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Abstract: An analytical formula with high accuracy is proposed for a systematic description of the capture cross

sections at near-barrier energies from light to superheavy reaction systems. Based on the empirical barrier distribu-

tion method, three key input quantities are refined by introducing nuclear surface correction to the Coulomb para-

meter z for calculating the barrier height, incorporating the reaction O-value and shell correction into the barrier dis-

tribution width calculations, and considering the deep inelastic scattering effects of superheavy systems on the barri-
er radius. With these refinements, the accuracy of not only the calculated barrier height but also the predicted cap-
ture cross sections is substantially improved. The average deviation (in logarithmic scale) between the predicted
cross sections and the experimental data for 426 reaction systems with 35 < Z;Z; <2600 is sharply reduced from

3.485t0 0.113.
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I. INTRODUCTION

The study of heavy-ion fusion reactions at near-barri-
er energies [1—7] is of significant importance in nuclear
physics, particularly for the synthesis of superheavy nuc-
lei (SHN) [8—14] and the exploration of nuclear structure
effects [15—19]. A critical aspect of the study is the accur-
ate calculation of the capture cross sections, which are in-
fluenced by complex nuclear structure effects and dynam-
ical processes, such as dynamical deformation and nucle-
on transfer. These factors couple with the relative motion
of the colliding nuclei [20, 21], necessitating sophistic-
ated models to describe the fusion dynamics accurately.

One of the widely used approaches [22—27]to ac-
count for these couplings is the introduction of an empir-
ical barrier distribution (EBD). By using a single Gaussi-
an function to parameterize the barrier distribution, the
capture cross sections can be expressed as an analytical
formula [27, 28], which is named as the EBD method in
code KEWPIE2 [29]. The EBD method has demon-
strated reasonable success for heavy fusion systems [29,
30] and provides a robust framework for analyzing cold
fusion, leading to the synthesis of SHN [28]. While the
EBD method works well for heavy systems, its accuracy
diminishes for fusion reactions with lighter nuclei owing
to oversimplifications. First, the parameters in the origin-
al EBD method do not explicitly consider the influence of
the surface effects of light nuclei on the barrier height and
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radius, which leads to an over-prediction of the barrier
height and an under-prediction of the barrier radius for
light fusion systems, such as '%O+'°0. Furthermore, the
model neglects the influence of the reaction Q-value on
the cross section. For instance, the fusion systems
328n+*8Ca, despite both involving spherical nuclei, ex-
hibit a significant difference in the sub-barrier cross sec-
tions owing to their distinct reaction Q-values. The influ-
ence of the Q-value on the width of the barrier distribu-
tion, which is observed in Ref. [31], is not involved in the
EBD method, as the width parameter is only dependent
on the deformations of the reaction partners and the aver-
age barrier height. As a result of neglecting O-value ef-
fects in the EBD calculations, the data of both reactions
B28n+4%48Ca cannot be well reproduced simultaneously.
In addition, the influence of deep inelastic scattering
(DIS) on the barrier radius for the superheavy systems
observed in Refs. [32, 33] is neglected in the EBD meth-
od.

To address its limitations for light systems, we
present an enhanced version of the EBD formula. The im-
provements include incorporating the surface effects of
light nuclei and the contribution of the competition
between the shell and isospin effects to the barrier height.
Additionally, we consider the influence of the reaction Q-
value on the barrier distribution width and account for
DIS effects on the barrier radius for superheavy systems.
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These refinements substantially enhance the accuracy of
the model, enabling a more comprehensive description of
fusion reactions across a wide range of systems, from
light to superheavy cases.

The remainder of this paper is structured as follows:
In Sec. II, the framework of the EBD method and the
three key input quantities are introduced. In Sec. III, the
results obtained with the proposed formula for a series of
reaction systems and some discussions are presented. Fi-
nally, a summary is given in Sec. I'V.

II. EMPIRICAL BARRIER DISTRIBUTION
FORMULA

In the EBD method, the capture cross section is writ-
ten as [27-29]

1
Ocap(Ecm.) = nRi W Xerfc(—X) + 7 exp(—Xz) , (D)

V2Ecm Vr

where X = (E..m. — V)] V2W. E.,. denotes the center-of-
mass incident energy. V and W denote the centroid and
standard deviation of the Gaussian function, respectively.
Rz denotes the barrier radius.

In this paper, a new version EBD2 of the formula is
proposed by refining the three input quantities: Vp, Rp,
and . In Ref. [34], Wen et al. observed that the extrac-
ted barrier heights Vp are approximately linearly propor-
tional to the Coulomb parameter Z,Z,/(A)* +A)?). In
EBD, V; is parameterized by a cubic polynomial of the
Coulomb parameter [28]. In this study, the average barri-
er height V (in MeV) is parameterized as

Vi = 1.051z+0.000335z* + AB, 2)

with the Coulomb parameter re-written as

iz
Z_A}/3+A§/3 s. 3)
Here, Z, and Z, denote the charge numbers of the pro-
jectile nucleus and target, respectively. A; and A, denote
the corresponding mass numbers of the reaction partners.
The surface correction factor Fg = 1-2;'Z,'? is intro-
duced to consider the surface effects of light nuclei and
the Coulomb exchange term [35, 36]. The correction term
AB =" AI? in Eq. (2) is used to consider the competi-
tion between the shell and isospin effects, with the shell
gap A; [37] and isospin asymmetry I; = (N;—Z;)/A; of the
reaction partners (i = 1 for projectile and i = 2 for target).
On the one hand, the neutron transfer and neck formation
in the reaction process with neutron-rich nuclei can lower
the capture barrier and thus enhance the fusion cross sec-

tions at sub-barrier energies [23, 38]. On the other hand,
for fusion reactions between magic nuclei, the strong
shell effect inhibits the lowering of the barrier effect [23].
This competition is evident for the reactions with neut-
ron-rich nuclei *Ca and '**Sn.

The average barrier radius is written as

Rg = ro(A)” + A )(Fs Fs) ™", (4)

with ry = 1.10 fm. The factor Fpis = 1+exp(Xg —X,) with

YAYS .
the Bass parameter [2] Xp = (A{” T A AP AT 1S intro-

duced to consider the influence of DIS on the barrier radi-
us in superheavy systems inspired by the results in Refs.
[32, 33]. The dimensionless parameter X, = 10.2 is de-
termined by the measured capture cross sections of some
super-heavy systems [39], such as **Ni + 2*U. Bass con-
cluded that fusion is excluded for the systems with
Xg > 12.6 [2] owing to the disappearance of the capture
pocket.

The standard deviation of the Gaussian function is
parameterized as

W =co(l+wy)+c,Vp \/W% +w%+wﬁ—AB/Ng\?, %)

where w, = 3" |Bx14;” and w; = ryA; B3, /4 [28, 29], with
the mass numbers A; and A, of the reaction partners, and
their quadrupole deformation parameter 3, taken from the
WS4 model [40] for prolate nuclei heavier than '°O. For
oblate nuclei (B, < 0) or those with hexadecapole deform-
ation B, <0, the corresponding deformation parameter is
set as +/fB%+B2/2. In this study, the O-value dependence
of the parameter wy = (Vz+ Q)/c, is introduced to con-
sider the dynamical effects owing to the excitation en-
ergy of the reaction system at the capture position, which
is approximately proportional to the excitation energy of
the compound nuclei. Ney denotes the neutron number of
the compound nucleus. The optimal values for the four
parameters ¢y =0.63 MeV, ¢; =0.015 fm”, ¢,=33.0
MeV-fm, and r, =1.10 fm in Eq. (5) are obtained by
varying these parameters and searching for the minimal
deviation between the predicted cross sections and the ex-
perimental data for 426 fusion reactions (including the
systems collected in Refs. [25, 39, 41] except those in-
duced by nuclei lighter than '’C). For a-induced fusion
reactions, the structure effects could be neglected, and the
value of W is simply written as W = ¢ +¢1 V5.

By substituting the values of Vi, Rp, and W obtained
from Egs. (2)—(5) under the fixed parameters into Eq. (1),
the capture cross sections of any selected heavy-ion fu-
sion reactions at energies around the Coulomb barrier can
be directly calculated based on the EBD2 formula.
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III. RESULTS AND DISCUSSIONS

To quantify the influence of the proposed refine-
ments, we first evaluate the accuracy of the two-paramet-
er barrier height formula, i.e., Eq. (2). Fig. 1(a) shows the
relative deviations between the calculated barrier heights
VI according to Eq. (2) and 382 extracted barrier heights
[41] V5P from the measured fusion excitation functions.
The results of EBD2 were much better than those of EBD
for light systems (Z,Z, < 200). The mean value of the rel-
ative deviations (RD) in absolute value with respect to the
382 barrier heights was only 1.65% with EBD2, which is
much smaller than that of the three-parameter formula in
EBD (RD = 2.04%) and that of two-parameter MCW po-
tential [34] (RD = 1.95%). We note that the accuracy of
the barrier height formula can be improved in EBD2 by
introducing the surface correction factor Fs. In both EBD
and MCW, the Coulomb parameter is expressed as
2 =712Z,/(A)"” + AY) neglecting the correction factor Fi,
and the deviations between the model predictions and the
data for light fusion systems thus significantly increase.
Fig. 1(b) shows the barrier radius coefficient, i.e.,
Ry/(A)® +AY?). The squares denote the extracted data
[41], which evidently decrease with the charge product
Z,Z,. The line and circles denote the results of EBD (1.16
fm) and EBD2, respectively. The decreasing trend of the
data can be remarkably well reproduced by EBD2. In Ta-
ble 1, we list the calculated barrier parameters according
to Egs. (2)—(5) and the deviation between the experiment-
al data and the calculated o,, by using Eq. (1), which

will be discussed later. The barrier radii Rp are systemat-
ically reduced for super-heavy systems owing to the
factor Fpis. The values of W also indicate that the barrier
distributions broaden for reactions with well-deformed
target nuclei, compared with the reactions induced by
spherical ones.

In Fig. 2, we show the predicted capture cross sec-
tions for six fusion reactions '*O+'°0, '*0+°*Ni, '*O+"Zr,
160+134Sm, '%0+*%¥Pb, and *Ni+**®U. The dot-dashed
curves and solid curves denote the results of EBD and
EBD2, respectively. The experimental data were much
better reproduced with EBD2 from the light fusion sys-
tem '%O+'°O to the superheavy system *Ni + ***U. For
160+1°0, the results of EBD were much smaller than the
experimental data by five orders of magnitude at
E.n. =10 MeV. The predicted barrier height Vz =11.02
MeV with EBD was higher than the extracted one by ap-
proximately 10%. Simultaneously, the predicted barrier
radius Rz = 5.85 fm with EBD was much smaller than the
extracted value (8.52+0.24 fm) [41] from the fusion ex-
citation function and the extracted experimental data
(8.63+0.32 fm) [45] from the measured elastic scattering
angular distribution based on identical-particle interfer-
ence by approximately 32% (see Fig. 1(b)), which led to
the significant under-prediction of the fusion cross sec-
tions. For the superheavy system *Ni+>*U, the extracted
capture cross sections from the measured mass-total kin-
etic energy (TKE) distributions were significantly smal-
ler than the predicted results of EBD. EBD2 reproduced
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Fig. 1.

(color online) (a) Relative deviations between the calculated barrier heights Vi and 382 extracted barrier heights [41] V™ for

reactions induced by nuclei with Z; > 6 and Z, > 6. The squares and circles denote the results of EBD [28, 29] and EBD2, respectively.

(b) Barrier radii Rp scaled by Ai/ 3 +A;/ 3. The squares and circles denote the extracted reduced barrier radii [41] and the predictions of
EBD2 by Eq. (4), respectively. The line denotes the results of EBD [28, 29].

124106-3



Ning Wang Chin. Phys. C 49, 124106 (2025)

Table 1. Barrier parameters according to Egs. (2)—(5) for 20 fusion reactions. Xlzog denotes the deviation between the measured cross
sections and the predicted o, with EBD2.

Reaction Vg/MeV Rp/fm W /MeV X 120g
1%0+150 10.04 7.39 0.75 0.041
BO+5Ni 30.69 8.54 1.44 0.011
190+27¢ 41.39 9.04 1.36 0.039
"%0+'%Sm 58.93 9.88 2.58 0.007
160+208ppy 74.35 10.43 1.48 0.109
160238y 80.92 10.69 3.03 0.008
OCa+¥Ca 52.67 8.95 1.94 0.023
0Ca+'28n 115.79 10.08 3.83 0.030
BCa+'328n 113.24 10.47 2.33 0.014
BCa+'¥Sm 137.12 10.45 429 0.011
BCa+"Pb 174.16 10.38 2.10 0.185
#Cat?’U 191.03 10.23 4.07 0.012
BCa+MCm 198.22 10.06 4.09 0.094
S4Cr+2%pb 208.39 8.80 2.84 -
ey 228.93 8.08 5.24 -
HCr+**Pu 233.07 7.91 5.26 -
SCr+*Am 235.98 7.57 4.92 -
SCr+*Cm 237.65 7.62 5.01 -
#Ni+"Pb 240.66 7.18 2.42 -
HNi+P8U 264.75 6.08 476 0.136

1000

100

1000

L l 4 L . o
() / ()

70 80 90 100 240 260 280 300

E.. (MeV) E.. (MeV) E, . (MeV)

Fig. 2. (color online) Comparison of EBD and EBD2 predictions with the measured capture cross sections for '°0+'°0 [42], "*O+°*Ni
[43], 'O+%Zr [44], "*O+'3*Sm [6], '*O+*%Pb [7], and *Ni+>*U [39]. The squares denote the experimental data. The dot-dashed curves
and solid curves denote the results of EBD and EBD2, respectively.
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the data more accurately, as the factor Fpis was intro-
duced in the barrier radius to consider the influence of
DIS for superheavy systems.

To test the accuracy of the EBD2 formula for describ-
ing the fusion reactions induced by neutron-rich doubly-
magic nuclei, we showed the predicted capture (fusion)
cross sections for '*2Sn+****Ca and *’Ca + **Ca in Fig. 3.
Although both *°Ca and **Ca are doubly-magic nuclei, the
O-values in *?Sn+***Ca were different (with Q = —52.13
MeV for !*?Sn+*Ca, and Q=-7578 MeV for
1328n+*Ca). Although **Ca has eight more neutrons than
“Ca, the excitation energy of the compound nucleus in
28n+*Ca was only 37 MeV, lower than that of
328n+*Ca by approximately 26 MeV at E.,, = V3, ow-
ing to the stronger shell effect in **Ca and the isospin ef-
fect. In Ref. [31], a relatively higher excitation energy at
the capture position can result in stronger effects for dy-
namical deformations and nucleon transfer in the capture
process and broaden the width of the barrier distribution.
In EBD2, the parameter w is directly related to the excit-
ation energy of the compound nuclei in the fusion reac-
tion. The obtained values of W according to Eq. (5) are
3.83 MeV and 2.33 MeV for **Sn+*’Ca and **Sn+*Ca,
respectively. The model accuracy was significantly im-
proved in EBD2, indicating that the O-value plays a role
in the width of the barrier distribution. In addition, the
correction term AB in Eq. (2) owing to the competition
between the shell and isospin effects plays a role in these
reactions. For '*’Sn+*Ca, the barrier height was in-
creased by AB=1.28 MeV owing to the competition
between these two effects, with which the over-predic-
tion of the cross sections from EBD at sub-barrier ener-
gies was improved.

In Fig. 4, we show the predicted capture cross sec-
tions for four heavy fusion reactions induced by **Ca. We
note that the experimental data could be well reproduced
by EBD2, particularly for *Ca+***Pb, in which the exper-
imental data were significantly over-predicted by EBD.
The squares and circles in Fig. 4(c) denote the experi-
mental data taken from Ref. [5S0] based on position-sens-

itive multiwire proportional counters and [39] based on
the two-arm time of-flight spectrometer CORSET, re-
spectively. For the reaction leading to the synthesis of
SHN “Ca+***Cm, the extracted capture cross sections
from the measured mass TKE distributions at energies
around the barrier were smaller than the predicted results
from EBD. The results of EBD2 were better owing to the
introduction of the factor Fpg to consider the influence of
DIS on the barrier radius.

To further test the accuracy of EBD2, we systematic-
ally calculated the capture excitation functions for 426 fu-
sion reactions with 35<Z,Z, <2600. To analyze the
model accuracy, we calculated the mean-square devi-
ation between the predicted cross sections and the experi-
mental data in logarithmic scale (which is called the aver-
age deviation D in Ref. [25]),

N

1
Xiog = 3 D [log (0 (E)) ~log (e (ED)] . (6)

i=1

Compared with the traditional definition of y? in
which the uncertainty of the cross section is involved, x7,,
is more effective to check the trend of cross sections at
sub-barrier energies. In Fig. 5, we show the calculated
mean-square deviation yj, as a function of the charge
product Z;Z,. The obtained mean-square deviations with
EBD2 were much smaller than those of EBD, particu-
larly for light fusion systems. For 426 fusion reactions,
the mean value of x},, was only 0.113 with EBD2, which
is much smaller than the corresponding value with the
original EBD (3.485).

To test the predictive power of the EBD2 formula, we
simultaneously calculated the capture cross sections of
two reactions [51] C+***Cm and '°O+***Pu, which are
not included in the data of the 426 fusion reactions men-
tioned previously. We note that the measured capture ex-
citation functions for these two reactions could be well
reproduced by EBD2. In addition, the fusion cross sec-
tions for some a-induced reactions, such as a+'**Sm [52],

1000
1328n+4OCa

100 ¢
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=

(b) ; - ©
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Fig. 3.
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(color online) (a) Same as Fig. 2, but for reactions *Sn + ***3Ca [46] and “°Ca + **Ca [47]
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(color online) Mean-square deviation between the predicted cross sections and the experimental data in logarithmic scale. The

squares and circles denote the results of EBD and EBD2, respectively.

at energies around the Coulomb barrier could be de-
scribed well by EBD2.

The capture cross section at a given center-of-mass
energy E., can also be written as the sum of the cross
sections for each partial wave J [53],

h?
2UE .,

Teap(Eem) = > @I+ DT(Eewm.d), ()
J

J represents the relative angular momentum, and
T(E.n.,J) 1s the penetration probability of the two collid-
ing nuclei overcoming the capture potential barrier in the
entrance channel. The reduced mass of the entrance chan-

nel is simply given by pu=uAA,/(A| +A,). In the EBD2
formula, the corresponding penetration probability
T(E.m.,J) can be approximately expressed as [29]

1 E., —B.
T(Ecm,J) = 5 {1 +erf<%wﬂt>} ) (®

with the effective barrier B.g = Vz+J(J + DA?/(2uR3%). In
Fig. 6, we show the predicted penetration probabilities
and the corresponding capture cross sections for
*#Cr+*¥Am. From Fig. 6(a), we can observe that the ob-
tained penetration probabilities increase gradually from
zero to one for head-on collisions and 7 = 0.5 at the barri-
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Fig. 6.
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(color online) (a) Penetration probability T(E.m.,J)with Eq. (8) for **Cr+**Am. (b) Predicted capture cross sections for

*Cr+** Am with the EBD2 formula. The solid curve and circles denote the results obtained with Eq. (7) and Eq. (1), respectively.

er energy of 236 MeV, owing to the introduction of the
Gaussian barrier distribution. At E_,, =240 MeV, the
penetration probability decreases with the angular mo-
mentum and reduces to 0.1 at J = 35, which indicates that
SHN in this reaction are mainly formed at the central col-
lisions. From Fig. 6(b), we note that the results obtained
with Eq. (7) and Eq. (1) are close to each other, which in-
dicates that the approximation in Eq. (8) is sufficiently
accurate.

IV. SUMMARY

With a refinement to the input quantities of the EBD
method, a much more accurate analytical capture cross
section formula EBD2 was proposed. The key refine-
ments involved (i) a surface correction to the parameter z
and a shell correction term for barrier height calculations,
(i) a Q-value-dependent width term to account for dy-
namical deformation effects, and (iii) a radius modifica-
tion incorporating surface effects in light nuclei and DIS
in superheavy systems. These refinements substantially
improved the model accuracy. The average deviation (in
logarithmic scale) between the predicted capture cross
sections and the experimental data for 426 reaction sys-
tems with 35 <Z;Z, <2600 was systematically calcu-
lated. EBD2 reduced the average deviation from 3.485 to
0.113. The surface correction term plays an important
role in the fusion barriers for reactions between light nuc-
lei, and a relatively higher excitation energy (related to
the reaction Q-value) at the capture position can result in

stronger effects for dynamical deformations and nucleon
transfer in the capture process, and thus broaden the
width of the barrier distribution. The competition
between the shell and isospin effects is for reactions with
neutron-rich magic nuclei, such as **Ca and '**Sn. For su-
perheavy systems, the influence of DIS needs to be con-
sidered for a better description of the capture cross sec-
tions. Although the EBD2 method could systematically
reproduce the data well, we still note that the measured
cross sections for oxygen-induced reactions at above-bar-
rier energies were slightly under-predicted by the EBD2
method, which could be due to the limitation of the
single-Gaussian distribution in the calculations. By fur-
ther adding a correction term from the classic cross sec-
tion formula 0.17R%(1 - V/E.n.), the capture cross sec-
tions at above-barrier energies could be better repro-
duced. With the proposed EBD2 formula for better de-
scribing the capture cross sections, the evaporation resid-
ual cross sections for fusion reactions leading to the syn-
thesis of SHN could be further investigated with less un-
certainties.
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