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Abstract: The formalism for a quantitative treatment of high-momentum components of NN momentum distribu-

tions for the spin-singlet channels is presented. This approach suggests that the use of a distribution for a virtual state

in momentum representation for the NN channel in question is a universal one, which can be further employed with-

in contact formalisms for nuclei. It is shown how such distributions can be calculated from low-energy scattering

wave functions in the same channels. As a result, a new characteristic (a constant) for the high-momentum part of the

momentum distribution in a spin-singlet channel is introduced. To test the approach, we calculate the pp nuclear

contacts for the >He, nucleus which appear to be nearly the same for four realistic NN interactions with essentially

different high-momentum properties. The results should be useful for researchers studying the problem of short-

range correlations in nuclei. In particular, the approach gives a generalization for the formalisms based on nuclear

contacts.
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I. INTRODUCTION

The problem of short-range correlations (SRC) is very
relevant nowadays due to recent theoretical and experi-
mental achievements [1—8]. The new experiments allow
us to count correlated nucleon pairs with high relative
momentum and small center of mass momentum. The
theoretical description of the corresponding cross-sec-
tions in quasi-elastic kinematics is reduced, in many
cases, to treatment of the momentum distributions of nuc-
leons in nuclei. This gives rise to the contact formalisms
[9, 10], which appear to be convenient for practical calcu-
lations [5].

In this paper, we discuss one of the key aspects of the
SRC problem. The two-nucleon momentum distribution
oay in the nucleus 4 depends on the relative momentum
of nucleons %, the momentum of their center of mass Q,
and the angle 6 between the corresponding vectors. These
distributions have similar properties for different nuclei
[11] and satisfy the factorization property at high relative
momenta k and low Q [9, 12]:

Pk, 0.0) = Crypn(Dpat™ (0), (1)

where C4, is a constant depending on the nucleus 4 (the
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so-called nuclear contact), pAV¥N(Q) is a distribution of
center-of-mass momentum for a pair of nucleons in the
nucleus, while pyy(k) represents a universal two-nucleon
momentum distribution (UMD) that does not depend on
A [9]. The high-momentum part of this distribution de-
pends on the chosen model of NN interaction. In the case
of spin-triplet np pairs, this universal distribution coin-
cides with the distribution of nucleons in the deuteron:
Pnp(k) = pa(k). Because p,(k) is normalized to 1, one can
explicitly calculate a weight of the high-momentum part
of the distribution a4 [13], which determines the mag-
nitude of SRC.

At the same time, for spin-singlet 'Sy NN channels
(i.e., np, pp, and nn), bound states are absent and there is
a problem of determining the corresponding universal
distributions [9], as well as estimating the magnitude of
high-momentum components for such states for two-nuc-
leon system. In [12], the corresponding momentum distri-
butions at Q = 0 in “He were considered as universal dis-
tributions for pp (or nn) pairs, and factorization (1) was
used to calculate spectral functions for heavier nuclei up
to “°Ca. Another approach to determining the UMD for
spin-singlet pairs was proposed within the Generalized
Contact Formalism (GCF) [5, 10] by using the two-body
NN scattering wave functions at zero energy, which are
normalized by their high-momentum tails, i.e., the integ-

* The study was conducted under the state assignment of Lomonosov Moscow State University

¥ E-mail: rubtsova@nucl-th.sinp.msu.ru
 E-mail: pomeran@nucl-th.sinp.msu.ru
$ E-mail: blokh@srd.sinp.msu.ru

©2025 Chinese Physical Society and the Institute of High Energy Physics of the Chinese Academy of Sciences and the Institute of Modern Physics of the Chinese
Academy of Sciences and IOP Publishing Ltd. All rights, including for text and data mining, Al training, and similar technologies, are reserved.

104104-1


http://orcid.org/0000-0002-2582-5725
http://orcid.org/0000-0002-7782-0950
http://orcid.org/0000-0001-7008-5159

0. A. Rubtsova, V. N. Pomerantsev, L. D. Blokhintsev

Chin. Phys. C 49, 104104 (2025)

ral from some p, (the boundary of the high-momentum
region) to infinity. However, the problem of quantitat-
ively evaluating the high-momentum components for
spin-singlet channels, which would allow comparison of
different NN interactions in this regard, still remains
open.

In the present paper, we propose a universal distribu-
tion for singlet NN channels that does not depend on the
boundary of the high-momentum region p, andis de-
termined directly by the momentum distribution for the
virtual state. It should be noted that such a distribution for
a particular case of a separable NN interaction was used
as a two-body pp-distribution in Ref. [14]. In a general
case, to obtain the momentum distribution for virtual
state, one can use the low-energy scattering wave func-
tions.

For this purpose, we use the approach of Féldt and
Wilkin [15, 16], which established a relation between the
scattering and bound state wave functions and was ap-
plied to inelastic NN scattering calculations [17]. This
approach gives an explicit factor (the Faldt-Wilkin factor)
that allows the bound- and virtual-state momentum distri-
butions to be approximately reproduced in the high-mo-
mentum region by using the low-energy scattering wave
functions. As a result of the developed technique, we in-
troduce high-momentum constants for different NN inter-
actions in the spin-singlet channel and compare quantitat-
ively high-momentum parts of momentum distributions
for different models of NN interactions. Our recently
suggested treatment [18] for high-momentum compon-
ents of the scattering wave functions is helpful for this.

As a numerical illustration, we calculate the nuclear
contacts for pp momentum distributions in *He with re-
spect to the introduced two-nucleon momentum distribu-
tions for four realistic but essentially different models of
NN and 3N interaction and show that these contacts have
nearly the same values. Thus, the suggested formalism
can be considered as an extension of the formalism
presented in Ref. [9] for np triplet momentum distribu-
tions.

The paper is organized as follows. In Sec. II, we de-
rive a relation between the scattering and bound- or virtu-
al-state wave functions and define an explicit factor, i.e.,
the Fildt—Wilkin factor. In Sec. III, the found relations
are tested for the separable interaction when the virtual-
state momentum distribution is found analytically and for
the realistic NN interaction as well. In Sec. IV, the UM-
Ds for the spin-singlet NN channels are introduced based
on the developed formalism, and the values of the high-
momentum constants a4 are presented for four different
models of NN interaction. In Sec. V, the nuclear contacts
for the *He nucleus are calculated based on the two-nuc-
leon UMDs. A summary is given in Sec. VI. For the read-
er's convenience, a small Appendix A gives the explicit
relations between different universal momentum distribu-

tions.

II. MOMENTUM DISTRIBUTIONS FOR A
TWO-NUCLEON SYSTEM

A. Bound-state, virtual-state, and scattering
wave functions

Let's start with the definitions which we will use be-
low.

For the spin-triplet bound state, the two-nucleon mo-
mentum distribution is naturally introduced by using the
deuteron wave function with the S-wave and D-wave
components u(k) and w(k), respectively:

pa(k) = lu(o)l +w)P, / dkk?py(k) = 1. 2
0

The S-matrix S(p) for the spin-triplet np-scattering (here,
p= \/2uE/h* is the on-shell momentum) has a pole in a
complex p-plane at p =ix,, where x,= \/—2uE;/h* >0
is the wave number corresponding to the bound-state en-
ergy E,, and u is the reduced mass of two nucleons.

The corresponding residues of the S-matrix elements
at this pole determine the asymptotic normalization coef-
ficients (ANCs) Ny and Np (see Sec. I1.D), which set
amplitudes of components of the deuteron wave function
in configuration space at r — oo:

u(r) = Ngexp(—x4r), w(r) = Npexp(—xqr), r —> o (3)

provided that the deuteron wave function is normalized to
unity: f;"[u?(r) + w?(r)ldr = 1.

There are no bound NN states in the spin-singlet
channel 'S,. However, in this channel, there is a virtual
state u,(r) with E, <0 (for the np system E, ~ —67 keV).
The pole of the S-matrix corresponding to the virtual state
lies on the unphysical energy sheet and on the negative
imaginary semi-axis in the complex p-plane at p = ix,:

%, = —\/—2uE, /R, %, <O0. 4)

The function u,(r) grows exponentially at the asymptot-
ics:

u,(r) — N,exp(|x,|r), r— oo, (5)
in contrast to the bound-state case. However, the con-
stant N, in Eq. (5) is the ANC for a virtual state, which is
related to the residue of the S-matrix S(p) for the singlet
state at the pole p =ix,.

It should be noted that although the virtual state func-

104104-2



Universal momentum distributions for the spin-singlet NN channels

Chin. Phys. C 49, 104104 (2025)

tion in the coordinate representation u,(r) with the
asymptotics (5) cannot be normalized, the virtual state
wave function in the momentum representation u,(k) is
square integrable [19] (also see the example with a separ-
able potential in Sec. III). One can also define a special
Fourier transform procedure that relates the coordinate
and momentum representations for the virtual-state wave
function [20].

Therefore, one can consider the momentum distribu-
tion for the virtual state in a similar manner as for the
bound-state (2) as follows:

puk) = luy, (K. (6)

This distribution has the same dimension as for the
bound-state, however, it is not normalized to unity. It
would be convenient to define the UMD for the spin-
singlet NN channels based on these distributions for vir-
tual states. However, a practical calculation of such a mo-
mentum distribution could be complicated for realistic
NN interactions. Thus, we will show how to reconstruct
it in the high-momentum region just from the low-energy
scattering wave functions for the same interaction.

Finally, we introduce the scattering wave functions
here. Below, we consider the radial parts of the scatter-
ing wave functions ¢, and ¥/, ,_,, for two main NN con-
figurations 'S, and 3S,-*D; both in coordinate and mo-
mentum representations. In the momentum space, these
functions are normalized as follows:

o 6 — /7
/ ARy R () = 2P
0
(o8] 6 —_ ’
S / a2y, (ot k) = 2P (7)
1=0,270 P

where p is the on-shell momentum.

In the configuration space, we consider functions that
satisfy the asymptotic condition of a standing wave. For a
singlet channel, this means

lﬂ;(?)—) \/zsm(pr;-d)(p))’ F— o0, (8)

where ¢(p) is the partial phase shift.

B. Relation between scattering and bound or virtual
state wave functions

In Ref. [15], the authors found an explicit relation
between bound-state and scattering wave functions for
the same Hamiltonian in case of the S-wave interactions
(without tensor coupling) by using an analytical continu-
ation of the scattering wave function to the bound-state

pole of the S-matrix. For our purposes, we also require a
similar relation for the virtual state. Thus, let us briefly
reproduce the derivation from Ref. [15] with some minor
changes in notations.

Near the pole p=ix corresponding to the bound or
virtual state, the S-matrix can be presented in the form

2
S(p) — eZi(f)(P) ~ _i N —. (9)
p—ix
For a bound state, the constant N in Eq. (9) is a corres-
ponding ANC (see [21, 22] and references therein). Near
the pole, the relation (9) can also be written in the form

N2
S(P)ZZ%W, (10)

where » > 0 for a bound state and » < 0 for a virtual state.

The asymptotics of the wave function of both bound
and virtual states in the configuration space can be writ-
ten in a unified way:

u(ry > Ne™, r— oo, (11)

At the same time, the scattering wave function has the
following asymptotics:

Up(r) = CO(pe” =CO(p)e™, r—oo,  (12)
where in agreement with (8),
( )( ) e*idp) 3
C*®(p) = .
V2nrip (13)

Near the pole p = ix, ¢ — —ico, C(p) — 0; hence,

Y, (r) > CH(pe™,r—> o0, p—ix. (14)

Comparing Egs. (10) and (13), one can find an explicit
relation between C™ near the pole and ANC N:

V(P +#)CP(p) = —N. (15)

The quantity

W(p,») = /7n(p?+x2) (16)

is referred to as the Faldt-Wilkin's Factor (FWF).
Combining Egs. (11), (14), and (15), we obtain the
following relationship between the wave functions of the
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discrete and continuous spectra
111_{{;1{ W(p, W ,(r) = —u(r). 17

Equation (17) was derived in [15] for a bound state with
u(r) normalized to unity. However, we have just shown
that it is also valid for the virtual state for which the wave
function u(r) is defined according to (11) with ANC N re-
lated to a pole of the S-matrix (9). The transition from a
bound state to a virtual one can be considered as an ana-
lytical continuation with respect to the variable » from
% >0 to »x <0, or equivalently, with respect to some con-
stant characterizing the strength of the interaction poten-
tial.

Because C™(p) is real for imaginary values of p, it
follows from (15) that ANC N is real for bound states
(% >0) and purely imaginary for virtual states (x <O0).
The validity of this assertion can be illustrated by the ex-
ample of the frequently used effective range approxima-
tion, within which

2%

N = ,
1 — XFeff

(18)

where rs is an effective range. Applying the effective
range approximation to the np system in the 1S5 ,-state and
using the experimental values of the singlet scattering
length (a = —23.74 fm) and effective range (r.g = 2.77 fm)
results in % = —0.0399 fm™' and N, =i-0.268 fm~1/2 .

C. Approximate relation for the momentum
distributions

The relation (17) is an equality at the complex pole
p =iz only. However, it should be approximately satis-
fied in a certain region near the pole, including small real
positive p. Indeed, in [16], it was shown that a similar ap-
proximate relationship between the scattering function
W,(r) at small p (low energies) and weakly bound state
function u(r) holds in the region of small values of r:

W(p, W ,(r) = —u(r), p<lxl, pr<l. (19)

A similar relation must also be valid for wave func-
tions in the momentum representation, and thus for mo-
mentum distributions, in the high-momentum area for

both bound and virtual states:

F(pool,(b)P =P, psld, k>p,  (20)

where the squared FWF is introduced as

F(p,%) = [W(p, %)l =zl (¢ + p*). @1

The approximation (20) can be explained as follows.
The wave function of each type (i.e., the bound state, vir-
tual state, and scattering) satisfies the Schrodinger equa-
tion in the form:

h2 5 5 © dk/(k/)Z
i K-p )tﬁp(k)+/0 5

V(K W,(k')=0, (22)

where p is either an on-shell momentum (for the scatter-
ing wave function) or p =ix for the bound (virtual) state
wave function. At k> |p|, the second term in parentheses
on the left-hand side of Eq. (22) can be neglected. There-
fore, the scattering and bound (or virtual) state wave
functions for the same interaction potential should be the
same at large momenta k up to some factor. According to
(20), these factors are FWF for the wave functions and
squared FWF for momentum distributions.

D. Case of coupled channels

The realistic NN interaction includes the tensor term,
so the above S-wave formalism could not be applied dir-
ectly for such a case. However, the approach can be gen-
eralized.

In particular, the total S-matrix is a matrix (2x2) for
the coupled 3S,-3D, channels. Near the bound-state pole
p =ix,, it can be represented in the form [24, 25]

1 N§ —NsND (23)
p—izx \ -NsN, N} '

S(p) = -

where Ny and Np are the ANCs introduced in Eq. (3). It
can be shown that this S-matrix has one eigenvalue with a
non-zero residue at p=ix,, corresponding to the so-
called eigenchannel representation [25]. It seems that the
procedure with a continuation to the bound-state pole can
be applied and proved for one of the low-energy scatter-
ing states defined in this representation. Also note that at
low positive energy, mixing in the S-matrix is very small;
thus, the required momentum distribution can be calcu-
lated from the ordinary scattering wave function corres-
ponding to the boundary condition with the incoming S-
wave.

Thus, within the above assumptions, one can write the
following approximate relation between the momentum
distributions found from the scattering wave function and
from the deuteron bound-state wave function in case of

1) It should be noted that in the work [23] a value for the ANC for a virtual np-state with the Yukawa potential N, = 0.268 fm~!/2 was obtained, which differs

from the one given above only by the absence of the factor i.
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the realistic interaction:

F(p.xa)» W, (0P = pak), psns k>p.  (24)
1=0,2

Here, we emphasize that this approximate equality should
be valid only for one of the scattering states in the 3S -
3D, channels at given on-shell momentum p, i.e., the
state corresponding to the incoming S-wave.

The approximate relations (20) and (24) between
bound- and virtual-state momentum distributions and
those found from the scattering wave functions represent
the main result of this section. In fact, these relations al-

low us to obtain the high-momentum parts of the “basic”

momentum distributions (2) and (6) from the low-energy
scattering wave functions, as we have initially suggested.
Prior to introducing a new form for the universal mo-
mentum distributions, in the next section, we will test
both relations numerically in more detail.

III. CALCULATION OF THE MOMENTUM DIS-
TRIBUTIONS FOR THE VIRTUAL STATES

In this section, we demonstrate that the approxima-
tions (20) and (24) are valid for cases of the model and
realistic NN interactions.

A. Case of a separable potential

Using a simple example with a separable interaction,
it is easy to test the considered approximations explicitly
because all solutions are expressed in analytical form in
this case. For the reader's convenience, we give the well-
known formulas for a separable potential [26], but we
supplement them with the details of the virtual state cal-
culation, which seems to be less well-known.

Consider the S-wave attractive separable potential

2
vm:m:-iﬁgkmmL4>o. (25)

The unitary on-shell amplitude fy(p) =1/(pcotgy—ip) is
written in explicit form as

_m &P
WP =55 (26)
where E = p?/(2u), u is the reduced mass, and
k kzdk
J(E) = / SO pesey- L. @)

The bound state function u, for the separable potential
(25) is found from the homogeneous Lippmann—

Schwinger equation (LSE) such that

k #?
) =A, 50 Ei=-1 (28)

where the normalization factor

. © 2(k)k2dk
A2 = o 2
b 0 (%2 +k2)2 > ( 9)
and the energy E, is determined by the condition
* Q2(k)k2dk
= —J(Ey) = /‘ Ry (30)
The bound state exists for 4> Apin (Amin = {f, g*(k)dk}™

corresponds to » = 0), while for A < A, there is a virtu-
al state with » < 0, which corresponds to the pole of the ¢-
matrix on the unphysical energy sheet.

The virtual state must satisfy the LSE continuated to
the second (unphysical) sheet of the energy Riemann sur-
face (or for Im p < 0). As shown, for example, in [20], the
continuation to the second energy sheet is actually a con-
tinuation of the Cauchy-type integral and reduces to
adding a separable energy-dependent term to the interac-
tion. For the case of an initial separable potential, this is
equivalent to modifying the coupling constant 4.

Therefore, in the case of a separable potential, the for-
mulas for determining the functions on the second en-
ergy Riemann sheet remain the same those on the physic-
al sheet, but a residue at the pole p = —il»| (multiplied by
2ir) must be added to all integrals over & , including the
factor 1/(p*—k*). In particular, Eq. (30) relating A and x
for the virtual state takes the form

- * g (kk*dk .
/lvl = / g%ZW"_ﬂgz(_ll%')'%l' (31)
0

In this case, the virtual state function itself in the mo-
mentum representation has the same form as the bound
state function (28):

LM@:A%ﬂm (32)

24k

i.e., it is square-integrable (unlike the function in the co-
ordinate representation). However, when calculating the
normalization factor for this function, a residue (of the
second order) at the pole p = —ijx| must be added to the
integral:

A2 = * g2 (k)k*dk

o= N k2)2+217rRes {%7

(33)

p=—ilx|
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Here, there is no need to use explicit formulas (32) or
(33) to continue Cauchy-type integrals, as these integrals
are given by analytical functions. Having calculated the
integral in (30) for positive %, one gets the analytic func-
tion A7'(x), which is defined for any values » and thus
determines the value of 2! corresponding to the bound
(for x > 0)) or virtual state (for » <0). The same applies
to the normalization factor (29).

Below, we present some results for the Yamaguchi
form factor [26]:

g(k) = (34)

b
K2 +p2

for which the explicit relations are well known in both
configuration and momentum representations. In particu-
lar, the integrals (30) and (29) for the Yamaguchi form
factor define functions

) = Ay (0) = 35)

T T
4BGe+p)* APr(x+p)*
which are analytic in the entire x-plane except for the
pole at » = —B. It should be noted that according to (35),
the square of the normalization factor A2 for the virtual
state function (x <0) is negative, i.e., the virtual state
function u,(k) and its ANC are purely imaginary (cf.
(18)). The wave function of the bound (or virtual) state
for the Yamaguchi potential in configuration space has a
very simple form:

Up (1) = Ny (€770 — 7P, (36)

Note that the wave function (36) coincides with the wave
function for the local Hulthén potential: V(r)=
Ve /(1 —e ).

It is easy to show that the ANC N, for a separable
potential is expressed in terms of the normalizing factor
Apy and the value of the form factor at the pole g(ix):

Pis . V22B(B+x
Npw) = \/;Ab(v)g(lz) SNEEE) (37)
B—x
The S-wave scattering function |4;) for energy
E = p?/2u can be written in an explicit form, e.g., in
terms of the amplitude fy(p) (26):

v 0Pk gk 2 fo(p)
= T ek )

(38)

Let us now check the approximations (20) and (24).
We use the Yamaguchi potential [26] with the parameter
B =1.4488 fm™' and two values of x corresponding to two

main NN-configurations (at 7#°/2u=41.47 MeV fm?):
% = —0.04045 fm™', which corresponds to the singlet NN-
channel with a virtual state, and » = 0.2316 fm™', which
gives a bound state with E, = —2.2244 MeV.

Figure 1 shows the momentum distributions for the
scattering wave functions p,(k) = F(p,%)l,(k)*, calcu-
lated for the two above-mentioned values of » and three
energies corresponding to the values of the on-shell mo-
mentum: p =0, 0.06, and 0.12 fm" in comparison with
the momentum distributions for the virtual state |u,(k)[?
and bound state |u, (k).

As can be seen from Fig. 1, the momentum distribu-
tions p,(k) = F(p,x)ly,(k)* found from the low-energy
scattering wave functions do not depend on p at k > p and
approach (in absolute value) the corresponding mo-
mentum distribution for the virtual or bound state. Thus,
the approximation based on the Faldt—Wilkin equality
does indeed work in the region of large momenta for both
the bound and virtual states. Note that, as discussed
above, a chosen form of the virtual state wave function
means that the integral [;” |u,(k)*k*dk is not equal to unity
in contrast to the bound-state. For example, such an integ-
ral of |u,(k)]> with % = —0.04045 fm™, as shown in Fig. 1,
is equal to 0.8377.

To demonstrate the accuracy of the approximation
(20), Fig. 2 shows the ratios of the momentum distribu-
tions p,(k) at different p to the virtual-state momentum
distribution p, (k). This ratio has the form

(k)
pov(k)

Ry (k) = = AQt, P)Xpx(K), (39)

— p=0, x=-0.04045

— p=0.06, k=—-0.04045

— p=0.12. xk=-0.04045 =
virtual state, k= —0.04045

—— p=0,x=0.2316

—— p=0.06, k=0.2316

—— p=0.12,x=0.2316 -
bound state, k= 0.2316 E

2 3
F(p.x) [y ()1, fin
S e 22

&

.01 0.1 1

k, fm”"

(color online) Momentum distributions for the scat-

Fig. 1.
tering functions p,(k) = F(p,x)llpp(k)l2 for the Yamaguchi po-
tential at three values p =0, 0.06, and 0.12 fm™' and for two
values of x: -0.04045 fm™ (solid curves) and » = 0.2316 fm™'
(dashed curves) compared to the momentum distributions for
the virtual state |u,(k)]* and bound state |uy(k)*.
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1.1
1.09}
1.08}
107}
1.06}

3 1.0s)
EQ‘ 1.04f
1.03
1.02}
101}

— p=0
—— p=0.06
— p=0.12

k, fm’"
Fig. 2.  (color online) Ratio of momentum distributions for
the scattering functions p,(k) = F(p,%)ly,(k)* at p =0, 0.06, and
0.12 fm™ to the distribution for the virtual state |u,(k)* at
% =0.04045 fm ™.

where the function determining & dependence

R+x2\" 2+ p?
Xp,z(P)=<k2_p2> 25 k> pa. (40)

monotonically approaches 1 (the faster it does, the smal-
ler %% + p?). At the same time, the ratio R, (k) tends to the
limit value A(x, p), which is slightly less than 1, even at
zero energy p = 0, due to the non-zero value of x.

The limit values A(x,p) for x=-0.0405 fm' are
0.9998, 0.9994, and 0.9980 for p =0, 0.06, and 0.12 fm™',
respectively. For comparison, the limit ratio A(x,0) at
%x=0.2316 fm, corresponding to the bound state, is
0.9971. As can be seen from Fig. 2, at p =0, the ratio
R,,(k) differs from 1 by less than one percent for all
k>0.6 fm"'. The above accuracy of the approximation
(20) seems to be sufficient for calculations with such two-
nucleon momentum distributions.

B. Approximations (20) and (24) for a
realistic NN potential.

Let us now test the approximations based on the
Féldt—Wilkin factor for a realistic local NN interaction.
In Fig. 3, we present the momentum distributions for the
1S, np scattering wave functions with the factor (21) at
three values of energy for the Argonne V18 (AV18) po-
tential [27]. Here, the wave number of the virtual state is
%, =—0.04 fm. All three curves in this figure are almost
indistinguishable in the region k > 1 fim™'. Thus, the FWF
indeed allows us to get close momentum distributions at
different small on-shell momenta. Based on the exact
equality (17) and the results for separable interaction, we
assume that the approximation (20) is also valid for real-
istic interaction. That is, the momentum distribution for
the scattering state multiplied by the factor (21) is an ap-

108 . T ;
0 1 2 3 4 5

k, fm!
Fig. 3. (color online) Spin-singlet np momentum distribu-
tions for the AV18 potential with the factor from Eq. (20) for
three momenta: p=0.008 fm ' (solid curve), p=0.041 fm
(dotted curve), and p=0.23 fm' (dashed curve).

proximation of the momentum distribution for the virtual
state in this case.

In Fig. 4, we test the relation (24) for the 3S,-3D,
coupled channels with AV18 NN interaction. Here, x, =
0.2316 fm™. Although all three curves are very close to
each other in the high-k region, one can see a small devi-
ation of the momentum distributions found from the scat-
tering wave functions from the deuteron one, even for the
smallest p. Thus, the approximate relation (24) is also
valid for realistic NN-interaction. Here, we can even es-
timate its error, which is approximately 5% for the case
of zero energy.

Taking into account the above example with a separ-
able potential, it can be concluded that the FWF-based
approximation works slightly better for the spin-singlet
channel due to the smaller value of |x|. Thus, the error for

—_
S
O

—_—
S
)
A

107 . . ; .

k, fm!
Fig. 4. (color online) Deuteron momentum distribution (sol-
id curve) for AV18 potential in comparison with the mo-
mentum distributions found from the scattering wave func-
tions according to Eq. (24): p=0.041 fm™ (dotted curve) and
p=0.23 fm! (dashed curve).
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the spin-singlet channel should be no more than 2%—3%.

IV. UNIVERSAL MOMENTUM DISTRIBUTIONS
AND THEIR PROPERTIES

A. Universal momentum distributions based on
the virtual states

The results of the previous sections allow us to intro-
duce a new form for UMD for the singlet NN channels
based on the scattering wave functions at zero or small
on-shell momentum p as follows:

Pk = F(p. )W (0P (41)

Based on the results of the previous sections, in the high-
momentum region, these distributions should approxim-
ate the momentum distribution for the virtual state (6)
(whose wave function in the configuration space is
uniquely determined by the ANC (5)):

pyk)~pyk), p<x, k>p. (42)

Here, it should be noted that for the interactions that take
the charge dependence of NN forces into account, one
will have three different singlet UMDs for pp, np, and nn
pairs. The values of x, differ for these three cases as well.

The corresponding UMD for the spin-triplet channel
is just the deuteron momentum distribution. A comparis-
on of the deuteron momentum distributions for different
NN interactions is presented in Fig. 5. Below, we con-
sider four models for NN interactions: CD Bonn poten-
tial [28], AVI18 potential [27] and two versions of the
dibaryon model with energy dependent interactions,
DBM-1 and DBM-2024 (see details and further Refs. in
[29]). As shown in Fig. 5, the deuteron momentum distri-
butions at small relative momenta are nearly indistin-
guishable for the considered interactions, while in the
high-momentum region, at k> 1.3 fm™, all distributions
show quite different behavior. Thus, we chose the above
interactions with evidently different high-momentum
properties for further tests of the presented formalism.

A comparison of the spin-singlet np UMDs construc-
ted from the scattering wave functions (calculated at
p =0.008 fm™) using (41) for the four above interactions
is shown in Fig. 6.

It can be seen that the UMDs for different interac-
tions are almost the same in the momentum region
0.2<k<0.6 fm". Also, in this region, they are close to
the exact distribution p,(k) for the separable Yamaguchi
potential, as shown by dots. At the same time, at k > 1 fm™,
all distributions exhibit different behavior, which is
primarily due to the difference in the position of the

102 3 — CD Bonn
10'4 -—-AVI8
------- DBM-2024
10°4 -~ DBM-1
. 1074
£ 102]
% SR
< 1074 AN
\\\ \-A\\\
107 N
1051 “\\\“"\..\__\
10°4 g
107 —————————
0 1 2 3 4 5 6 7
k, fm’!
Fig. 5. (color online) Spin-triplet (deuteron) np-momentum

distributions for different realistic NN-potentials: CD Bonn
(solid curve), AV18 (dash-dotted curve), DBM-2024 (dashed
curve), and DBM-1 (dash-dot-dotted curve).

2
1071 \ —— CD Bonn
--—-AVIS8
------- DBM-2024
--- DBM-1
&
a
1010
0 1
Fig. 6.  (color online) Spin-singlet np universal momentum

distributions for different realistic NN-potentials. The nota-
tions are the same as in Fig. 5. The dots show the virtual-state
momentum distribution for the Yamaguchi potential.

nodes of the corresponding wave functions.

Thus, by using the definition of (41), one can evid-
ently compare high-momentum components of the distri-
butions in the spin-singlet channels for different NN in-
teractions. Below, we introduce constants that allow us to
quantify these differences.

B. High-momentum components of the UMDs

To consider high-momentum parts of the distribu-
tions, which just correspond to SRC, let us introduce the
boundary of the high-momentum region as a constant p,.
Usually, it is taken to be comparable with the Fermi mo-
mentum k; in nuclei [5, 13].

A high-momentum part of the deuteron (bound-state)
distribution is defined by the integral

ai = / Akl k), (43)
Pa

0
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which, due to normalization to unity (2), is simply the
weight of the high-momentum components in the deuter-
on. The values of a¢ are different for different realistic
NN-interactions [13].

Now, one can consider the high-momentum parts of
the singlet UMDs by taking the integral of the mo-
mentum distribution for the virtual state (6):

a = / dkk?p, (k). (44)
P

0

It should be emphasized that, unlike the triplet channel,
the quantity a3 is not the weight of the high-momentum
tail in the singlet channel. However, the quantity a} is di-
mensionless, and its value estimates the high-momentum
contribution for different NN interactions.

For practical calculation of these quantities, let us
consider high-momentum integrals of the squared modu-
lus of scattering wave functions:

®@=/dwmmﬁ

Po
cp)y =Y [ diPl, (P, (45)
1=0,2" Po

where p < p, is assumed so that these integrals are finite.
The functions c§<’)(p) do not have the same meaning as
the values a¢ and a}, as is already evident from their di-
mension (fim?); however, they contain quantitative in-
formation about the high-momentum components of the
NN scattering states.

By using FWF, one can get an explicit approximate

expression for the constant @, for a virtual state:

ay = 3(PF(p.x), p<po, pslal. (46)
The same approximate equality is also valid for the triplet
channel, but there is no need for it there, as the high-mo-
mentum constant a¢ is simply calculated from the deuter-
on momentum distribution.

To check the relation (46), Fig. 7 shows the function
c3(p)F(p,x,,) for the NN potentials considered here. As
can be seen from the figure, these functions are practic-
ally constant at p <0.1 fm™', which allows us to calculate
the values @) for different potentials from the scattering
wave functions.

The values of g} for different NN interactions in com-
parison with a¢ found for the deuteron momentum distri-
bution are given in Table 1. Here, the high-momentum re-
gion boundary p, = 1.4 fm™ is used, which corresponds to
the generally accepted value of kr for nuclei. From Table

1) Here the Coulomb interaction between protons is not taken into account.

0.01 —
—— CD Bonn
~ ——-AVI8
; ------- DBM-2024
e e DBM_I
LL4
P
S
N
S -
0.001 {
0.01 0.1
p, fm’
Fig. 7.  (color online) Function cj(p) with the factor (21) at

low on-shell momentum p for different np potentials.

Table 1.
els for po = 1.4 fm™.

High-momentum constants for different NN mod-

model a;’ a;(np) a;(pp) a;(pp) / ag
CD Bonn 0.031 0.0007 0.0009 0.03
AV18 0.041 0.0013 0.0016 0.04
DBM-2024 0.036 0.002 0.0026 0.07
DBM-1 0.068 0.008 0.011 0.16

1, it can be seen that the spread of high-momentum con-
stants for various interactions is different for triplet and
singlet channels. In all cases, even for the traditional
AV18 and CD Bonn models, the a5 constants differ from
each other more than the a¢ constants for the same poten-
tials.

Note also that the a4 value for DBM-2024 is slightly
smaller than that for AV18, while the @, values are more
than 1.5 times larger than for AV18. Thus, one can con-
clude that the value a} represents an independent high-
momentum characteristic of the NN interaction in spin-
singlet channels.

In Table 1, the high-momentum constants for the pp
interaction, a)””, are also presented. These constants cor-
respond " to x,, ~—0.054 fm™. It is clear that the ratio
ay"" 1ay" depends very weakly on the model.

Finally, in Table 1, we present the ratios of constants
ay"" Jad, which are discussed in the next subsection.

C. Two-body estimations for pp/np ratios

Recently [18], we proposed a way to calculate the
weight of high-momentum components for scattering
wave functions via the integral over on-shell momentum
p up to some small value g (¢ < py):
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q
A(@) = / dpp’c(p). @7
0

Such an integral is dimensionless and can be compared
with the a4 value for the bound-state wave function.

Now, one can also quantitatively compare the weights
of high-momentum components for the singlet and triplet
channels using the ratio [18]

n(q) = Ay(q)/ (@5 +Alq)). (48)

The values in the numerator and denominator represent
the cumulative weights of high-momentum components
from all states of the spectra up to the energy related to
the considered on-shell momentum ¢ in the singlet and
the triplet NN channels, respectively.

Using the relations in (46) as approximations for both
singlet and triplet functions c¢,(p) at small values of p, one
gets the following approximate expressions for the high-
momentum integrals A(g) at small g:

v(d)
y a
A“’><q>z27v(q/|%v(d>|), y(x)=x—arctanx.  (49)

This results in the following relation for the ratio n(g):

v(q/I%,])
m+y(q/na)

o~ Se(L L), s (50)

|’ %4

A useful feature of this presentation is that the function ¢
depends on the on-shell parameters %, and %, only, so the
dependence on ¢ in the ratio # is the same for all the real-
istic NN interactions. Thus, the only difference in the val-
ues of n(g) for different NN interaction models is the ra-
tio of the constants a}/a4. At g =|x,,| and g = x,, the cor-
responding ratios are as follows:

;(pp) g(pp)
7](|%,,p|) =~ 0.077, n(x,) ~ 0.89 - (51)
a a

One can see that the ratio of high-momentum weights
n(g) increases with increasing ¢, showing that the spin-
singlet channel contribution to high-momentum compon-
ents grows faster with energy than the spin-triplet one. At
the same time, the ratio a}””/a¢ represents an informat-
ive characteristic for high-momentum components of the
momentum distributions in continuum for the chosen
model of the NN interaction.

Using the data from Table 1, one can compare the ra-
tios ag("’”)/ag at po=14 fm"' for different NN interac-
tions. From the considered models, the minimal value of
this ratio corresponds to the CD Bonn potential, while the
DBM-1 gives an essentially greater one. Based on the
contact formalism, we may also expect that the use of an

interaction with greater a)/a¢ ratio at the two-nucleon
level will lead to greater mean values for the ratios of pp
and np momentum distributions in nuclei.

Figure 8 presents the ratio a)’”/a¢ as a function of
the high-momentum parameter po. One can see that the
ratio ay”” /a¢ depends significantly on the value of p,. It
is interesting to note that the minimum of this ratio for the
conventional AV18 and CD Bonn potentials corresponds
just to the most frequently considered range of
po~1.3-1.5 fm™, where the pp/np ratio is very sensitive
to the chosen value of py.

Thus, the UMDs suggested in this section are quite
convenient for practical calculations. The developed
formalism also allows a high-momentum constant @ to
be introduced for the spin-singlet channel, in addition to
a? for the deuteron channel. Besides, some estimations
for the ratios of pp and np momentum distributions in
nuclei for various models of NN interactions can already
be given at the two-body level. In the next section, we
show how the introduced UMDs can be employed within
the contact formalism for analyzing NN distributions in
*He.

V. TWO-NUCLEON DISTRIBUTIONS IN *He

Here, we test the factorization property (1) of two-
nucleon momentum distributions p4, for the*He nucleus
as an example and calculate the nuclear contacts C,¢ for
various interactions. We consider the distributions
pan(k, @ = 0), which correspond just to back-to-back SRC
pairs, where Q is the center-of-mass momentum of the
pair.

In this case, it is convenient to introduce the normal-
ized distribution at Q = 0 as follows [9]:

A 0
Pan(k, 0 =0)
pav) = ———. | Pk dk=nyy.  (52)
Pem (Dlo=0 0
0.25
0.20 e
Sg 015
~
%‘f\:
S 0.104
—— CD Bonn
0.05 -—— AVI8
-------- DBM-2024
I, DBM-1
0.00 T T T T T T
05 10 15 20 25 3.0 35 40
Do fm™!
Fig. 8. (color online) Ratio of ag(””) /ad values as a function

of high-momentum parameter p, for different NN potentials.
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where nyy is a number of nucleon pairs, which is equal to
2 for NN =np and 1 for NN = pp. Note that with such a
normalization, the distribution of the center-of-mass mo-
mentum of a pair of nucleons pA¥V(Q) is assumed to be
normalized to 1.

According to [9], the normalized momentum distribu-
tion is proportional to the UMD pyy(k) in the high-mo-
mentum region, with the nuclear contact as a factor:

pun(®) = Cynpan k), k> po. (53)
Here, because we consider only the *He nucleus, we have
omitted the index A4, indicating the nucleus, in the nota-
tions of the distributions p and nuclear contacts C. Below,
we use the UMDs p,, =p, and p,, = p,,p for np- and
pp-pairs, respectively.

We use the same four NN interactions: CD Bonn,
AV18, DBM-1, and DBM-2024 listed in the previous
section and the 3He NN-distributions calculated using
these interactions and corresponding three-particle forces.
The 3He distributions for AV18 potential with UIX 3N
force are taken from Ref. [30], the distributions for CD
Bonn potential supplemented with 3N TM force are from
Ref. [13], and the distributions for the two versions of the
DBM were obtained by the present authors from the vari-
ational calculations on an antisymmetrized Gaussian
basis (see details in Ref. [29]).

First, let us check how the factorization (53) is satis-
fied for np distributions, where the momentum distribu-
tion in the deuteron is used as the UMD. Figure 9 shows
the normalized momentum np-distributions in *He at
0=0, pgp(k), for the different interaction models in com-
parison with the corresponding deuteron distributions
pqa(k) multiplied by the corresponding nuclear contacts
Cp.

Here, for all the interaction models considered, the
*He momentum distributions achieve the deuteron
"asymptotics" already at the relative momentum k ~ 1.5
fm™. Although high-momentum parts of the distributions
for different interactions differ significantly, their ratios
to their "own" deuteron momentum distributions in the
high-momentum region (i.e., the nuclear contacts) are
nearly independent of the interaction model. The found
nuclear contacts C,, for all considered interaction mod-
els are close to 2, which agrees with the results of Ref.
[9]. The values of C,, found in the present study are giv-
en in Table 2.

Now, having the UMD for the singlet channel p,(k),
one can compare the normalized momentum pp-distribu-
tions in *He at Q = 0 with these UMDs and find the cor-
responding nuclear contacts C,,. Figure 10 shows such a
comparison for the four interaction models considered.
Here, the ratios of the pp-distributions to the correspond-
ing UMDs become nearly constant at values of k>2.3

R T T T T i i i T 3

10°¢ 3 s+ DBM-I E

E He, np v DBM-2024 k|

101? + CDBonn+TM +
- of
é 10 %
Z10'F
& LF
= 107F
4 F
S F107F
107
10°E

-6 | | | | |
10 1 2 3 4 5 6
k, fm”
Fig. 9. (color online) Normalized momentum np-distribu-

tions in *He at Q=0, pJ,(k), for three interaction models
(DBM-1 — triangles-up, DBM-2024 — triangles-down, CD
Bonn+TM — diamonds) in comparison with the corresponding
deuteron distributions p,(k) multiplied by C,, (solid curves).

Table 2. Nuclear contacts for He for different models of
NN and 3N interaction.

AVI8+UIX CD Bonn+TM* DBM-1 DBM-2024

Cup 1.82+0.07 2.2 2.26+0.03 2.17+0.04

Cpp 291+0.16 3.1 3.12+0.03 2.98 £0.05

“The data on the distribution in He are obtained by digitizing the figure in Ref. [13]
so that the results are given without errors.

4+ DBM-1

v DBM-2024

e AVIS+UIX

+ CDBonn+TM

v

@), p,(k), fm’

(=]

0
pPP

10

;
Y

ol vl A vl Al 1

10
107E
-8 [ | | 1 | |
1079 I 2 3 4 5 6
k, fm’"
Fig. 10. (color online) Normalized momentum pp distribu-

tions in He at 0=0, g, (k), for four interaction models in
comparison with the corresponding singlet UMDs, multiplied
by the contacts C,,. The notations are the same as in Fig. 9,
with filled circles representing AV18+UIX.

fm™'. In this figure, we show the UMDs multiplied by the
corresponding nuclear contacts C,,, the values of which
are given in Table 2 and are close to 3.

As mentioned above, the values of the nuclear con-
tacts found for the np-pairs are consistent with the res-
ults of Ref. [9]. However, these values of both np- and
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pp-nuclear contacts differ from those given in Ref. [5]
because the definitions of the corresponding UMDs and
nuclear contacts are different there" (see also the rela-
tions between momentum distributions in Appendix A).

Thus, we have shown that the nuclear contacts for the
3He nucleus, calculated with respect to the two-particle
UMD corresponding to a virtual state, are indeed almost
identical for NN interactions; nevertheless, the high-mo-
mentum components of the momentum distributions for
those interactions differ significantly at k > p,. Based on
the results of the contact formalisms [5, 9], one may ex-
pect that this property will hold for heavier nuclei.

VI. SUMMARY

In this paper, we have suggested a way to construct
the momentum distributions for the spin-singlet 'S, NN
channels based on the virtual state from the low-energy
scattering wave functions. The advantages of such mo-
mentum distributions are as follows:

(i) The distribution does not depend on the boundary
of the high-momentum region p.

(ii) One can introduce two-nucleon short-range con-
stants a for spin-singlet channels, which characterize the
NN interaction with respect to high-momentum compon-
ents of wave functions, similar to the value a§, which is
well known for the deuteron channel.

(iii) The ratio a}*” /a¢ differs for various realistic NN
models and allows us to estimate differences in ratios of
pp- and np-momentum distributions in nuclei.

(iv) In the low-momentum region, the momentum dis-
tribution for the virtual state depends only on the on-shell
characteristics of the NN-system, such as the wave num-
ber » and scattering length, which are the same for all
realistic NN interaction models. Thus, the introduced
UMDs turn out to be the same for different models in the
momentum region of 0.2—0.6 fm™', exhibiting obvious
differences at high momenta.

(v) Due to the previous property, the nuclear contacts
calculated relative to the introduced UMDs should be
nearly the same for different realistic NN interactions.

The last property has been demonstrated for A =3
nuclei with four essentially different models of NN inter-
actions, which correspond to the same observables in 2N
and 3N systems. One can expect that a weak dependence
of nuclear contacts on the NN interaction will also hold
for heavier nuclei, which should be studied and verified

in future research.

The above conclusion seems to differ from the results
of Ref. [5], where a spread of the pp-nuclear contacts for
different NN interactions was found. This is caused by
the difference in the definitions of UMDs and nuclear
contacts. At the same time, the relation (AS) from Ap-
pendix A shows that the ratio of nuclear contacts for two
nuclei remains the same for differently defined UMDs.
This result agrees with the findings of Ref. [5], where a
very weak dependence on the interaction models for such
ratios of the nuclear contacts was demonstrated.

The suggested spin-singlet universal distributions
based on the momentum distribution for the virtual state
can be considered as a supplement to the contact formal-
ism presented in Ref. [9] for the triplet np distributions.
Because the proposed UMDs do not depend on the high-
momentum boundary p,, one can expect that our formal-
ism will be suitable for calculations with NN models us-
ing various "low-k" approximations. In particular, the
nuclear pp-contacts for such interactions would be the
same as for other realistic NN models, as the momentum
distributions for the virtual state are nearly identical at
low momenta for all realistic NN interactions. One may
assume that the contacts will not depend on the cut-off
parameters for this type of NN potentials as well.

APPENDIX A. RELATION BETWEEN
DIFFERENT UNIVERSAL
DISTRIBUTIONS

Let us show how the introduced UMDs are related to
other universal distributions used in the GCF.

The momentum distribution for the virtual state can
be calculated using the scattering wave function at zero
energy y,_o(k) (normalized according to (7)) from the re-
lation

pu(k) = 7l P o (R, (A1)

which is valid with high accuracy at k> 0.5 fm™'.

The universal momentum distributions normalized to
unity in the region [pg, o) can be calculated from the ra-
tios [18]

W, (k)12
(p)

S mon 0 (O
ch(p)

Py = Py = LAY

where functions ¢,(p) are defined in Eq. (45). It has been
shown [18] that these distributions do not depend on p in
the high-momentum region.

Thus, by using Eq. (46) for the spin-singlet channel,
one gets that such a "tail-normalized" distribution is re-

1) The nuclear contacts in GCF are defined for the momentum distributions integrated over the center of mass momentum Q.
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lated to the density defined in Eq. (41) as follows:
Pk = ph )/ as, (A3)

which can be used at p = 0 as well. At the same time, the
nuclear contacts defined relatively these two types of the
universal distributions are recalculated as follows:

~A _ v(pp) ~A
Cpp = Cpp’

(A4)

where C/) is a nuclear contact corresponding to the distri-
bution p. This property shows that the ratios of the nucle-
ar contacts for two nuclei A, and A, are the same for both
distributions:

~AL Al
o _ Gy

Ay Ayt
CPP CPP

(A5)
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