Chinese Physics C  Vol. 50, No. 6 (2026)

NLO QCD sum rules analysis of 17" tetraquark states
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Abstract: We performed a next-to-leading-order (NLO) QCD sum rules analysis of the 1~F light tetraquark states.
By investigating various compact and molecular tetraquark currents, we extracted the mass spectra of the corres-
ponding states, all of which lie above 1.7GeV. We find multiple 1~ states around 2.0GeV that match well with
m1(2015), which makes us confident that 71(2015) is an excellent tetraquark candidate. In contrast, our calculations

exclude the possibility that the 71 (1400) is a tetraquark or hybrid-tetraquark mixture. This suggests that it may not

exist, which is consistent with recent experimental results.
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I. INTRODUCTION

The study of non-gg mesons beyond the convention-
al quark model remains a central topic in hadron physics
[1, 2]. QCD predicts the existence of mesons with vari-
ous structures, such as hybrid states containing excited
gluons [3, 4], glueballs composed purely of gluons [5],
and multiquark states [6—11]. Mesons with the exotic
quantum numbers J¥¢ = 17" have attracted much atten-
tion and are typically regarded as candidates for hybrids,
tetraquarks, or their mixtures. In particular, the ambigu-
ity surrounding the isovector state m;(1400) has persisted
for a long time. 7,(1400) appeared in the 7= p — n°nn re-
action [12], and it was later observed in the 77 p - nap
channel [13, 14]. However, some recent evidence sug-
gests that 7;(1400) may be an artifact of the m;(1600)
particle and might not exist [15]. Based on the partial-
wave analysis data of the n’r system provided by the
COMPASS Collaboration [16], Ref. [17] performs a
coupled-channel amplitude analysis that enforces the
unitarity and analyticity of the S matrix, demonstrating
that a single pole is sufficient to fit the experimental data
for both m,(1400) and m(1600). In Ref. [18], m;(1400)
was interpreted as a molecular tetraquark, while Ref. [19]
suggested that a hybrid-tetraquark mixture might explain
71(1400), a conclusion also reached in later work [20].
Studies on hybrids indicate that the mass of a 1=+ hybrid
state is higher than 1.7GeV [21-23], making it difficult to
match the mass of 7;(1400). Therefore, within the frame-
work of QCD sum rules, the existence of m;(1400) de-
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pends on whether there exists a tetraquark state with a
mass close to or less than 1.4GeV. In Ref. [24], a series
of compact tetraquark currents were calculated, and sev-
eral isospin-1 17+ compact tetraquark states with masses
around 1.6GeV and 2.0GeV were obtained. Therefore,
m1(1600) and m,(2015) are regarded as suitable candid-
ates for four-quark states. However, all the studies men-
tioned above on tetraquark states were calculated only at
leading order (LO) without considering next-to-leading-
order (NLO) contributions, which can sometimes be sig-
nificant [3]. In this work, we present the first NLO ana-
lysis of the 17" tetraquark states. Using the latest phe-
nomenological parameters and a more precise running
coupling, we reanalyze the possibility of the existence of
m1(1400), and examine whether m;(1600) and m;(2015)
can be suitable tetraquark candidates.

II. TETRAQUARK CURRENTS AND RENOR-
MALIZATION

Previous studies showed that some currents with u, d,
and s quarks (and their antiquarks) give 1°* states with
masses around 1.4-2.0GeV at leading order. [18, 24]. We
expect that adding NLO corrections should shift their
masses. This makes them a good choice for our study.
We built the compact tetraquark currents using quark
pairs (gq) and antiquark pairs (§g). Based on charge con-
jugation and flavor structure, we defined four currents

o~

Content from this work may be used under the terms of the Creative Commons Attribution 3.0 licence. Any further distribution of this work must main-

tain attribution to the author(s) and the title of the work, journal citation and DOI. Article funded by SCOAP? and published under licence by Chinese Physical Society
and the Institute of High Energy Physics of the Chinese Academy of Sciences and the Institute of Modern Physics of the Chinese Academy of Sciences and IOP Pub-

lishing Ltd



Wei-Yang Lai, Hong-Ying Jin

Chin. Phys. C 50, (2026)

1 = ul Cy*dy(a,Cd] + i, Cd")
+ MZCdb(L_ta’)/’uCCZZ- + I/_tb’}/#CCzZ),
1y = ul Co"" v dy(ii,y,y’ Cdy +iyy,y’Cd.)
+ uZCyvysdh(ﬁa(J'“"yst_hT + L_t,,O"”ySCd_aT),
i1s = u! Cy"dy(a,Cd} - w,Cd")
+ul Cdy(ay" Cdl — ayy*Cdl),
1y = ul Co™y dy(iiyy,y Cdy —iiyy,y Cd,)

+ul Cy, Y dy(a,o"y Cdl — oy Cdl), 1)

where C is the charge conjugation operator, and
# = I[y*,y"]. Replacing the d quark with an s quark, we
obtain

17s = ul Cy*s,(i1,C5,, +i1,C5")
+ul Csy (i, " C5, + ity y" C51),
g = uy Co*”y’ sy, y,y C3}, + i1y y,y C5})
+ul Cy,y’ s, (i1,0""y’ C5F + i,y C31),
1 = ul Cy*sy(i1,C5, — 1, C5")
+ul Csy(1,y"C5} — wyy"Cs?h),
1 = uy Co*y’ sy y,y C5j, — s,y C5y)
+ul Cy,y’ s (1,0 Y’ C5h — iy y°C5Y).  (2)

Furthermore, for molecular tetraquark states, we also con-
sider the following two currents [18]

Ji = % (uy u—dy d) (ﬁysyl‘u+6¥)’5)’“d) , 3)
I = e (yy,ddysu—dy yuity,d), S

where €7 is the totally antisymmetric tensor, with the
convention €% = +1.

When expanding the perturbative part of the correla-
tion functions for these tetraquark currents to NLO, we
need to calculate the Feynman diagrams as shown in Fig.
1. Since tetraquark currents are composite operators, the
calculation results will contain non-local divergence
terms such as

log(=¢* /1) /&. Q)

These non-local divergences cannot be completely re-
moved by conventional Lagrangian renormalization
methods; the operator currents themselves must be renor-
malized. For operator currents 7| and rf;, using the tetra-
quark renormalization method in Ref. [25], with the
Feynman gauge, we can obtain
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Fig. 1.

Feynman diagrams for the perturbative term of tetraquark currents. Permutation diagrams are omitted. The bold cross vertex

represents the hybrid-like counterterm. For compact tetraquark currents, the first four diagrams are unnecessary.
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In the above equations,

_ gZCF
16m2€’

Z, =1 (®)

where Cr =4/3 is the quadratic Casimir operator of the
fundamental representation of the SU(3) group, and
C, =3 is the quadratic Casimir operator of the adjoint
representation of the S U(3) group; these parameters are
also known as the quark and gluon color factors, respect-
ively. For convenience, we suppress the generator matrix
T of SU(3) and the coupling constant g, i.e.,

DGy =gD"GpT". ©)
The hybrid-like current DG,z only appears in operator
currents where the summation is over different quark col-
or indices. By replacing the d quark in Eqgs. (6) and (7)
with an s quark, we obtain the operator renormalization
results for tetraquark currents 75 and r7;. As for the mo-
lecular tetraquark currents, they can be obtained through
linear combinations of the following renormalized operat-
or currents:

_ = _ 5C _ z
(uysud)/Sy"d) L= (Zz2 + 167r§gg2) wy’ udy’y'd
ig?
8nle

+ al"o* udy,T"d,
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+

D" G0 u.
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The renormalization of other operator currents is placed
in Appendix A.2.

III. QCD SUM RULES

QCD sum rules [2, 26-29] determine the correspond-
ing hadronic spectral structure through the poles of oper-
ator current correlation functions in the complex plane.
To calculate the correlation function, we first perform an
Operator Product Expansion (OPE):

H(g) =i / d*xe 0| T {J*(x)J (0)}]0)

= Co(q) + Ca(@{O) + Co(@) O+, (12)

where C;(q) are Wilson coefficients, and (O') denote va-
cuum condensates (i.e., the vacuum expectation values of
various local operators). The first Wilson coefficient
Co(g) corresponds to the perturbative diagrams in Fig. 1,
which accounts for the high-energy contribution. Sub-
sequent coefficients like C,(¢) and Ce(g) can be calcu-
lated by cutting certain propagators in the perturbative
diagrams or introducing zero-momentum gluons from the
vacuum; they represent the contribution from the low-en-
ergy region. For this part of the contribution, it is suitable
to calculate in coordinate space. We can use the tech-
niques in Refs. [24,:30-32] to handle these non-perturbat-
ive contributions.-The quark propagator including vacu-
um condensates is

iS ™ = (0|T1g"(x)3"(0)]/0)

i

> _ lg n nabl v vy _ iab =
= 2t e O G () = 159
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197 8406 = 55 8 ) 8n2x2(f3)

The Lorentz structure of operator currents indicates
that a general vector current can couple to both vector
particles and scalar particles. Therefore, we need to isol-
ate the part corresponding to the 1=+ vector particle in the
correlation function. In momentum space, the correlation
function of the vector current can be decomposed into

i / d* xe' 0| T {J*(x)J"(0)}]0)

¢ v rrs
- (TL-e) M@ tee. a9

g

where the term <qqf -8 V) on the right side of the equa-
tion is the transverse polarization factor, and ¢“¢q” is the
longitudinal polarization factor. The vector particle
couples to the vector current J* through the matrix ele-
ment

OI*1V(g) = € f(g). (15)

Meanwhile, the polarization vector ¢ satisfies the com-
pleteness relation

(16)

Therefore, the spectral density of the vector particle is re-
lated to the transverse polarization part of the correlation
function. For vector currents 7 ~n; and Ji, only the
IM"(q) part is considered. For tensor currents, they can



Wei-Yang Lai, Hong-Ying Jin

Chin. Phys. C 50, (2026)

couple to scalar particles, vector particles, and tensor
particles. Similar to the analysis above, considering that
J5” is antisymmetric with respect to Lorentz indices, we
decompose the tensor current operator correlation func-
tion in momentum space as

i/ d'xe ™ (OL5"(x) 13 10) = GF“n™ =0 )T, ()
1
+¢ -1 g " + n“ﬁq"q")?ﬂyz @), (17

A
where 7" = % -8,

particles and tensor currents is

The coupling rule for vector

O V() = ("€ - q"€)f(g). (18)
Combined with Eq. (16), it can be seen that the spectral
density of the vector particle corresponds to the IT},(¢%)
part.

We derive the OPE of the correlation function using
dimensional regularization and the MS subtraction
scheme, while treating y° inthe BMHV scheme. Con-
sequently, the correlation function ITV for the current r}
is given by
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The remaining correlation functions are given in Ap-
pendix A.3.

Using the dispersion relation and adopting the " +
continuum" assumption, we have

LIl () = 605 - m) 40 - s)ps), (20)

where m is the mass of the lowest resonance state, fis the
coupling strength, s, is the continuum threshold, and
p.(s) is the spectral density of the continuum states. Ap-

plying the Borel transform to both sides of the above
equation yields the n-th moment M"(z, sp):

2

1 [
M'(t,80) = ;/ ds s"e” ™ ImIT"(s) = fPm*e™ . (21)
0

The mass m of the lowest resonance state in the spectral
density can be obtained from the ratio of the moment:

M (Ts0)

R'(7,850) = Micsy ™
s 90

(22)

By taking the ratio of moments, the coupling constant f°
cancels out. In this paper, we take n = 0.

IV. NUMERICAL ANALYSIS

In the numerical analysis, we adopt the following
quark masses and vacuum condensate parameters at the
scale u =2GeV [33, 34]:

m; =93.5+0.8MeV,

2
& (GG) = 0.07+0.02GeV*,
4

(Gq) = —(0.276)* Ge V>,
(§s) = 0.74qq).
(GGqy= M;(Gq),
(5Gs) = MS(ES),
M; =0.8+02GeV?,

whereg = u or d,(GG) = (GZVG"“V),(qu) = (E]gT”GZVO'”"q),
and the masses of light quarks « and d are neglected. The
running coupling constant «, is taken in the one-loop ap-
proximation:

a (m?)
Bo 112 '
1+ Ea/s(m%)log (%)

T

(1) = (23)

where m, =1776.93+0.09MeV, a,(m?)=0.314+0.014,
with n; =3 and B, =9. Renormalization-group improve-
ment is achieved by setting u? = 1/7 [35].

We calculated the relative contributions of the per-
turbative term and condensate terms to the moment
MO(x,50) of the current 7, as shown in Fig. 2. It can be
seen that the OPE converges well, so the calculation res-
ults are reliable.

Using the ratio of moments in Eq. (22), we extract the
mass of the lowest resonance by m = VRO(r,s,), which
depends on the Borel parameter 7 and the continuum
threshold sy. Since the Borel parameter 7 is auxiliary, the
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Fig. 2. (color online) Ratio of condensate terms (0") to the
perturbative term (0°) for i, at 7 =0.3 GeV~2.

extracted mass should exhibit a stable plateau with re-
spect to 7. We determine the mass using stability criteria
[34]: the mass is extracted from the extremum of the m(7)
curve or its plateau region". The general procedure is to
first determine an approximate value of s, such that a
plateau appears in the m(r) curve. Subsequently, the
range of 7 corresponding to this plateau is identified as
the working region. Finally, the mass of the resonance
state is determined by the value of m at the plateau. It is
worth noting that the moment M° corresponds to the
spectral density and thus is always positive. If a negative
value appears, it indicates that the QCD sum rules analys-
is breaks down, and the corresponding mass is non-phys-
ical. In Fig. 3, we list the M° ~ 5y and m ~ sy curves for
the tensor current J5 . In the left figure, the region
o <4.5GeV? is non-physical, so the corresponding mass
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O
¥ 02 -
2 -
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< 1.5GeV in the right figure is not credible; the true mass
should be > 2.3GeV. In the subsequent analysis, we dis-
cuss within the physical interval where M° is positive.

Fig. 4 shows that, for J5”, the NLO perturbative cor-
rection is roughly 30% of the LO contribution and thus
cannot be neglected. For r7;, the NLO perturbative correc-
tion is even larger than the LO term, reaching about
130% of the LO contribution. Furthermore, in Fig. 5, the
left side shows the estimated mass of the operator current
J5” when expanded to LO, and the right side shows the
estimated mass after adding the NLO perturbation correc-
tion. Including the NLO correction significantly affects
the mass determination. In particular, the mass curve is
lowered by roughly 0.2GeV and becomes flatter, which
leads to improved stability.

In Appendix-A.1, we present the curves of the reson-
ance mass m as a function of the Borel parameter 7 for all
currents, with s, fixed at various values. Based on the sta-
bility ‘criterion,” we select three s, values that yield the
flattest curves in each figure. The corresponding optimal
mass estimates and s, values are listed in Table 1. The
masses for the compact tetraquark currents 7| ~ 7, (with
u and d quarks) are 2.05GeV, 1.88GeV, 1.70GeV, and
1.99GeV. For 15 ~ 75 (with u and s quarks), the corres-
ponding masses are 2.36GeV, 2.06GeV, 2.26GeV, and
2.34GeV. For the molecular currents, we obtain 1.71 GeV
for J{ and 2.44GeV for J4". In previous LO studies [24],
the currents 77| ~ 7, yield lowest resonance masses around
1.6—1.7GeV and are considered to couple to the 7;(1600).
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g )
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3 4 6 !

5
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Fig. 4. (color online) Ratio of NLO contribution to LO contribution in moment M° for the currents J5” (left) and 1, (right).

1) When applying the sum rule to the harmonic oscillator in quantum mechanics, the minimum of R(7) corresponds to the exact value of the ground state energy Ey.
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Table 1. Resonance masses corresponding to operator cur-
rents
m m 3 14 UR]
m  205+0.05 1.88+0.06 1.70£0.06 1.99+0.04 2.36+0.06
S0 5.1+0.3 43+0.3 35+0.3 4.8+0.2 6.5+0.4

However, after NLO corrections, the lowest resonance
masses increase, moving away from the peak position of
the 7;(1600). In comparison with previous LO QCD sum
rules studies, our mass predictions are shifted by
0.1 ~0.3GeV for each current, as shown in Appendix
A.4. These corrections are primarily attributed to the
NLO contributions, as well as the updated QCD paramet-
ers, the use of a more precise running coupling, and
renormalization group improvements.

Our corrected results yield no 17" resonance mass
corresponding to tetraquark currents around or below
1.4GeV. Consequently, the interpretation of the ;(1400)
as a tetraquark or a hybrid-tetraquark mixture candidate is
effectively excluded. Recent studies suggest that previ-
ous analyses of m;(1400) experimental data may be
flawed, and a single resonance peak centered at 1.6GeV
is sufficient to fit all experimental data [17]. Therefore,
we concluded that the 7;(1400) may not exist and its sig-
nal is merely an artifact of the m;(1600). Particle Data
Group (PDG) has included the m;(1400) data in the
m1(1600) entry. Our calculations provide further theoretic-
al support for this perspective within the QCD sum rules
framework. In addition, our results show the tetraquark
mass is above 1.7GeV, which is heavier than previous es-
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>
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8 2
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S():4.8G6V2
1.90 . . L L
0.1 0.2 0.3 0.4 0.5

7(GeV2)

q
26F
SZAS r IR _
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<) RN
g 24+ i
— - = -50=7.5GeV"
23F 59=6.5Gel? ]
$9=5.5Gel?
22 + + L L L +
0.2 0.4 0.6 0.8 1.0 1.2

7(GeV2)

(color online) Mass predictions for the current J5” at LO (left) and NLO (right) levels.

timates and is difficult to reconcile with the m;(1600).
This casts doubt on 7;(1600) being a tetraquark, and our
results prefer the non-tetraquark interpretation. However,
we found multiple resonance states around 2.0GeV that
match well with the 7;(2015), confirming its potential as
a tetraquark candidate.

V. CONCLUSION

We performed a next-to-leading-order QCD sum
rules analysis of the 17+ light tetraquark states. We find
that NLO corrections are essential for mass predictions
and help to improve the stability. Sometimes the signific-
ant NLO corrections pose a challenge to the convergence,
which might be clarified by further NNLO calculations.
Nevertheless, it is evident that the LO result alone is far
from sufficient. The obtained states are all heavier than
1.7GeV, and most of them lie at or above 2.0GeV. These
values are 0.1-0.3GeV higher than those in previous
studies, implying that the tetraquark states should be
heavier than previously anticipated. Our results exclude
the possibility of m(1400) as a tetraquark or a hybrid-tet-
raquark mixture. This implies that the particle may not
exist, in agreement with recent experimental data. In con-
trast, we obtained multiple 1+ states around 2.0GeV that
match well with the 7;(2015). This reinforces our view
that ;(2015) is an excellent tetraquark candidate.

A. Appendix

A.1. m(7) curves of resonance states
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Fig. Al. (color online) Mass predictions for the current 77 (left) and r; (right).
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Fig. A2. (color online) Mass predictions for the current #; (left).and r; (right).
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Fig. A3. (color online) Mass predictions for the current 7 (left) and 7, (right).
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Fig. A4. (color online) Mass predictions for the current 75 (left) and r; (right).
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Fig. A5. (color online) Mass predictions for the current J{' (left) and J4” (right).

A.2. Renormalized Operator Currents

Renormalized operator current J5":
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For 17; and ,, their renormalization can be obtained through linear combinations of the following renormalization
currents:

4C% -7
3212eCy

3iC,g*
© 32n%

uZCo-“"ySdh ﬁhyvys CJZ

(ugca_ﬂyysdb ﬁa?’vVSCdZ), _ (22—2 _ g2> ul Co*y’dyiiy,y’ Cd; — 3282
nle
3ig?

32rle

W Cdy gy CL +

4ci -7
32r2eCy
31CAg
32 2g

i

" 16m2e (

(MZCO'W)/Sdb Yy C&Z) L= (Zz’2 - g2> ul Cotydy iy, y’Cd" — ul Co*y’dyii,y,y’Cd}

32 2
3ig> = T
3onie e Cdyiiy'Cd, —

#D,G™*"u—dD G”“d)

u Cdy ityy" Cd" -

487 2 (MD Gaﬁaﬁu dD G(,ﬁoﬁ d)

(A3)

By replacing the d quark with an s quark, the renormalization of operator currents r; and 75z can be obtained.

A.3. Correlation Functions

79g2 1 q2 5g2 q2 g2 q2
1 =6 | (~sggmoie ~ 1533 ) ¢ (1) ~ iz % (-5 )| +0' s o2 (3
n =9 |\~ 26522087 ~ 1843200 ) 08\ "2 ) T 13271080 108 \ 7,2 )| T TRazan 08\ 2 ) (OO)

2 1 _512 _ \2 1 q 1 2 Lo
U log( l?><qq> * 120 ( ><qq><qu>+ <864 < 5(GGXqq) — 18 (qu>)

1 g - 32 5
* (— S76.2(GONaaXaGy) - 8—1gf<qq>“)

65¢> 7 297929 1 e g, 7
1 =0 [ rgginamo2 (~5)+ (ssrsssssom ~aaam ) (i )| ¢t o2 ()
n =9 176947275 08\~ 12)\ 755738368075  614dn0 ) B\ ,2)) T4 18432716 0g\~ 2 ) (GG

-q élog (—f)<qq>2 1 — log (—f)<qq><qu> 7 ( & (GGXqq)* - <qu>2)

864 2 1672

1 2 .
(57g6 2<GG)(qq><qu>_ 85 <qq>4)

563 7 3503 1 7 & 7
=4 | g o2 (17 8(- o~ e ) 2 ()| o' atoe (-7
» =4 | ggar3em 28 \"2) T\ "308131200 ~ 36864r0 ) 08\ 72 )| T Tgazame 08\ 7,2 ) (OO0

1 N, AV 1 542
~¢’3c 5108 (—7> (@9’ + 5, log (—7> @0aGa)+ < 2e4.7(GGXaa)y - <qu>2)
(GG)Xaq)(aGqy - fg <qq>4)

967>

(576 2

5¢; 7 26021¢2 1 7 P e
I - 8[*51 () (ssramsnon s ) o2 ()| =4 T o2 ()
n =9 17694727 8 \ "2 ) T\ 75573836800 1228870\ 7,2 )] T 184327r6 og|——5 ) (GG)

1g(—*)<qq>2+ : 10g< q2)<qq><qu>+ : (82422< GG)Xqq)* - <qu>2>

127r2 3272

1
t ( 6x 2<GG><qq><qu>— fgs<qq>4)



NLO QCD sum rules analysis of 17" tetraquark states Chin. Phys. C 50, (2026)

2243g2 1 q 7> q 17m? q q
v =4 K— s _ )1 (_7 -—  _Jog? -5 )| +4° S_Jog |-+ ) +4*log|{ -+
1= 9 |\ 7796262407~ 1843276 ) OB\ 12) T 176947278 08 \ 712 )1 T4 768000 OB\ T2 ) T4 OB\ T 2

() | ) | OOV | o (L) (mG)_ GNSD) | (i) G _ GG

487 T o6rt T 1843270 2]\ 96r o7 36w 487  36m 460870
g () ({60 _(E06G) (@000  mEaasn m gndCOXan _@nKaCe  mia”)
g 1272 2472 1272 27 2472 2567+ 2472 612
1 [ (GGq)(5Gsy miqq)}5Gsy (5Gs)* 5gHGGXgq)ssy mi(ss¥gGq) 4 _ 2,
qz(_ T e e T sem T amoM@0s) - 3maass)
5¢:m(GGYqGq) (GGq)* 1 [ g{GGXgq)(5Gs) 2<61G61><SGS>
46087 | 96w >+q4<_ 11527 a4 m(dq)” <SGS>"mS<"q><”><SGS>
2GGONFsHGGg) 32 5 2564
- LCOIACD 32 2 G559 — gma(57aGa) + am.(Ga)(55)aGa) + %)

65g> 7 2979292 1 q* 17m? 7 7
HV — 8 |:751 2 <_7 _ 5 _ 1 _1 6 5 1 _ 1 41 _ 1
1 =9 | 176947275 08 \"12) T\ 5573836807°  614dne ) OB\ 2 )1 256000 08\ T2 ) T4I0B\ T

X(_ms<§s> ms<c'1q>_11g§<GG>> Lo ( q >(m<sGs> Ga)(ss) sy mgaGq)  (qq)’ 109g§M§<GG>)

lor 327 1843270 “2) \Tam 3 2@ 16r 12 18432n0
o (_7) (G _ (E5NGs) _ 5gm(GOXSs) | (53)aGa) | Imiaaxss) _mi(ssy | 3gm(GG)aa)
B\ 42 82 2567 4n? 27 872 1287
_{49){qGq) +m§<éq>2) L <25g§ms<GG><sGs>_ (@Gq)5Gs) _ m(qq)(3Gs) | (5Gs)  5¢{GGXqq)Ss)
82 272 q> 46087+ 82 272 3272 14472
25¢GGNSS GGG 41 o SEm(GONIGY) | 2584G6Yag) <t7Gq>2>
172872 4n? 31\ 44 7687 172872 027
1 [ g5(GGXgq)(5Gs) 58§<GG><§S><§GS> 2<61G61>(SGS>
q4< 1902 - 1522 = 7ms(qq)*(5Gs) - ms<qq><ss><sGs>
58:m(GG)(5s)*  g{GG)5s)aGe) 32 , 2
- 15022 + 1902 778 £:4qq)*(5s) —fm «(5s)? <qu>+ Ms(Gq)(5sXqGq)
_ 58XGGXaaaGay m?(éGq>2)
1152722 812

582 7 3503g? 1 7> 17m? e 7
m - 8[7s1 2(_7)+(_ . _ I (_7 i oe (L) 4 gtiog (- L
n =4 176947278 8 \ 7 12 796262407° 3686475/ o\ 121 T 1536006 B\ 2) T9 OB\ T 2
( m(ss)  m<qq) g§<GG>) 2 < )( m(35Gs) (qq)(ss) (55 m«aGq) (49 g§m§<GG>>
x| - + - +g°log| —= + - + +
96 | 1927* 1843275 2\ 1927 1872 2@ 96r* | T2m2 | 46087

og - 7) (5G9 @060 (536G | mGaNss) _ miSsY | @m(GGXaa) (a9)aGa) m§<qq>2)
E\7 2 2472 4872 2472 4n? 4872 2567 4872 1272

1 <_ (GGq)(5Gs) m{gq)(5Gs) _(5Gs)* +5g§<GG><c17q><§s> _ my(55)(aGq) _2 (GaNEsy? - 1. (G0 Gs)
7 4872 1272 19272 8647 872 o/M4 3/s\9d
56m{(GGYgGq) (qGq)*\ . 1 ( migGq)(sGsy 1 ., |

- 46080 *+ 1922 ) + 7 ( BT R fms<qq> (5Gs) - ﬁms<qq><ss><sGs>
gH{GG)(35)(qgGq) 16 5 gHGG)qq)aGq) = mqGq)*
TG T (g >2<SS>2—fmv<SS> <qu>+ m{(qq)Xss¥gGq) + 15072 N )



Wei-Yang Lai, Hong-Ying Jin Chin. Phys. C 50, (2026)

5g2 q 26021g? 1 7 17m? q e
HV=8{7°1 2<—f +( - S log| -+ )| +4° *Jog( -5 ) +4*log| -5
n =9 176947275 8 \ 7 12 55738368075 1228876/ OB\ 12 )1 T 510006 OB\ T 2) TR\ T 2
( my(3s) mgqq) g;(GG) ) 2 ( 612) (ms<§GS> (Gg)ssy (3s)* m«aGq) {qq)* 178?’"3(GG>>
- + - +q°1 -= - + - + +
3274 641t 18432r° 2 644 672 2472 3274 2472 1843276
+lo (_ 61:) ((5161><§GS) _ (5sX(3Gs) &m(GG)(3s) N (5sXqGq) N 3m7{qq)(5s) 3 m3(3s)? _{99XaGq) N m§<51£1>2)
AN 872 1672 2567 872 42 1672 1672 a2

1 (SEm{O0XGG) _GGa)eGn) _ni@iGs) | (G5 | SEAGOE’ _ dni(eniala)
q? 460874 1672 4% 6472 172872 82
_ a,- . 58HGGXqq)*  (qGq)? 1 8:(GG)(5s)(5Gs) 2<l]G61><SGS> 2

~mAGer St e ean )+q4<_ 115272 167 3/Ms{9q) (5Gs)

1 22(GGYEsY 16
~ em g s sGs) ~ ST 20 2402 55y~ om(554GGa) + s 5)aGa)
_ 8(G6)aaGy) m?(t‘le>2>

1152n2 1672

2
- gms<éq><§s>2

25g2 q 41221g2 11 q2 g2 q2
HV — 8 |:7V1 2 (_7 _ s _ 1 _ s 1 _ 1 GG
1 =9 | 141557760 08 \"2) T\ T 11147673607 ~ 117964875 ) 05\ 72 =4 3376800 108 (GG

f— o (—q—z)t Yo 1o ( q2)< ><G>+1( 3 aGayr + 5 (GaNa >2)
q1282 E\72) MY T 256 08 1979549 102472900+ 15362 E

+— 7 3072 5(GGXq9XqGq)

7g: 1 q g q g q
- (s ) st () sl )
2 =49 [\ " 27648007 ~ 3072076/ E\ " 12) T 82944008 8 \ 72 4 3700 108 2) o
S5ve: 58 > ( qz) 5¢; 7\,
2 s s 1 R 2 s 2(_9° 2
T4 K 206t 12967 ) OB\ 2 2167 g\~ 2|4
2

AV 1 1 _ 1
<—#2>(qq)(qu>+qz( S64r2GC0)aa) - 192712(qu>2) 41728 ; (66G9)4Ga)

+
4872
[
. termined at NLO and LO. For f and /", the previous
A4. Mass correction study also considered the zero mode contribution, there-
The figure displays the comparison of the masses de- fore they are not compared here.

Table A1l. Comparison between the NLO-corrected masses and the LO masses. m’ and m denote the LO and NLO masses, respect-

ively, and Am represents the mass correction.

m m m N4 s 16 8 8

m 1.70 1.60 1.60 1.70 2.10 2.00 1.90 2.00

2.05 1.88 1.70 1.99 236 2.06 2.24 2.34

Am 0.35 0.28 0.1 0.29 0.26 0.06 0.34 0.34
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