛ m m 9 . china)

A M U- ct We consider N = 2 , tapem z1fom d fleld theories on a two a m m onal tom m th ce½ al chz ge c = 3 . In pam eular ,

we pmm nt the parti ti on hmctim Eof É U ttzeOE7 ¤ FUEt hem £" ' -o genezate new h or ies . we m all gm er-AoÉ ifold pee-ed pu on . At

last - we eonsô ct the mod»lz invE im t Z o§ Eold-pd me model .

confonna1 681d thee® , £ø ifold , pe t i tio-, ðmet-oaKey w£r²

1 Introduction

Ú Ee complete undemtm ding of the modul i space d

N = 2 supereonfortEUl Eeld theories with central charge
C = 3 needs a desed ption of al l its orbifold theode- - 'IEe

N = 2 supereonfortIEal : M Orbi folds were e ven in Rd .

[ 7 ] . When fermions m omitted fmm the C · Ø perm n-

formal theori es , one obtai ns C = 2 boeonic the£zt es that are

e ven i n Ref . [ 8 ] -
u e N = 2 supereOEd om - l aeld theortes m É c = 3[1]

are descri bed by a ×, e chi rai scalar supezGeld contai ning

Ç 1m e N = 2 µ Óm̈ £¶ n fº o mm E" ed l̈ eÅ £ m

a IÓü d e s c r i b e d b y a fbEmË e c h i rma l ' c a l a r s u p e E4× 1 e l d c o n t a i n i n g

t w o r e a l M o m  s i n g l e Þ m l e x w w w ¨ - a v ( z ) -  ( z ) â ¤ Ø ,

Á ¤ ( z ) = Á 1 ( z ) 2 i × 2 ( z ) ( ¯ ð ( ý ) = 7 5 1 ( ý ) ó i V G ) ) ( 2 )

Q ¤ ( z ) = © ( z ) a © ( z ) ,

( e a c h d c = 1 ) m d t w o M a j £ r a zu - W e y l ( M W ) f e r m a ú .

¨ h e m z p l m Ð ð ) h m Þ õ ( z ) = õ ( z ) ó J ( z ) = ¨ ¤¤ w ¤ ( z ) = Â e V ( z M z )

iç 4éõ Jf̈Ø̈2øU (ÔØ zÔ ) Á (Ø z¶ ) =·4 ÙF t Ø iá v Õ ( ïÐ h d c̈ zú Ââ ) s immEmmnï i lôa® r EÓ±ë¢üÊÉÚ lhôa±ç t" i ¾Ð Ih2£ l̈ ¨ EuÐÝÉí t"ØÉô ïÍô tbMEm±Úod¤¤ lhô óm Enmm°nmëë¤më£ëÍ ÒÅ h i c (" rdÍÞi¡ åð t m w

im En 3Ø gU ) g e n e r a t o r s d t h e N = 2 8Ù tu ' PÏ e EÓ æw o¶ n f o r m a » a l g e b r a . T E e 3

1 1 ¢ e a c t i o n f o r t h i s s y s t e m m a y b e w i t t e n u

- a h a v e t h e l a u m EEt e x p - n s t o ms=¥ldz(Úâ43©+BeaÁ-3©+ ¤
T ( z ) = µ : I J ¨ ,

4 3 õ + V 3 é - ) . ( 1 )  -

Ih n 8÷ t± dÐ Ö ô 7 l am En«1û®g° 1

8mtuµ2µpÁ e ImÕªØ t rdmiÎ̈ EnÖEØg cÞ o nm 2Pô a×¾ cdd tHi fk lk c aÉ tU im£¶ a ¶ a t w o d i m e n s i o n a l t o nmm Òó8 , tû . .

² = R Z / A . F o r t h e t w o d i m e n s i o n a l l a t t i c e A , w e u s e a ¨

J ( z ) = µ ¡ J J ¤ ¨ ,

b a s i s | e t M R ( i = 1 , 2 ) . U e a c t i o n ( 1 ) d e p e n d s Ø . « .

f o u r r e a l p a r a m e t e m o r m o d u l i , t h e e o n s t a n t s y m m e t r i c a n d - m d V N = 2 m p m a d o m ¤ l a I F b r a t h a t c m b e f o m

two mal boeom or a single complex left ( dd zt ) bè £"
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= 2

meÇ Gq = ¨ Å £n f , and the ÷ ®m nm̈3eÊtÇôr

×"Æ¢ edØ lM d ¨ B -ú = - Bñ , . Ih t }hô E×Äaæ s N =· 2 s 1µ émØ EnKÓmÛYæm:ªmTÉo End§1¤ f

D¿ i Em@ cd td l y fh EmÛw 3 m td »h EØe ä¾ t× i £° n , w e c m d e t e m i n e t h e g e n e r a t o m

d t h e N = 2 s u p e r e o n f o r m a l a l g e b E± , t h e s t n ¤ s - e n e r g y

t e m r T ( z ) , i u s u ô p a z t n m Q - ( z ) = Q I ( z h

i Q Z U ) ( i = 1 , Ì , a n d t h e U ( 1 ) c u r m n t J ( z ) ÷ ×

£ o n f o r m a l d i m e n s i o n s h e q u a l t o 2 , 3 f 2 a n d 1 , m p e e -

t i v e l y ,

T U ) = - Â a , - ( z ) a Á + ( z ) -

(s)õ (z)

2 LØ JJf . .É.·ø 2ø
'

2 QØ ,Jii ziif ...

2 J .f . t '

Ò(z) =

J t zY= L JJ ® ¢

N = 2 8upemoz¤£mzd algebm that cm be found
and sat isfy

3¤e - 3"
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m R a h - [ 1 , 1 2 ] . ¤ m d I a Ø ú m l a t × £ e w ¨ m a l z p m ¤ d { p . P - ( p " '

' I E e p a zt i 6 0 n h n d m ¤ t t m N g 2 8 u p e m d o m ¤ 1 7 ) = ( p ¤ p ' - E - Y ) , · i e h i s e v Ä ( b e c a - - e j - y

t h e o r i e s w i É c s 3 i s c o n s t m e t e d b y t e a s £ r i n g t h e t h e o £ = 2 FFEi n t Å 2 z ) a n d s e l f - d u d ( b e c a u s e A = A - h

d a c o m p l m f m e b o e o n d e h e d m a 2 ¤ d i m e m o n - t t o n s- F m E q . ( £ , w e e m l y w i t e

f ¨ e Põ EmµØ

td}hEûe £ Eð7 d a 8É i Enz4d9 e eØAb 3m p lhe x D i m e fº e nm ° z×i £ n , n a m e l y

Z (Í r , p ,J zÔ ) : = z (Í r , p .JdM ÒØM )M zÉ B± 'úÃ½'±.

h tØ}hh 1m e fØ£d 1u1h o Åµ Enù2ª g ¡ bM rd iéMµedd fn1y dÎ i sñò e¢Ø 1u Es" 8 Ih1£à ¢w ó tØlhh 2æe eü x pÝ lui e© iu t ü P ôm - . h t h e t w o d i m e n s i o n a l c a s e , i t i s c o n v e n i e n t Ø g u u p t h e

S i o n d Z ( r , p , z ) c m b e f o Ð m l a e d - n e Z ( f , p , Ò ) b zr m a l p m m e t e m ( ð , ð , G n - a n d B 12 ) i n t e m

i s t h e m o d u l z i n v m a zzt p a at i t i o n h Em u o n f o r h m m d h ¤

o f t w o p a r a m e t e m T a n d p i n t h e u p p e r c o m p l e x h a l f

m n c o m p a c t i g e d m t h e t m d i m e n s i o n d Ø m J U

p l a n e u f o l l o w s -

Zß (h Óhµ ,4 pÑ )h : = Zß (" fhµ̈ ,4¡ pÛ ,Jd eØ ) = t rðõ qóÆ É

Ó = T B + E T ' = - - - + E -- - » ,

1 àý 1 - -Ì ÷ ' (Ø 3Ø ) E z GÚ © Ó GØ d !

l ' 1 2 ( Ò ) l Z A q , p = P I + È = B EZ + i J E .

¢ ¤ ¤ ¢

W h e r e q z e Zð ' , e 2 6 1 + i 6 2 p a E ï n e u t B e @ t h e w o d d s h e e t Ef e m Ó m p m s e n u t h e e o m p i n s t R EC t u m d t h e t a r g e t s p a m

t o r u s , a n d q ( e ) i s t b e D e d e k i n d e t a h n e d o n d e r m e d u t o m f , a n d p i s i u c o m p l e x i f l e d I ² h i e r s t m c t u m z b o t h

t a k e v d u e s ¶ t b e e o m l u u p p e r h a l f p l m e z G = d e t

h ) = q ú E ( 1 - q ¤ ) ( G J N o  í ± " ) i ¨ m o f T a n d p ¨ e

u e V i m s o r o m m m o d e o p e n ¬ £ ø ¤ t h e b o m a s i n E q . f o t l o w i n g f o r m ,

( 3 ) m e v e n b y p z = - L | n E - m - Ñ ( m 2 + m I ) | 2 ,

r 2 Ó 2 P z t a r 1

Ò=2JØ
¶ i Ø p = ¹ß·ð EõÙÙ ;õý Eß ; |M ,nÐEh 1 - mÐ 2 - ¹ÌÓ (ÇØM̈ ,nmÐ'nÐBh 2 + "mÐÐÐ zḧ̈ 1JJ )̈ |¬ 2

E = ´ óL ± Æ + Â y FR×ôhM 1khMM rnmÐ BÐ¡ ad lH l y . Ø¨ m Õ¨ i ô ô ØØ £m n (ØØ 3ý )¨ u´² kô e"¨ s ¨ £ nm

n

h l d ¾ t m w i n g m m m û m o m t u m p M E m z h J - 1 £ q t ¯ | ¨ ¤ â ± , } | 2 .

ä ¤ ( 3 ) m d d M ó ² - 1 71 2 ( Ò ) 1 2 Æ

É ' Ð

( P J ) : = ( n t e - - + Ð + ¤ , ø l ½ ¨ } | Z ´ 7 )

,Éem | e: | m basis vectom for the dud lattice A . d

A , which ã ti d es m J = 8 , such ô t e ¤¤f =

the integers ns and FFZs m the momentum and

numbm - h m tm d L: M z : in Eq . ( 4 7

p wund etate | FTE1¤FFh , n 1, Fh µ , À 1ich is l abeleo

= Se such that e

momentum and wi ndi ng

R i n Eq . ( 4 ) on í

,ø ich is labeled by the

is e ven by

! l m , mz , FE», ,zzµ ,

L; mzd Z: in

momentum and wi ndi ng nunú em , i

L; l ml , Ð , ¨ B2µ = Â p2

´ 1m1,È ,¨ 2µ = Âp

where we have used a i l nh , "ä ,

| ¶ , Ð , FBt , Fh h o for n µ 0 . i

knownu u that the momenta in ù ¤

E P

1¸
¡EPhµ = F l mt,m2,¨ E2µ,

Á; hnt , m2¤nz, ,h µ= 0 ± ×

} for n µ 0 . m µ 0 . It is well

menu in Eë . ( 5) fom four dimen-

- B | -E. ¢ ¤Ôhv Ð } |zq-t2'2¤ .E Z Å | ¤¤ , - m z - F { ¤¤ 2 ¤ m l } | 4 . ( 7 )

1 3 2 e p a z t i t i o n f u n c t i o n f a t h e D i m e f e r m i o n c a n b e c o n -

s t m e t e d b y t a k i n g e q u d s p m s t r u c t u r e s S o r t h e i d a n d

r i d z t f e m Z i o n - [ 10 ] ,

Zo--e( 6 . z) g ±q£ ² Ò Å ©- 7À, g

1 I | 0 ; Ôb ¢Ez , e µ |¬ 2 | 8 2 ( B ' Ò ) |¬ 2 -

2 É | ' ( e } | Ó | ' ´ e ) |l , !

|Ê¢½ô òÊ«ð ("ÓØ shM 'J ë |M 0ð 4 (ÔØ̈ zḧ̈ 'Jd ÒØ )

| | ) , Ø

- 7 1 ( Ò ) | | 7 1 ( , )

w h e E¢ e y = e 2 Í ' ¤ S i n c e t h e f e n n i o n i c t h e o r Ã s p l i t i n t o

N e v e t s - S c h w a n a n d R a m n d m e t o r t h e V i m m m m m m o d e

g e n e m t o r f o r t h e D i m e f e r m i o n s i n h . ( 8 ) Ä e v e n b y

4 = F: " 1.d;, n¢ z +· (NS);

Ðe-1 22 d z

Eq.

meven by

4 g E ML-É n e z + Â (½ )$

4 = à ¡ d d ; + ¤ , n Å z ( R ) .
û 8

L;

Si mi lar rela i on is tme for the d d zt 1330vmg mmponent .



388

1Ee claasical Jacobi theta functi ons o t ( z , e ) , i Å | 1 , 2 .

1 4 | in Eq . ( 8 ) m deh ed i n tem d m m m d pmd-

ucts as

,,{MZ J M - i 2 ( - 0 ¤ , ç 4 µ 4 =

. ð t Å ( 1 , Ç ( 1 - y q ¤ ) ( 1 - y .Ã - BÇ µ .

(́ t?§Ì̈ áLÌ̈ ,Jd ÒØ ) '. a ê q¬ ÂÛ {Ç" '.b4.h .

; Ý ± ( 1 -ç§ 'ó . )̈ (q É tÔÙ̈̈ ,"õÝ ÐóÇ .Ç ) ´ 1 ? f 2ÃÃÃ̈ d©²ú̈ .b̈̈ ³7· !? ) ,

9% 'Ì ( z ,Jý eØ ) = Z q E ² S

I I ( 1 - ² } { 1 + " ¤ ¤ t ) ( 1 +

põ 1 ? 1fÉ fz¤ t)) f . 2ý þ (É - 1O ) . 'ò «́ f =

¨ 'Ô (14 )(1- ,ØÇ {1- y4r S}t ¨
¢ 1 ; h L F z , -

Wf J),

Pazt i Hon h nct ion for d1e f

÷ × C = 3 i s thus e ven m

Z ( r , p , z ) : = Z ( Ó, p )

N = 2 8upeEæOEEfortyzal theories

Z( T,p) Zï ¨ , ,z)ð 1 aaþ !¨ Ð Ð |EX
I ,={e) lÖ' - -

- 1 7 1 ¤1 ¤ ~ Ò þ¢  , } l z
q r s ä ' '

ý (|ejFJF r¡ ' f z ¡

lou jf +lej JJf f ) (9)

2 General presed ptim for the orbifold con¤

Our ai m is to com tm et modul ar invartanu -a men -

SionaI Z z oÉ ifold -PEt me pa À tioa hmcti on from a e ven

modular i nvariant theory ( 9 ) . To do that we now e ve a

bri ef intmductim to the gemen d pmeedum for the Þ n-

a m ction d o² ifd d theode- by Enodding out a symmeuy

gmup G d a confont1al h ld theory m th centml charge C

by foll owi ng the an i d es [ 3» -6 ] .

Ia t N k the Hi lben sp- ce d m orb ifold thm w . It

has two sectom , namely unt÷ sted and twisted " ctü ,

i t , ' = Û ," @ ò , . U t m Þ EZsider a rst the untwi sted

sector of the OE43i fold theory . Th e untwi sted Habed space

wil l be a m b¤p- ee d the Hi ibe,t space for the N = 2 É e¤

Ú ¨ ¾ß Ü ï í ë ² ï í (HE & NP)

od e, wi th c = 3 . I n th e path i ntegral for th e pan i t i on

h ac t i on th i s mean s É ± the h - m e f l elds obey pe ri od i c

b oun d ary cond i t ions d one th e space d i EËCHon of the torus

m d tw ta ed peri od i c bou nd ar y eOEEd i ti om m t i me . SO ¶

m or bt fol d , t he u ntwi sted sec Ø r bou ndazÃ cond i t i ons on

th e h eoa i e t l e l d m e ven u

Á Õ ( 1 ) = Á ¤ ( 0 ) + 2 FrA ,

Á Õ ( Ò ) = g p ¤ ( O) + 2 ,rA ,

wtzem g Å G . Fo r Razm a d or Neveu - Sch wan ferm i on one

has

W ( 1 ) = ¿ õ ( O) ,

V ( Ò ) = ó g W ( O) -

U e u ntm sted H i lb en spac e í ´ decompo- es i n to G i n -

vad m t and non i n v. a ant µ - ee d a ate- - h Oder to c oa -

stm ct consi stent model s , we m ust p mj ect ou t th e gm up

m n i nvaztan t spm e d Mates . h the path in tee d f om d i -

Sm , pmj m u on oa th e g w p i nvmt an t stat " m the m -

twi sted sec to r i s m pm sen ted Ø

z = - L - µ ! g | | , ( 9 ' )| G|Ü £}
where we sum w e al l poea b l e M a i n, m th e ti m e d ree -

tion d thM onas- g × m m EZts bound® conditions on

m y gena t e f l eld - i n t h th e£É tw i sted by g i n t he t i me

d i rec Uon d th e ton " - 1E e pan i Uon hame6 on d th e or ig -

naJ mod el i s si mp l y e ven by Z = 1Ú .

Ò 1e untw i sted sect or pazt i t ion hm CHon is not mod ul ar

in var ian t . T o Á i n modu lar i n vazt an t pM i t i on f unc t ion ,

we th eË,fore need t£ eon sider the cont d but ions of twt sted

secto r H i l ben space d a a es . For G abel i an , th e twi sted

m l be n spac e deeomp 0¤es i nto a set d tw i sted sectom l a -

beled by h Å G , - nd i n e- eh twi sted - ecto r them i s a pm -

j ect i © © to G in var i an t SEat ¹ . H G i s not ab el i m , th e

twi sted H i lb en spam decom poees i n to a ò of tw i sted sec -

tom label ed by £" " ' cy c la, Ò | h i d G . h th e m th

i n teF d d e, eri pUon th e boeo ni c Seid ob ey th e fol l ow i ng

twi sted b£un dar y coed i t io ,Ô ,

Á Õ ( l ) = hÁ . ( 0 ) + 2 ¨ ,

Á Õ ( Ò ) = g Á Õ ( O) + 2 ÐA .

For Ram ond or Neveg - Sc hwan fem Ei ons on e hå

W ( 1 ) = ó h× + ( 0 ) ,

é ¤ ( Ò ) = ÷ g V ( O) ,

wh ere h an d g m twi - " Þ th e a eld s i n t he space m d

u me d i m et ion of t he ¤ 128 . W Ee h f i st ed H i lb ert space m

deeo n× o¤e¤ i nto G i nvar ian t m d noni n vazt an t spece d

-

-

-
-
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states . To const ruct consistent models , we aeai n have to

pmj ect ¶ to p w p invaztant a a Ê ¤ h the pa h i nteF al

fomzal imh pmj eCHon onto p WEEp invaztant states in the

twi sted sector is repmsentü "

ZJ ÷ ,ü,4z,=Å ¡ ,ñG SLrj.
§, 1.[, .h] - o

h fact , one may obu in the twused ,ector par66on hanc-

Hon from ( 9' ) by modular transform-Homs Òú Ò + 1 and

the total" ms, modular1J6 .

pazti t ion h net ion is

Z e- ' ® Å T·.

3 The - 2 orbifold-prime model

ö Ee two di mensional N = 2 SEEpemozzfommI Z 2 orbi -

SOld -pri me model cm k constm eted fmm Eq . ( 9 ) for E -

bi tmz7 T and p . Thus we may now pmduce another fami l y

d theod ü , i . e - A orbifold-pd m supereod ormal ad d

theod es M th the same set of modul i m the N = 2 theories

÷ × c = 3 by fol lowi ng the general oEbifold prescd pU¶

int mduced in sect ion two . m e seneric symmetry genera-

tom for the thoed es of intemst is

( - 1) ø Z 2 ,

,dzem the symmetEÃ þ 2 genemted by

g© ( z ) = - © ( z ) , gõ ( z ) = - õ ( z ) .

÷ ze Z 2 mtaHOEEs m the sm ´ e- M h ´ ¡ £" ( 1) FI A

and N = 2 world sheet supemymmew geneM om ( 2 ) . E

EfeÓ ( - l ) ø is a order two z symEYEd É d m y ô per¤

confom al tl el d ú " ® , dd ned to æ æ + l on ¢ tes in

the anti peri odi c ( NS , NS ) sector d the world sheet su-

pemyTametzÃ generat or , m d u t u - 1 £n states in the

periodic ( R , R ) sector . m e deecd pti£n d moda ng Ø t a 1

general SUR Eæonformal theoÇ by ( - 1 ) ø wØ e ven in t

Ref . [ 2 ] . Here ½ cd eulate tbe z of bifold-pri me pM i - t

tion function by twi sting the super tom e model ( 9 ) by the E

synü £et ry ( - 1) ø Z 2 0r by twi sti ng the Z 2 orbi fold model E

( , ee Eq . ( 11) ) by ( - 1) ø ,

ZZ2¤d ( T , p , z ) = ( - 1) ø Z 2Z ( r , p , z ) =

( - 1) ø Z Ez- -ø ( r , p , z ) ,

¢d Eere the coë lete modul ar invE iant Z 2 0É ¤ £l d pmt i ti on

function[7J has the form1

3892orbifd d»b tme £ Í

!ó |2 !§ |2
ú (zh ,p)Zzf ç +

| º ¸ ) Z h ( ¨ , 11 1 19

ó
whem the Z DMJ e , z) is e ven in Eq . ( 8) . The Z 2OEbi-

fold pa ´ on h netion ( 11) m y h m ttü " h e mm d

peEJTiodic ( R , R) sector and antipedodic ( NS. NS) sector

pazti tion functions :
Zz . . . = Z R + Z ¢

av -- T S»¤. . ,

wheIü
i j A A i zhz14 4 ¨ '?!?1717 1)x c

i nv ari ant OE43i fol d

¢ . (107

|Ð ; ) ¸ )+Â( |OU · '
+

Â( lzF |Ü |Ë ' )x

Ê |² !ó f yi1 % ; ñ

· { Ö F,ç i f ¤ |2)x

Ð ' ¢ Ë}¸ + |ej z p r )+

Â( |É 1 Â þ |zh

z´ ë

Â( |Ú ; 12!|Ü |OU )|2)

Zzf ü bifou -primÄ par

+

Eq. ( 10)By Eq . ( 10 ) Õ , azerd

h zEd om can be wdtten 

ZZ2¤d ( T,p , z) = ( ¤

pazt EtEon

Â(1Ú +(- ¨ Ú +

l Ú + (- 1}ø

T,² l EM tem is simply-6 vd ± the Eq .

¸ lÚ - ÷ Tm
i - Ô v

ZI I ) ; Nd 4Th e E rst tem i s si mp l y g vm by the h . ( 1 1 ) . Note É a

th e sym BEet Ç op erator ( - 1 ) ø dea ned Ø ¾ Ä + 1 ¶

the ¢ ¢ i n t h an t ipet t od ib ( NS , N S ) ô to f h¯ Ê - l

m the a a te- in th e peri oEHc ( R , R ) secto r - 'ITEem fbÓ Om

obtai ns the fo l l owi ng re su l t for the second tern2.

Ð × ¤Â(zh d +|§ ·

|§ · |§ ¸ )x
Â( |ej JJËh JËj c r
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|É ½ '

By applyi ng modular transform ati on to we

flnd the fol lowi ng modul ar invari ant 811pemonfom1aI Z ZOF

bifold-pri me partit ion hmCHon :

= ZZ2- £É -Zzf d

( 12)

One cm m that t± sting by ( - 1) ø has a nontrivial ac-

tion on the Z 2 orbifold model .
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