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Abstract: In this study, we investigate the influence of the parameters of ModMax nonlinear electrodynamics and
perfect-fluid dark matter (PFDM) on the geometry and physical properties of charged black holes. A static, spheric-
ally symmetric solution to the Einstein field equations describing a charged ModMax black hole immersed in a PF-
DM background is obtained. The motion of charged test particles in this spacetime is analyzed in detail, including
the effective potential, the conditions for stable and unstable circular orbits, and the radius of the innermost stable
circular orbit (ISCO). It is shown that the ModMax parameter y shifts the orbits outward for repulsive Coulomb in-
teractions and inward for attractive forces, while increasing PFDM enhances gravitational attraction, shifting the
ISCO inward. Furthermore, the interactions and collisions of charged particles near the event horizon are examined.
The center-of-mass energy &, exhibits the characteristic behavior in charged-particle collisions, rapidly increasing
as the particles approach the horizon. The parameter y amplifies the BSW acceleration mechanism, while a sup-
presses it. The electric Penrose process for charged particles is also examined, revealing that the efficiency of en-
ergy extraction increases with the black hole charge and is strongly influenced by the interaction parameter y, which
plays a dominant role in enhancing the efficiency, whereas the effect of a remains comparatively negligible.
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I. INTRODUCTION

The study of black holes and their interaction with
fundamental fields has become a cornerstone of modern
theoretical physics. Among recent developments, the
ModMax theory, a nonlinear and duality-invariant con-
formal extension of Maxwell electrodynamics, provides a
fertile framework for investigating black hole spacetimes
and gravitational waves sourced by nonlinear electromag-
netic fields [1, 2]. Such modifications preserve duality
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symmetry while allowing richer dynamics, thereby open-
ing new possibilities for understanding strong-field re-
gimes in which conventional Maxwell theory may be in-
sufficient [3, 4]. The implications of these extensions for
astrophysical black holes, gravitational-wave emission,
and near-horizon physics are actively being explored
[5-10].

The ModMax theory represents a novel one-paramet-
er extension that maintains both SO(2) duality invariance
[11] and conformal invariance, distinguishing it from oth-
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er nonlinear electrodynamics (NED) such as Born—Infeld
or Euler—Heisenberg, which introduce fixed energy scales
that break conformality [2]. Parameterized by y, Mod-
Max reduces to Maxwell electrodynamics when y =0,
but for nonzero y it introduces interactions while admit-
ting exact lightlike plane-wave solutions of arbitrary po-
larization. In the weak-field limit, small-amplitude waves
on constant backgrounds exhibit birefringence, with one
mode propagating at light speed and the other subluminal
for y > 0, which ensures causality; we therefore restrict to
positive y [12—16]. The Hamiltonian and Lagrangian for-
mulations reveal a self-dual structure built from the in-
variants s and p. The theory's non-analyticity at vacuum
configurations underscores its unique properties. When
coupled to general relativity, ModMax sources self-grav-
itating configurations, including charged black holes with
Reissner—Nordstrom-like (RN) metrics, in which the non-
linearity parameter y effectively screens the charge, al-
lowing extremal black holes with mass smaller than the
absolute value of the charge [1, 17, 18]. Related develop-
ments include exact self-gravitating ModMax solutions,
black-hole configurations in conformal nonlinear electro-
dynamics, and slowly rotating black-hole extensions,
which further illustrate the richness of the theory in grav-
itational settings [19—21]. Birefringence in these waves
manifests through distinct optical metrics for photon
modes, providing a framework for studying conformal
NEDs [22] in gravitational contexts: This integration
provides insights into high-energy physics, the potential
for regular black holes, and cosmological implications,
thereby bridging the realms of electromagnetic and grav-
itational phenomena in extreme regimes.

Another line of research explores the role of dark
matter (DM) in shaping the environments of black holes
(BHs) and galaxies. The dark matter parameter o influ-
ences horizon equations, constraining its range based on
the cosmological constant A; for positive A, horizons in-
clude cosmological ones, while negative A alters ex-
tremality bounds [23, 24]. The ergosphere, essential for
energy extraction, shrinks with increasing |a| and is par-
ticularly affected by high dark matter densities near the
BH, whereas dark energy has minimal impact. Singularit-
ies remain ring-like, unaffected by perfect fluid dark mat-
ter (PFDM), and geodesic analyses reveal stable equatori-
al orbits with asymptotically flat rotational velocities for
a>0. Models incorporating PFDM backgrounds into
Kerr-(anti-)de Sitter solutions reveal nontrivial modifica-
tions to the geometry and thermodynamics of rotating
BHs [25]. In addition, scalar-field-inspired models, such
as quintessential dark matter and phantom field descrip-
tions, have been proposed to account for flat galactic ro-
tation curves and cosmic acceleration without invoking
conventional cold dark matter [26—29]. These ap-
proaches highlight the significance of matter fields with
exotic properties in shaping both local astrophysical pro-

cesses and large-scale cosmological dynamics.

The Penrose process provides the prototype for ex-
tracting rotational energy from a Kerr black hole through
particle splitting in the ergosphere, where negative-en-
ergy states relative to infinity can occur [30, 31]. Particle-
based extensions of this idea include the magnetic, elec-
tric, and radiative Penrose processes, in which electro-
magnetic interactions allow charged particles or emitted
photons to participate in the extraction mechanism
[31-33]. These variants should be distinguished from the
Blandford-Znajek mechanism, which is a field-based
process that extracts black-hole rotational energy via
electromagnetic stresses'in a magnetized plasma [34, 35].
In the generalized Penrose-process viewpoint, the Bland-
ford—Znajek mechanism may be interpreted as a collect-
ive electromagnetic counterpart of Penrose-type extrac-
tion, governed by negative-energy and negative-angular-
momentum flux into the black hole [35]. Because of its
efficiency in magnetized accretion flows, the
Blandford—Znajek process is widely invoked in discus-
sions of relativistic jets and related high-energy astro-
physical phenomena [34, 36—39]. In this work, we are
particularly interested in how gravitational, electromag-
netic, and dark-sector effects modify the efficiency and
observational signatures of such energy-extraction chan-
nels.

BHs, characterized by their rotation, serve as natural
particle accelerators capable of producing collisions with
arbitrarily high center-of-mass energies near their hori-
zons [40]. The study of charged-particle dynamics, char-
acteristic circular orbits, and collision processes in non-
standard BH backgrounds has therefore become an im-
portant theoretical tool for understanding how modifica-
tions to the geometry and matter sectors affect strong-
field behavior [41, 42]. While physical constraints such
as backreaction, astrophysical limitations, and nonlinear
interactions regulate this effect, the framework offers
deeper insights into the fundamental limits of energy ex-
traction and the potential interplay with modified electro-
magnetic and dark matter scenarios. The Bafados-Silk-
West (BSW) effect requires one particle to have near-crit-
ical angular momentum, balancing gravitational attrac-
tion and centrifugal repulsion, while the other falls freely;
practical limits arise from backreaction, radiation losses,
and non-extremality, capping energies at 10 eV for as-
trophysical BHs. Taken together, these directions form a
coherent picture in which modifications to classical
fields, dark matter models, and energy-extraction mech-
anisms converge to provide new perspectives on BH
physics and its astrophysical manifestations.

In this paper, we investigate a static, spherically sym-
metric, charged BH solution derived from ModMax non-
linear electrodynamics and embedded in a PFDM back-
ground.

The paper is organized as follows. Section II presents
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the charged ModMax BH solution in a PFDM back-
ground and reviews its geometric properties. Section III
analyzes the dynamics of charged particles in this space-
time, with special emphasis on the innermost stable circu-
lar orbit (ISCO). Section IV is devoted to the study of the
electric Penrose process. Subsequently, Section V invest-
igates collisions of charged particles in the vicinity of the
charged ModMax BH surrounded by PFDM. Finally, we
summarize the main results and discuss their physical im-
plications.

We adopt geometrized units with Gy =c=1 and em-
ploy the spacetime signature (—,+,+,+). The parameters
of the system are defined as follows: M denotes the ADM
mass, Q the electric charge, y the ModMax deformation
parameter, and a the PFDM strength parameter, which
may assume either positive or negative values depending
on the underlying dark matter model. Unless otherwise
specified, Greek indices are taken to range over 0-3,
while Latin indices are restricted to the spatial range
1-3.

II. CHARGED MODMAX BLACK HOLE SOLU-
TION IN PFDM

The most compact and straightforward way to present
the theory is through the action.

1
S= §/d4x V=8[R + Lytoamax + Lprpm] s (D

where R denotes the Ricci scalar. The ModMax Lagrangi-
an depends on the electromagnetic invariants.

1 1. .
E_ZF}IVF”Vs PE—ZFWF’”, Q)

and has the form [2]
LMoaMax = coshy S +sinhy VS2+ P2, (3)

A practical way to analyze the ModMax field is to intro-
duce the Plebanski dual variable defined by

Puv = _LSFyV_‘EPFﬂV
S . Psinhy .
B (C"Shy T STr PR Smhy) Fu= sz pryin e
“4)
The dual of P, is then given by:

~ S . - Psinhy

P = <cosh)/— TPy smhy) F+ STy Pyl
(%)

The ModMax theory is distinguished by its invari-
ance under conformal transformations of the metric,

8- Q%.
(7?}:”> _ ( co'sé’ sin 9) <¢~)ﬂv> ’ ©)
F,, —sin@ cosf/ \ F,,
with
S sinhy Psinhy
P = (coshy~ - F 7
(coshy \/52+P2) V524 P2 @

ModMax configurations with vanishing electromag-
netic invariant'S reduce to the corresponding solutions of
Maxwell electrodynamics. This correspondence applies,
for example, to static, purely electric or purely magnetic
configurations. By contrast, when both electric and mag-
netic charges are present, even static, spherically symmet-
ric solutions can depart nontrivially from their Maxwell
analogues, as shown in [1, 19] (see also [20] for
Taub—NUT-type solutions). Moreover, upon introducing
slow rotation, the intrinsic nonlinearity of ModMax be-
comes unavoidable [21]; to date, an exact solution for the
fully rotating case remains unavailable.

In the purely electrostatic, spherically symmetric
case, one has P =0 and, choosing the branch consistent
with the sign of the electromagnetic field, the combina-
tion in Eq. (3) effectively reduces to a rescaling of the
Maxwell term, so that the constitutive derivative with re-
spect to S is constant. In particular, for the electrostatic
branch, one obtains L = 0 Lyioamax /S = €”.

Varying the action with respect to the metric and the
vector potential yields the Einstein equations.

_ 8w p _ r(ModMax) (PFDM)
Gy =Ry —"R=T,° " +T, ",

. ®)

9, (V=gE") =0, )
where T)°™* denotes the energy-momentum tensor of
the ModMax theory, 7);/°™ denotes that of PFDM, and
R, is the Ricci tensor; in addition, the fields satisfy gen-
eralized Maxwell-like equations for nonlinear electro-
dynamics

Vu (LsF* + LpF™) = 0. (10)
In the electrostatic case, L, =0 and L5 =¢”, so that
Eq. (10) can be readily integrated in spherical symmetry.
The energy-momentum tensor for the ModMax the-
ory is given by
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AT iar = (F""Ff,e’y) —e’Sg"” (11)
with
. 0L
E#V = OF™ =2 (‘LSF,LIV) (12)
oL
where Ls = 75

In the electrically charged case, the Maxwell-like
stress—energy tensor in Eq. (11) depends on the factor
¢”7. Consequently, the generalized Maxwell equations re-
duce to the standard Maxwell equations with an effective
electromagnetic coupling rescaled by the parameter y, and
the corresponding stress—energy tensor retains the Max-
well form with the effective charge ¢ Q, which depends
on y and the charge.

For a purely electric configuration, the conserved-
charge equation (9) takes the form:

8, (V=ge 7F*) =0. (13)

The PFDM contribution is modeled as an effective,
static, spherically symmetric, anisotropic fluid, with its
exterior imprint encoded in the parameter o. In a spheric-
ally symmetric background, the corresponding stress-en-

ergy tensor can be written in an orthogonal basis as [26,
27,43]

(PFDM)
T,

= diag[—¢, P,, Py, Py, (14)

with P, = P¢. For the PFDM metric considered here, sub-
stitution into the Einstein equations determines the effect-
ive source to be of the form

[0

r: o 2
8rrd’

—€ = P¢= (15)

163

Thus, this energy-momentum tensor is not introduced ar-
bitrarily but represents an effective, anisotropic matter
distribution consistent with the static geometry of the PF-
DM spacetime. For simplicity, we denote the PFDM
parameter by a, which characterizes the strength of the
dark matter contribution.

We adopt the standard static, spherically symmetric
ansatz in Schwarzschild coordinates.

2
ds* = —f(r)dtf* + dr. +r

I (d6” +sin 0d¢”) .

(16)

The field equations (8), together with the metric func-
tion (16), can be concisely represented by the following

set of differential equations:

2 _
Gn=G,,=rf'(r)+f(r)—g—&fy—l (17)
r r-
2,-Y
Guo = Gop = rf" () +2£(r) + % + er (18)

where G, G,,, Gg, and G, are, respectively, the #, rr,
06, and ¢¢ components of the field equations in Eq. (8),
and the solution can be immediately obtained following
[25, 26]

-y 2
fry=r- M, L o (19)
r r? rolal
and by the electrostatic potential
e’
A(r)=— Q. (20)

r

The logarithmic term in Eq. (19) uses |@| to guarantee
a real-valued argument for all @ # 0, thus accommodat-
ing both positive and negative values commonly en-
countered in PFDM models. Equation (19) interpolates
between several well-known limits:

® o =0: a charged ModMax black hole in vacuum
with an effective charge squared of e Q?;

e v =0: PFDM-deformed RN-like solution.
e o =y =0: the standard RN geometry.

The parameter o encodes the influence of PFDM: the
term ¢ 1n % modifies the asymptotic fall-off compared to
the pure Schwarzschild/RN cases and produces a mild
logarithmic correction at large radii, with a <0 typically
enhancing gravitational attraction.

Figure 1 shows the dependence of the event-horizon
radius r, of ModMax charged black holes in PFDM on
the electric charge Q. In the top panel, with fixed a, 7,
gradually decreases as Q increases; however, the rate of
this decrease slows with growing y. At small y, r, drops
rapidly, whereas at large y it falls slowly, reflecting the
weakening of the effective charge contribution to the
metric (~ e Q?/r?) due to ModMax nonlinearity. Thus,
at the same Q, higher y increases r,, allowing the black
hole to sustain a larger charge before reaching the ex-
tremal limit. In the bottom panel, with fixed y, r, also de-
creases with charge, but the rate of decline accelerates
with increasing a. For small a, the drop is slow; for lar-
ger a, it is faster due to the enhanced PFDM contribution
via the term ~ SIn, which increases the effective mass



ModMax charged black holes in PFDM: Electric Penrose and particle collisions

Chin. Phys. C 50, (2026)

a=0.1 — »=0.0

== =05
y=1.0
-
S
A}
A 4
1
1
L]
I
.
4
4
’ 4
.
1.2 1.4

y=0.5 — 2=0.0 ]

a=0.1
a=0.2 1

0'07’-------’-«‘/"

Fig. 1. (color online) Event-horizon radius as a function of
the black-hole charge for various values of the ModMax and
PFDM parameters. The upper and lower curves correspond to
the outer and inner horizons, respectively.

and compresses the horizon, resulting in a smaller r, at
the same Q and pushing the system toward extremality at
lower charges.

Figure 2 illustrates the extremal charge Q.. at which
the inner and outer horizons of the charged ModMax BH
in PFDM coincide. The boundary at Q.. separates two
fundamental regimes: BH solutions exist only for
|0l < Qex: (below the curves), whereas naked singularities
arise for |Q| > Qe (above the curves). This defines a crit-
ical charge-to-mass ratio that is modulated by the NED
and the surrounding dark-matter environment.

The top panel shows that increasing y raises Qex, al-
lowing the BH to accumulate larger charge before reach-
ing the extremal limit. This stems from the ¢ screening
factor in ModMax theory, which exponentially weakens
the effective electromagnetic repulsion near the horizon.
Consequently, a positive y is necessary for the existence
of superextremal configurations. In contrast, the bottom
panel shows that increasing a slightly lowers Q.y, reflect-
ing the attractive gravitational pull of the PFDM, which
counteracts charge repulsion and favors extremality at
smaller |Q|. Thus, y and o have opposite effects on the ho-

Q
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Fig. 2.  (color online) Dependence of the extremal electric

charge Q of ModMax-charged black holes in PFDM on the
parameters a and y.

rizon structure, i.e., increasing y increases the extremal
charge Q. and thereby enlarges the region of parameter
space admitting an event horizon, whereas increasing o
slightly decreases Q.. and reduces the range of QO for
which a black hole (rather than a naked singularity) solu-
tion exists.

III. CHARGED PARTICLES DYNAMICS

We now derive the first integrals of motion for a point
particle of mass m and charge ¢ in the background de-
scribed by Eq. (16) with electromagnetic potential given
by Eq. (20). The worldline Lagrangian is

1
L= Emgﬂ‘,fc’l)’c" +qA, X,

21
where an overdot denotes differentiation with respect to
the proper time .

The canonical momenta are
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P =mgul+qA, = —E, (22)
Py =mgesp = L. (23)
Hence, the conservation of energy and angular mo-
mentum yields the following:
. qA(r)
=&+ , 24
mf(r) 29
L
== 25
r2sin’ 6 25)
where L=L/m and &= E/m.
The normalization condition is:
1, timelike
g,uvxﬂxv =—-0, 0= (26)
0, null

By substituting Eqs. (24)—(25) into Eq. (26), we obtain
the radial equation.

2= (8+ #)2—]‘0) (0’+r292+ (27)

: )
r2sin®0/

Owing to spherical symmetry, we can restrict the mo-
tion to the equatorial plane 6 = 7/2, with § = 0. Then

o & 470
() mrf(r)y
b=, 28)
r
o qe_yQ 2 ‘£2
r —(8—7) —f(r)(0'+}7) (29)

For timelike particles, one sets o = 1. Introducing the
specific energy &= E/m and setting m =1 for simplicity
(as is common in such analyses), the radial equation be-

comes:
—y 2 2
P = (8— 1 Q) - f() (1 N ‘%)
r I
=& —Vg(r; L,q). (30)
and here, the effective potential Vg is
_CZ
Vg =qA f(r)<l+ﬁ>. 3D

The effective potential V.(r; L,q) governs radial motion
and includes contributions from both the ModMax charge
term and the PFDM logarithmic correction.

Figure 3 shows the radial dependence of the effective
potential for various parameters of charged ModMax BHs
in PFDM. The top-left panel illustrates the effect of the
ModMax parameter y: as y increases, the peak height de-
creases and its position shifts to larger radii, indicating a
weakening of the potential barrier and a reduction in the
effective gravitational attraction near the horizon. The
top-right panel shows the dependence on the PFDM para-
meter o; increasing a yields a higher potential peak and
shifts it toward-smaller values of r/M, reflecting a
stronger gravitational pull from the DM component. The
bottom-left panel shows the effect of the BH charge Q:
larger O values produce a higher, broader potential barri-
er due to electrostatic repulsion, which partially offsets
the gravitational contribution. Finally, the bottom-right
panel displays the influence of the test particle's charge ¢:
for negative ¢ (opposite in sign to Q), the potential barri-
er increases due to electrostatic attraction, whereas for
positive ¢ it decreases. Collectively, these trends indicate
that y, a, O, and ¢ exert competing influences on the
shape and height of the effective potential, thereby de-
termining the character of stable and unstable orbits and
the capture conditions for particles in DM-modified elec-
trovacuum geometries.

A. Circular orbits of charged particles

The study of circular orbits of test charged particles
around ModMax charged black holes in PFDM is carried
out by imposing the conditions V=& and V/; =0,
where the prime denotes differentiation with respect to .
Applying these conditions allows us to determine the an-
gular momentum of a charged particle in circular motion.

From these conditions, we derive the expression for
the angular momentum associated with circular orbits:

S —
f2f )y
£2qfA N GrA -2 2D}

{%de&f+fv—mff

(32)

The + sign in Eq. (32) reflects symmetry with respect to
the sign of the charge-coupling parameter ¢Q. The specif-
ic angular momentum is real only if the quantity under
the square root is positive. This condition therefore im-
plies:

(qrrA)? = 2rf (r)=2f(r)). (33)
Figure 4 displays the dependence of the energy & of

charged particles on the radial coordinate for circular or-
bits around charged ModMax BHs embedded in a PFDM
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environment, for different model parameters. The top-left
panel shows the effect of the ModMax parameter y: as y
increases, the energy curves shift upward and their min-
ima become shallower, indicating a weakening of the
binding potential and a decrease in orbital stability. The
top-right panel illustrates the effect of the PFDM para-
meter a; increasing a produces similar behavior—higher
values of & and a smoother minimum —reflecting the
DM-screening effect that weakens gravitational attrac-
tion. In contrast, the bottom-left and bottom-right panels,
corresponding to the parameters Q and ¢, exhibit the op-
posite trend. Increasing the BH charge Q lowers the orbit-
al energy & due to the strengthening of the electromag-
netic interaction, thereby deepening the potential well;
likewise, increasing the test-particle charge ¢ (for charges
of the same sign as Q) also leads to a reduction in & ow-
ing to electrostatic repulsion that counteracts gravitation-
al attraction. Taken together, these results reveal oppos-
ite influences of (y,@) and (Q,q) on the energetics of cir-
cular orbits: the former tend to weaken the binding field,
raise energy levels, and reduce orbital stability, whereas
the latter enhance the electromagnetic contribution, deep-
en the potential, and promote more energetically bound
and potentially more stable configurations.

Figure 5 shows the radial dependence of the specific
angular momentum £ of charged particles moving in cir-
cular orbits around charged ModMax BHs embedded in a
PFDM environment, for various choices of model para-
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meters. The top-left panel illustrates the effect of the
ModMax parameter y: as y increases, the values of £ de-
crease and the minimum becomes less pronounced, indic-
ating a reduced contribution from nonlinear electro-
dynamics and a lower angular momentum required to
maintain circular orbits. The top-right panel shows the in-
fluence of the PFDM parameter a. Increasing o likewise
reduces £ and shifts the minimum toward smaller radii
r/M, reflecting the weakening of the effective gravita-
tional attraction due to the presence of PFDM. The bot-
tom-left panel displays the effect of the BH charge Q, for
which the behavior/of £(r) is slightly non-monotonic: at
smaller O the angular momentum increases, whereas at
larger Q it decreases slightly, reflecting competition
between gravitational and electromagnetic effects. Fi-
nally, the bottom-right panel illustrates the dependence
on the test particle charge ¢; increasing ¢ yields higher £
values, as electrostatic repulsion requires a larger angular
momentum to maintain stable orbits.

Taken together, these results show that the paramet-
ers (y,@) tend to reduce £ and weaken the effective bind-
ing. By contrast, the parameters (Q,q) have the opposite
effect, enhancing electromagnetic interactions and in-
creasing the angular momentum required for stable circu-
lar motion. This contrast highlights the competing roles
of nonlinear ModMax electrodynamics and charge ef-
fects in shaping particle dynamics in the ModMax—PF-
DM spacetime.
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(color online) Radial dependence of the angular momentum £ for charged particles orbiting ModMax BHs in PFDM.
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Figure 6 shows the relationship between the energy &
and the angular momentum £ for charged particles mov-
ing in circular orbits around charged ModMax BHs sur-
rounded by PFDM. The top-left panel shows the influ-
ence of the ModMax parameter y: as y increases, the val-
ues of £ decrease for a fixed &, indicating a weaker elec-
tromagnetic contribution and a reduction in the angular
momentum required to maintain a circular orbit. The top-
right panel illustrates the effect of the PFDM parameter
a: increasing a decreases L, attributable to a weakening
of the effective gravitational attraction induced by PF-
DM. The bottom-left panel illustrates the dependence on
the BH charge Q: as Q increases, the required angular
momentum £ grows for a given energy, since electrostat-
ic repulsion partially counteracts gravitational attraction.
Finally, the bottom-right panel shows the influence of the
test-particle charge ¢: when ¢ increases (for charges of
the same sign as @), the required angular momentum
rises due to electrostatic repulsion, whereas for opposite
charge signs £ decreases due to electrostatic attraction.

B. Innermost Stable Circular Orbit of charged

particles

In this section, we study the ISCO of a charged
particle around selected charged BHs [41, 42]. The stabil-

ity of circular orbits is governed by the following condi-
tions:

Veff = 87 arveff = 0’ 6rr‘/e!’f = 0’ (34)
Here, 0,, denotes the second-order derivative with re-
spect to 7. The vanishing of the first-order derivative
characterizes stationary points, and the last condition cor-
responds to a minimum of the potential.

Figure 7 shows the dependence of the ISCO radius
risco on the BH electric. charge Q/M for different values
of the ModMax parameter y, the PFDM parameter «, and
for particles with charges g of opposite sign.

The top-left panel illustrates the effect of y for a posit-
ively charged particle (¢ = 0.2). The ISCO radius is asym-
metric in O: for negative Q, the orbits lie closer to the ho-
rizon, whereas for positive O they move outward. In-
creasing y has opposite effects in these two regimes: it in-
creases rsco for Q <0 but decreases it for Q > 0. Thus, y
influences the orbital structure asymmetrically, enhan-
cing or suppressing the effective Coulomb interaction de-
pending on the relative signs of the charges.

The top-right panel shows the same dependence for a
negatively charged particle (¢ =—0.2). Here, the trends
are reversed: r;5co decreases with increasing y for Q <0

6 @ i
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Fig. 6.
around charged ModMax black holes in PFDM.

(color online) The relationship between the energy & and the angular momentum £ of charged particles on circular orbits
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Fig. 7. (color online) Dependence of the ISCO radius on the BH charge in ModMax PFDM for positively and negatively charged test
particles.

(like-charged configuration) and increases for O >0 (op-
positely charged configuration). All curves intersect near
Q =0, where the effect of y vanishes.and r;5¢o coincides
with the nearly-Schwarzschild value, slightly reduced by
the PFDM contribution.

The bottom-left panel illustrates the effect of the PF-
DM parameter o for a positively charged particle. The
ISCO radius grows with O due to Coulomb repulsion,
while increasing a reduces rjsco, indicating that the dark-
matter component strengthens the effective binding.
However, for Q/M ~ 1, all curves converge, implying
that Coulomb interactions dominate and the PFDM ef-
fect becomes negligible.

The bottom-right panel shows the corresponding case
for a negatively charged particle (¢ = —0.2). In this scen-
ario, the trends are inverted: the ISCO radius decreases
with increasing Q, since Coulomb attraction between op-
posite charges allows stable orbits closer to the horizon.
As before, increasing o still reduces ri5co, but its influ-
ence weakens in the regime of strong Coulomb forces.

These results indicate that the parameters y and o tend
to stabilize the orbital configuration by reducing the
ISCO radius. In contrast, the charge parameters O and ¢
introduce an asymmetry that determines whether the or-
bits shift inward or outward through the Coulomb interac-

tion. The mirrored behavior upon reversing the sign of ¢
highlights the internal consistency of the ModMax—PF-
DM framework.

IV. ELECTRIC PENROSE PROCESS

The electric Penrose process is a natural generaliza-
tion of the classical Penrose mechanism, reformulated for
BHs endowed with electric charge [30, 44]. In this scen-
ario, energy extraction occurs when an incoming particle
fragments in the near-horizon region of a charged BH.
The particle splits into two fragments: one is absorbed by
the BH, while the other escapes to infinity with energy
exceeding that of the initial particle. The BH’s electric
charge is not merely incidental; it fundamentally alters
the motion of charged particles, thereby increasing the ef-
ficiency of the extraction mechanism. Notably, even a
small BH charge can yield a significant enhancement rel-
ative to the neutral case.

The conventional Penrose process has been studied in
detail in the context of Kerr BHs, where rotational en-
ergy can be extracted through particle interactions within
the ergosphere. This phenomenon underlies the amplific-
ation of superradiant modes and, under certain boundary
conditions, can lead to the so-called "BH bomb" — a run-
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away instability associated with repeated energy extrac-
tion [45—51]. In parallel, considerable effort has been de-
voted to analyzing how electric charge influences the ef-
fective potential landscape and the ISCO of charged
particles. Remarkably, even a weakly charged BH can re-
produce dynamical effects traditionally attributed to rota-
tion, thereby extending the analogy between charged and
rotating spacetimes [52].

These developments have profound implications for
BH thermodynamics, the mechanisms underlying the
formation of astrophysical jets, and a broader understand-
ing of energy transport processes in highly curved space-
time. Building on these insights, numerous extensions of
the Penrose process have been formulated for various BH
configurations, encompassing both magnetic and electric
variants [53, 54]. The present discussion focuses on the
electric Penrose process in the context of charged Mod-
Max BHs immersed in PFDM, highlighting the complex
interplay among nonlinear electrodynamics, dark-sector
effects, and high-energy particle dynamics.

A. Angular velocity, Conservation laws and maximum

energy of ionized particle

Within the ModMax—PFDM spacetime - described
above, consider a charged particle approaching the BH
from spatial infinity and decaying into two charged frag-
ments in the equatorial plane near the event horizon. The
decay satisfies the conservation of energy, angular mo-

mentum, electric charge, and radial momentum, ex-
pressed as:
E\=E,+E;, Li=L+L;, qi=q+q, (35)
myi =m2f2+m3i’3, my = my +ms, (36)

Here, E;, L;, ¢;, and m; denote the energy, angular mo-
mentum, electric charge, and mass of the i-th particle, re-
spectively. Conservation of the ¢-component of mo-
mentum is given by:

m v‘f = mzv‘f + mgv?, (37)

Here, v/ = Q! =Qe;/r?, where e =(E;i+qA,)/m; de-
notes the specific energy, and A; is the time component of
the electromagnetic four-potential.

To maximize the energy of the escaping fragment
(particle 3), we assume that the initial particle is neutral
(q1 =0) and at rest at infinity (E; = m;, with specific en-
ergy &E=1). The energy of particle 3 is then given by
[31]:

Q-Q
Es= =" "2(E, +q1A) - g3A,. (38)
2

0,-Q

Under the conditions ¢, = —¢3 and ¢; = 0, this simplifies

(2
=

where r; denotes the radial coordinate at which the ion-
ized particle is produced. In normalized form, the energy
ratio is given by:

= <1 .

o \2

Maximum energy extraction occurs when ¢; and the BH
charge O havethe same sign, owing to Coulomb repul-
sion, since A, depends on Q.

Expressing the energy ratio explicitly, with ¢; = Ze
and m; ~ Am,, where Z is the atomic number, e is the ele-
mentary charge, 4 is the mass number, and m, is the nuc-
leon mass, we obtain:

_<1+
“\2

The metric coefficient f(r) and the component A, depend
on ModMax in the PFDM geometry, often leading to
complex expressions that require numerical evaluation
for accurate results [52].

The kinematics of the decaying particle are described
by its four-velocity v* =v'(1,u,0,Q), where u=dr/dt is
the radial velocity and Q = d¢/dt is the angular velocity.
The normalization condition v*v, =—-14 (with 2=0 for
massless and 2 =1 for massive particles) yields:

NT=7r)
VT g, g,

5 (39)

E;
E,

_ q3A,

Vl_f(ri)) % (40)

2

Es
E,

ZeA,;
Am,c?’

. (41)

v {Lz

22| _
f(r)—f(r)+Qr} =-A

(42)

The angular velocity as observed by a static observer at
infinity is:

R S N
Q= o O )? {f(r) f(r)} A, (43)
constrained by:
_ . JfD
Q<Q<Q., Q=73 (44)

reflecting Keplerian orbits. For the decay scenario, the
angular velocities are as follows [52]:
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f(A - fr)

5
r2

Q2= 0,=0., Q;=0Q, (45

Optimizing the energy gain by adjusting the angular mo-
menta yields:

QI_QZ_l VI-f(r;)

-9, 2 2

(46)

This analysis assumes the ModMax solution in PF-
DM, which accounts for the BH’s mass, charge, and an-
gular momentum. The function f(r) is typically the lapse
function for ModMax in PFDM, given by Eq. 19, where
a is the PFDM parameter. The process described re-
sembles the Penrose process or its electromagnetic ana-
log, in which energy is extracted via the BH’s ergosphere
or electromagnetic interactions. The energy ratio E;/E,
quantifies the efficiency of this mechanism and is critical
for understanding high-energy astrophysical phenomena
near BHs.

Figure 8 presents a comprehensive analysis of the en-
ergy-extraction efficiency, quantified by the ratio E5/E;,
around charged ModMax BHs in PFDM. It shows how
the efficiency depends on the BH electric charge O under
variations of three key parameters: the ModMax paramet-

r/M=2, a=0.1, Z/A = 1

er y, the PFDM parameter o, and the ionization radius
r/M. In all cases, E;/E; increases markedly with increas-
ing O, indicating that a stronger Coulomb field substan-
tially enhances the acceleration of the ionized particle.
For a black hole of mass M, the characteristic charge
at which the electric interaction becomes comparable to
gravitational binding is Q ~ VG M, corresponding to
0 ~ 10%°C for a 10 M, black hole. Thus, even modest di-
mensionless values of Q/M represent extremely large
charges in electromagnetic units, and in realistic astro-
physical settings such charges are expected to be tightly
constrained by plasma neutralization and pair creation.
The top-left panel shows E;/E, as a function of the
BH electric. charge for several values of the ModMax
parameter y. The solid black curve represents the RN BH,
the reference case. As y increases, the curves shift down-
ward, indicating that a larger y weakens the efficiency of
particle energy extraction (acceleration). For the same Q,
BHs with higher y yield smaller E;/E,, showing that the
electromagnetic nonlinearity suppresses the Coulomb-
driven energy gain. The top-right panel displays the ef-
fect of the PFDM parameter o on the efficiency. For all
values of a, the curves are nearly identical because a does
not contribute to the Coulomb interaction (20), which
provides the dominant contribution to the efficiency (41).

r/M=2, y=0.5, @=0.1, Z/A = 1
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The bottom panel shows the dependence on the ioniza-
tion point: the farther the ionization occurs, the less effi-
cient the electric Penrose process becomes, owing to the
weakening of the Coulomb interaction.

Although the electric Penrose process considered here
is formulated at the level of test-particle dynamics, it is
instructive to place the extracted energies in a broader as-
trophysical context. In the stellar-mass and supermassive
black hole cases, the characteristic energies released by
the process are comparable, on a per-particle basis, to
those associated with ultra-high-energy cosmic-ray pro-
tons and with relativistic jets in active galactic nuclei.
However, the present analysis does not provide a realist-
ic model of such complex astrophysical phenomena. In-
stead, the electric Penrose process serves as an idealized
mechanism for quantifying the maximum energy extrac-
tion in near-horizon black-hole geometries and electro-
magnetic field configurations. In this sense, the results
provide theoretical upper bounds on the energies of accel-
erated charged particles and qualitative insights into how
ModMax electrodynamics and dark matter may influence
energetic processes in strong-gravity regimes.

V. COLLISIONS OF CHARGED PARTICLES
NEAR CHARGED MODMAX CHARGED
BLACK HOLES IN PFDM

Baifiados et al. [40] were the first to investigate the ac-
celeration of particles colliding in-the vicinity of spin-
ning Kerr BHs, demonstrating that the center-of-mass en-
ergy of such collisions can, in principle, diverge in the
case of an extremal Kerr BH. Following this seminal
work, numerous studies have explored the influence of
external magnetic fields on the acceleration mechanisms
of charged particles near BHs within various gravitation-
al frameworks and astrophysical scenarios [55—59].

In what follows, we define the critical angular mo-
mentum £, as the largest value of £ for which a particle
with fixed specific energy E =1, released from infinity,
can still reach the horizon. Technically, L., is obtained
by solving the simultaneous conditions V.z(r;L..)=E
and 9,Vez(r; L.,) =0 at the corresponding turning point.
For £> L., the effective potential exhibits a forbidden
region where i <0, implying that such particles are re-
flected and cannot approach the near-horizon region,
whereas for £ < £, they can be captured and participate
in near-horizon collisions.

The critical value of the angular momentum is ob-
tained by imposing two conditions on the radial motion of
the particle: (a) =0, which corresponds to a turning
point of the trajectory, and (b) di/dr =0, which ensures
an extremum of the radial-velocity function (see Figure
9). As the angular momentum increases (L > L. ) bey-
ond this threshold, the squared radial velocity becomes

04 ‘
] -- L =30M
03rt — L, =333M ]
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Fig. 9. (color online) Radial dependence of the square of the

radial velocity of charged particles around a ModMax in PF-
DM for different angular momenta.

negative, indicating that particles are no longer able to
approach the central object for such values. Accordingly,
we examine the admissible range of angular momentum
and determine the corresponding critical values.

Figure 9 shows the radial dependence of the squared
radial velocity, #2, for charged particles orbiting a Mod-
Max BH in PFDM for various angular momenta L.
Stable circular orbits exist only up to the critical value
L., at which the effective potential admits such orbits.
For smaller angular momentum (red dashed line),
particles can approach the BH since i remains positive.
However, for larger angular momentum (blue dot-dashed
line), i* becomes negative in some regions, indicating
classically forbidden (imaginary) radial motion where
physical trajectories cannot exist.

Figure 10 examines how £ varies with the PFDM
parameter o (left panel) and the ModMax parameter y
(right panel) in the context of charged particle collisions
near a ModMax BH in PFDM. The left panel shows that
as the BH charge QO increases, the critical angular mo-
mentum £, either slightly increases or remains nearly
constant, indicating that more highly charged BHs re-
quire a slightly larger critical angular momentum. As the
PFDM parameter o increases, the curve shifts downward,
i.e., L., decreases, implying that PFDM exerts a weaken-
ing influence. The right panel shows that the dependence
of L., on BH charge Q is non-monotonic: as Q increases,
the critical angular momentum first increases, reaches a
maximum, and then decreases with further growth of Q.
At Q0 =0, all curves coincide. Regarding the ModMax
parameter y, as y increases, the curve shifts downward,
implying that a larger y reduces the critical angular mo-
mentum.

The center-of-mass energy for such collisions is giv-
en by [52, 58]:
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A*+ B2 -2g, ! u}
m2ct pyHLH2

(47)

where u? denote the four-velocities of the particles, and
for equal masses and energies (E| = E, = m):

2 E2
okl — goputSls . (48)
In the equatorial plane (6 = x/2), this reduces to:
1
El=1+——(E - q1A)(E — A,
c f(r)( 1= q1A) (&= A)
LI-£2 1 2 L%
e @mal) —f0)(1+75)
LZ
&= qA) —f()(1+73). (49)

The acceleration of charged particles near black
holes, under the influence of external fields, has been in-
vestigated within various gravity models [56, 57]. Here,

(color online) Dependence of the critical angular momentum £, on o (left panel) and on y (right panel) for various values of

we examine head-on collisions between charged particles
in the equatorial plane of a ModMax-KR black hole in a
PFEDM background. The center-of-mass energy is given
by Eq: (49) [31, 52].

Figure 11 shows the radial dependence of the center-
of-mass energy &, for the collision of two charged
particles near a charged ModMax BH in PFDM. The left
panel illustrates the influence of the PFDM parameter a.
One sees that the energy &, increases sharply as the
particles approach the BH horizon, reaching a maximum
at small radii, which reflects the characteristic
Banados—Silk—West (BSW) effect. An increase in the PF-
DM parameter a leads to a decrease in &, at all radii,
since a higher DM density weakens the gravitational at-
traction and, consequently, reduces the kinetic energy of
the particles at the collision.

The right panel demonstrates the effect of the nonlin-
ear electrodynamics parameter y. In contrast to «, an in-
crease in y causes the energy &, to grow, especially near
the BH horizon. This occurs because stronger nonlinear
electrodynamics increases the BH's effective charge,
thereby strengthening the Coulomb repulsion between the
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(color online) Radial profiles of the center-of-mass energy &, near a charged ModMax black hole in PFDM, shown for dif-
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charged particles and raising their relative velocity be-
fore the collision. Thus, the parameter y enhances the
BSW acceleration mechanism, whereas the parameter o
suppresses it.

VI. CONCLUSION

This work has demonstrated that the parameters of
ModMax nonlinear electrodynamics and the perfect-fluid
dark matter (PFDM) component exert opposite effects on
the orbital dynamics and energetic properties of charged
particles in the vicinity of charged black holes. The Mod-
Max nonlinearity parameter y lowers the effective poten-
tial barrier and decreases the angular-momentum
threshold for stable circular orbits, thereby weakening the
electromagnetic interaction and leading to more extended
orbital configurations. In contrast, increasing the PFDM
parameter o enhances the effective gravitational attrac-
tion, raises the potential barrier, and shifts its minima to-
ward smaller radii, resulting in more compact and tightly
bound orbits.

For the ISCO radius, y and a act in opposition. In-
creasing y modifies risco asymmetrically with respect-to
the sign of the black hole charge: for negative O, the
ISCO radius increases, whereas for positive Q it de-
creases. The PFDM parameter o consistently reduces
risco, although its effect becomes negligible at' high
charge values (Q/M =~ 1), where the Coulomb interaction
dominates.

In the context of the electric Penrose process, the effi-
ciency of energy extraction increases with the black hole
charge due to stronger Coulomb repulsion between like-

charged particles. However, increasing y reduces this effi-
ciency, while the influence of a remains weak and prac-
tically negligible. The energy gain also depends on the
ionization radius, reaching a maximum when particle dis-
integration occurs near the event horizon.

The analysis of charged-particle collisions near the
black hole horizon shows that the center-of-mass energy
E.n grows rapidly as the particles approach the horizon,
exhibiting behavior characteristic of the
Bafiados—Silk—West (BSW) effect. The PFDM parameter
o suppresses &, across all radii. In contrast, an increase
in y enhances it, particularly in the near-horizon region
where the nonlinear electrodynamic effects of the Mod-
Max theory become most significant.

From the detailed analytical and numerical results
presented here, the distinct physical roles of PFDM in the
ModMax black hole spacetime are clear. Unlike the Mod-
Max parameter y, the PFDM parameter a enters only
through the spherically symmetric gravitational sector
and does not contribute to the electromagnetic field po-
tential. The parameter y thereby enhances the effective
charge of the black hole in a purely electric configuration.
As a consequence, electromagnetic repulsion and
charge—driven acceleration mechanisms become stronger,
leading to higher escaping particle energies, extraction ef-
ficiencies, and center-of-mass energies near the horizon.
In contrast, the PFDM parameter a modifies the space-
time geometry through an additional matter contribution
to the energy—momentum tensor, producing an additional
gravitational potential. This, in turn, enhances gravita-
tional acceleration while reducing the kinetic energy
available for extraction or high-energy collisions.
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