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Massive U(1) gauge fields and their accompanying scalars in brane world
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Abstract: In brane-world scenarios, the effective action of a massless bulk U(1) gauge field preserves gauge in-

variance via couplings between massive vector Kaluza-Klein (KK) and scalar KK modes. In this study, we extend

this framework by introducing the term (V#X)? into the massless bulk U(1) gauge action. This modification ex-

plicitly breaks full gauge redundancy while preserving residual gauge symmetry both in the bulk and on the brane. In

this setup, scalar KK modes can acquire masses from the background geometry. We find that, on the five-dimension-

al brane, these scalar KK modes are lighter than the vector KK modes. On the six-dimensional brane, two types of

scalar modes emerge, and mixed interactions between them give rise to oscillations among these scalar modes.
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I. INTRODUCTION

The idea that our Universe may contain additional
spatial dimensions beyond the four-dimensional space-
time has gained increasing attention over the past dec-
ades. The earliest attempt in this direction can be traced
back to the Kaluza—Klein (KK) theory, which proposes
that introducing a fifth spatial dimension enables a uni-
fied description of gravity and electromagnetism [1-3].
Subsequently, this idea was extended dramatically in
string theory, wherein the presence of multiple extra di-
mensions is not optional but required for mathematical
consistency. Building on these developments, modern
brane-world models provided further insights into the
hierarchy and cosmological constant problems. Repres-
entative examples include the Arkani-Hamed—Dimo-
poulos—Dvali model [4], which assumes large but com-
pact extra dimensions, and the Randall-Sundrum scenari-
os [5, 6], where warped extra dimensions induce novel
gravitational dynamics.

Within the brane-world framework [7—16], one com-
pelling line of research concerns the behavior of higher-
dimensional matter fields and their associated KK modes
[17-27]. Investigating these KK spectra is crucial not
only for ensuring the theoretical consistency of higher-di-
mensional models but also for probing the potential sig-
natures of extra dimensions in observable physics. A
growing body of literature has explored how KK excita-
tions can lead to distinctive phenomenology, including
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modifications to gravitational interactions [28—30], cor-
rections to standard model processes [31, 32], and poten-
tial resonant modes localized near the brane [33—35].
These studies highlight the importance of KK modes as a
window into the possible structure of higher-dimensional
spacetime [36—39].

Massless fields propagating in the bulk give rise to
massive KK modes in the effective four-dimensional
(4D) theory on the brane, with masses induced by the
geometry of extra dimensions. For a bulk U(1) gauge
field, the KK tower on the brane includes both vector and
scalar modes. The effective 4D action preserves gauge in-
variance caused by vector—scalar and scalar—scalar coup-
lings among the KK modes [40—42]. Consequently, suffi-
cient gauge freedom remains in the brane theory to elim-
inate the unphysical polarization degrees of freedom from
the massive vector KK modes. This mechanism reveals
that massive scalar KK modes play a role analogous to
Stiickelberg or Goldstone fields.

Previous studies indicated that certain mixed
vector—scalar and scalar—scalar couplings may exist.
However, the precise form of these couplings remains un-
certain because the basis functions for the scalar KK
modes cannot be determined uniquely. Owing to such
mixings, scalar KK modes cannot be fully gauged, which
implies that they may carry physical degrees of freedom
[43]. To properly define these scalar modes, and motiv-
ated by the Stiickelberg mechanism, we propose adding a
covariant term (VY X,,)? to the bulk action. This term in-
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troduces a kinetic contribution for the scalar involving
0.X., which helps clarify how the full geometry affects
the scalar KK modes with the existing term. Meanwhile,
this addition preserves gauge symmetry in the bulk and
on the brane, similar to the Stiickelberg mechanism.

In a brane model with d extra dimensions (d > 1),
there exist d distinct types of scalar KK modes. Interac-
tions among the different types of scalar KK modes in-
duce mixing in the mass matrix of the KK spectrum,
which leads to oscillation phenomena among these
modes. Consequently, physical states observed on the
brane are mass eigenstates arising from this mixing al-
though the scalars acquire masses from the geometry of
the extra dimensions. We compute the physical masses of
these mixed modes in two illustrative six-dimensional
(6D) brane models by diagonalizing the mass matrix.

The remainder of this manuscript is organized as fol-
lows: In Sec. II, serving as a demonstrative example of
the effect of the new term (VMXy)?, we investigate the
gauge invariance and mass spectrum of the KK modes in
a five-dimensional (5D) brane model. In Sec. III, we ex-
tend the study to a 6D brane, where two types of scalar
KK modes emerge, leading to interesting oscillation phe-
nomena. Numerical results related to these oscillations
are presented in Sec. IV. Finally, a brief summary and
discussion are provided in Sec. V.

II. GAUGE-INVARIANT MASSIVE VECTORS
AND THEIR ACCOMPANYING SCALARS IN
THE 5D BRANE MODEL
We consider a U(1) gauge field coupling with a
dilaton field 7 in a (4 + 1)-dimensional braneworld scen-
ario described by a conformal metric with the line ele-
ment ds® = e*@(g,,dx*dx” +dz*), where z represents the
extra-dimensional coordinate and the warp factor e*4@de-

pends only on z. The action for the bulk U(1) gauge field
is given by

1
S, :_Z/de =g ™ (Fu ™ +2F, . F* + (VyX"Y), (1)

where 7 represents the coupling constant. This action is
invariant under the gauge transformations

X, - X,+0,5, X. > X.+0.E, )

where E represents a bulk scalar field satisfying the con-
dition

8,0"E+02E+3(0,E)(0.A) = 0. 3)

Eq. (3) is a linear differential equation, and therefore,
nontrivial solutions exist generically for regular warp

factors and appropriate boundary conditions. Although
the term (V,,X)?* is formally reminiscent of a gauge-fix-
ing structure, in our framework, it is introduced at the
level of the bulk action and leads to genuine physical ef-
fects after KK reduction instead of serving as a mere
gauge choice.

To derive the effective brane action, we perform a
KK decomposition for the bulk field.

X, =Y XN ), (4a)
X.=> "™ ). (4b)

Here, ?A(fl”) represents the n-level vector KK mode on the
brane, and ¢™ represents the m-level scalar KK modes
on the brane. It is assumed that the wavefunction profiles
{f™(z)} and {p"(z)} form a complete set along the extra
dimension. We highlight three key consequences within
the framework of the new bulk action (1).

e Gauge invariance of massive vector KK mode

Substituting the KK decompositions (4) into the bulk
action, we arrive at

1 nm) g(n) fruvim
Sar= —Z/d“x\/EZ(N( ) fon o

2 P?(n))?v(m) Jim ﬁ(nm) av¢(n)av¢(m)
_ 27(nm))’z‘(/n)av¢(m)] S+ [(ayXL;l))(aqu(lm))N(nm)
" ¢(y,)¢(m)c(nm) + zé(nm)au)?fln)(ﬁ(m)] )’ (5)

where

N(nm) — /eA+‘rﬂdZ f(n)f(m)’

N = [[eraz g, (©)

I(nm) — /eA+‘r7rdZ azf(n)azf(m),

an) — /eA+‘de 6zf(n)p(m), (7)

C(nm) — /eA+‘de [6Zp(n) + 3(62A)p(”)]

X[0,0™ +3(8,A)p™1, (8)
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g(nm) — /eA+TzrdZ f(n)[azp(m) +3((91A)p(m)]. (9)

Orthonormality conditions N®™ =1 and N™ =1 serve
as the definitions of the inner product for the basis func-
tion sets {f"™(z)} and {0 (z)}, respectively. Consequently,
from the definitions of 7™ and C™, we obtain that

Bf "= Ip®, 8p"+30:Ap" =y C 0, (10)
k 1

which leads to

I(nm) — Z T(nk)}'(ml)j\?(kl)’ Ff(nm) — Z Fnk)ﬁ(km), (1 1)
k.l k

cm — Z e Uimy N(km), Clm — Z C ) ppthem)
kl k
(12)
Then, we can rewrite the effective action as
1 Nr(nm) £5(n) Fuvim
Ser= —ZZ/d4x gl (NY™ EG) B
4 N;nm) [ d, ¢(n) _ Z T(kn) X‘(/k)] [ 5 ¢(m) _ Z T(IIn) Xv(l)] ,
k !

+ Ninm) [6/1)?}(;1) + Z 6(nk)¢(k)] [ap)?;lm) + Z a(ml)(b(l)jl .
k !

(13)
This is gauge invariant under gauge transformations:
X® - X0 +9,A, (14)
" — o™ + ZINU(")AU(), (15)
k

where A® represents the brane-localized gauge freedom
and satisfies

8"0,A" + (C™I")A® =0. (16)

kil

This condition originates from the bulk constraint Eq. (3).
By applying the separation of variables Z(x,7)=
S A”(x)0"(z), the bulk constraint decouples into a lin-

ear ordinary differential equation for the extra-dimension-
al profile ®"(z) and effective 4D equation (16). The
ODE admits well-defined solutions for regular back-

grounds, and therefore, the existence of nontrivial solu-
tions for the bulk parameter Z(x,z) is guaranteed if Eq.
(16) is solvable. In the mass eigenbasis, Eq. (16) reduces
to a standard massive Klein-Gordon equation, which nat-
urally admits propagating wave solutions. This confirms
that the residual gauge symmetry is physically realizable.

Effective action (13) exhibits a structure reminiscent
of the Stueckelberg mechanism; however, it possesses
distinct physical origins and implications. Unlike the
standard Stueckelberg formalism where the gauge para-
meter is an arbitrary function, the brane-localized gauge
freedom A®™ is constrained by the differential condition
in Eq. (16). This restriction implies that a residual gauge
symmetry is preserved while the full gauge redundancy is
broken.

e Eigenstate of vector and scalar KK modes

Starting from the original definitions of 1™ and C™,
and imposing either Dirichlet or periodic boundary condi-
tions on the basis functions f® and p™, we derive two
constraint equations for the massive vector and scalar KK
modes:

_ e—(A+1'7r)aﬂ(e(A+Tn)a7f(m)) - m2f(m), (17)

_ eZA—‘maz [e‘m—SA az(e3Ap(m))] - mép(m). (18)

. . _ N3+ =
After applying the transformation f® =e "% 4f® and

p™ =e 35m  the equations reduce to the following
Schrodinger-like forms:

(_62 + Vvec)f(n) = mgf_‘(n)a (19)

(_63 + Vsca)/_)<m> = m;p(m)’ (20)

with the effective potentials given by

(\/§Z+1)2Ar2+ ‘/§;+1A”,

Viee = (2 1 )

—5)2 -
Viea = (‘574 EN @; a7, (22)

Here, we identify the dilaton field with 7 = V3A follow-
ing the literature [44], where the brane solution is given
as

2
A(z) = —% (Incosh*(az) + % tanh’(az)). (23)
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We analyze the behavior of the potentials for both vector
and scalar KK modes in the limits z — 0 and z — oo, ob-
taining:

Vieez = 0) = _,a 22(1+ V31),

Vol = 00) = = av*(1 + V30, (24)

1
Vialz = 0) = —ca®v( V3r-5),

Vialz = 00) = goav* (V35" (25)

It is evident that, for > —1/ V3, a zero vector KK mode
is always localized, while a massless scalar mode only
appears when 7 > 5/ V3. When 7 is sufficiently large, both
massive vector and scalar modes exist. The correspond-
ing effective potentials are illustrated in Fig. 1. Further,
as shown in Table 1, the masses of the scalar modes are
smaller than those of the vector modes.

III. GAUGE-INVARIANT MASSIVE VECTORS
AND THEIR ACCOMPANYING SCALARS IN
6D BRANE MODEL
We consider a massless U(1) gauge field in a (4 +2)-

dimensional brane world. The line element for the brane
is given by

ds? = e*@g, dx“dx” + 1@ dz? + e dy?, (26)

2B,(z. 2B;(

where the warp factors e ande?®@, 2829 are func-

tions of the two extra dimensions.

A. Review the gauge invariance of massive vector KK

modes

For a free bulk U(1) gauge field in the 6D brane
world, after performing the KK decomposition

7 =3.50

X, =) RO ") X

=3 ¢ X =Y e @y, (27)

where )A(,([') represents the n-level vector KK mode and
¢™, ™ represent the two types of scalar ones. The ef-
fective action takes the form

1 4 (nm) g(n) fruv(m)
Sem = —4%‘/d x/Igl(N™™ FQ fr

F2[RORD [ _ 2R g g T

+ N 8,670 ™ + 2[R

—2ROP T + N 5,06 6]

+2[CI™M ™ §m 4 CYm g™ o)

—2C ™ g™ ™)) (28)

where

N(nm) — /eBl"‘BZdZdy f(n)f('n)’ (29)

]"\}inm) — /eZA Bl+32dzdyp(n) (m)

]A\}émn) — /62A+Bl BdedyX(n) (m) (30)

I%nm) — /e2A—B] +B; dzdy 6Zf(n)azf(n1)’

“(nm) e2A-Bi+B; dzdy 8, f(n) p(m), 31

"(nm) e2A+B] -B; dZdy 6_\’f(n)X(m) , (32)

I(nm) / ezA+B, -B, dzdy 6_\, f(n) (9), f(m)’

7 = 25.00

7 = 30.00

08 VRN

06

0.2

0.2 1.2

Fig. 1.

(color online) Effective potentials for the vector and scalar KK modes with a=1,v=1.
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Table 1. Squared mass eigenvalues for vector and scalar KK
modes.
T=1.15 =35 =30 =40
n
0 0 0 0 0 0 0 0
1 1559  13.59 2138 19.38
2 26.89 2282 3856 3453
3 3341  27.09 51.24  45.11
4 58.96  50.54
C(lmm) — /€4A_B] -B dZdy ayp(m)ayp(m)’
c = / e BB dzdy o ", (33)
Cmo = / e BB qzdy 8},/3(”’) Ax®. (34)

The scalar KK modes ¢ and ¢® mix with each other
through the term F,.F** in the 6D bulk action. At first
sight, the presence of these scalar mass and mixing terms
make gauge invariance difficult to maintain. However, as
shown below, the effective action remains gauge invari-
ant because of nontrivial relations among the vector-scal-
ar and scalar-scalar couplings.

Although there are two types of scalar KK modes,
they couple to the vector KK modes in the same manner.
Therefore, an analogous relation holds between I
(18" and 1™ (Iy"™), as specified in (11). By defining
two auxiliary matrices

T](nm) — /eBl+Bdedy eZA—B]—Bzayp(m)f(n)’ (35)

Ténk) — /eBlJrBZdZdy eZA—Bl—BzaZX(k)f(n)’ (36)

with the completeness of the basis functions, we obtain
the other relationships.

(nm) __ (kn) = (Im) A 7(kl) ~(nm)
=Y T TN,
k.l

— Z Ték") Télm) N&D Clm)
ki

_ Z Tl D,
kI

With these identities, the effective action can be rewrit-
ten as

1 A A
sh= -1y / d'x \/Igl (FO

+ ]A\j(nm) [0V¢(n) _ 'I\(kn))?‘(/k):l [0V¢(tn) _ Flm))?v(l)]
1 Xk: 1 ZI: 1
+ ﬁénm) [81/90(") _ Z Ekn))’z‘(/k)} I:av(p(m) _ Z EIHI)XV<I)]
k 1

+ Z N(kl) I:Tfkn)(p(n) _ T;kn)go(n):l I:Tflm)(p(m) _ T;lm)so(m):l .
k.l

(37)
We observe that, under the gauge transformations,
RO 5 RO L g A g g 4 Z’I‘Elm) A®,
k
CP(”) N ‘p(n) + Z 'ITzlri)A(l)’ (38)

I}

where the first three terms remain gauge invariant.
However, an additional term of the form >, (T\" 1"~
TYT™)A® emerges in the final expression. Utilizing the
symmetry of mixed partial derivatives 9,0,f™ = 8,9,f™,
we obtain

Z (Tfkl)'ignl) _ Tékl)'iénl)) -0 (39)
l

Thus, this term then vanishes. Consequently, the effect-
ive action is gauge-invariant, which is consistent with the
result established in Ref. [43].

However, when we examine the equations that gov-
ern the KK modes under Dirichlet or periodic boundary
conditions on the basis functions,

_ e—(B] +B3) (az(CZA_Bl+BZ azf(M)) + a‘.(eZA+Bl—Bz ayf(m)))

=m, f",

(40)
_ e—(ZA—B] +Bg)av(e4A—B]—Bzayp(m)) — mép(m)’ (41)
_ e—(2A+B]—Bz)6Z(e4A—B|—BgaZX(k)) — mEZy\/(k)’ (42)

we note that the vector fields acquire masses from the full
extra spacetime, while the scalar fields receive mass con-
tributions from only one of the extra dimensions, either y
or z. Both the warp factor and wave functions depend on
y and z; therefore, the equations for the scalar modes can-
not be solved independently. As in the 5D case, it is ne-
cessary to modify the bulk action by including the term
(VXM
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B. New bulk action for the U(1) gauge field and their
KK modes

By the KK decomposition, the additional term
(Vi X")? becomes

/ dzdy V=g(VyX")? = >~ \/=g(N"™ (@ R)@ R

n,m
+ C’l (nm) ¢(n) ¢(m) + C’Z(nm) (p(n) ‘p(m)

+ 271(nm) O X}(ln) ¢(m) + 272 (nm & Xl(in) ¢(m) + 27(nm) ¢(n) ¢(m)) ,

(43)
where
C'l(nm) — /e—(4A+Bl+Bz)dZdy (az(e4A—Bl+sz(n)))
X (9-(eM PP pmy), (44)
C'2(nm) — /e_(4A+Bl+BZ)dZdy (ay(e4A+Bl_BZX(n)))
X (3y(€4A+Bl_BZX(m))), (45)
}’l(nm> _ /efZAdzdy f(n)(az(e4A—Bl+sz(m)))’ (46)
Tz(nm) — /eiZAdZdy f(n)(ay(e4A+Bl7BZX(in)))’ (47)
5’(nm) — /e—(4A+Bl+Bz)dZdy (az(e4A—Bl+sz(n)))
G )} (48)
Considering
e—2A—81—Bz(az(e4A—Bl+sz(m))) — Z i‘;(nm)f(n)’ (49)
e IR, (e By ) = LA, (50)
we get

C’l(nm) — Z Z(kn)i’l(lm)N(k[)’

kil

Cz(nm) — le(kn)lz(lm)N(kl)’
k,l

T () _ T Uen) 7 (Im) p7(kl)
rom =3 "[LmN.
kI

This makes the effective term (43) for (V,X™)* at last

turn to
Z \/jg[ay&(:z)_'_Z}’l(nk) ¢(k)+2’f2(nk) (p(k)]Z, (51)
n k k

which is gauge invariant under gauge transformations
(38) with the condition

aﬂaﬂA(n) + Z('I\’](nk)fi?lk) + Tz(nk)fi;lk))A(l) =0. (52)
kl

For the scalars, the masses are C{" +C"" = m}o™
and C5" +C,"™ = m26™ . Then, there are

—(2A-B+B; 4A-B|-B
—e ¢ 1+ -)ay(e 1 zayp(m))

_ CZABZ (ef(4A+Bl+Bz)az(e4AfBl+sz(n))) — mi (m)’ (53)

_ 67(2A+Bl732)(91(64/4781732(97/\/(1())

_ eZAay (ef(4A+Bl +Bz)ay(e4A+Bl *BZX(k))) — miX(k), (54)

The eigenfunctions for (17), (53), and (54) are selec-
ted as the basis functions f®, o™, and y*. These two
types of scalars interact with each other and can exhibit
mixing.

In most 6D brane models, warp factors are assumed
to depend only on a single extra dimension y. By separat-

ing three basis functions as f"=R"(HOV),
" =Ry 00 @), and x* =R{P(nNOP(@H), assuming
#7200 +POY =0 and applying the transformations

— _ = 1 = 134
di=e A+B]dr’ R(ln,l) — ez(A+Bz)R(an)’ R(2m.1) — 104 ZB,+BZ)R(2mJ),

and RV = e1G4-B2RND e find that (17), (53), and (54)
reduce to Schrodinger-like equations:

— R 4+ Vo R™ = m2R™, (55)
- 2R + VRS = my RS, (56)
— PR 4+ Vo RED = m2 R, (57)

Here, the effective potentials are given by

1 1
Ve = Z(a;(A +By)* + Eag(A +By)+eM 2B (58)
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1 1
Ve = Z(&;(SA —2B,+By)) + 535(3/4 —2B,+B,)

+e PP~ [02(4A- B + By)
+0;(—A— B))0:(4A - B, + B,)|,
(59)

1 1
Vetrs = Z(ﬁ;(SA -B)) + 55)?(314 _ B+ P,
(60)

These effective potentials can be analyzed to study the
mass spectra of the KK modes in specific brane models.

IV. MIXING AND OSCILLATIONS OF THE TWO
SCALAR KK MODES

The two types of scalars couple together. The coup-
ling coefficients C“® read

C(mk) - a(mk) + 6’(mk) — /df 6_2828;(CA+BZR(2m’l)R(3k’l)). (61)

These couplings lead to the oscillation of the correspond-
ing scalar KK modes. The physical masses M;" of these
oscillations are obtained by diagonalizing the mass mat-

rix M?, which is given by
[Clusn )
[mi] nxn

M2 — [mi} nxn
(€],
The diagonal blocks correspond to the KK mass-squared
of the two types of scalar fields, while the off-diagonal
blocks characterize the coupling between them.
In the following, we calculate the masses of these os-
cillations in two different 6D brane models.

(62)

A. Casel

In Ref. [45], some 6D thick-brane models are con-
sidered from a cosmological perspective, where the met-
ric is assumed as

Ve
350001
1501 30000

25000F

100
— Vet
20000
s0F Vet
15000 |
T L L L Ve«3

: '
ﬁ 04 06 08 10 12 14 10000F
s

5000 F

ds* = M*(r)g,,dx*dx” +dr* + L(r)*d6’. (63)
The metric functions M(r) and L(r) depend only on the
radial coordinate r, with a periodic angular coordinate
0 €[0,2x]. To solve equations for the vector and scalar
KK modes, we consider one of the solutions:

M(r) = cosh(ar), L(r) = Rasinh(ar), (64)
where a is related to the Hubble constant H,, and R de-
pends on the brane tension. For convenience, we set
R=1.

Comparing the notation of the metric in (26), we ob-
tain

A= M2, B=1, =2

(65)

where L(r) >0 for r> 0; otherwise, e =|L|. The corres-
ponding effective potentials for the KK modes are plot-
ted in Fig. 2. Further, we compute the mass spectra for
these modes, as summarized in Table 2.

In this brane model, the corresponding coupling mat-
rix for different / is provided in Table 3. We can calcu-
late the masses of these modes by diagonalizing the mass
matrix M?, which is shown in Table 4. The vector KK
modes are heavier than the scalars except for / = 0,n = 0.

B. Case?2

Let us consider another 6D brane model presented in
Ref. [46], which features football-shaped extra dimen-
sions. The line element is assumed to be

ds® = 1, dx*dx” + Y(r)(dr’ + r*dg?). (66)
4o’ a}
' P2 [(r/ro)® +(r/ro) T’
an arbitrary parameter, while o and a, are observable
quantities related to the brane tension.
Comparing this with the line element used in the
present work, we obtain

The solution for (r) is where ry is

200

1501

— Vet

Verrz 100L | o
Veirs \ Veita
50
) : T . . . .

(a)l=0
Fig. 2.

(b) =1

(color online) Effective potentials for the KK modes in a 6D brane with the line element (63).

(c)l=2
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Table 2. Mass spectra for the KK modes in a 6D brane with the line element (63).
1=0 =1 1=2 1=3
n
0 13.90 31.77 22.73 19.21 33.70 24.24 25.49 38.88 28.33 32.75 46.31 34.27
1 45.96 81.81 63.67 54.99 84.59 66.02 65.37 91.95 72.31 76.67 102.35 81.23
2 96.23 150.1 122.81 109.06 153.71 126.02 123.44 163.24 134.48 138.78 176.59 146.37
3 164.73 236.62 200.18 181.34 241.07 204.23 199.7 252.73 214.85 219.07 269.02 229.70
Table 3. Coupling coefficients of scalar-scalar couplings in a 6D brane with the line element (63).
=0 =1 =2 =3
9.54 7.20 6.22 5.58 895 640 5.21 4.47 639 3.07 1.89 1.28 727 417 294 223
) 4.09 1403 1193 10.85 330 1273 1034 8.87 029 825 5.05 3.46 1.35 9.88 6.81 5.27
¢ 511 790 1874 16.70 433 620 1639 14.04 190 126 10.10 6.92 258 3.14 1251 935
371 9.64 1227 2383 273 794 9.25 1997 0.19 349 250 11.90 1.01 483 526 15.19
Table 4. Mass spectra for the vector and physical scalar KK modes in a 6D brane with the line element (63).
1=0 I=1 1=2 =3
n
o A 2 A m? A o A
0 13.90 15.33 19.21 18.00 25.49 25.24 32.75 30.67
1 45.96 36.00 54.99 37.70 65.37 41.59 76.67 49.18
2 96.23 55.83 109.06 59.61 123.44 69.45 138.78 77.48
3 164.73 86.00 181.34 88.48 199.7 94.31 219.07 105.13
4o’ al
A=0, B, =log . V. SUMMARY AND DISCUSSION
r2[(r/ro)* + (r/ro)~] : . . . .
In this study, we derived a Stiickelberg-like effective
4a’d? action for the massive KK modes of the gauge field by in-
B, =log ( ) . (67) ; My 2
a2 corporating a (VMX,,)* term for a bulk U(1) gauge field.
o)y + (/7o) ] rporating @ (V" Xu) (1) gaue

Interestingly, effective potentials Ve, and Vg coincide.
Consequently, mass spectra for the two types of scalar
KK modes are identical. Following the same procedure as
in case 1, we calculate the physical masses of the scalar
KK modes arising from their interactions; the results are
presented in Table 5.

We observe that for n # 0, the vector modes remain
heavier than the scalar modes. For larger values of /,
some degenerate states of the scalars appear.

The gauge invariance of the effective action is ensured by
an imposed condition on the brane-localized gauge free-
dom. This construction deviates from the conventional
Stiickelberg mechanism in two critical aspects: (1) The
scalar KK modes are not introduced ad hoc but emerge
naturally from the extra-dimensional components of the
bulk U(1) gauge field. (2) The scalar KK modes can ac-
quire masses from the entire geometric structure. Addi-
tional scalar modes arise when the brane possesses more
than one extra dimension.

We first examined the scenario within a five-dimen-
sional brane-world framework. Numerical analyses of

Table 5. Mass spectra for the vector and physical scalar KK modes in the 6D brane with the line element (66).

) [=0 =1 =2 =3
2 M m2 M m2 M m2 M
0 1.12 1.05 8.25 10.85 24.06 28.03 48.06 52.28
1 12.36 4.21 25.28 11.33 48.33 28.04 80.25 52.28
2 32.95 19.25 50.98 30.34 80.88 53.94 120.54 85.70
3 62.80 22.84 85.79 31.45 121.90 54.01 168.96 85.71
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this model revealed that the massive vector KK modes
were heavier than those of the scalar KK modes. Extend-
ing this analysis to 6D brane models, two distinct types of
scalar KK modes emerge. We focused specifically on the
scalar—scalar mixed couplings induced by the geometric
background. These mixed couplings give rise to mass os-
cillations among the scalar modes. We obtained the phys-
ical masses of the scalar sector by diagonalizing the mass
matrix.

In summary, the discussed scalar KK modes are dis-
tinguishable from conventional Stiickelberg scalars and
Goldstone bosons, which can be attributed to their unique
coupling structure with vector modes and among them-
selves. For future work, it would be intriguing to further
explore the properties of these scalar modes and their
mixed couplings within the framework of quantum field
theory, with specific emphasis on their phenomenologic-
al implications.
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