Chinese Physics C  Vol. 50, No. 6 (2026)

Observational Constraints on Dissipative Chaplygin Gas Cosmology in the
Framework of Coincident Q) Gravity”

Raja Solanki*® P K. Sahoo'®

'Department of Mathematics, Birla Institute of Technology and Science, Pilani, Hyderabad Campus, Jawahar Nagar,
Kapra Mandal, Medchal District, Telangana 500078, India
“Department of Mathematics, School of Advanced Sciences, VIT-AP University, Beside AP Secretariat, Amaravati, 522241,
Andhra Pradesh, India

Sayantan Ghosh'"

Abstract: In this current work, we shed light on the unified approach to both dark energy and dark matter via the
generalized Chaplygin gas model in symmetric teleparallel gravity (STGR). We have employed the equation of state
provided by the generalized Chaplygin gas, which naturally arises in string theory, tachyonic field theory, and Ran-
dall-Sundrum type brane world solutions. We show that such a generalized Chaplygin gas can not only provide a
lucrative candidate for dark energy but also a viable candidate for dark matter via Bose-Einstein Condensation
(BEC). We have also taken into account the interaction between dark matter and dark energy to provide a more real-
istic perspective. We performed MCMC analysis with combined Hubble and Pantheon data sets. We have also per-
formed the Om diagnostics and the r — s plot to comment on the late behavior of our model. We have also found that
through Om diagnostics, the values are in Phantom regions, and we have given physical reasons why this is expec-
ted. Finally, we outline some future directions for our work to be carried out.
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I. INTRODUCTION

Since the discovery of late-time acceleration in the
late 90's, by A. G. Riess [1] and'S. Perlmutter [2], it has
been clear that Einstein's cosmological constant has to be
non-zero in order to explain the late-time de Sitter type
expansion. It has also been observed from studies of the
galactic halo and structure formation, as well as Baryon-
ic Acoustic Oscillation (BAO) data, that there is dark
matter which is weakly interacting, cold, and non-baryon-
ic in nature [3, 4]. So, from the late 90's to the early
2000's was dominated by ACDM cosmology, that is, the
dark energy (responsible for the late time acceleration) is
given by the cosmological constant (A) and the dark mat-
ter (matter responsible for galactic rotation curve anom-
aly) is cold and non-baryonic in nature.

The standard model of cosmology, ACDM, is one of
the most successful models, explaining almost all present
and past observations with only six free parameters. Al-

though the ACDM paradigm is successful, there are still
unanswered questions that raise doubts about standard
cosmology. For starters, there is no way to explain A in
the standard cosmological model, even though identify-
ing it with dark energy gives remarkable observational
tests. For example, if one tries to explain A (the cosmolo-
gical constant) as just vacuum energy, one runs into a ser-
ious problem: the observed value of A versus the theoret-
ical prediction using one-loop corrections in QFT shows
a discrepancy of order 10'%. In order to explain dark en-
ergy, one has to use some sort of scalar field (a quint-
essence field), which can explain the origin of A and
hence why the cosmological constant is so small. There is
an alternative way to explain dark energy or late-time ac-
celeration by modifying Einstein's theory of relativity. It
is well known that standard GR is a classical theory, so it
breaks down in extreme-curvature regions such as near
singularities. Thus, to avoid this, one must quantize the
theory, just like electromagnetism, to find a quantum the-
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ory of gravity. However, it is also well known that, des-
pite numerous proposals, such as string theory and loop
quantum gravity (to name a few), a comprehensive the-
ory of quantum gravity (which can be tested experiment-
ally or observationally) remains elusive [5, 6]. So, noting
that even though we cannot find a full quantum gravity
theory, one can still make some reasonable guesses about
how the Einstein-Hilbert action would change while
maintaining diffeomorphism symmetry. As for CDM, we
do not have a clear idea what dark matter consists of. (In
this article, we have considered the Chaplygin gas, which
can explain both dark energy and dark matter in a unified
framework of matter.) Apart from these, there is also a
growing concern regarding contemporary cosmology
about the Hubble (Hj) tension [7] and o3 [8]. Roughly
speaking, these tensions indicate that our understanding
of the full timescale of the universe is limited; that is,
contemporary observations do not match those of the
early universe and late universe, which challenges the
current ACDM model in a profound way.

It is well understood that one reason for such an an-
omaly is that the quantum effects become quite import-
ant in explaining the cosmological constant or dark mat-
ter. However, since we do not have a full quantum grav-
ity theory, we can roughly argue by noting how the in-
frared behavior of quantum gravity theory might be. Tt
can be seen that one loop correction of the graviton-grav-
iton interaction can give rise to the R* termin the Ein-
stein-Hilbert action, which has been‘used by Starobinsky
[9] to predict inflation in the earlyuniverse. So, modified
gravity is a very lucrative alternative to explain not just
dark energy, but it can also be used for explaining vari-
ous other astrophysical phenomena (such as the super-
Chandrasekhar mass limit [10], black hole accretion [11],
etc.). When it comes to modifying gravity, the standard
approach is to modify the Einstein-Hilbert action with a
suitable diffeomorphism-invariant scale and then derive
the modified equation by varying the metric. From there,
one can put a suitable metric (in this case, the FLRW
metric) into the field equation to get the modified Ein-
stein equations.

In this article, we consider f(Q) gravity, a version of
modified gravity based on non-metricity (V,g,, # 0) and
reducing to GR in the linear limit. Although the actual
origin of using non-metricity to unify electromagnetism
and gravity goes back to the idea of Weyl, the modern
version of f(Q) cosmology was first written by Jimenez
et al. [12] and later expanded by them [13, 14]. There are
various papers that discuss data analysis in detail for cos-
mological models based on f(Q) gravity [15—20]. There
has been an active effort to analytically study the dark en-
ergy in the context of f(Q) gravity via dynamical system
analysis [21, 22]. It is also worth noting that the modified
f(Q) gravity theory has shown remarkable consistency in
various astrophysical objects, such as black holes [23],

wormholes [24, 25], and gravastars [26, 27], as well. In
this article, we have taken the Chaplygin gas as our mat-
ter source. Chaplygin gas has been one of the most prom-
inent candidates for dark energy for a very long time.
There are several reasons for that, as we will discuss in
Section-II, such as the microscopically Chaplygin gas
that arises very naturally in string theory. There is also a
very natural way to construct the Chaplygin gas equation
of state using a scalar field and a DBI field, and also by
Brane compactification. On the phenomenological side,
the Chaplygin gas is not just consistent with the current
observation, but it can also give a very natural transition
from matter to a dark-energy-dominated universe. So,
here we have taken the most general equation of state of
the Chaplygin gas, which is given by p = ap +Bp™.

There has been a lot of study regarding the interac-
tion (non-gravitational) between dark energy and dark
matter over the past few decades. One of the standard
quantum field theoretic approaches to this is to note that
the quintessence scalar field, whose effective mass be-
comes comparable to that of dark matter particles, could
lead to an exchange of energy between the two compon-
ents [28, 29]. There are several ways to model this inter-
action in the continuity equation, but the most simplistic
and phenomenologically consistent way to model this in-
teraction is via J o Hp, as this encodes the FLRW geo-
metry, which is dilution via a factor of H, and also is con-
sistent with the standard continuity equation. Such a mod-
el of interaction between dark sectors has been widely
used in the standard literature, as seen in references such
as [30—32], among others. The interaction term relieves
the tension between dark matter and dark energy, as the
analysis with only BEC dark matter should yield only
m =2, which has been studied in detail in our previous
work [33]. However, there is also an explicitly dark en-
ergy component which is very much consistent with gen-
eralized Chaplygin gas given as m <0. The presence of
the interaction term therefore provides a unified and
physically motivated mechanism through which both
branches emerge as viable solutions, with their relative
relevance determined by observational constraints rather
than imposed assumptions.

As mentioned earlier, even though the Chaplygin gas
can explain dark energy very well, it falls short in ex-
plaining dark matter. In this article, we consider dark
matter as an effective Bose-Einstein condensate scalar
field. There are two primary reasons for this, as ex-
plained in Section III. First, of course, Bose-Einstein con-
densation is a very lucrative option for dark matter as it
does not have any viscosity, so it explains why the
galactic halos are of uniform density. It is also very much
visible from the microscopic point of view as the Gross-
Pitaevskii equation for a moderately interacting dilute
Bose gas can naturally give an equation of state of the
form p=ap+pPp?, which is basically a Chaplygin gas
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with m =2. So, apart from microscopic and phenomeno-
logical motivation, our work gives a unified framework
that we can use to explain both dark energy and dark mat-
ter. Apart from that, we have also included an interacting
term I = 3H*p which can make a transition between dark
matter and dark energy.

We have performed the MCMC analysis using
Hubble and Pantheon+ SHOES data. We have also tested
the model using two of the most popular statistical tests,
namely AIC and BIC. We have also performed the so-
called null test for ACDM cosmology using statefinder
and Om diagnostics.

II. CHAPLYGIN GAS

Chaplygin gas was first proposed as a dark energy
candidate by Kamenshchik et al. [34] with the relation
p o p~!t, which can smoothly make a transition from mat-
ter-dominated (w =0) to dark energy-dominated epochs
(w=-1). Later, it was generalized by Bento et al. [35]
with the relation p < p™® where a is not necessarily one.
Both the Chaplygin and the generalized Chaplygin gas
models give remarkable constant solutions that can ex-
plain the late-time acceleration and are also consistent
with the observations. Even though the Chaplygin gas has
been mainly utilized as a candidate for dark energy, it ap-
pears very naturally in quantum gravity theories, such as
in the context of Brane stabilization for AdS-Schwarz-
schild black holes to study the critical horizon [36] or in
the study of 2+1 black holes in string theory [37]. Apart
from string theory, there are other conventional ways to
obtain the Chaplygin equation of state, for example, fol-
lowing the DBI field equation [38] or scalar fields [39] or
even via the Brane world scenario [36].

Even though the Chaplygin gas is a very natural can-
didate for dark energy because it not only gives matter-
dominated and dark-energy-dominated solutions, but also
smoothly makes a transition between these two, there are
other detailed studies that show that the Chaplygin gas is
not just a good candidate for phenomenology but is also
extremely consistent with the observational data sets. For
example, one can look at the review article [40] for a full
analysis with an observational test. Note that the consist-
ency with dark energy using type IA supernova has been
done in [41, 42], and the consistency using the CMB an-
isotropy data has also been in favor of the Chaplygin gas
theory [43]. There are also gravitational lensing data [44],
age measurement of high-redshift object data [45], and
last but not least, the X-ray gas mass fraction of clusters
data [46], which shows a good agreement with the
Chaplygin gas model as dark energy.

Here, we give a very short derivation of the scalar
field, which can be responsible for the Chaplygin gas un-
der the influence of a scalar field (FLRW metric).

tis well known that the Lagrangian density of a scal-

ar field can be written like this:

1
L) =-58"0,40,¢ = V(9)- (1
The stress-energy tensor is given by
1
T;fv = aﬂ¢av¢ - Eguvgaﬁaa(pagqb - gqu(¢) (2)

Also, the variation of the Lagrangian with respect to ¢
would give the Klein-Gordon equation, given as

0¢—Vy(9)=0 3)
v
¢’

If one tries to calculate the stress-energy tensor (7))
with such a Lagrangian and equates with p; and p4 as a
fluid analog, one can get an expression for density and
pressure on a FLRW background with metric
ds® = d* —d®(t)dl*, where dI* is the usual spherically
symmetric line element. Then we can get the expressions
of ps and py as follows:

where V4 =

1. B
p¢=§¢2+V(¢)= YA+, 4)
and
B 1 2 _ A
Py = 2¢ V(g) = 7\/73 )
A+—
a
From equations (4) and (5) we get
. B
§ =
o\t ©
a
and,
2a° (A + 56) -B
V(g) = ——— (7

/ B
2(16 A+ pr3
a

We also note that taking the derivative with respect to a
we get

, VB

a(Ad® + B)* ®



Sayantan Ghosh, Raja Solanki, P.K. Sahoo

Chin. Phys. C 50, (2026)

where “”” denotes the derivative with respect to a.
One can integrate the above expression and get

¢ 4Bexp(69)
@ AT —exp©d)? ©)

Putting in the expression equation (7), we get the expres-
sion for V(¢) as follows:

V(g) = % VA (cosh3¢+ (10)

1
cosh3¢ > '

We have shown above that a potential scalar field is giv-
1 1 o
en by V(¢) =7 VA (COSh3¢+ cosh3¢) (here B is just an

integration constant which is obtained by solving the
Friedmann equation).

Now we note how one can recover the Chaplygin gas
equation of state from the Tachyons.

We first note that action in Tachyon-based action or
(DBI field action) can be written like:

S= —/d4x\/—_gV(T) V1-¢°T,T,. (11)
We will write the Lagrangian density as follows:
L=-V(T)V1-12. (12)

Here, we have defined T = g*'T,T, the kinetic term of
the Lagrangian.

Like in the previous case, if we calculate the stress
energy tensor (T,,) and equate it with the fluid stress en-
ergy tensor, we can get an expression for pr,. and pr,. as
follows:

- VD (13)
PTac m,
and
Ptac = _V(T) \% 1 - TZ‘ (14)

From the previous expressions of pr.c, prq. using the
Friedmann equations, one can derive the potential as [39]:

V(T) = \/1—(1+k)cos2(@)).

(15)

sin? (% \/A(21+k)T ) <

Also, the kinetic energy term is given by:

(1) = (16)

arctan sinh

2 3VA( +k)t
3VAT+h) 2 ‘

Now, we move to the generalized Chaplygin gas equa-
tion of the state and show that such an equation of the
state can also be produced via a scalar field in an FLRW
background.

We note that the general equation of state for the gen-
eralized Chaplygin gas is given as follows:

B
p=Ap——.

o (17

If we take the stress-energy tensor and equate it with flu-
id, we can obtain the expression for U(y) as follows [39]:

)|

+(1 —A)coshx% (@ + 1)A¢)} )

B
A+1

1+A

vie)= 5

2x

coshx+! (w(,\/ + 1)A<p)

(18)

Where Ap = ¢ —po(Where ¢, is an integration constant),
(D-1D(A+1)
2AD-2)
can show that the generalized [39] Chaplygin gas equa-
tion of state can also be found via the Tachyon field.
We also note that from the Randall-Sundrum model
[47], where a dimension is wrapped, the metric can be
written as

, (in our case D =4). Similarly, one

2yl

ds’* = e (di* —dx;> —dx,? —dx3?) — dy?, (19)

where y is the coordinate for the extra dimension and / is
often called the "wrapping factor". We also note that at
y =0, there is a singularity (the derivative is discontinu-
ous), which implies a brane-like object embedded in the
fifth dimension.

One can show that for such a metric, one can get the
equation of state as [36]:

—-(n—-1)p 4n
p=—"—"-

n pl2’

Here, n denotes the dimension of branes. We have as-
sumed that locally the manifold (orbifold) has RxS" to-
pology (Chaplygin gas-dominated anisotropic brane
world cosmological models).

As we can see, the Randall-Sundrum model naturally
gives rise to the generalized Chaplygin gas equations.

We would like to note that for the remainder of our
manuscript, we have taken the Chaplygin gas equation of
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state as:

p=ap+pp"” (20)

Here, we have used A, B,y in order to be consistent with
the literature; however, since these are used, for example,
x> and Models A and B, we have taken the equation of
state to be p = ap+£p". Also, the purpose of this section
is to show that one can not just get the Chaplygin gas
equation of state from a scalar field, but one can com-
pletely reverse equations 13 or 16 to reconstruct the ap-
propriate scalar field potential or DBI field potential from
the known parameters of the Chaplygin gas equation.

III. DARK MATTER FROM BEC

Bose-Einstein Condensation is an effect of Bose-Ein-
stein statistics that was predicted by Einstein. The idea is
that because Boson wave functions are symmetric under
interchange, there is a possibil ity of huge degeneracy at
the lowest temperature; such a degeneracy could give rise
to condensation at very low temperatures. It was first ex-
perimentally verified by Bradley et al. [48]. Even though
BEC is a very important concept in condensed matter
physics to give a partial explanation for superfluidity and
superconductivity, it has been shown that BEC could be
used as an effective theory for dark matter due its nonin-
teractive nature.

Although many articles have conjectured BEC as a
dark-matter candidate, it was Boehmer and Harko [49]
who provided a solid reason why BEC should be taken
seriously as a dark-matter candidate. The argument is that
since the critical temperature for BEC to occur is very
close to the interstellar medium, the scalar fields respons-
ible for dark matter could also condense. This could nat-
urally explain the uniformity of the dark matter halo ob-
served in the galactic center. Later, Harko [50] expanded
this idea, noting how the early universe temperature de-
pendence could make the scalar field condense to BEC.
The paper also discussed how the scalar field that satis-
fies the Gross-Pitaevskii equation for a weakly interact-
ing Bose gas could give rise to superfluidity and, in prin-
ciple, could explain the uniform density of the galactic
halo. In the later paper by Harko and Lobo [51], they
have expanded the analysis to include gravitational lens-
ing and shown that it is remarkably consistent with cur-
rent observations.

We would also like to note that it can be shown that a
similar type of treatment can be carried out for other
models of dark energies as well, such as dark matter us-
ing the Lagrangian having global symmetry [52] or extra
dimension (brane world) responsible for dark matter [53]
or primordial black hole as a candidate for dark matter
[54]. It has also been shown that the Axion dark matter

[55] also gives a similar equation of state after condensa-
tion. Surya Das et al. [56, 57] have shown that the
quantum potential can be used to obtain a similar equa-
tion of state.

Finally, last but not least, the BEC equation of state
was used by Mahichi et al. [S8—60] in various modified
gravity scenarios, such as f(7T,B) gravity or Gauss-Bon-
net gravity.

Here, we will give a brief outline about how one can
tackle the weakly interacting gravitationally bound boson
particles, as discussed in the work of Harko [50]. One key
note is that Bose-Einstein condensation occurs at very
low temperatures-and when quantum effects are signific-
ant. More precisely, the weakly interacting particles
would go under a Bose-Einstein condensation provided
that  this= condition is  satisfied, that is,
To = 2nx 12p*? /m*Pky, such conditions are physically
possible during the structure formation time in cosmo-
logy. Now, in order to include the weak interactions
between bosons, we take the potential form as
V(r'=r)=A6(r' —r), where 4 is a length scale associated
with the interaction and is dimensionally consistent. Now,
it can be shown that the functional energy (&) for such
weakly interacting bosons can be written by the Gross-
Pitaevskii formula given as:

n U,
£l = / {mwwmhwmﬁ} a

2 2
//Iw(?)l ()| drdi

Here, y is closely analogous to the entire wave function
for the many-body system. So, following this, one can
define the mass density as

2

p/\/(?) = mxllﬁ(’—'})ﬁ = m/\/p('_!) (22)

Also, the total number of dark matter particles can be giv-
en as N = [ |y(A|*d°x. From the above energy functional,
one can use the variational principle to reach the Sch-
rodinger-like equation for y for weakly interacting Bose
particles under gravitational attraction as follows:

2
=5 VY@ +m VAW + Uol DY) = g (7)
X

(23)
Finally, in order to obtain the desired equation of state
one has to choose the trial wave function, the plane polar
coordinate as ¥(71) = \/p(tyexp [£S(71)], just like the
Grizberg-Landau ansatz to obtain the uncertainty relation
in phase or chemical potential.

In this analysis, we consider dark matter as some sort
of bosonic substance whose number density follows
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Bose-Einstein statistics. This statistical behavior suggests
that such particles emerged from the thermal decoupling
of the early-universe plasma. The energy density of
standard bosonic dark matter is defined by the product of
its number density and particle mass. Its pressure, accord-
ing to Bose-Einstein statistics, can be described within a
sphere defined by the momentum radius of the particles.
Under these assumptions, the pressure of normal dark
matter is found to vary linearly with the energy density,
leading to the equation of state (EoS):

p=ap

where a denotes the proportionality constant associated
with single-body interactions in the dark-matter medium.

We now extend this description to a Bose-Einstein
Condensate (BEC) form of dark matter, comprising non-
relativistic bosons undergoing two-body interactions at
extremely low temperatures. As the temperature ap-
proaches absolute zero, quantum effects become domin-
ant, and individual particle wavefunctions overlap, result-
ing in condensation into a single quantum state. The dy-
namics of such a condensate are governed by the Gross-
Pitaevskii equation. Within a gravitational context, the
pressure of BEC dark matter is shown to follow a quad-
ratic dependence on energy density:

p=pB0

where f encapsulates the interaction strength through the
mass of the particles and the length of the scattering. To
incorporate both conventional and BEC-like behavior, an
extended form of dark matter EoS, referred to as Exten-
ded Bose-Einstein Condensate (EBEC), is proposed.

p=ap+pp’

Here, the linear term ap accounts for single-particle ef-
fects, while the nonlinear term Bp? reflects two-body in-
teractions. Special cases of this model recover various
dark matter scenarios: @ = =0 corresponds to cold dark
matter, 8 = 0 recovers normal dark matter, and a =0 isol-
ates the BEC contribution from dark matter halos.

IV. A UNIFORM FRAMEWORK FOR DARK EN-
ERGY AND DARK MATTER

In this work, we employ the generalized Chaplygin
gas model to describe both dark energy and dark matter
using a single equation of state, given as p = ap +8p™. As
we have seen from previous sections, for m < 0 we get the
"pure" Chaplygin gas, which is responsible for the dark
energy, and for m =2 we will get p = ap+Bp*, which is

just the equation of state for the BEC dark matter. At this
point, we bifurcate the models, specifically one model
where we obtain m ~ —5, which is a very consistent mod-
el with the Chaplygin gas as dark energy. However, we
also get m ~ 2 for another set of MCMC with different
priors. This is extremely consistent with the fact that this
can be a BEC dark matter equation of state. This also
gives us the idea that we need to add an interacting term
between dark matter and dark energy, such as 7, which
can take care of the fact that when 7 > 0 there is a posit-
ive energy transfer from dark matter to dark energy and
vice versa for 7 < 0. In order to fix a form of 7, we note
that from the dimension analysis, there is a natural form
in terms of [p][T7'], so the most obvious choice is
I «pH. So, following convention, we take the propor-
tional constant to 'be 3b* (b* to make the expression posit-
ive). It should also be noted that there are other alternat-
ives to take the interacting term, also discussed in
[61-63].

V. FORMULATION OF f(Q) GRAVITY

Even though in the original formulation of general re-
lativity, Einstein used the Levi-Civita connection to con-
struct the field equation, it was soon clear that one can
(uniquely) split the most general connection on a tangent
bundle over a manifold into three different parts: Levi-
Civita, anti-symmetric, and non-metricity. The proof and
motivation for this can be found in the review article by
L. Heisenberg [64]. So in principle, the most general af-
fine connection can be written in the form [14]:

1, =, +K, +L°,, (24)

Here, the first term I}, denotes the usual Levi-Civita con-
nection,

@ 1.
F#V = Eg /](gm,v +8vu _g,uv,/l) (25)

The second term K, is known as the contortion tensor.
The formula can be written in the form of a torsion tensor

(19, ="179,-7°,) as follows:

1
K, = E(T(Lv +T,5,+1,%) (26)

Finally, the last term is known as the distortion tensor,
which is the most relevant for our current paper. The for-
mula given in the form of the non-metricity tensor is giv-
en as follows:

(Q%, -0, -0 27)

| —

@
r,
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The expression of the non-metricity tensor is given as

ta/lv = Vag;tv = 6(!&“’ - Tﬁzwgﬁv - Tﬁavg#ﬁ (28)

We can also define the superpotential tensor as follows

4Pl{/¢v = _Q/l,uv+2Q(,u/lv)+(Q/I_Q/l)g,uv_6quv)- (29)

where Q,=0Q,", and Q, = Q",, are non-metricity vec-
tors. If one contracts the non-metricity tensor with the su-
perpotential tensor, one can get the non-metricity scalar
(Q) as follows:

Q = _QA#VP/IIJV. (30)

It can be shown that the Riemann curvature tensor is giv-
en as follows:

@ — 101 101 A
R, = 201,05+ 200, o 31
Now, using the affine connection (24), one can have
Ry, =Ry, + VX0 =V, X, + X5 X0, — X X0 (32)

Here, f?‘}w and V are described in terms of the Levi-Civ-
ita connection (25). We also note that X9, = K¢, +L°,,. If
we use the contraction on the Riemann curvature tensor
using the torsion-free constraint 7, =0 in the equation
(32), we get the following.

R=R-0Q+Y,(Q"-0") (33)

Here, R is the usual Ricci scalar evaluated with respect to
the Levi-Civita connection. We also use the teleparallel
constraint (the choice for such a gauge is given in detail
in [64]), i.e., R=0. Using the teleparallel constraint, the
relation (33) becomes:

R=0-V,(0"-0") (34)
From the above equation (34), it can be seen that the
Ricci scalar (using the Levi-Civita connection) differs
from the non-metricity scalar (Q) by a total derivative.
Using a generalized Stokes theorem, one can transform
this total derivative into a boundary term. So we can see
that the Lagrangian density changes by a boundary term,
and as far as the action is concerned, Q is equivalent to R.
As we can see, Q gives a comparable description of GR

with curvature. We also note that since we have taken the
torsion to be zero, the theory is known as a symmetric
teleparallel equivalent to GR (STEGR) [65].

Now, we offer a general form of the STEGR theory in
the presence of matter using a general form of f(Q) in the
action as follows:

1
S=/§f(Q)‘/—_gd4x+/£m Vogd'x,  (39)

where g =det(g,,), f(Q) is a function of the non-metri-
city scalar Q.

VI. COSMOLOGY IN f(Q) GRAVITY

It can be shown [68] that for the homogeneous and
isotropic Riemannian manifold, the FLRW metric is the
unique metric up to diffeomorphism. As of now, from the
large-scale galaxy survey [66] and the latest CMB data-
set from Planck [67], it has been seen that our universe is
not just homogeneous and isotropic but also especially
flat to a very high degree. So, in this article, we will only
consider the flat Friedmann-Lemaitre-Robertson-Walker
(FLRW) metric for our calculations, which is given by:

ds* = —di* + dA(0)[dx> + dy* +dZ*] (36)

Here, a(z) is the scale factor of the expanding universe.

For the teleparallel consideration, we take the con-
straint corresponding to the flat geometry of a pure iner-
tial connection. We use a gauge transformation given by
Ag [13], to get the following form.

Ty, = (AT)50LA%, (37)
We can also express the general affine connection by not-
ing that a general element of the group GL(4,R) is charac-
terized by the transformation A, =3d,{", where {* is an
arbitrary vector field,

. ox
T = 7 "

(38)
Due to gauge redundancy, the connection (38) can be
eliminated by choosing an appropriate coordinate trans-
formation. Such a coordinate transformation is often
known as a "gauge coincidence". Using the coincident
gauge, we can calculate that the on-metricity scalar cor-
responds to the metric (36) becomes Q = 6H>

The energy-momentum tensor for a perfect fluid dis-
tribution is given as follows:
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Tyv = (p+p)u,uuv+pg/w (39)

where we have taken u, = (-1,0,0,0) to be components of
the four velocities, which is consistent with the signature
of the metric.

From the field equation in the FLRW background, in
the presence of a matter field, we get the following Fried-
man-like equations:

_ (]
3H2—2fQ( p+2) (40)
~ fo,, 1 S

VII. COSMOLOGY WITH CHAPLYGIN GAS IN
f(Q) GRAVITY

In the above equations (40)-(41), with the symmetric
teleparallel field equation under the FLRW metric, the
equations can be decoupled to form a dark energy term.

So we can rewrite the Friedmann equations (40)-(41)
as follows:

3H? = P+ Pde (42)
) 1
HZ_E[P"'P"'Pde"'Pde] (43)
and the p,, and p,, become,
1
pac = 5(Q=+0fo (44)
Pae = —Pae —2H(1 + fo+20f00) (45)

Note that using above equations it immediately follows
that,

pde + 3H(pde +pde) =0 (46)

Although the geometric dark energy components p,, and
pa. Tresulting from f(Q) geometry satisfy the conserva-
tion identity (46). For phenomenological purposes one
can introduce an effective interacting dark energy fluid
through a non-unique splitting of the total energy-mo-
mentum tensor as follows,

P +3HeG +pil) =T @7)

and

p+3H(p+p)=-T (48)

where pil’ = pae +pi and pil’ = pa. + piw, and T =3b*Hp
[61-63]. Here p,, and p,,. are the quantities arising due to
f(Q) geometry, and p;,, and p;,, account for the energy
exchange arising due to interaction of dark energy and
dark matter. Observe that, in the present framework, the
effective dark energy arises from contributions of both
the geometric. sector through the f(Q) gravity function
and the generalized Chaplygin gas matter sector. There-
fore, the late-time acceleration in our model is not solely
geometric in origin, but rather results from a combined
contribution of modified gravity and the exotic matter
sector.. The interaction term further couples these two ef-
fective components, leading to a richer cosmological dy-
namics. Also note that the continuity equation holds as a
full set of p and p as follows,

G+pi)+3H+p+p +pi)=0 (49
We take the form of f(Q) as a monomial, that is,
f(Q)=7<g) (50)
Qo

and from the first Friedman equation we get the follow-
ing.

1-2n (H\”
= — 51
p 7Y ( H()) (51
Taking p, as present p, we get
H 2n
= — 52
p=r(7) (52)

Now, taking the generalized Chaplygin gas and integrat-
ing the continuity equation (48), we get the density as

1
~ Cnagmm—l) -B -1 (53)
P =po Cna3r](m—l) _ﬂ
As a consequence, we get the scale factor as follows.
1
3im=1) _ o\ 7D
H=H, (0P (54)
cna n(m—1) _B
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VIII. STATISTICAL ANALYSIS AND DATA SETS

In this section, we compare the predictions of the the-
oretical model with observational data to constrain the
free parameters. We used a joint sample consisting of 31
cosmic  chronometer = measurements and  the
Pantheon+SHOES compilation of 1701 Type la super-
novae. Bayesian statistical methods are employed, using a
likelihood-based approach and Markov Chain Monte
Carlo (MCMC) sampling, to estimate the posterior distri-
butions of the parameters.

A. Cosmic Chronometers (CC)

Cosmic chronometers are massive, passively evolving
galaxies whose star formation has ceased [69]. The age
differences of these galaxies at nearby redshifts provide a
direct estimate of the Hubble parameter H(z) through

1 dz
H)=— —.
@ 1+zdt

(55)
We used 31 independent H(z) measurements in the range
0.07<z<241 [70, 71]. For each measurement k, with
observed value H, ., uncertainty o, and model predic-
tion Hy(z;), the chi-square is

! Hl _Ho S :
XYoo = ZM (56)

k=1 Thk

B. Pantheon+SHOES Supernovae (SN)

The Pantheont+SHOES compilation contains 1701
Type Ia supernovae that span redshifts 0.001 <z<2.3.
SNe Ia act as standardizable candles via the distance
modulus:

D.(2)
uh(z) = 510g10( Mch > +25, (57)
where the luminosity distance is
©dx
D =c(1 . 58
1(2) = c(1+2) /0 Hx0) (58)

During the past two decades, several Type la supernova
compilations have been developed, beginning with the
Union sample [72], followed by the Union2 [73],
Union2.1 [74], the JLA compilation [75], Pantheon [76],
and most recently the Pantheon+SHOES dataset [77].

For each supernova with observed peak magnitude
mp,; and absolute magnitude M, the residual vector is

D; = me;— M—th(Zi) (59)

To break the M—H, degeneracy, Pantheon+SHOES re-

places ™ with Cepheid-calibrated distances p"*" for host
galaxies with independent calibrations:
_ mp;—M -y Cepheid hosts,
D;= (60)
mp;—M —pu"(z;), otherwise.

With covariance matrix Csy (including systematics), the
SN chi-square is

Xén = DTCD. (61)

C. Joint Likelihood

The combined chi-square minimized in the MCMC
analysis is

Xlzolal :XéC +X§N' (62)

D. Results and Constraints

From the combined CC+Pantheon+SHOES dataset,
the best-fit parameters with 68% confidence limits for
Chaplygin gas model (Model-I) are as follows:

Table 1. Best-fit cosmological parameters with 68% confid-
ence intervals.

Parameter Gaussian Priors Best fit =10
Hy 72.14+1.0 731019
n 0.014+0.1 0.52+903
B 23£02 0.86701
n 0.22+0.2 0.45+902,
c -0.31+0.1 —0.6213:046
m ~0.49£02 -50.008
o 1644.828
The minimum chi-square for the fit is
X = 1644.828. (63)

For BEC (m =~ 2) (Model-II), the best-fit values are given
as:
The minimum chi-square for the fit is

X = 1634.029. (64)
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Table 2.
ence intervals.

Best-fit cosmological parameters with 68% confid-

Parameter Gaussian Priors Best fit =10
Ho 72.09+1.0 73102
" ~0.064+0.1 —~2*0 003
i 0.05+0.2 0.5150013
7 ~15+02 ~L77008
c ~0.00060.1 —~0.019+0:0024
m 122402 184003
o 1634.029

E. Model comparison via AIC and BIC

The Akaike Information Criterion (AIC) [78] meas-
ures relative predictive accuracy while penalizing model
complexity, whereas the Bayesian Information Criterion
(BIC) [79] approximates the Bayesian model evidence
with a stronger penalty for additional parameters as the
sample size increases. In this work, both criteria are com-
puted from y? fits and models are compared using differ-
ences with respect to the minimum-IC model, following
standard A thresholds.

Even though AIC and BIC are very common prac-
tices in general Bayesian analysis, it was first systematic-
ally introduced in the context of cosmology by Liddle
[80]. The AIC is defined as:

AIC = %, +2d, (65)

where d is the number of free parameters in the model.
To compare our results with the standard ACDM model,
we compute the difference:

AAIC = |AICMOG - AICACDM'- (66)

A value of AAIC <2 indicates strong support for the
MOG model, while 4 <AAIC <7 suggests moderate

evidence. If AAIC > 10, there is no significant support for
the MOG model.
The BIC is defined as:

BIC = %, +dIn(N), (67)

where N is the number of data points used in the MCMC
analysis. The interpretation is similar:

® ABIC < 2: strong support for MOG,
® 2 < ABIC < 6: moderate support,
e ABIC > 6: weak or no support.

The computed AIC and BIC values for the viscous
modified gravity (MOG) models considered are summar-
ized in Table 3. Based on these results, there is strong
evidence in favor of the proposed models across all three
datasets. In particular, Model I demonstrates the closest
agreement with the ACDM model.

IX. OM DIAGNOSTICS AND STATE FINDER
ANALYSIS

In order to check the deviation from the ACDM mod-
el, quite a few tests have been proposed, roughly known
as the null test for standard cosmological models. Basic-
ally, the idea is to construct a scalar quantity (real num-
bers) that gives a particular value for ACDM and only de-
viates when the model is not ACDM. Ideally, these
quantities should also distinguish between two different
types of nonstandard cosmology as well, such as quint-
essence and phantom, etc.

In this article, we have taken mainly two diagnoses,
that is Om and the statefinder diagnosis, to test the devi-
ation from ACDM. Even though, through the MCMC
analysis, we have shown that the best fit model paramet-
ers with the latest observational data, such as Hubble and
Pantheon+SHOES data sets, it is still not obvious what the

Table 3. Minimum y? values and the corresponding AIC and BIC values for both Chaplygin gas (Model-1) and BEC dark matter
(Model-2)
Xoin AIC BIC
Model Data Set AAIC ABIC
MOG ACDM MOG ACDM MOG ACDM

CC 28.001 32.132 40.001 38.132 48.604 42.431 1.869 6.173

1 Pantheon+ 1616.827 1609.917 1628.827 1615.917 1661.460 1632.231 12.91 29.22
CC+Pantheon+ 1644.828 1642.044 1656.828 1648.044 1689.570 1664.204 8.784 25.366

CC 38.912 32.132 50.912 38.132 59.515 42431 12.78 17.08

11 Pantheon+ 1595.117 1609.917 1607.117 1615917 1639.750 1632.231 8.8 7.519
CC+Pantheon+ 1634.029 1642.044 1646.029 1648.044 1678.771 1664.204 2.015 14.567
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late-time behavior of our model is, that is, whether it is
approaching the de-Sitter model from the Phantom or
Quintessence side. In addition, these diagnoses provide a
very good consistency check, namely, whether we are ob-
taining late-time de Sitter solutions or not, and also how
severe the deviation from ACDM is.

A. Om Diagnostics

Om diagnostics is the simplest form of diagnosis
available for classification of the various dark energy-
based cosmological models and their deviation from the
ACDM.

It was first proposed by V. Sahni et al.[81], noting
that the matter density falls as a third power of the scalar
factor while the A remains constant. The formula for
Om(z) is given as,

() -1

(1+2-1

Om(z) = (68)

In our work, we have plotted this in the figure, and it
shows that for approximately z > 1 the slope is negative,
indicating quintessence scenarios, but for —1 <z < 1 the
slope is positive, giving the phantom scenario. So, we can
say for both of our cases that is both for the Chaplygin
gas (m =~ —5) (Figure-6) and the BEC (Figure-m ~ 2) (Fig-
ure-4), we first obtain the quintessence scenario’ up to
z=1, then from z =1 to present (z =0) and future (z < 0)
it follows phantom behavior to reach the de Sitter solu-
tion or ACDM. Therefore, both of our models exhibit
phantom-like behavior in late times. This is not a contra-
diction, as the Om is susceptible to-the full integration
rather than the local instantaneous w, so in a sense it
measures the global evolution history of the H(z), so in a
sense we can say only after Om diagnosis that our model
behavior is indeed phantom.

So, in general, both models show that globally there
are in the Phantom region.

B. Statefinder Diagnostics

Although diagnosis Om is an excellent null test, there
are several problems; for example, it does not distinguish
between various types of quintessence and phantom mod-
els. There is also the fact that the formula is too simple,
so it does not take into account the nuances of the other
type of late cosmology and how much they differ from
the ACDM.

In order to circumvent these things, V. Sahni et al.
[82] have proposed a null test based on two different
parameters that r, s, where they are given by the formula:

r= ﬁ (69)

and

r—1
1
3(q‘5)

One first note is that for the standard ACDM model,
g=-1,s0 r=0, so one of the advantages of r is that even
though many different models give similar H and g, they
differ by the third derivative, that is, r. s is defined to dis-
tinguish between various forms of dark energy models.
Together, » and s can distinguish between various mod-
els, such as Chaplygin gas, Phantom, Quintessence, etc.
So, it can be easily shown that for ACDM (w=-1)
s=0,r=1; however, s<0 and r>1 (for both of our
models), they are phantom in nature. However, it also
shows that our current universe (z~ 0) is located in the
phantom region, and it will eventually converge to
ACDM. It is worth noting that alone statefinder diagnos-
is alone can not tell any difference between Brane World
or Chaplygin gas, we can not say for certainty which
model of dark energy it represents, except the fact that it
is not "pure quintessence" or a time-independent equa-
tion of state (i.e. @ # 0). It is worth noting that for a scal-
ar field-based dark energy model, the statefinder, or more
precisely s, does not uniquely specify the models. For ex-
ample, a detailed analysis of the behavior with respect to
the Phantom [83], interacting Phantom [84], and Quin-
tom fields [85] reveals how the statefinder changes in
general for all these potentials.

S =

(70)

X. CONCLUSION

In this article, we have offered a unified model of
both dark energy and dark matter via the (Generalized)
Chaplygin Gas model. We have shown that the MCMC
analysis with both Hubble and Pantheon+SHOES data
sets favors the modified gravity dark energy (m ~ —5) as
well as dark matter (m ~= —2) dominated universe (dark
energy coming from the modified gravity part). To sys-
tematically account for the transition, we have employed
a standard interaction term 7, which can serve as a medi-
ator between dark matter and dark energy. Overall, we
have shown that data analysis (AAIC and ABIC tests) fa-
vors the BEC dark-matter model over dark energy purely
by the Chaplygin gas model.

Here is a brief overview of the final results, which are
presented throughout the manuscript. First of all, in the
Fig. 1 and Fig. 2, we have given the least square fitting
for the Hubble and SN data set and compared our model
Chaplygin Gas (m ~ -5) and BEC (m ~ 2) respectively,
with the standard ACDM model to show that there is not
much significant deviation between the two, which shows
that at least phenomenologically, our model is consistent
with the current observation. For Fig. 3, we have done the

=
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Fig. 1. (color online) The least square fitting for the Chaplygin gas model (left panel as dark energy m ~ —5 and right panel as BEC
dark matter m ~ 2). In comparison to the standard ACDM model (black dashed line), the figure displays the fitting of the Hubble func-
tion H(z) versus redshift z for our proposed model (red line). An error bar plot representing the 31 CC dataset points considered for the
analysis is also included.
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Fig. 2. (color online) The least square fitting for the Chaplygin gas model (left panel as dark energy m ~ —5 and right panel as BEC
dark matter m ~2). In comparison to the standard ACDM model (black dashed line), the figure displays the fitting of the function u(z)
versus redshift z for our proposed model (red line). An error bar plot representing the 1701 points of the Pantheon+SHOES dataset con-

sidered for the analysis is also included.

MCMC analysis and plotted the 30~ contour plot using the
corner plot in the EMCEE package in Python. Similarly,
in Fig. 4, we have performed the same analysis for BEC
dark matter and shown that indeed m ~ 2 is also a valid
solution, which produces a late-time de Sitter solution.
Also note that the obtained constraint n # 1 does not con-
tradict the standard GR tests, in a sense this gives the
freedom to modified gravity model to be consistent with
the data, very similar things can be seen in the context of
f(R) gravity, and also when one try to adjust it with large
scale structure or X-ray [86] or UV-flux datasets [87]. It
is analogous to f(R) gravity case in lower scales such as
the solar system or Shapiro time-delay-like experiments,
there always exists a screening mechanism to adjust the
gravity to make sure it is consistent with the Einstein Hil-
bert action, which is discussed in detail by Weltman et. al
[88] and Harko et. al. [89]. In Fig. 5 and Fig. 7, we have
shown the behaviors for the phenomenological quantities
such as ¢ and w,ss for both m~ -5 and m =2, respect-
ively. As expected, both of them are showing late time de
Sitter behavior (i.e., at z— -1, q,w,sr — —1). Finally, in
Fig. 6 and Fig. 8 we have done the two most famous
Null-tests for the ACDM model, that is, the statefinder

and Om diagnostics, both of which show the Phantom be-
havior in the current time and late-time de Sitter trans-
ition, showing the consistency of our model with the cur-
rent paradigm.

It should also be noted from Table 3 that, after qualit-
atively examining AAIC and ABIC, our model overall fa-
vors the BEC model over the Chaplygin Gas model, in-
dicating that there is indeed a nontrivial interaction term
between the two.

Here, we provide a brief outline of the entire paper.

First, we begin with an introduction (Section-I),
where we provide a detailed motivation for considering
the Chaplygin gas equation of state as a unification of
both dark matter and dark energy. We also provide a
rough idea of why Chaplygin gas models are appealing,
as they naturally occur in string theory and naturally con-
nect between a matter-dominated universe and a dark-en-
ergy-dominated universe. We also discussed how Bose-
Einstein Condensation could be responsible for the dark-
matter candidate. We also discussed the motivation for
including the interaction term between dark matter and
dark energy. After giving a brief outline of the symmet-
ric teleparallel-based gravity, we close with the data ana-
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Fig. 3.

(color online) The MCMC analysis for the Chaplygin gas model (as dark energy m ~ —5). Based on a combined examination

of the CC, BAO, and Pantheon+SHOES datasets, the 2D-contour plot of the model parameters m, ¢, .5, n, and Hy displays the most

likely values and the confidence areas up to 3—o.

lysis and the null-tests, such as Om and statefinder dia-
gnosis.

In Section II we give a more detailed discussion on
the Chaplygin gas, and we also show how various micro-
scopic theories, such as the scalar field, DBI field, and
Brane world scenarios, can give rise to the Chaplygin gas
equation of state. This section also serves as a primer that
from the best fit for the Chaplygin gas model, one can in-
deed reconstruct the scalar field potential, or DBI field
potential, or even wrapping factor for the branes. In this
sense, we have demonstrated the universality of the
Chaplygin gas model from both a microscopic and a phe-

nomenological perspective.

In Section III we discuss how dark matter can be
modeled by BEC. We have provided a brief physical mo-
tivation that, after the universe's state of formation, it
could indeed create the ideal environment for BEC to oc-
cur. The BEC could explain why the density of the dark-
matter halos is so uniform, and it is also an effective the-
ory in the sense that no matter what the underlying bo-
sons are, as long as they are massive, there is a possibil-
ity for BEC. We have also discussed the microscopic ori-
gin of BEC by the Gross-Pitaevskii equations for a
weakly interacting Bose gas. Then we argue that the vari-
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Fig. 4. (color online) The MCMC analysis for the Chaplygin gas model (as BEC dark matter m ~ 2). Based on a combined examina-
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Fig. 5. (color online) The deceleration parameter ¢(z) and effective equations of state w(z) for the Chaplygin gas model (as dark en-
ergy m~ -5). As both blots show at z— -1, both of them converge to —1 as expected, and also it is very consistent with the current val-
ues of the observed ¢ and w
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r—s plot, which shows that at late time it is converging to ACDM model, and we have also used Om diagnostics for testing variation
from ACDM for the Chaplygin gas model (as dark energy m ~ -5).
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(color online) To check the models, we have used two very popular null tests for the ACDM model. First, we have done the

r—s plot, which shows that at late time it is converging to ACDM model, and we have also used Om diagnostics for testing variation
from ACDM for the Chaplygin gas model (as for BEC dark matter m =~ 2).)

ation of such an energy function could indeed lead to the
Chaplygin gas equation-like form. Overall, this gives a
microscopic and observationally sound motivation for
why dark matter can be modeled as BEC.

In Section IV, we advocate for a uniform framework
for dark matter and dark energy. We argue that from the
values of m, one can easily verify how the model is dom-
inated by dark energy, as described by the Chaplygin gas
equation or BEC dark matter. We also argued that it is es-
sential to include an interacting term, allowing for con-
sistency with the standard model of cosmology and main-

taining the ratios of dark matter and dark energy.

In Section V, we give a brief description of the f(Q)
gravity. We discuss which gauge one should choose and
how the boundary term does not impact the formulation.
We also take a brief detour to explain how to calculate
the non-metric scalar from Q,,,. In Section VI, we con-
tinue the discussion for f(Q) gravity under the FLEW
metric. We have taken a flat FLRW metric with a signa-
ture (- + + +), and we have given the way to calculate the
non-metric scalar, which turns out to be 6H>. We also ar-
gue how f(Q)= -0 could give the Einstein GR, provid-
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ing a consistency check between modified gravity and
standard Einstein GR.

In Section VII, we provide the complete formula for
H(z) as a function of z (redshift). We use the continuity
equation and the Freedman equation to arrive at the exact
formula. This would enable us to do the data analysis and
constrain the free parameters.

In Section VIII, we perform a complete data analysis
using the formula H(z). We have found two models:
Model 1 (m~ -5) and Model 11 (m~2), both of which
yield constant observational values. We also observe that
both models have similar ¢ and w, which closely re-
semble our current universe's observational data. Even
though both models give observably constant results and
satisfy the null test, one can see that model II, which is
the model that is dark matter dominates, d gives the low-
est A AIC and A BIC, which shows that the Chaplygin
gas is more biased toward dark matter modeled by BEC,
and also there is non-trivial (as b # 0) interaction between
bark matter and dark energy, that is, dark matter is trans-
formed into dark energy.

In Section IX, we have performed the two popular
null tests for the ACDM model, namely Om and the
statefinder design. We have shown that both models un-
der the Om diagnoses approach the standard ACDM
model while currently passing through the Phantom
epoch. As for the statefinder is concerned, it is also con-
sistent with the phantom behavior, but-it could also de-
note any other form of the scalar fields as mentioned
above. This is hardly surprising,-as the Chaplygin gas

equation of state typically gives the Phantom behavior, as
we have shown in Section II that indeed one needs a non-
standard kinetic energy term to arrive at the Chaplygin
gas equation of state.

Finally, we end the manuscript with the Conclusion
(Section X). Overall, this manuscript demonstrates that a
unified picture of dark matter and dark energy can be ob-
tained through the Chaplygin gas model in modified f(Q)
gravity, and data analysis yields very tight observational
constraints on the free parameters. One can take this
study further by taking more general modified gravity
models, such as ' f(Q,T),f(Q,B),f(Q,T) or general
f(0,T,L,) models, to-see whether the conclusions of our
models are empirical or not.
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