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Abstract: The  effect  of  electron-electron  interaction  on  positron  emission  in  supercritical  collisions  of  highly
charged ions is studied within the monopole approximation using the time-dependent density functional theory and
time-dependent  Hartree–Fock–Slater  methods.  Positron  production  probabilities  and  energy  spectra  are  calculated
for U–U, U–Cm, and Cm–Cm collision systems, considering both bare nuclei and highly charged ions with partially
filled  electron  shells.  The  results  indicate  that  the  screening  of  the  nuclear  potential  by  electrons  as  well  as  Pauli
blocking substantially reduce positron production and suppress the characteristic signatures of spontaneous vacuum
decay, previously found in collisions of bare nuclei.
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I.  INTRODUCTION

Since  the  development  of  quantum  electrodynamics
(QED), considerable  attention  has  been  devoted  to   phe-
nomena that  occur  in  the  non-perturbative regime of  ex-
tremely strong electromagnetic fields. QED predicts that,
when the  strength  of  a  static  uniform  electric  field   ex-
ceeds a critical threshold — on the order of 1016 V/cm —
the vacuum becomes unstable and can spontaneously cre-
ate electron-positron pairs. The experimental observation
of this process is expected to provide a direct test of QED
in the supercritical regime.

Z > Zcr Zcr ≈ 173

Despite  significant  advances  in  high-intensity  laser
technology  (see, e.g.,  [1,  2]),  field  strengths  achieved  in
laboratory conditions remain several orders of magnitude
below the supercritical  threshold.  An alternative route to
probing this  regime is  provided by the Coulomb field of
superheavy nuclei with charge numbers exceeding a crit-
ical  value,  ,  where  .  However,  no  such
nuclei  have  been  produced  yet.  Instead,  heavy-ion  colli-
sions offer a means to achieve supercritical fields, which
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makes them a subject of theoretical interest for more than
half a century. Early studies by Soviet and German physi-
cists  [3–14]  demonstrated  that,  in  collisions  where  the
combined nuclear charge exceeds   , the resulting Cou-
lomb field can reach supercritical  strength at  sufficiently
small  internuclear  distances  .  Under  these  conditions,
the  lowest  unoccupied  quasimolecular  electronic  state

  may  dive  into  the  negative-energy  continuum,
which  leads  to  the  spontaneous  creation  of  electron-
positron  pairs.  The  emitted  positrons  can  escape  and  be
detected,  whereas  the  corresponding  electrons  remain
bound, creating charged vacuum.

∼ 0.1c c

10−21

However, the direct observation of spontaneous vacu-
um  decay  in  heavy-ion collisions  faces  significant   chal-
lenges. In slow collisions ( , where   represents the
speed  of  light),  the  supercritical  field  persists  for  only

 s, which is two orders of magnitude shorter than the
spontaneous  resonance  lifetime,  which  leads  to  a  low
probability  of  spontaneous  pair  production.  In  addition,
spontaneous pair  creation  is  strongly  masked  by  the  dy-
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namical  pair  production  induced  by  the  time-dependent
Coulomb field of moving nuclei. These two mechanisms
interfere  coherently  and  cannot  be  easily  distinguished.
Theoretical investigations by the Frankfurt group [13–21]
suggested that  spontaneous  pair  production  can  be   ob-
served  only  if  the  colliding  nuclei  form  a  quasi-bound
state ("nuclear sticking"), which prolongs the supercritic-
al  phase  and  enhances  the  spontaneous  channel.
However, no experimental evidence for such sticking be-
havior with  heavy ions  has  been found to  date;  this  mo-
tivates the search for alternative approaches to detect va-
cuum decay in supercritical fields.

Rmin

ε = E/E0 E0

ε

Over the past decade, the theoretical research group at
Saint  Petersburg  State  University  has  made  significant
progress in identifying possible experimental  approaches
for  observing  spontaneous  vacuum  decay  in  heavy-ion
collisions. In the study reported in Refs.  [22, 23],  within
the framework  of  the  monopole  approximation,  a   trans-
ition to  the  supercritical  regime  was  detected  in   colli-
sions where nuclei follow trajectories with a fixed minim-
al internuclear distance   and varying energy paramet-
er  ,  where E  and    represent the  collision   en-
ergy  and  energy  of  the  head-on  collision,  respectively.
According  to  this  approach,  in  supercritical  collisions  as
  decreases,  the  probability  of  pair  production  increases
while the  contribution  of  the  dynamical  mechanism   di-
minishes  because  of  the  decreasing  collision  velocity.
Further studies beyond the monopole approximation [24]
confirmed  signatures  of  the  spontaneous  pair  production
regime. Moreover, recent two-center calculations [25, 26]
enabled an  analysis  of  the  angular  distributions  of   emit-
ted positrons, considering rotational coupling effects.

With the  upcoming  experimental  facilities  in   Ger-
many (GSI/FAIR) [27, 28], China (HIAF) [29], and Rus-
sia  (NICA)  [30],  the  study  of  pair  production  in  heavy-
ion  collisions  is  becoming  increasingly  relevant.  A  key
challenge  in  experimentally  implementing  the  approach
proposed  in  [22,  23]  is  the  production  of  low-energy
beams of fully stripped ions. In practice, partially stripped
ions  are  more  commonly  available.  In  processes  with
such ions one has to account for the screening of the Cou-
lomb field of the nuclei by the electron shells. The influ-
ence  of  the  screening  effect  on  the  critical  charge  and
critical distance is considered in Refs. [31, 32], which in-
dicates that  this  effect  changes  the  critical  radius  by  ap-
proximately  10%–12%.  The  Frankfurt  research  group
conducted  extensive  studies  on  electron  and  positron
emission in subcritical and supercritical collision systems
with  filled  lowest  electron  shells  [17, 33–36]. Their   res-
ults indicate that, in collisions involving partially ionized
atoms, pair production probabilities are significantly sup-
pressed  due  to  Pauli  blocking,  with  electron  screening
providing an additional reduction in the total probability.

In  this  study,  we  investigate  the  effect  of  electron-
electron  interaction  on  the  signatures  of  spontaneous

positron production in heavy-ion collisions within the su-
percritical  regime.  Calculations  are  performed  for  U–U,
U–Cm, and Cm–Cm collision  systems within  the  mono-
pole approximation.  The collisions of  bare nuclei  and of
partially stripped  ions  with  lowest  filled  shells  are   con-
sidered.  The  electron-electron  interaction  is  included
within  two  distinct  mean-field  approaches.  The  total
positron creation probabilities as well as positron spectra
are calculated and discussed.

h̄ = |e| = me = 1Atomic units ( ) are used throughout the
paper unless specified otherwise. 

II.  METHODS

F

In our method, the collision of two heavy ions is de-
scribed  within  the  monopole  approximation,  which
proves to provide an adequate description of the electron-
positron pair production [24]. The electron-electron inter-
action in the initially occupied orbitals  is  treated using a
mean-field approach, and therefore, we solve a set of one-
electron  time-dependent Dirac  equations  (TDDE) for   in-
dependent electrons  initially  occupying  the  negative   en-
ergy Dirac continuum and a number of bound-state orbit-
als (up to Fermi level  )， 

i
∂

∂t
Ψ(r, t) = HΨ(r, t), (1)

Ψ(r, t)
H

where    represents  a  four-component  one-electron
orbital, and Hamiltonian   can be written as 

H = c(α · p)+ c2β+Vn(r, t)+VMF(r, t), (2)

α β

where c is the speed of light, p is the momentum operator,
and   and   are Dirac matrices.

Vn(r, t)

VMF(r, t)

Spherically symmetric potential   in Eq. (2) rep-
resents an  interaction  with  nuclei  in  the  monopole   ap-
proximation, and its dependence on time is caused by the
variation in  internuclear  distance.  The  spherically   sym-
metric mean-field potential    is produced by elec-
trons  in  initially  occupied bound states.  This  potential  is
constructed by a self-consistent procedure before solving
the time-dependent equation (1), and its time dependence
is caused by the time evolution of the one-electron orbit-
als.

VMF(r, t)

VMF(r, t)

We  use  two  different  approaches  to  represent  the
mean-field  potential    and  solve  the  TDDE  (1).
The  first  approach  is  based  on  the  time-dependent dens-
ity-functional  theory (TDDFT).  The mean-field potential

  comprises  the  Hartree  electron-electron  repul-
sion potential, exchange-correlation potential in the local-
density  approximation,  and  Fermi–Amaldi  self-interac-
tion  correction.  Eq.  (1)  is  solved  numerically  using  the
generalized pseudospectral  method,  which  has  been   ex-
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B

VMF(r, t)

tensively  employed  and  discussed  in  earlier  works
[37–39]. The second approach employs a basis-set repres-
entation of  the wave function in  the TDDE (1)  using  -
splines following the method implemented in earlier work
[23].  The  mean-field  potential    is calculated   us-
ing  the  time-dependent  Hartree–Fock–Slater  (TDHFS)
method,  following  the  methodology  developed  by  the
Frankfurt  group  [33].  In  both  schemes  described  above,
the Crank–Nicolson algorithm [40] is applied to perform
the time evolution. Once ions collide and move apart, the
positron creation probabilities and energy spectra are cal-
culated by analyzing hole distributions in the negative-en-
ergy Dirac continuum. The pair-creation probabilities and
positron spectra are calculated based on methods presen-
ted in Refs. [23, 25]. 

III.  RESULTS

F = 0
s1/2 p1/2

1s1/2 2s1/2 3s1/2 2p1/2 3p1/2

4p1/2

F = 3 F = 3

F = 3

80

Total positron creation probabilities and energy distri-
butions were computed within the monopole approxima-
tion  for  U–U,  U–Cm,  and  Cm–Cm  collisions.  Nuclear
trajectories were modeled as classical Rutherford traject-
ories,  and the  calculations  were  performed for  both  bare
nuclei  ( )  and  partially  stripped  ions.  In  the  latter
case, the first three   subshells and first three   sub-
shells  (i.e.,  subshells  ,  ,  ,  ,  ,  and

) were assumed to be occupied by electrons while all
other  electron  orbitals  were  empty.  We  represented  this
occupation  scheme  as  .  The  case  of   was  ex-
tensively studied by the Frankfurt  group [17, 33–36] be-
cause  it  closely  modeled  the  GSI  experiments  [14].
Therefore,  we  selected  the    occupation  scheme  in
our calculations to compare our data with the previously
published results. Further, we believe that the case of par-
tially  stripped  ions  with  occupied  inner  subshells  and
empty outer  subshells  would  be  easier  to  implement   ex-
perimentally  than  the  case  of  the  ions  with  pre-existing
vacancies in the inner shells (e.g., collisions of bare nuc-
lei with neutral atoms [23, 41]), although the latter case is
more  favorable  for  spontaneous  positron  creation.  The
numerical computations  were  performed  on  a   pseudo-
spectral radial grid consisting of 1600 points with 16384
time propagation steps. The spherically symmetric nucle-
ar potential of the monopole approximation was obtained
by  averaging  the  two-center  nuclear  potential  on  a  -
point angular Gauss–Lobatto grid. 

A.    Total positron creation probabilities

F = 3 E ≈ 748
781

We validated the reliability of the employed methods
by calculating the total positron creation probabilities for
U–Cm and Cm–Cm collisions with   at   and

 MeV, respectively, including electron-electron inter-
actions.  Tables  1  and  2  compare  the  results  obtained  in
this  study  with  those  from  Ref.  [36], wherein   calcula-
tions  are  performed using  the  adiabatic  TDHFS method.

The  computed  probabilities  exhibited  good  agreement
with the previous results. Our TDDFT results for the total
positron  creation  probabilities  were  slightly  larger  than
the  TDHFS  results,  which  was  not  surprising  because
mean-field potentials  were  different  in  these  two   meth-
ods.  Besides the exchange potential,  the screening effect
of  the  electron-electron repulsion was  further  reduced in
the TDDFT method because of the Fermi–Amaldi self-in-
teraction  correction,  which  made  the  positron  creation
probabilities larger. However, the TDHFS results of Ref.
[36] are even larger. The details of the numerical proced-
ures  in  Ref.  [36] are  unavailable,  and therefore,  we can-
not identify the cause for the small yet systematic differ-
ence between our results and those in Ref. [36].

ε = 1.0 1.02 1.05
Rmin = 17.5

1s1/2−3s1/2

2p1/2−4p1/2 F = 3

Vn(r, t) VMF(r, t)

We computed the total positron creation probabilities
for U–U and Cm–Cm collisions at  ,  , and 
with  a  minimum  internuclear  distance  of    fm
to investigate signatures of  the spontaneous pair  produc-
tion  regime.  The results  are  presented  in Table  3,  where
column 3 lists the probabilities for collisions of bare nuc-
lei, while columns 4 and 5 provide the corresponding val-
ues  for  the  ion  collisions  with  the    and

 subshells filled ( ). For the positron cre-
ation  probabilities  in  column  4,  only  the  Pauli  blocking
effect is  considered,  and  no  screening  is  performed   be-
cause  of  the  electron-electron interaction.  Thus,  all  elec-
trons in the initially occupied bound and negative-energy
continuum  states  are  propagated  in  time  independently
under the influence of the time-dependent nuclear poten-
tial  ,  with  the  mean-field  potential    dis-

 

E ≈ 748 F = 3
Table 1.    Total positron creation probabilities for U–Cm col-
lisions  at   MeV with  .  Columns  2  and  3  present
the results obtained in this study, whereas column 4 provides
the corresponding values from Ref. [36] for comparison.

b/fm TDDFT approach TDHFS approach Ref. [36]

0 5.74×10−4 5.59×10−4 6.21×10−4

10 2.78×10−4 2.70×10−4 2.99×10−4

20 7.01×10−5 6.78×10−5 7.35×10−5

30 1.62×10−5 1.55×10−5 1.73×10−5

 

E ≈ 781 F = 3
Table  2.      Total  positron  creation  probabilities  for  Cm–Cm
collisions  at    MeV  with  .  Columns  2  and  3
present  the  results  obtained  in  this  study,  whereas  column  4
provides the corresponding values from Ref. [36] for compar-
ison.

b/fm TDDFT approach TDHFS approach Ref. [36]

0 8.91×10−4 8.77×10−4 8.92×10−4

10 4.30×10−4 4.23×10−4 4.37×10−4

20 1.09×10−4 1.06×10−4 1.11×10−4

30 2.52×10−5 2.45×10−5 2.67×10−5
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VMF(r, t)
carded. The  data  in  column 5  include  the  effect  of  elec-
tron-electron  interaction  through  the  potential  .
The screening of the nuclear  potential  by the filled elec-
tron  subshells  results  in  an  additional  suppression  of  the
positron  production:  the  probabilities  decrease  by  17%–
18%.

F = 0
Z = 92,

ε Z = 96

1s1/2−3s1/2 2p1/2−4p1/2

F = 3

F = 0 Z = 92 96

ε

The  bare  nuclei  results  ( )  confirm  that,  for
  the probability  remains  nearly  constant  with   in-

creasing  , whereas it decreases for  . This behavi-
or is consistent with the supercritical regime discussed in
Refs.  [22,  23,  26].  When    and 
shells  are  occupied  ( , columns  4  and  5),  the   abso-
lute probability is 30 to 50 times smaller than that for the
case  with  .  For  both    and    collisions,  the
characteristic signatures  of  the  supercritical  regime   ob-
served  for  the  bare  nuclei  disappear  because  the  total
probability  increases  with  ,  which  is  in  contrast  to  the
bare-nuclei case.

1s1/2

Rmin = 17.5

F = 3

1s1/2

This  behavior  is  readily  understood:  in  collisions  of
bare nuclei, the   state serves as the primary destina-
tion for electrons created by the spontaneous pair-produc-
tion  mechanism  when  this  state  dives  into  the  negative-
energy continuum  in  the  course  of  collision.  Our   previ-
ous calculations [42] revealed that the contribution of the
spontaneous  mechanism  to  the  total  positron  creation
probability  in  head-on  collisions  of  bare  nuclei  with

  fm  comprised  approximately  27%  and  78%
for  the  U–U  and  Cm–Cm  collisions,  respectively.
However, in the   configuration, this state is initially
occupied. If it remains occupied throughout the collision,
the related  channel  of  positron  emission  is  closed   be-
cause  of  the  Pauli  blocking  effect.  Actually,  a  vacancy
can  be  created  in  the    state  during  the  collision,
which can open the spontaneous positron emission chan-
nel.  However,  the  probability  of  such  a  process  appears
considerably  small  because  the  total  probability  of
positron  creation  is  30  to  50  times  less  than  that  in  the

F = 0

E = 4.7 F = 3 1s1/2

F = 3

collisions of the bare nuclei ( ). Theoretical calcula-
tions  presented  in  Ref.  [33]  suggest  that,  for  U-U  colli-
sions  with    MeV/u  at  ,  the    vacancy
formation probability reaches values on the order only of
a few percent. As a result, in the   case, positron cre-
ation is dominated by the transition of electrons from the
negative-energy  continuum  to  the  higher-lying  bound
states,  without  diving  into  the  negative-energy  con-
tinuum during  collision.  Therefore,  the  signatures  of  the
spontaneous positron  creation  mechanism  are  not   ob-
served. This holds true even when including the electron-
electron  interaction  in  the  calculations.  Accounting  for
the  electron-electron  interaction  through  the  mean-field
potential  reduces  the  total  positron-creation  probabilities
by 17%–18% without altering the overall trend. 

B.    Energy distributions of positrons

Rmin = 17.5 F = 3

Our findings about  the signatures of  the supercritical
positron creation regime are supported by calculations of
the  energy  distributions  of  outgoing  positrons.  Figure  1
presents  positron  energy  distributions  for  head-on  U–U
collisions  with    fm  at  . The  results   ob-
tained with and without considering the electron-electron
interaction  are  presented.  The  inclusion  of  the  electron-
electron interaction in the calculations leads to an overall
reduction in the spectra while leaving their qualitative be-
havior nearly unchanged.

ε = 1.0 Rmin = 17.5
F = 3,

ε = 1.02 1.05
χmax = 31.9◦ 49.2◦

Figures  2 and 3 present the  positron energy distribu-
tions  for  U–U  and  Cm–Cm  collisions,  respectively,  at

,  1.02,  and  1.05  with    fm.  The  spectra
were  obtained  for    including  the  electron-electron
interaction.  The  final  rotation  angles  of  the  internuclear
axis for the scaled collision energies   and   are

  and  ,  respectively,  for  both  U–U  and
Cm–Cm collisions.

ε

Rmin

1s1/2

Increasing the scaled collision energy   with the fixed
minimum internuclear separation   implies that the ve-
locity of colliding ions increases and the time spent in the
supercritical  region  (where  the    energy  level  dives

 

Rmin = 17.5

F = 3

Table  3.      Total  positron  creation  probabilities  for  U–U and
Cm–Cm collisions  at    fm for  different  Fermi  level
configurations.  Column  3  lists  the  results  for  bare  nuclei,
while columns 4 and 5 contain the probabilities for ions with

, without and with electron-electron interaction, respect-
ively.

Z ε F=0 F=3 F=3

No screening With screening

92 1.00 1.12×10−2 3.63×10−4 2.98×10−4

1.02 1.12×10−2 3.85×10−4 3.17×10−4

1.05 1.12×10−2 4.19×10−4 3.48×10−4

96 1.00 3.87×10−2 9.24×10−4 7.62×10−4

1.02 3.84×10−2 9.74×10−4 8.05×10−4

1.05 3.79×10−2 1.05×10−3 8.72×10−4

 

Z = 92 F = 3
Rmin = 17.5

Fig.  1.      (color  online)  Energy  spectra  of  positrons  for  the
symmetric  head-on collision of  ions  with   and   at

 fm with and without electron-electron interactions.
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ε

into  the  negative-energy  continuum)  decreases.  Such
changes are favorable for the dynamical positron produc-
tion  and  unfavorable  for  spontaneous  positron  creation.
Therefore,  if  the  creation  of  positrons  at  the  peak  of  the
energy  distribution  is  dominated  by  the  spontaneous
mechanism, it decreases with increasing  ; otherwise, the
differential probability of the positron creation would in-
crease if the dynamical mechanism is dominant [23–26].
Figure 2 shows that the peaks of energy distributions in-

ε

ε

F = 3
ε

crease with rising  . A similar trend is observed in Fig. 3
for  Cm–Cm collisions.  This  behavior  is  in  contrast  with
the U–U and Cm–Cm collisions of bare nuclei, where the
distribution  peaks  decrease  with  an  increase  in  ,  which
indicates the supercritical regime. In collisions involving
filled  lower  shells  with  ,  the  energy  distribution
peaks grow with increasing  , thereby indicating no char-
acteristic  signatures  of  the  spontaneous  vacuum  decay.
This  observation  supports  conclusions  drawn  from  the
analysis of the total positron production probability. 

IV.  CONCLUSION

F = 3

In this study, we examined the effect of the electron-
electron interaction on positron production in supercritic-
al heavy-ion collisions. Within the monopole approxima-
tion,  we  calculated  total  positron  creation  probabilities
and  energy  distributions  for  U–U,  U–Cm,  and  Cm–Cm
collision  systems,  considering  both  bare  nuclei  and  ions
with electronic states occupied up to  . The electron-
electron interaction was described using the TDDFT and
TDHFS theoretical  methods.  The  agreement  of  our   res-
ults  with  previous  studies  confirms  the  reliability  of  the
employed computational approaches.

F = 3

Our analysis demonstrated that the presence of occu-
pied electronic states leads to a substantial suppression of
positron production as fully occupied lowest bound states
cannot be filled with electrons created from the vacuum,
and thus,  they  no  longer  contribute  to  positron   produc-
tion.  Accordingly,  the  signatures  of  the  spontaneous
positron  creation  regime  observed  in  the  collisions  of
bare nuclei disappear for  , and positron emission be-
comes predominantly driven by the dynamical rather than
spontaneous  mechanism.  Considering  the  electron-elec-
tron  interaction  in  calculations  leads  to  a  further  17%–
18% decrease in positron creation probabilities while the
qualitative picture  of  the  pair  creation  remains   un-
changed.

Our  results  indicate  that  the  characteristic  signatures
of  the  transition  to  the  supercritical  regime,  previously
found  in  collisions  of  bare  nuclei  [22–26],  are  strongly
suppressed in the collisions of partially stripped ions.
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