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I. Introduction

Femtoscopy is a powerful experimental technique for
investigating the space-time evolution of the particle-
emitting source created in high-energy collisions, as well
as for exploring hadron-hadron interactions. This ap-
proach has been extensively applied on both the-experi-
mental side [1-10] and the theoretical side [11—19]. The
method is inspired by the Hanbury Brown and Twiss
(HBT) effect [20, 21], originally developed in astrophys-
ics, and has been widely adopted to probe the space-time
structure of the particle-emitting source in nuclear and
particle collisions [19, 22-26].

The key experimental observable in femtoscopy is the
two-body or three-body momentum correlation function,
as shown in Eq. (1), where P(p;) and P(p;,p,) are the mo-
mentum distributions of a single hadron and two hadrons,
respectively. Thanks to the advancement of experimental
techniques and detector capabilities, numerous two-had-
ron correlations have been observed in both proton-pro-
ton and relativistic heavy-ion collisions at the Relativist-
ic Heavy Ion Collider (RHIC) [1—4] and the Large Had-
ron Collider (LHC) [5—10]. Within the framework of
femtoscopy, these experimentally measured correlation
functions can be theoretically described by convoluting
the source emission function S (r) with the two-body scat-
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tering wave function y(r, k) via [27, 28],

Clo= LPuP)_ / SOWrbldr, (1)

P(p)P(p2)

where k = pj —p;|/2 is the relative momentum in the cen-
ter-of-mass (CoM) frame of the pair, and p; is the mo-
mentum in the CoM frame. r denotes the relative dis-
tance between the two particles in the CoM frame. The
two-body scattering wave function (r,k) canbe ob-
tained by solving the Schrodinger equation in coordinate
space or equivalently through the Lippmann-Schwinger
equation in momentum space. In this analysis, the com-
monly adopted assumption of a momentum-independent
emission source is applied. Assuming that the interaction
potential is short-ranged, the low-energy scattering prop-
erties—and consequently the correlation function—can
be effectively characterized by two physical parameters:
the scattering length, ay, and the effective range, r.¢. Fur-
thermore, under the additional assumption that the emis-
sion source follows a Gaussian spatial distribution, the
correlation function admits an analytical expression,
which was first obtained by the Lednicky and Lyuboshits
model [5, 29, 30] and has been widely adopted for inter-
preting experimental correlation data. For realistic inter-
action potentials and emission sources beyond the Gaus-
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sian approximation, the correlation function can be com-
puted numerically using dedicated tools such as the Cor-
relation Afterburner (CRAB) [31] and the Correlation
Analysis Tool using the Schrodinger equation (CATS)
[32, 33].

So far, most of the experimentally measured correla-
tion functions have been obtained for pairs of light had-
rons, such as pp, pK, KK, and so on. In these systems,
the hadron masses are either small or comparable to their
momenta. Moreover, the role of spin-dependent interac-
tions remains not fully understood, adding further com-
plexity to the interpretation of these correlations. Under
such conditions, relativistic effects can become signific-
ant and must be taken into account when calculating the
scattering wave functions. For bound-state problems, a
self-consistent way to incorporate relativistic effects is
provided by the covariant Dirac equation, which is partic-
ularly suitable for fermionic systems. More generally, the
covariant wave equation developed by Sazdjian [34, 35]
provides a systematic approach for obtaining relativistic
bound-state wave functions. The two-body and three-
body Dirac equations have been used to investigate the
properties of mesons [36—38] and baryons [39, 40]. In
contrast, for scattering states, the magnitude of relativist-
ic corrections to experimentally observable quantities and
the optimal method for incorporating such effects remain
open questions. Previous studies based on relativistic
constraint dynamics have extended to phase shift ana-
lyses of nucleon-nucleon [41] and meson-meson [42]
scattering. The relativistic correction to the correlation
function, obtained by employing a relativistic propagator
in momentum space within the Koonin-Pratt formalism,
has been investigated in Ref. [43]. In the present work,
we propose an alternative and systematic approach in co-
ordinate space to incorporate relativistic corrections to
both the scattering phase shifts and the correlation func-
tions.

In this paper, we employ the two-body Dirac equa-
tion to investigate two-body scattering and systematic-
ally explore the relativistic corrections to both phase
shifts and correlation functions, which are experiment-
ally accessible observables. The paper is organized as fol-
lows. The theoretical framework is presented in Section
II, including a brief description of the two-body Dirac
equation. Next, the calculation of the scattering phase
shifts and correlation functions is described. Numerical
results and a detailed discussion are provided in Section
I1I. Finally, a summary is given in Section I'V.

II. THEORETICAL FRAMEWORK

In this section, we provide an overview of the theoret-
ical framework adopted to describe the relativistic two-
body system. This framework is based on the covariant
two-body Dirac equation, which governs the dynamics of

spin-1/2 particles interacting via scalar, vector, or other
effective potentials (see, for example, Ref. [44]). We out-
line the essential aspects of the formalism, including the
general form of the two-body Dirac equation, the types of
interactions considered, and the approach used to obtain
both bound and scattering state solutions.

To properly describe scattering processes, we further
introduce the methods employed for calculating scatter-
ing phase shifts and two-particle correlation functions.
These quantities serve as essential observables in experi-
mental studies, providing insight into the interaction dy-
namics and space-time structure of the particle-emitting
source.

A. Two-body Dirac equation

In this'work, for simplicity and relevance to the phys-
ical systems under consideration, we restrict our discus-
sion to scalar and vector interactions, which play domin-
ant roles in many hadronic and atomic systems. Under
this assumption, the covariant two-body Dirac equation
takes the form [41, 45, 46]:

S =ysi(yi-(p1—A)+m+S )Y =0

S =ysa(y2-(p2—A2) +my+S2)y =0 (2)
With the 16-component Dirac spinor v = (¥, ¥, ¥3,04)",
in this equation, p; and p, represent the momenta of the
two particles, while A; and A, are the corresponding vec-
tor potentials. The quantities m; and m, denote the
masses of the two particles, and S, and S, represent the
scalar potentials acting on the two particles, respectively.
An important feature of this relativistic formalism is that
the spin dependence of the interaction emerges naturally
from the structure of the relativistic potentials and the
mutual compatibility conditions imposed by the two
coupled Dirac equations. This stands in contrast to ap-
proaches based on semi-relativistic corrections, which
typically incorporate spin-dependent terms in an ad hoc
manner inspired by non-relativistic approximations or ef-
fective field theory. In the two-body Dirac formalism, the
relativistic spin structure is consistently embedded from
the outset, providing a more fundamental description of
the dynamics of interacting fermions.

To simplify the solution of the two-body Dirac equa-
tion, H. Crater et al. [41, 45, 46] reformulated the equa-
tion into a Schrodinger-like form by making appropriate
combinations of the components of the wave function,
such as ¢, =y £y, and y. = ¢, £ ¢, followed by appro-
priate substitutions. This allows the decoupling of the
system into four Schrodinger-like equations. Working in
the center-of-mass frame in which P = (1,0) and # = (0, 1),
and then further defining four-component wave functions
Vs, e via . =exp(F+ Ko -to, - T)Y. and
X: =exp(F + Ko -to, - ). When considering only scal-
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ar and vector interactions, the resulting Schrodinger-like
equation, after performing a Pauli reduction, takes the
form:

2

[p°+ D5 +0) -0, Pgs +L- (07 +02)Ds0
+ 0 'f'(fz'f'L'(0-1+0-2)(DSOT
+iL-0 X0,Ps50x +L- (07 —02)Ds0p

+@Boy-toy -t =0 -0)D7 Y, = bz(W)lﬂJra 3)

where  m, =mmy/w, €,=W —-mi-m3)/2w, and
b*(w)=€2—m>. w is the total energy. @5 =2m,S +S>+
2€,A — A + @), is the spin-independent potential, with @,
being the Darwin term. S and 4 are scalar (pseudoscalar)
and time-like vector potentials, respectively. ®@g5, Dsp,
Dsor, Psop, Psox, and Oy are the spin—spin, spin—orbit-
al, and tensor interactions. The explicit forms of these
terms can be found in Ref. [37].

2F’(cosh2K —1)

) = +F?+ K”? +m(r)
r
. 2K’sinh2K v 2(cosh§K— 1)’
r r
F’ F’(cosh2K—-1) cosh2K =1
Os0=——- - 5
r r r
K’ sinh2K
+79
,
®gop = I'(r)cosh2K — ¢'(r)sinh 2K,

Dgox = ¢'(r)cosh2K —I'(r)sinh 2K,
2K’'sinh2K  2F’(cosh2K —1)

q)ss = k(r)+

3r 3r
2(cosh2K —1) N 2F'K’ V?K
3r2 3 3°

3F’cosh2K N F’(cosh2K - 1)
r

1
®r = [n(r)+ ;

K’sinh2K  3K’(cosh2K—-1)

+2F'K’ -
r r
VK4 SSin}212K N cosh22K—1},
r r
K’(cosh2K—-1) sinh2K K’
Dsor = — + >
r r r
F’sinh2K
| F'sin , @
r
where

2 2
w mi;—m
— 4L 2

€ =

2 20

w m-m
€ =—F——

2 20

M, = \/m +exp(2G)(2m,S +52),

My = \/m +exp(26)(2m,,S +52),
E\ = \/exp(2G) (e — A),
E; = \/exp(2G)(e, — A),

1 EM, + E\M,
Feoln—2172102
2 6&m; + €m,

G=- %ln(l —2A/w),

L:ln(M),

my +myp
G+L

K=75-. (5)

>

The relevant derivatives are

L/
gr
F/

K/

V2L =

VG =

V2F =

VK =

W (S’(mw+S) (2mwS+S2)A’)
CMM, \ w=2A (w—2A)? ’
j— A’
Tw-24"
:(L,_gl)(E2M2+E1M1)_g/
2(E;M\ + E(M,) ’
G +L
== (6)

with S’ and A’ being the derivatives of the scalar and
vector potentials, respectively. The Laplacian terms are

w (4(2mwS +52)A%
MM\ (w—2A)
L 487(my + A+ (2m,S +S7)VA
(w—2A)?
L (my +S)HVES +87 ) LA(ME + M)
w—2A MM,

VZA ”
wo2a T2
(V2L-V*G)E M, + E\M,)

2(EoM, + E\M>)
(m} —m3)*

_ L/_ 7\2
(=6 2(EaMy + E\ M)
V2G + V2L
3 .

-V,

(N

Furthermore, other »-dependent functions have the form:

2F(G +K) 1

_l 2 _ _ 2
k(r)—3V (K+G) 3 2§ ,
n(r) =V2K — %V2g+ @ +F(G -2K),

1 3
mn == SV'G+56"+G'F - K,
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1 E;M, - E\M,
14 = - - —  (L'-G s
" er2M1+E1M2( g)
1 E\M,-E)M,
! = - (L'-@). 8
q'(r) 27E2M1+E1M2( Gg) ®)

From the above formulation, it is clear that the two-
body Dirac equation (3) depends on a single
variable—the total energy w. The essential inputs to solve
the equation are the masses of the two particles, m;, m,,
along with the radial scalar potential S(r) and the time-
like vector potential A(r).

By separating the angular part in Eq. (3), the radial
wave functions become governed by a set of coupled dif-
ferential equations due to the presence of spin-dependent
potentials. Specifically, the spin-singlet wave function ug
and one of the spin-triplet wave functions u%, with
quantum numbers 'J; and 3J;, are controlled by two
coupled equations. Meanwhile, the other two triplet com-
ponents, u} and uj, associated with quantum numbers
3J;+1 and *J,_;, obey another set of coupled equations. In
the special case where the two particles have equal
masses, m; = m,, the tensor terms ®s,p and Ogpx vanish,
causing the first set of coupled equations to decouple for
the singlet states. For such singlet states (such as 'S,
'P,, and 'D,), the radial equation simplifies.and can be
written as follows:

& JU+1
- S D e w2 vun, @)
where
® =2m,S +S5%+2¢6,A—-A> + D) — 3Dy (10)
The uY wave satisfies (e.g., 3P, state),
& JJ+0D
—gEtT o t® ul(r) = b*u(r), (11)
where
® =2m,,S +S° +2¢,A—A* + D) + D
—2Mg0 + 207 — 2D o7 (12)

The other two triplet states ] and u; remain coupled
because of the non-zero tensor interactions ®; and ®gor
(e.g., S| and 3D states are coupled with each other).

¢ JJ-1 :
|:—@+ 2 +(I)11:| MT+(I)12M1 =b2u;’,
@ (J+DHI+2) _ . _
{_ﬁ+r72+q)22:| 123} +(D21Ml =b2M1,

(13)

where

@y =2m,,S +S%+2¢6,A— A%+ Op + Dy
2(J-1)

+2(J -1+ —=

(/= Dso 2J+1

o 2T+
DY
@y =2m,,S + 852 +2¢,A— A%+ Dp + Dy

2(J+2
2420050+ 2D @ — oy,

2J+1
2AVJ(J+1
,, =7V2](+1)(3(DT £2(J = DDgor).

((DS or — (DT)’

(BPr =2(J +2)Ps0r),

(14)

B. Scattering phase shift

The scattering problem is solved by integrating the ra-
dial Schrodinger equation. The scattering phase shift can
be extracted by comparing the obtained scattering wave
function with its known asymptotic form at large dis-
tances. Using the variable phase approach (VPA) [47],
the phase shift ¢, for a given partial wave / can be dir-
ectly obtained from the radial potential through the differ-
ential equation:

8,(r) = —k~'V(r)[cos 6,(r) ji(kr) —sin,(r)my(kr)]*,  (15)
where j; and n; are the spherical Bessel and Neumann
functions, respectively.  Specifically, jo(x)=sinx,
Ji(x) = —cosx+(sinx)/x, ng(x)=-cosx, and n;(x)=
—sinx—(cosx)/x. Here, k represents the relative mo-
mentum. This equation is also known as the phase equa-
tion. It is a first-order nonlinear differential equation
whose solution directly yields the scattering phase shift in
the asymptotic limit. Specifically, the phase shift for the
[-th partial wave is given by the limit

8 = lim &,(r). (16)

where §,(r) is the solution of the phase equation at radius
r.

In low-energy scattering, the S-wave scattering is
dominant. We can approximately let / = 0, which leads to
the S-wave variable phase equation, reading

8(r) = =k~ 2uV (r)sin[kr + 6o(r)], a7

where u=mym,/(m; +m,)=m/2 is the reduced mass of
two particles. The boundary condition can be taken as

Go(r=0)=0.
In the relativistic case, we obtain a similar equation
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for the uncoupled cases.

8o(r) = —=b' ®(r, w) sin’[br + 5o(r)]. (18)
The main difference is that the relativistic potential de-
pends explicitly on the energy, or equivalently, on the in-
put value of b. Therefore, for a given b, we must solve
self-consistently for the total energy w and the energies of
each particle.

w=2Vb*+m?, €=6-=

w

which also contributes to the potential.
For the coupled case, we need to solve the coupled
phase equation to obtain the phase shifts [41].

550 =-b" [@ + "D cocer)
+(Dyp(r) + (Hli&) sin” &(r)
+ Dy sin22(r)| xsin’[br + 85 (1),

Sy(r) =—b" (@ + W) cos? &(r)
@+ 1D sin e

+®,, sin 2g(r)] x sin?[br +6,(r)],

1 JJ -1
) =sinlss () -5 [ 3@y + LD

J+ DT +2)
e

—®y )sin2e&(r)— ®y, cos 28(}”)}

X sin[br + 65 (r)]sin[br + 6p(r)].
(20)

These coupled ordinary differential equations can be
solved numerically using the fourth-order Runge-Kutta
method. The solution provides the scattering phase shifts
for the S and D-wave channels, denoted as &5 and 6p.

C. Correlation function

As mentioned in the introduction, the correlation
function admits an analytical expression under the as-
sumption of a Gaussian source function and a short-range
potential approximation. The Gaussian form of the emis-
sion source is given by

S(r)= 21

. (_i>
(@nr2y2 P\ 4p2

with a constant parameter R, which describes the size of
the emission source. For proton-proton collisions,
R ~ 1.0 fm [18, 48], and for heavy-ion collisions, R ~ 5 fm

or even larger. In this study, we take R=1.0fm. The
asymptotic form of the scattering wavefunction can be
expressed as,

sinkr e

lpasy(r’ k)y=N kr + f(k)

(22)

)
r

where f(k) is the scattering phase shift, and for a short-
range potential and low-energy scattering, the phase shift
has a form:

o1 -
f(k)z(_;+§reﬁk2—ik) . (23)

0

The scattering length a, and effective range r.z can be
obtained by expanding the scattering phase shift.

1 1
kcotd(k) = -t Erefsz +O(K*). (24)
0

For the spin singlet state, the scattering phase shift ¢ can
be obtained by solving Eq. (18). For the spin triplet state,
by solving the coupled phase equation, Eq. (20), we ob-
tain the phase shift for both the S and D-waves, denoted
as ds and 6p, respectively. These phase shifts can be ex-
panded at low energies to extract the scattering length ay
and effective range r.z for both the S and D-waves.
However, in low-energy scattering processes, the domin-
ant contribution comes from the S-wave phase shift ds,
while the influence of the D-wave component is negli-
gible.

The correlation function can be expressed as [29, 30].

P rer\ | 2Ref(k)
Ctk) =1+ Fy (?>+ ar Fie
I g o, (25)

R

where x = kR. The function F, is defined as F; = (1 + ¢, x>+
Xt +3x0) /(14 (c; +2/3)x% + cax* + 528 + c3x%), with
(c1,...,¢5) = (0.123,0.0376,0.0107,0.304,0.0617).  Also,
Fy(x)=(1—e™)/x, and F5(x) = 1-x/(2 V7).

III. RESULTS

In this section, we consider proton-proton scattering
as an example to investigate the relativistic corrections to
the phase shift and the correlation function, both of which
are experimentally accessible observables. The proton-
proton interaction potential has been constructed by fit-
ting nucleon-nucleon scattering data. Several phenomen-
ological potentials have been developed for this purpose,
among which the Reid potential [49, 50] and the Ar-
gonne-18 potential [51] are widely used. As a simple es-
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timation, we adopt a Yukawa-type potential, which as-
sumes that the interaction between two protons is medi-
ated by the exchange of a z-meson. For simplicity, the
Coulomb repulsion between the protons and quantum
statistics are neglected as a first approximation. The po-
tential takes the following form:

—Mgt

e
Voo (r) = =V, ,
pp(r) 0 mr

(26)

where the depth V, of the potential is related to the di-
mensionless pseudovector pion-nucleon coupling con-
stant f,, Vo = m,f2. For two protons, they interact via the
exchange of a neutral pion. The two parameters f; and
m, can be fixed by comparing to the nuclear scattering
length a,, and effective range r,, for proton-proton scat-
tering. We choose the same values as obtained in Ref.
[52], which gives m, =0.165 GeV and f;, = 0.2707.

The Yukawa-type proton-proton (p-p) potential is im-
plemented as a scalar or pseudoscalar interaction S, while
the time-like vector interaction A4 is set to zero in this
case. To incorporate other forms of interactions, such as
vector and tensor interactions, one would need to extend
the Dirac equation accordingly, as demonstrated in Ref.
[44].

The non-relativistic form of the p-p potential is shown
as the red line in Fig. 1. In the relativistic case, the poten-
tial receives additional contributions from both kinetic
and spin-dependent terms, as shown'in Eq. (3). The re-
lativistic potential without spin-dependent terms—mean-
ing only including the Darwin term ®p, is shown as the
black line in Fig. 1. We observe that the relativistic cor-
rection leads to a deeper potential well compared to the
non-relativistic case. The magnitude and form of the spin-
dependent potential depend on the spin configuration of
the two particles. For the spin-singlet state, only the spin-
spin interaction ®gg contributes, as given in Eq. (10). For
this case, where o -0, = -3, the total singlet potential
becomes strongly repulsive, as illustrated by the blue line
in Fig. 1. For the spin-triplet state, the two-body Dirac
equation reduces to a set of coupled equations, and the
relevant potentials @,;, ®y,, and ®,, appear, as defined in
Eq. (14) and shown in Fig. 1 with different colors. Addi-
tionally, we have verified that the relativistic results
smoothly reduce to the non-relativistic limit as the
particle masses m — co.

We now turn to the calculation of the phase shifts for
both the non-relativistic scenario and the relativistic
cases, including: (i) the relativistic case without spin-de-
pendent potentials, (ii) the spin-singlet state, and (iii) the
spin-triplet state. In this study, we focus on low-energy
scattering, where the dominant contribution arises from
the S-wave component. By taking the large-distance limit
of the phase function, we extract the scattering phase for
a given momentum as limds(r) = ds. Repeating this pro-

r ! — l'\lorLreI'ati\'/ist'ic !
200~ —— Relativistic: Non-spin ]
—— spin singlet
S 100t -]

(o] [

S o -
) ]
> —100 -]
— o, ]
200 e

. . . P I |

0.0 0.2 0.4 0.6
r (GeV™h

Fig. 1.
and relativistic potentials without spin-dependent interactions

(color online) The non-relativistic potential (red line)

(black dashed line) are discussed. For the relativistic potential,
we take w =2 GeV and m =0.938 GeV, which corresponds to
b=0 GeV.

cedure for various momenta k, we obtain the scattering
phase shift 65(k). The numerical results are presented in
Fig. 2 for non-relativistic and relativistic w/o spin poten-
tial, Fig. 3 for the spin-singlet state, and Fig. 4 for the
spin-triplet state with S-wave and D-wave components,
6s and 6p. The scattering phase kcotd(k) can be expan-
ded around k=0 to obtain the scattering length and ef-
fective range, as shown in Eq. (24). The values are shown
in Table 1.

First, we observe only a slight difference between the
scattering phases of the non-relativistic and relativistic
cases without spin-dependent potentials, as shown in Fig.
2. The extracted scattering length and effective range for
the non-relativistic case are consistent with previous res-
ults [53]. In the relativistic case, the Darwin term intro-
duces an additional short-range attraction in the central
potential. Consequently, the scattering length becomes
more positive or more negative, depending on the specif-
ic form of the potential, but generally increases in mag-
nitude. Meanwhile, the effective range is slightly re-
duced, as shown clearly in Table 1.

For the spin-singlet state, the inclusion of the spin-
spin interaction significantly reduces the depth of the po-
tential well (resulting in a very shallow potential well).
As a result, the scattering length decreases, and the effect-
ive range increases compared to the spin-independent
case. In the spin-triplet state, the S and D-waves are
coupled through tensor interactions. At low energies, this
coupling is relatively weak. However, the presence of a
short-range repulsive core in the @5, potential distorts the
wave function, which manifests in the phase shift as a
negative effective range.

Next, we investigate the two-particle correlation func-
tions based on the previously discussed LL model. The
momentum-dependent correlation functions are shown in
Fig. 2 for the non-relativistic case and the relativistic
scenario without spin-dependent potentials, in Fig. 3 for
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(color online) (Top panel) Scattering phase as a func-

0.20

Fig. 2.
tion of k. (Bottom panel) The correlation function. The black
dashed lines represent the non-relativistic case, while the red
solid lines correspond to the relativistic case without spin-de-
pendent potentials.

the spin-singlet state, and in Fig. 4 for the spin-triplet
state. From Fig. 2, we observe that the correlation func-
tion is slightly enhanced in the relativistic case compared
to the non-relativistic one. This enhancement originates
from the deeper effective potential well introduced by re-
lativistic corrections, which increases the overlap
between the interacting pair and the emission source. In
the spin-singlet state, shown in Fig. 3, the presence of the
spin-spin interaction reduces the depth of the potential,
leading to weaker correlations. For the spin-triplet states,
illustrated in Fig. 4, there are two distinct contributions to
the correlation function, corresponding to the S and D-
wave components, Cs and Cp, depicted by the red-solid
and black-dashed lines, respectively. The S-wave contri-
bution exhibits a positive correlation at low relative mo-
mentum, consistent with the attractive nature of the S-
wave interaction. In contrast, the D-wave contribution
shows a negative correlation at small &, which can be at-
tributed to the repulsive effect of the centrifugal barrier,
proportional to (J + 1)(J +2)/72.

In experimental measurements, distinguishing the
spin state of the two-particle system is generally not feas-
ible. As a result, the observed correlation function corres-
ponds to a spin-averaged quantity. Assuming the absence
of polarization, the contributions from different spin

AET T T T T T
: Spin Singlet

3 =

2; ]

< T 1

]

0 .
| R I
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Fig. 3. (color online) Spin-singlet state: (Top panel) Scatter-
ing phase as a function of k. (Bottom panel) The correlation
function.

states are weighted according to their statistical spin
factors. Specifically, the spin-averaged correlation func-
tion is expressed as,

1

3
Caveraged(k) = ZCSinglet(k) + ZCTriplet(k),

27)
where Csingler and Cryiper are the correlation functions for
the spin-singlet and spin-triplet states, respectively. The
spin-averaged correlation function is shown in Fig. 5 with
a thick black line. Compared to the non-relativistic scen-
ario Cron_relativistic » 1t 18 €vident that the inclusion of relativ-
istic corrections enhances the two-nucleon correlation
function due to the stronger effective interaction. This
highlights the importance of considering relativistic ef-
fects in the study of hadron-hadron correlations. Con-
versely, when extracting information about the hadron
emission source and the underlying hadronic interaction
from experimental correlation data, it is essential to ac-
count for these relativistic corrections.

IV. SUMMARY

In summary, we have solved the two-body scattering
problem within the relativistic two-body Dirac equation
framework. The scattering phase shifts were obtained by
numerically solving the variable phase equation. From
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Fig. 4.  (color online) Spin-triplet state: (top panel) scatter-
ing phase as a function of b. The red line and black dashed
lines correspond to the S-wave (65 ) and D-wave (6p) compon-
ents, respectively. (Bottom panel) The correlation functions of
S-wave (Cs ) and D-wave (Cp) components.

these phase shifts, we extracted key scattering paramet-
ers such as the scattering length and effective interaction
range. Utilizing these parameters, we-computed the two-
particle correlation functions and systematically com-
pared results from the non-relativistic case, the relativist-
ic scenario without spin-dependent potentials, the relativ-
istic spin-singlet state, and the relativistic spin-triplet

Table 1. The S-wave scattering length ap and effective
range r.q in different cases.
ao (fm) refr (fim)
non-relativistic -18.69 2.82
relativistic w/o spin -24.15 2.71
spin singlet -13.43 2.99
spin triplet -22.10 -129.35
T T T T T T T T T
pp corrleation
102% """" CSingIet
- = CTriplet
averaged
Q non-relativistic
© 10t R=1.0fm 5
109, 1, S T———
0.00 0.05 0.10 0.15 0.20
k (GeV/e)

Fig. 5. (color online) The correlation function of the spin-
singlet (red-dotted line), spin-triplet (blue-dashed line), spin-
averaged case (thick black line), and the non-relativistic case
(thin green line).

state.

Our analysis shows that relativistic effects play a sig-
nificant role, notably enhancing the proton-proton correl-
ation function. Although this study focused on proton-
proton scattering, we anticipate that relativistic correc-
tions will be even more pronounced in lighter hadronic
systems, such as K — K and p—K pairs. Future work will
extend this framework to incorporate vector potentials,
which arise naturally from w and p meson exchanges,
thereby providing a more comprehensive description of
the hadronic interaction.
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