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Abstract: In this  work,  under the thin disk model,  we examine the optical  observational  characteristics of asym-
metric thin-shell wormholes (ATWs) within the theoretical framework of higher-order non-commutative geometry.
By utilizing ray tracing technology, the trajectories of photons under various relevant parameters, as well as the op-
tical observational appearance of ATW, can be accurately simulated. Compared to the black hole (BH) spacetime,
observational images of ATW will exhibit additional bright ring structures. The results show that an increase in the
non-commutative parameter leads to the innermost extra photon ring moving away from the shadow region, while
the second extra photon ring moves closer to the shadow region. However, only one additional bright ring structure
is  observed  in  the  image  when  the  non-commutative  parameter  increases  to θ = 0.03,  which  implies  that  the  ob-
served features of ATWs seem to become more and more visually similar to a BH as θ increased. Furthermore, an
increase in the mass ratio will result in a reduction of the radius of the innermost extra photon ring, whereas an in-
crease in the throat radius will lead to an expansion of its radius. Notably, neither parameter has a significant impact
on the size of the second extra photon ring. These findings significantly advance our theoretical understanding of the
optical features of ATWs with higher-order non-commutative corrections.
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I.  INTRODUCTION

Black  holes(BHs),  extremely  compact  spacetime
structures predicted by general relativity(GR), are a cent-
ral object of study in theoretical physics and high-energy
astrophysics. The  Event  Horizon  Telescope  (EHT)  im-
ages of M87* [1, 2] and Sgr A* [3−8] provided the first
direct  visual  evidence  of  BHs  and  offered  observational
constraints  for  analyzing  crucial  physical  processes  such
as accretion disk radiation mechanisms and jet formation
dynamics.  Based  on  BH shadow images,  we  can  clearly
observe a central dark region surrounded by a light ring.
The  inner  edge  of  this  light  ring  is  the  critical  curve,
which  is  composed  of  photons  bound  by  gravitational
bending  [9].  The  central  dark  region  is  the  BH  shadow,
which closely matches the predictions of GR. In fact, the
study of such shadow images has a long history. As early
as 1966, Synge’s work demonstrated that the shadow sil-
houette of a static spherically symmetric BH is a perfect
circle  [10].  He  calculated  the  angular  diameter  of  the
shadow,  expressing  it  as  a  function  of  the  BH mass  and

the  radial  coordinate  of  the  observer’s location.  Sub-
sequently,  for  rotating  BHs,  their  spin  effects  can  cause
deformation of the BH shadow [11, 12]. Methods for cal-
culating the  photon sphere  and shadow have become in-
creasingly  mature,  and  are  continually  being  improved
and  refined  [13].  Currently,  these  shadows  have  been
widely  proposed  as  an  effective  tool  for  cosmological
studies.  They serve  as  a  natural  cosmological  ruler  [14],
enabling  the  measurement  and  testing  of  various  cosmic
phenomena  [15]. Through  observations  of  shadow  im-
ages,  researchers  can  rigorously  test  models  in  diverse
gravitational environments  and  constrain  relevant  para-
meters [16].

In  our  real  universe,  BHs  are  usually  surrounded  by
bright  accretion  flows,  which  result  from  the  motion  of
matter  within  their  accretion  disks.  Due  to  their  strong
gravitational  fields,  they  continuously  capture  large
amounts of  gas,  dust,  and  plasma  from  their  surround-
ings. Under the influence of such intense gravity, this ma-
terial gradually forms a rotating, flattened disk-like struc-
ture,  known  as  an  accretion  disk.  Luminet  successfully
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simulated  BH  shadows  by  constructing  a  geometrically
thin,  optically  thick  standard  accretion  disk  model  [17].
His  research  revealed  that  the  shapes  of  the  shadow and
photon rings depend on the location of the accretion flow.
Subsequently,  Narayan  et  al.  established  a  spherically
symmetric accretion flow model and systematically stud-
ied the shadow of a Schwarzschild BH [18]. They found
that the optical appearance of a spherically accreting BH
is independent of  the inner radius at  which the accreting
gas ceases  to  radiate,  meaning that  the  details  of  the  ac-
cretion  flow  have  little  impact  on  the  shadow  size.  In
2019,  Gralla  et  al.  investigated  the  shadow features  of  a
Schwarzschild  BH  surrounded  by  a  thin  accretion  disk
[9]. Their results revealed that in addition to photon rings,
lensing rings and a direct emission region also exist out-
side  the  shadow  region.  Using  this  thin  accretion  disk
model, Zeng  et  al.  investigated  the  shadow  characterist-
ics  of  BHs  with  Quintessence  dark  energy,  focusing  on
discussing  the  influence  of  relevant  physical  parameters
on  the  shadow  [19].  Subsequently,  this  model  has  been
extended to  other  modified gravity  theories,  and shadow
features  have  been  investigated  using  various  emission
models,  such  as  spherical  accretion  flows,  thick  disks,
and  hot  spots  [20−43]. Furthermore,  one  has  also  ana-
lyzed the holographic properties of  photon rings and ex-
amined the characteristics of Einstein rings in AdS space-
time, yielding some interesting research results [44−47].

Certain ultracompact objects (UCOs), such as worm-
holes  [48−52]  and  boson  stars  [53−57], exhibit  remark-
ably similar observational features to BHs under specific
conditions, even disguising themselves as BHs in certain
scenarios. Therefore,  distinguishing  BHs  from  their  al-
ternatives has become a central challenge in current high-
energy  astrophysics.  Against  this  backdrop,  the  study  of
compact objects, such as wormholes, has gained new mo-
mentum  [58−61]. In  fact,  a  TSW  is  a  hypothetical,  tra-
versable spacetime  structure  connecting  two  distinct  re-
gions  of  spacetime  through  a  narrow  throat  [62].  This
type of spacetime structure originates from Visser’s 1989
method  to  construct  wormholes  using  a “cut-and-paste”
technique, thereby successfully connecting two Schwarz-
schild spacetimes [63]. It is important to note that the pas-
sage of ordinary matter can cause wormholes to collapse
into  BHs,  whereas  exotic  matter  with  negative  energy
density  is  required  to  maintain  wormhole  stability  [64].
Visser  et  al.  employed  the  Israel  junction  conditions  to
construct traversable static TSWs and analyze their stabil-
ity [65]. Subsequently, Garcia et al. established a general
framework for analyzing the stability of spherically sym-
metric  TSWs,  providing  a  foundational  theoretical  basis
for future studies on the structural stability of other exot-
ic  spacetimes  [66].  To  further  understand  wormhole
structures, Wang et al.  studied the shadows of asymmet-
ric  thin-shell wormholes(ATWs)  and  compared  the  res-
ults  with  those  of  BH  spacetimes  [67].  Interestingly,

Wielgus revealed the possibility of  a  double photon ring
structure  in  ATW imaging,  indicating  that  ATW images
may contain  a  photon  ring  on  the  observer  side  and  an-
other  photon  ring  originating  from  the  far  side  of  the
wormhole [68]. Peng et al.  conducted a systematic study
of the observed appearance of accretion disks around the
Schwarzschild  ATW  spacetime,  finding  extra  photon
rings and lensing bands in the ATW shadow images [69].
Therefore, systematically  studying  the  shadows  and  op-
tical images  of  ATWs  can  not  only  provide  novel  in-
sights into  exploring their  internal  structure,  but  also  of-
fer a theoretical basis for distinguishing wormholes from
BHs and establish new theoretical templates for future as-
tronomical observations.

[xµ, xν] = iθµν

In other hands, GR has successfully explained numer-
ous astrophysical  and gravitational  phenomena,  and sev-
eral  experimental  results  have  largely  corroborated  the
validity of  the  theory.  However,  some  phenomena  ob-
served in reality remain inadequately explained within the
framework of GR, including the nature of dark matter and
dark  energy,  the  accelerated  expansion  of  the  universe,
and  the  singularity  problem.  In  recent  years,  non-com-
mutative spacetime has become increasingly important in
the study of gravitational theories [70]. Serving as an ef-
fective  approach  to  exploring  spacetime  quantization
[71−76],  its  non-commutativity  can  be  described  by  the
algebraic relation  [72]. The influence of this
non-commutativity  on  BH  is  particularly  intriguing,  and
researchers have  proposed  various  theoretical  frame-
works  to  implement  non-commutative spacetime  struc-
tures  in  gravitational  theories  [77−80].  Studies  indicate
that  non-commutativity  can  be  achieved  within  GR  by
modifying the matter source, thereby replacing the tradi-
tional  Dirac  delta  function  with  a  Gaussian  distribution
[81]  or  Lorentzian  distribution  [82]. The  Lorentzian  dis-
tribution offers a different perspective from the Gaussian
distribution and better reflects the fundamental character-
istics  of  non-commutative spacetime  geometry.  Cur-
rently, there are numerous studies on BHs with Lorentzi-
an  mass  distribution  in  non-commutative spacetime,  fo-
cusing on aspects such as quasinormal modes [83], ther-
modynamics [84−87], and geometric characteristics [88].
Naturally, there has been related work on shadow studies
within this spacetime [27]. However, research on the ob-
servational  intensity  and  appearance  characteristics  of
wormholes  surrounded  by  accreting  matter  in  non-com-
mutative spacetime remains limited. In particular, ATWs
with higher-order non-commutative corrections under the
Lorentzian mass distribution model have not yet been ex-
plored.  This  paper  aims  to  systematically  investigate  the
optical observational properties of such wormholes, con-
sidering  a  thin  disk  as  the  exclusive  background  light
source. We  focus  on  exploring  the  influence  of  space-
time-related  parameters,  such  as  the  non-commutative
parameter, mass ratio,  and throat  radius,  on the observa-
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tional  characteristics  of  the  wormhole,  and  compare  the
results  with  those  of  the  BH  spacetime.  The  goal  is  to
provide a theoretical reference for distinguishing between
BHs and ATWs with higher-order non-commutative cor-
rections from the perspective of the shadow.

h̄ =G = c = 1

The organization  of  this  paper  is  as  follows.  In  sec-
tion  2,  we  review  the  metric  for  the  ATW  within  the
framework  of  higher-order  non-commutative  corrected
geometry,  and  then  examine  its  effective  potential  and
null  geodesics.  In  section  3,  we  introduce  the  deflection
of  light  and  analyze  the  trajectories  of  photons  in  the
ATW spacetime, as well as the transfer function and op-
tical  observations  of  the  emission  disk  surrounding  this
wormhole. Subsequently, we also explored the impact of
varying the mass asymmetry and throat radius on the op-
tical  appearance  of  the  object.  Finally,  we  present  our
conclusions  in  Section  4.  In  this  paper,  we  set

. 

II.  EFFECTIVE POTENTIAL AND NULL
GEODESICS OF ATWS WITH HIGHER-OR-
DER NON-COMMUTATIVE CORRECTIONS

Non-commutative geometry is a theory of spatiotem-
poral quantization,  in  which  the  commutations  of  spati-
otemporal coordinate operators can be expressed as [72] 

[xµ, xν] = iθµν, (1)

θµνwhere  represents the antisymmetric tensor,  and θ de-
notes  the  non-commutative  parameter,  signifying  the
smallest  scale  of  spacetime.  In  non-commutative geo-
metry,  the Lorentz  distribution ρ of  the mass density for
spherically symmetric stars is given by [81, 83, 85] 

ρ =
M
√
θ

π3/2(r2+πθ)2
, (2)

where M represents  the  mass  of  the  BH.  The  Einstein
equation is 

Rµν−
1
2

gµνR+Λgµν = 8πTµν. (3)

Rµν
gµν Tµν

The  Ricci  tensor, , describes  the  curvature  of  space-
time.  is  the  metric  of  space  time,  is  the  energy-
momentum  tensor,  which  describes  the  distribution  of
matter  and  energy  in  spacetime.  In  non  commutative
scenarios, the spherically symmetric spacetime is 

ds2 = − f (r)dt2+ f −1(r)dr2+ r2dΩ2. (4)

Substituting Eq. (4) in Eq. (3) yields 

f (r) = 1− 2Mθ
r
, (5)

where 

Mθ =
∫ r

0
(4πr2T 0

0 )dr. (6)

T 0
0Here,  represents energy density,  and according to

the Lorentz distribution formula in Eq. (2), we have 

T 0
0 = −ρ = −

M
√
θ

π3/2(r2+πθ)2
. (7)

By  substituting  the  above  equation  into  the  metric,  we
can obtain 

f (r) = 1− 2
r

∫ r

0

Ç
4πr2 M

√
θ

π3/2(r2+πθ)2

å
dr, (8)

or 

f (r) = 1− 2M
r
+

8M
√
θ√

πr2
− 16

√
πθ3/2M
3r4

+O(θ5/2). (9)

θ→ 0When , the spacetime geometry returns to the gen-
eral Schwarzschild geometry.

The metric of the BH with high-order corrected non-
commutative geometry is [86] 

f (r) = 1− 2M
r
+

8M
√
θ√

πr2
− 16

√
πθ3/2M
3r4

. (10)

M1 M2

M ≡ M1∪M2

We constructed the ATW based on Visser’s cut-and-paste
technique [63], joining two higher-order corrected space-
times, denoted  and , with differing mass paramet-
ers. The metric of the resulting ATW spacetime, defined
in the manifold  is 

ds2
i = − fi(ri)dt2

i + f −1
i (ri)dr2

i + r2
i dΩ2

i , (11)

where 

fi(ri) = 1− 2Mi

ri
+

8Mi
√
θ√

πr2
i
− 16

√
πθ3/2Mi

3r4
i

,ri ≥ R. (12)

i = 1 i = 2In this context,  and  refer to two different high-
er-order  non-commutative  corrected  spacetimes.  The
parameter R represents  the  location  of  the  wormhole
throat.

To study  the  optical  observation  appearance  charac-
teristics  of  wormholes,  it  is  essential  to  first  investigate
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the trajectories  of  photons  within  this  spacetime  back-
ground. For simplicity, it is assumed that the only interac-
tion between photons and the throat is a gravitational in-
teraction.  Therefore,  the  four-momentum  of  the  photon
remains  constant  as  it  passes  through  the  throat.  In  the
context  of  non-commutative  geometry,  the  higher-order
corrected metric is continuous. This implies [67] 

gM1
µν (R) = gM2

µν (R), (13)

M1 M2

gM1
µν (R) gM2

µν (R)
where the metrics in the  and  spacetimes are rep-
resented as  and , respectively.

f (r)

Ei Li

For the photon, since the time t and azimuthal angle ϕ
do not appear in the metric function  for each space-
time, two  conserved  quantities  arise,  which  are  the  en-
ergy  and the angular momentum  [27, 67, 69], 

Ei = −
∂Li

∂ṫi
= f (ri)ṫi, (14)

 

Li =
∂Li

∂ϕ̇i
= r2

i ϕ̇i, (15)

Li =
1
2

gi
µν ẋ
µ ẋν

θ = π/2

where  the  Lagrangian .  For  a  spherically
symmetric spacetime, the motion of photons can be fixed
in the equatorial plane, i.e., . In this case, the null
geodesics can be expressed as 

f (ri)ṫ2 =
ṙ2

i

f (ri)
+ r2

i ϕ̇
2
i . (16)

Further, we have 

(pri
i )2

fi(ri)
=

(−Ei)2

fi(ri)
− L2

i

r2
i
, (17)

pri
i =

dri

dλwhere  represents  the  photon’s  four-momentum
and λ is  the affine parameter[67, 69].  From Eq. (17),  we
can express the radial component of the null geodesic as
follows 

pri
i = ±E2

i

 
1− b2

i

r2
i

fi(ri), (18)

bi =
Li
Ei

Mi

Ve f f i(ri)

where  the  parameter  represents the  impact  para-
meter of the photon in spacetime . The effective poten-
tial  is 

Ve f f i(ri) =
fi(ri)
r2

i
=

1
r2

i

Ç
1− 2Mi

ri
+

8
√
θMi√
πr2

i
− 16

√
πθ3/2Mi

3r4
i

å
.

(19)

Therefore,  the  photon  ring  orbit  satisfies  the  critical
condition of the effective potential, which is 

Ve f f i(rpi) =
1

b2
ci
,V ′e f f i(rpi) = 0. (20)

M1 = 1 M2 = k k > 1

To  ensure  the  generality  of  our  study  on  ATWs  with
higher-order  non-commutative  corrections,  we  set  the
mass parameters  to  and ,  with .  With
this  choice,  the  event  horizon  is  obscured  by  the  photon
sphere.  From  Ref.  [49],  we  know  that  the  relationship
between k and R is 

1 < k <
R
2
≤ rpi

2
. (21)

M2 = k = 1.2,M1 = 1,R = 2.6
b1 b2

M1 M2

In  this  paper,  unless  otherwise  specified,  we  adopt
 as  the  default  values

throughout this study. The impact parameters  and  in
spacetimes  and  are related by the following equa-
tion [67] 

b1

b2
=

 
f2(R)
f1(R)

=

–
1− 2M2

R
+

8
√
θM2√
πR2

− 16
√
πθ3/2M2

3R4

1− 2M1

R
+

8
√
θM1√
πR2

− 16
√
πθ3/2M1

3R4

≡ Z.

(22)

M1 < M2 M1

b1

b1 < bc1

M2

b2 > bc2 M1

b2 = b1/Z b1

M1

Since ,  if  a  photon  originating  from  the 
spacetime  has  an  impact  parameter  that  satisfies  the
condition ,  it  will  pass  through  the  wormhole
throat  and  enter  the  spacetime.  However,  when

,  the  photon  may  return  to  spacetime .  Given
the relation ,  the corresponding condition on 
in  for this round-trip trajectory is 

Zbc2 < b1 < bc1. (23)

bci

bci

rh1

rp1

Using  Eq.  (20),  we  carefully  calculated  the  critical
impact parameter  for different non-commutative para-
meters θ,  as  shown  in Table  1. The  result  shows  an  in-
verse correlation between  and θ. Furthermore, as θ in-
creases, the values of the event horizon radius  and the
photon sphere radius  decrease.

M1 < M2

M2

M1

M1 M2

Fig.  1 depicts  the  radial  dependence  of  the  effective
potential  for  the  ATW with  higher-order  non-commutat-
ive  corrections,  plotted  for  varying  non-commutative
parameter θ. When , the effective potential curve
for the  spacetime has a peak that is significantly high-
er than the curve for the  spacetime, while the effect-
ive potential  values at  the wormhole throat remain equal
for  both.  This  allows  a  portion  of  the  light  rays  emitted
from the  spacetime to pass through the  spacetime
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M1

M1 M2

and return to the  spacetime. As θ increases, the peak
difference between the  and  spacetimes decreases.
Within a single spacetime, the peak effective potential in-
creases with increasing θ. 

III.  OPTICAL OBSERVATIONS OF ATWs WITH
HIGHER-ORDER NON-COMMUTATIVE

CORRECTIONS
 

A.    Light deflection and orbital number
xi = 1/riWe  introduce  the  parameter  to  simplify  the

calculations. Therefore,  the  equation  of  the  photon  tra-
jectory becomes 

Gi(xi) =
dxi

dϕi
, (24)

where 

Gi(xi) =
1
b2

i
− x2

i

Ç
1−2Mixi+

8Mix2
i

√
θ√

π
− 16

3
Mi
√
πx4

i θ
3/2

å
.

(25)

In  fact,  the  behavior  of  photons  in  the  vicinity  of  the
ATW spacetime with higher-order non-commutative cor-
rections can be classified into three categories.

b1 > bc1 M1

M1

(1) : In spacetime , photons originate from
infinity  and  travel  towards  the  wormhole  throat.
However, their trajectory is deflected near the throat, and
they can ultimately be received by an observer at infinity
in spacetime .

Zbc2 < b1 < bc1

M1

M2 M2

M1

(2) : Starting  from  infinity  in  space-
time ,  this  trajectory  passes  through  the  wormhole
throat into spacetime .  In spacetime ,  its trajectory
is  deflected  to  a  great  extent  before  passing  through  the
throat again and returning to infinity in spacetime .

b1 < Zbc2

M1

M2

M2

(3) : Trajectories that originate from infinity
in  spacetime  that  traverse  the  wormhole  throat  into
spacetime  and  eventually  propagate  to  infinity  in
spacetime .

b1 > bc1

M1 M1

G1(x1) = 0
x1,min

M1

For ,  the  photon’s  motion  is  confined  to  the
 spacetime. The turning point in  corresponds to the

smallest  positive  real  root  of , which  is  de-
noted as . According to Eq. (25), the total change in
the azimuthal angle in spacetime  can be expressed as 

ϕ1(b1) = 2
∫ x1,min

0

dx1√
G1(x1)

. (26)

Zbc2 < b1 < bc1

M1

With , the path of the photon is divided in-
to  two  distinct  portions.  The  deflection  angle  of  the
photon's trajectory in spacetime  is calculated as 

ϕ12(b1) =
∫ 1/R

0

dx1√
G1(x1)

. (27)

M2 x2,max
G2(x2) = 0

M2

The  turning  point  of  the  photon  trajectory  in  spacetime
 is located at , corresponding to the largest posit-

ive  real  root  of .  The  deflection  angle  for  the
photon trajectory in spacetime  is calculated as 

ϕ2(b2) = 2
∫ 1/R

x2,max

dx2√
G2(x2)

. (28)

M1 b1

Zbc2 < b1 < bc1

M2

Fig. 2 depicts the trajectories of light rays around the
ATW  with  higher-order  non-commutative  corrections.
The simulations  show  that  for  photons  emitted  from  in-
finity in spacetime , when the impact parameter  de-
creases while  remaining within the range ,
the resulting photon trajectories exhibit increased lengths
spacetime .  From the  left  (Figs.  2a, 2d, 2g)  and right

 

bci rh1 rp1

M1 M2 bc1 bc2

M1 rh1 rp1

Table 1.    The table furnishes values for , , and  cor-
responding  to  varying  values  of θ. The  critical  impact  para-
meters for spacetimes  and  are denoted as  and ,
respectively. The event horizon radius and photon sphere radi-
us of spacetime  are  and ,respectively.

θ rh1 rp1 bc1 bc2

0 2 3 5.19615 6.23538

0.01 1.74281 2.66245 4.76429 5.81148

0.03 1.49026 2.34456 4.37222 5.44504

 

M2 M1 θ = 0.01 bc1 = 4.76429
Zbc2 = 4.22022

Fig.  1.    (color online) The  effective  potential  of  the  ATW
with higher-order non-commutative corrections is studied as a
function  of  radius,  considering  different  non-commutative
parameters. The left and right sides correspond to spacetimes
with  and .  When ,  and

,  corresponding  to  the  green  solid  and  green
dashed lines in the figure, respectively.
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bc1

Zbc2

b1

(Figs. 2c, 2f, 2i) panels of Fig. 2, we observe that increas-
ing  the  non-commutative  parameter  causes  to de-
crease  and  to  increase.  This  change  ultimately
causes the range of  to gradually shrink.

M1

M1

M1

In this spacetime, we consider a set-up consisting of a
static observer and a thin accretion disk located in space-
time . We assume that  the  thin  accretion  disk  is  situ-
ated in the equatorial plane of , and that the observer is
at the north pole of spacetime . In order to obtain the
optical  appearance  of  the  ATW  with  higher-order  non-
commutative  corrections  via  ray-tracing  techniques,  we
define the azimuthal change of a photon near the ATW as
the orbital  number.  Therefore,  the orbital  number can be
defined as
 

n1 =
ϕ1(b1)

2π
, (29)

 

n2 =
ϕ12(b1)+ϕ2(b1/Z)

2π
, (30)

 

n3 =
2ϕ12(b1)+ϕ2(b1/Z)

2π
, (31)

n2 n3where  and  are additional orbit functions.
Based on the classification of light trajectories around

BHs proposed by Gralla [9], we can divide light rays into
three  categories  based  on  the  number  of  intersections
between the light ray and the accretion disk.

n < 3/4(1)  Direct  emission  ( ):  The  light  ray  falls  on
the  front  side  of  the  accretion  disk  and  intersects  the
equatorial plane only once;

3/4 < n < 5/4(2) Lensing ring ( ): The light ray falls on
the  back  side  of  the  accretion  disk  and  intersects  the
equatorial plane twice;

 

Zbc2 < b1 < bc1

M1 M2

Fig. 2.    (color online) The figure shows photon trajectories within a certain impact parameter range ( ) around the ATW
with higher-order  non-commutative corrections.  Red and blue curves  correspond to  the light  ray trajectories  in  and , respect-
ively.
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n > 5/4(3) Photon ring ( ): The light ray intersects the
equatorial plane at least three times.

n1 n2 n3 b1

n1

b1

M1

b1

n1

Fig.  3 illustrates the  relationship  between orbit  num-
bers  ( , , )  and  the  impact  parameter  for  the
ATW  with  higher-order  non-commutative  corrections,
considering  various  values  of  the  non-commutativity
parameter θ. Fig.  3a  is  a  plot  showing  the  relationship
between the orbital  number  and the impact parameter

.  In  this  situation,  the  photon  motion  is  limited  to  the
spacetime ,  and  its  orbital  behavior  is  equivalent  to
that  of  photons  in  a  BH spacetime.  Notably,  as  the  non-
commutative parameter increases, the value of  corres-
ponding to the peak of the orbital number  decreases.

n2 n3

n2 n3

M1 M2

M1

n2 < 3/4 n3 > 3/4
M2 M1

n2 < 5/4 n3 > 5/4
M2 M1

b1

n2 n3

M1

Fig. 3b plots the relationship between the orbital num-
bers  and  and the impact parameter for varying non-
commutative parameters θ. Solid and dashed lines repres-
ent  the  trends  of  and ,  respectively.  When  photons
travel  from  spacetime  through  the  throat  to  and
back to , two distinct outcomes are possible. The first
occurs  when  and ,  where  the  photon
falls into , returns to , and ultimately intersects with
the  back  side  of  the  accretion  disk.  The  second  occurs
when  and ,  where  the  photon  similarly
falls into  and returns to ,  but ultimately intersects
with  the  front  side  of  the  accretion  disk.  Moreover,  it  is
apparent from Fig.  3b that the effective range of the im-
pact  parameter  decreases  as  the  non-commutative
parameter θ increases. This result agrees with the analys-
is shown in Table 1 and Fig. 2. In addition, the U-shaped
structures corresponding to  and  become narrower as
the  parameter θ increases. This  is  because  the  noncom-
mutative correction  alters  the  spacetime  structure,  caus-
ing the peaks of the effective potential in the two regions
to move closer together,  as shown in Fig.  1.  As a result,
the range  of  impact  parameters  allowing  photons  to  re-
turn to region  after crossing the throat becomes smal-
ler, which means only fewer photons can return. 

B.    Transfer functions and observed intensity
 

1.    Transfer functions

Ie

Io v′ =
√

f (r)v
I/v3

Each time a  light  ray passes  through the thin disk,  it
obtain  the  additional  luminosity  from  it.  Therefore,  the
observed  intensity  received  by  an  observer  at  infinity  is
the  total  brightness  that  the  light  ray  acquires  from  the
thin disk. The emission intensity and frequency of the ac-
cretion  disk  are  denoted  as  and v,  respectively,  while
the corresponding quantities observed by a static observ-
er are represented as  and . According to Li-
ouville's  theorem,  is  conserved  along  a  light  ray.
Therefore, we have the following relationship 

Ie

v3
=

Io

v′3
. (32)

Based on the Eq. (32), we can express the observed spe-
cific intensity as 

Io(r) = f 3/2(r)Ie(r). (33)

Thus, the  observed  intensity  arising  from  a  single  inter-
section is 

Iobs =
∫

Io dv =
∫

f 3/2(r)Ie dv = f 2(r)Iemv(r), (34)

Iemv =
∫

Ie dvhere,  represents the total emitted intensity of
the accretion  disk.  Consequently,  the  total  observed  in-
tensity is 

Iobs(b1) =
∑

n

f 2(r)Iemv(r)
∣∣∣

r=rn(b1)
. (35)

 

θ = 0 θ = 0.01 θ = 0.03 n2

n3

Fig. 3.    (color online) For the orbit numbers of the ATW with higher-order non-commutative corrections, the black, blue, and green
lines correspond to , , and , respectively. In the right-hand image, the solid lines represent , and the dashed lines
represent .
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rn(b1)

b1

dr/db1

In the above equation, the term of  is transfer func-
tion, which corresponds to the radial coordinate of the n-
th intersection point of a light ray, with impact parameter

 and the accretion disk. The slope of the transfer func-
tion,  [9], represents the rate of change in the radi-
al coordinate with respect to the impact parameter and is
commonly referred to as the demagnification factor.

rn(b1)
b1

Zbc2 < b1 < bc1

θ = 0.03

Fig. 4 shows the curves of the transfer function 
as a function of the impact parameter  for different non-
commutative  parameters θ. Here,  the  first  transfer  func-
tion  corresponds  to  the “direct  image” of  the  accretion
disk (represented by the black line in Fig. 4). In fact, it es-
sentially reflects the redshift effect of the source profile at
the minimum  demagnification  factor.  The  second  trans-
fer function describes a highly demagnified image of the
back  side  of  the  accretion  disk,  known  as  the “lensing
ring” because  of  its  significant  demagnification  factor
(represented by the orange line in Fig. 4). The third trans-
fer function, on the other hand, presents an extremely de-
magnified  image  of  the  front  side  of  the  accretion  disk,
which possesses the largest demagnification factor and is
called  the “photon  ring” (represented  by  the  red  line  in
Fig. 4). It is worth note that for the ATW with higher-or-
der non-commutative corrections (as exemplified by Fig.
4b),  when  the  impact  parameter  satisfies ,
its new second transfer function is an irregular curve con-
necting  to  the  lower  end  of  the  asymptote.  Furthermore,
there are two new third transfer functions within this im-
pact parameter range, a finding that differs from the pre-
dictions  for  BHs.  However,  when  the  non-commutative
parameter  increases  to  (as  shown  in Fig.  4c),
only a new third transfer function exists. In particular, the
results of the numerical analysis from Fig. 4 indicate that
the  demagnification  factor  of  the  new  second  transfer
function  increases  with  the  non-commutative  parameter
θ. 

2.    Observed intensity

To  analyze  the  optical  appearance  of  the  ATW  with
higher-order  non-commutative  corrections,  we  consider

risco

two  typical  emission  models  for  thin  accretion  disks.
Considering that  the  emission from a thin  accretion disk
can be reasonably approximated by a Gaussian function,
we assume that the radiation process of the accretion disk
ceases  when  the  radius  is  smaller  than  the  innermost
stable  circular  orbit  radius  ( ).  Thus,  the  radiation
function for emission model I1) can be expressed as [49] 

I1
emv(r) =


1

(r− (risco−1))2 , r ≥ risco,

0, r < risco,
(36)

riscowhere  the  innermost  stable  circular  orbit  radius, ,  is
expressed as [89] 

risco =
3 f (risco) f ′(risco)

2 f ′(risco)2− f (risco) f ′′(risco)
. (37)

In Fig. 5a, we plot the distribution of radiation intens-
ity  as  a  function  of  the  radial  coordinate,  based  on  the
theoretical framework of emission model I. We now turn
our attention to emission model II. To distinguish it from
emission model  I,  we consider  emission model  II  with a
smoother decay of the radiation function. Thus, the radi-
ation function for emission model II can be expressed as 

I2
emv(r) =


1
8

(π
2
− arctan(r− (risco−1))

)
(π

2
− arctan(rp)

) , r ≥ rh,

0, r < rh,

(38)

rh rpwhere  is the event horizon radius and  is the photon
sphere  radius.  Notably,  emission  model  II  does  not  emit
radiation  within  the  event  horizon. Fig.  5b clearly  illus-
trates the radiation intensity distribution function for this
emission model.

Using  the  radiation  functions  of  emission  models  I
and II, we numerically simulated the optical observation-
al  results  of  ATWs  with  higher-order  non-commutative

 

Fig. 4.    (color online) The first (black lines), second (orange lines), and third (red lines) transfer functions of the ATW with higher-or-
der non-commutative corrections for different non-commutative parameters θ.

Meng-Qi Wu, Guo-Ping Li Chin. Phys. C 49, (2025)

1) It is worth noting that the emission models adopted here are some simple toy models, which are sufficient to illustrate the observable features of this wormhole.
However, one may also consider other models that are more suitable or physically realistic.
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corrections  for  different  values  of  the  non-commutative
parameter θ.  We  present  their  observational  intensity,
density plots, and local density plots in Figs. 6 and 7.

θ = 0.01
For  the  ATW  with  higher-order  non-commutative

corrections, using Fig. 6d as an example, for , we
can  clearly  observe  two  extra  photon  rings.  These  extra

θ = 0.03

bci

photon  rings  are  absent  in  BH  spacetimes.  The  figure
clearly  shows  the  distinct  regions  associated  with  direct
emission,  the  lensing  ring,  and  the  photon  ring.  In Fig.
6d, there are five peaks from left  to right,  corresponding
in  sequence  to  three  photon  rings,  the  lensing  ring,  and
direct  emission. Figs.  6d  and 6g  show  that,  with  other
parameters  constant,  increasing  the  non-commutative
parameter θ decreases  the  size  of  the  third  photon  ring,
the lensing ring, and the directly emitted region. Further-
more, the study indicates that as the value of θ increases,
the  radius  of  the  innermost  extra  photon  ring  increases,
while the  radius  of  the  second  extra  photon  ring  de-
creases, resulting in reduction of the spacing between the
two extra photon rings. However, for ,  the ATW
optical  observational  image  reveals  the  presence  of  only
one extra  photon  ring.  This  phenomenon  is  more  intuit-
ively  and  clearly  demonstrated  in  the  local  density  plots
in Figs. 6f and 6i. This phenomenon is in complete agree-
ment with the trend of  as a function of θ shown in Ta-

 

Fig. 5.    The emission models.

 

Fig. 6.    (color online) Emission Model I - Observed intensities (the left panel), density plots (the middle panel), and local density plots
(the right panel).

Unveiling Extra Photon Rings: Optical images of Asymmetric Thin-Shell... Chin. Phys. C 49, (2025)
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ble.  1.  By  comparing  the  observational  results  of  the
Schwarzschild  ATW  (Fig.  6a)  with  those  of  the  ATW
with higher-order non-commutative corrections (Fig. 6d),
a significant difference in the photon ring distribution can
be  found.  Specifically,  for  the  ATW  with  higher-order
non-commutative corrections, the radius of the innermost
extra photon ring is larger than that of the Schwarzschild
ATW, while the radius of the second extra photon ring is
smaller than that of the Schwarzschild ATW.

4.22022 < b1 < 4.76429 θ = 0.01

In Fig.  7,  emission  model  II  exhibits  a  multi-layered
luminous  ring  structure  formed  by  the  superposition  of
the  photon  ring  region,  the  lensing  band  region,  and  the
direct  emission  region.  Compared  to  emission  model  I,
the  observed  intensity  distribution  curve  for  this  model
displays  a  more gradual  and complex characteristic.  The
analysis reveals a new broad peak within the impact para-
meter  range  when .  As
shown  in Fig.  7d,  this  feature  originates  from  an  extra
lensing band produced by  the  new second transfer  func-
tion.  This  phenomenon  is  more  pronounced  in Figs.  7e

and 7f. Naturally, emission model II still exhibits two ex-
tra  photon  rings  originating  from  the  new  third  transfer
function. By comparing the observational intensity curves
of emission model II (Figs. 7d and 7g) reveals that as the
non-commutative  parameter θ increases, the  extra  lens-
ing  band  of  the  ATW  with  higher-order  non-commutat-
ive corrections  narrows,  and  its  corresponding  observa-
tional  intensity  decreases. Figs.  7f  and 7i  more  clearly
demonstrate this phenomenon, revealing the influence of
the  non-commutative parameter  on  the  optical  observa-
tional characteristics of the ATW with higher-order non-
commutative corrections.  Compared  to  the  Schwarz-
schild ATW in Fig. 7a, the ATW with higher-order non-
commutative corrections under emission model II  exhib-
its a narrower extra lensing band and a more distant first
extra photon ring from the central black disk.

Next,  to  clearly  distinguish  the  differences  in  optical
observational  characteristics  between  the  ATW  and  BH
with  higher-order  non-commutative  corrections,  this
study  systematically  plotted  and  compared  the  observed

 

Fig.  7.    (color online) Emission Model  II - Observed intensities  (the  left  panel),  density  plots  (the  middle  panel),  and local  density
plots (the right panel).
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-10

CPC
 A

cce
pte

d



intensity,  density  maps,  and  local  density  maps  of  both,
based on the theoretical framework of emission model II
(as  shown  in Fig.  8).  The  analysis  of Figs.  8a  and 8d
highlights  that  the  observed  images  of  the  ATW  with
higher-order  non-commutative  corrections  are  distinct
from  those  of  the  BH  with  higher-order  non-commutat-
ive  corrections  due  to  their  more  complex  multi-ring
structure and unique extra photon rings and lensing band
features. This difference is particularly evident in Figs. 8c
and 8f,  further  validating  the  fundamental  distinction  in
optical observational features between the two. These res-
ults provide a reliable basis for effectively distinguishing
between  ATWs with  higher-order  non-commutative cor-
rections,  Schwarzschild ATWs, and BHs with higher-or-
der non-commutative corrections in observations. 

C.    Optical features of ATWs for different values of the
mass ratio and throat radius

M2/M1

In this section, We will continue to examine the influ-
ence of changes in the mass ratio ( ) and throat ra-
dius R on optical features of the ATWs.

M1 = 1 M2

θ = 0.01 M1 = 1
M2/M1

To investigate the impact of the mass ratio on the op-
tical observational  features  of  the  ATW,  this  study  con-
trolled spacetime mass ratio by fixing the mass paramet-
er  and  varying  the  mass  parameter .  We  set

 and  to ensure the reliability of the obser-
vational  results  under  different  mass  ratios  ( ).
Comparing Figs. 9a and 9d reveals that as the mass ratio
increases,  the  radius  of  the  innermost  extra  photon  ring
decreases,  while  the  radius  of  the  second  extra  photon

ring  remains  essentially  unchanged.  This  phenomenon
leads  to  a  gradual  widening  of  the  spacing  between  the
two extra photon rings, a trend that is particularly evident
in Figs. 9c and 9f.

θ = 0.01 M2 = 1.2Keeping  and ,  we  now  vary  the
throat radius R. Comparing Figs. 9a and 9g reveals that as
the throat radius R increases, the radius of the innermost
extra  photon  ring  exhibits  a  significant  increasing  trend,
whereas the  radius  of  the  second  extra  photon  ring  in-
creases only slightly, leading to a gradual decrease in the
spacing between the two extra photon rings. This trend is
more clearly demonstrated in Figs. 9c and 9i. The analys-
is  results  presented  in  this  section  indicate  that  the  mass
ratio and parameter R selectively influence the two extra
photon rings,  primarily  affecting  the  geometric  proper-
ties  of  the  innermost  extra  photon  ring,  while  having  a
weaker impact on the second extra photon ring. It is note-
worthy that the sizes of the third photon ring, the lensing
ring,  and  the  directly  emitted  region  remain  unchanged
with variations in the mass ratio and throat radius. 

IV.  CONCLUSIONS

M2/M1

This study investigates the optical observational char-
acteristics of the ATW with higher-order non-commutat-
ive  corrections.  Using  ray-tracing techniques,  we invest-
igated the influence of the non-commutative parameter θ,
mass ratio ( ) and throat radius R on the optical ap-
pearance  of  the  ATWs,  with  the  corresponding  optical
observation images generated.

First,  from Fig.  1, within  a  single  spacetime,  the  ef-

 

Fig.  8.    (color online) Emission Model  II - Observed intensities  (the  left  panel),  density  plots  (the  middle  panel),  and local  density
plots (the right panel).
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M1 M2

bc1 bc2

b1

b1

Zbc2 < b1 < bc1

M1 M2

M1

b1

M2

bc1 Zbc2

b1

n1

b1

fective  potential  peak  gradually  increases  with  the  non-
commutative  parameter θ.  The  difference  between  the
peak  values  in  spacetimes  and  gradually de-
creases.  In Table  1,  as θ increases,  both  critical  impact
parameters  and  decrease.  We  employ  a  ray-tra-
cing method to analyze the photon trajectory behavior of
ATWs  with  higher-order  non-commutative  corrections.
Based  on  the  definition  of  the  impact  parameter ,  we
can discuss in detail the motion behavior of light rays in
this spacetime. Especially, when the impact parameter 
is  in  the  range ,  photons  originating  from
the  spacetime can pass through the throat into the 
spacetime and then return to the  spacetime. In Fig. 2,
we found that within this range, as the impact parameter

 decreases,  the  photon  trajectories  generated  within
spacetime  become  longer.  Furthermore,  the  increase
of θ decreases  and increases . The results in Fig.
3 indicate  that  increasing  the  non-commutative paramet-
er θ leads to a decrease in the  value corresponding to
the peaks of the orbital number , and a shrinking of the
effective range of the impact parameter  corresponding

n2 n3to orbital numbers  and .

rn

b1

Zbc2 < b1 < bc1

risco

rh

θ = 0.03

Next,  we  use  the  transfer  function  to  distinguish  the
types of light rays near the ATW spacetime. Fig. 4 shows
the variation of the transfer function  with respect to the
impact  parameter .  The  analysis  reveals  that  new
second  and  third  transfer  functions  emerge  in  the  ATW
with  higher-order  non-commutative  corrections  within
the  impact  parameter  range . These  func-
tions  correspond  to  the  extra  lensing  band  and  the  extra
photon ring, respectively. In addition, we considered two
emission models for the accretion disk. One scenario fea-
tures  radiation  emerging  from  followed  by  a  steep
decay,  and another  starting at  and undergoing a  relat-
ively slow  decay.  Based  on  these  two  models,  we  ob-
tained  optical  appearance  images  of  ATWs with  higher-
order non-commutative corrections. In Fig. 6, the analys-
is based on emission model I reveals that as θ increases,
the  radius  of  the  innermost  extra  photon  ring  increases,
while the  radius  of  the  second  extra  photon  ring  de-
creases,  resulting  in  a  gradual  reduction  in  the  spacing
between them. When , only one extra photon ring

 

θ = 0.01
Fig. 9.    (color online) Emission Model I - Observed intensities (the left panel), density plots (the middle panel), and local density plots
(the right panel) for .
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Zbc2 < b1 < bc1

remains, which implies that the observed features of AT-
Ws seem to become more and more visually similar to a
BH as θ increased. Fig. 7 shows that, for emission model
II,  an  extra  lensing  band  emerges  within  the  range

 and narrows with increasing θ. These find-
ings  offer  new  observational  evidence  into  the  optical
characteristics  of  higher-order  corrected  ATW  in  a  non-
commutative  geometry.  Compared  to  a  Schwarzschild
ATW, an ATW with higher-order non-commutative cor-
rections  exhibits  an  innermost  extra  photon  ring  farther
from the central black disk, a closer second extra photon
ring,  and  a  narrower  extra  lensing  band.  Furthermore,  a
comparative analysis of the optical images of the BH and
ATW with higher-order non-commutative corrections re-
veals  that  only  the  latter  exhibits  a  unique  multi-ring
structure.  This  difference  provides  a  new  observational
basis  for  distinguishing  between  the  two  types  of  non-

commutative spacetime structures.

M2/M1

In addition, we also investigate the impact of varying
mass ratio ( ) and the throat radius R on the optical
observations of the ATW. The analysis indicates that in-
creasing the  mass  ratio  reduces  the  radius  of  the  inner-
most  extra  photon  ring,  whereas  increasing R increases
the  radius  of  the  innermost  extra  photon  ring.  Notably,
the  variations  in  mass  ratio  and  throat  radius  have  a
weaker impact on the position of the second extra photon
ring,  and no impact  on the size  of  the  third  photon ring,
the  lensing  ring,  and  the  directly  emitted  region.  These
observational results  of  ATWs offer  important  theoretic-
al support for distinguishing BHs higher-order non-com-
mutative  corrections,  Schwarzschild  ATWs  and  ATWs
with  higher-order  non-commutative  corrections  in  future
astronomical  observations,  potentially  providing  deeper
insights into the effects of quantum gravity.
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