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Abstract: The configuration interaction relativistic Hartree-Fock (CI-RHF) model is developed in this work. Com-

pared to the conventional configuration interaction shell model (CISM), the CI-RHF model can be applied to study
the structural properties of a wide range of nuclei without readjusting any parameters, as the effective Hamiltonian

for different model spaces can be deduced consistently from a universal density-dependent Lagrangian based on the

Hartree-Fock single-particle basis. The convergence of intermediate-state excitations has been examined in evaluat-

ing the effective interactions, and the core-polarization effects are illustrated, taking 80 as an example. Employing

the CI-RHF model, both the bulk properties and low-lying spectra of even-even nuclei '3-28Ne have been well-re-

produced with the model space restricted to the sd shell. Studies of the isotopic evolution concerning charge radii

and low-lying spectra highlight the shell closure at N = 14 for neon isotopes. Furthermore, the cross-shell calcula-

tions extending from the sd to pf shell successfully reproduced the low-lying spectra of 3*Ne and 32Ne. Notably,

remarkably low excitation energies E(27) of 30Ne suggest the disappearance of the conventional magicity N = 20.
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1. INTRODUCTION

Over past decades, benefiting from the worldwide de-
velopment of rare isotope beam facilities, a multitude of
novel nuclear phenomena have been discovered, such as
halo structures [1, 2], new magic numbers [3—5], and the
so-called "island of inversion" [6, 7]. These discoveries
have significantly extended the interests of nuclear physi-
cists from stable nuclides to unstable ones. Meanwhile,
these also present substantial challenges to our under-
standing of nuclear force and the methodology employed
to address complex many-body nuclear system.

The configuration interaction shell model (CISM) has
been one of the most powerful methods to understand the
fundamental properties of nuclear structure, especially the
sophisticated low-lying spectra [8]. Considering that the
dimensionality of the configuration space grows expo-
nentially with increasing mass number, CISM calcula-
tions are typically constrained to a truncated Hilbert
space, namely the model space, where the core is frozen
and only the degrees of freedom associated with valence
nucleons are considered. As a result, an effective
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Hamiltonian should be introduced to take into account the
configurations excluded from the model space. Practic-
ally, the success of the shell model essentially depends on
the choice of the configuration interactions [9—11].

Phenomenologically, the effective Hamiltonian,
tailored to a specific model space, can be obtained by fit-
ting the selected experimental data, e.g., the USD family
of Hamiltonian for the sd shell [12, 13]. The fully micro-
scopic derivation of the effective Hamiltonian based on
the realistic forces remains a long-standing challenge for
shell model calculations [11, 14—16]. Following time-de-
pendent or time-independent perturbation theory [17, 18],
the Q-box resummation method, also known as the fol-
ded diagram approach [19, 20], has been widely used to
derive the shell model Hamiltonian. It begins with the G-
matrix or low-momentum nucleon-nucleon (NN) poten-
tial Vi, to treat the strong short-range correlations in-
duced by the realistic NN force [21, 22], and then the 0-
box corrections and folded terms are evaluated to ac-
count for the core polarization and other important correl-
ations [23, 24].

Shell model calculations with such effective Hamilto-
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nians present a satisfactory description of the binding en-
ergies and low-lying excitations of the nuclei with a few
valence particles [25—27], while the agreement with ex-
perimental data deteriorates as more valence nucleons are
added [15, 28, 29]. In fact, the main deficiency of such
interactions lies in the monopole part [30], which is asso-
ciated with the mean field of the specific nucleus. To im-
prove the accuracy of theoretical descriptions, an empir-
ical mass dependence of two-body interaction matrix ele-
ments (TBMEs) is typically adopted both for microscop-
ic and phenomenological shell model calculations [9, 12,
31, 32]. Notably, the effects that account for the mass de-
pendence of TBMEs are nontrivial. On the one hand, the
nuclear mean field changes consistently with the addition
of valence nucleons, which indicates that the single-
particle wave functions are mass dependent [9, 12]. By
comparing the G-matrix obtained for different nuclei, Ho-
saka et al. pointed out that the G-matrix elements also ex-
hibit a simple mass dependence [33]. Besides that, an im-
portant missing part of such monopole interactions is
thought to be contributed by three-body forces [30, 34,
35]. Considering the difficulty in handling three-body
Hamiltonians for shell model diagonalization, the domin-
ant contributions of the three-body forces are typically in-
corporated into a density-dependent two-body term [32,
36, 37].

In contrast to the CISM, with a given inter-particle in-
teraction, the nuclear energy density functional (EDF) or
Hartree-Fock (HF) model can be applied to the study of
nuclei across nearly the entire nuclide chart [38—40]. In
the EDF or HF framework, the ground state properties of
the specific nucleus are determined by a self-consistent
mean field or HF potential, which is associated with the
one-body density and can be derived through a variation-
al procedure. Correspondingly, the essential physics en-
capsulated within the mean field or HF potential is mani-
fested in the single-particle structure.

On the other hand, the empirical inter-particle interac-
tions used in the EDF or HF model are obtained by fit-
ting the properties of nuclei and nuclear matter at the sat-
uration point [41—43]. These interactions can be con-
sidered as a kind of phenomenological G-matrix [38, 44],
and their monopole and multipole parts are typically
density-dependent to account for the nuclear in-medium
effects [45, 46]. Notably, recent intensive works related
to unstable nuclei have highlighted the importance of
non-central parts of nuclear force, namely, the spin-orbit
and tensor forces, in the shell evolution [47—49], isotopic
shifts of charge radii [50—52], spin-isospin excitations
[53—55], etc. Compared to the non-relativistic EDF, the
spin-orbit force is naturally included in the relativistic
scheme. Furthermore, the tensor force can be explicitly
obtained via the exchange (Fock) terms in the relativistic
Hartree-Fock (RHF) model [49, 56—62].

With several fitted parameters, the empirical EDFs or

HF models and their extensions have achieved satisfact-
ory descriptions of various nuclear phenomena from light
to superheavy nuclei [63—68]. Naturally, one may expect
that the density-dependent empirical interactions and self-
consistent single-particle basis given by the EDF or HF
model could provide a reliable and general input for the
shell model [69—77], where the effective Hamiltonians
suffer from the issues of locality and mass dependence. In
fact, Brown ef al. suggested that the mass-dependent
monopole terms in the CISM calculations can be con-
strained by the EDF results, which contain the three-
body, density-dependent, and rearrangement contribu-
tions [75]. Earlier, Waroquier et al. proposed a shell mod-
el approach based on the self-consistent Hartree-Fock
single-particle basis with a universal Skyrme-type force
[69]. The calculated two-particle (hole) excited spectra of
doubly magic nuclei are in agreement with experimental
results, with some adjusted or empirical single-particle
energies. Their studies have shown that the effective
TBMEs, derived from the Skyrme force SKE, and the
calculated low-lying spectra strongly depend on the
strength of the density-dependent zero-range force.

In this paper, we aim to integrate the strengths of the
CISM and RHF theory to achieve a more robust method,
namely, the configuration-interaction relativistic Hartree-
Fock (CI-RHF) model. On the one hand, we describe the
nuclear system with an empirical but general Lagrangian,
in which the spin-orbit and tensor forces are naturally in-
cluded, and the nuclear in-medium effects are evaluated
phenomenologically via the density dependencies of the
meson-nucleon coupling strengths [56—58, 62, 78]. On
the other hand, the RHF calculations provide an optim-
ized single-particle basis to construct the model space,
and in such a way, the energy of the frozen core can be
calculated consistently. Following the spirit of the CISM,
we derive the effective Hamiltonian self-consistently us-
ing the folded-diagram approach and then diagonalize it
in the model space to obtain the ground state and low-ly-
ing excitation properties. It is expected that the CI-RHF
model can be applied to study the properties of a wide
range of nuclei, without introducing additional paramet-
ers besides those well-defined in the phenomenological
Lagrangian.

The remainder of this paper is organized as follows.
In Sec. II, we present the general formalism of the CI-
RHF model, and the calculation details of the effective
Hamiltonian are provided in Appendix A. In Sec. 111, we
first examine the convergence of intermediate-state excit-
ations in calculating the effective TBMEs and illustrate
the core-polarization effects. Subsequently, taking 'O,
“0Ca, and *8Ca as examples, we investigate the beyond-
mean-field corrections to the doubly magic nuclei. Fur-
thermore, we obtain the properties of both ground states
and low-lying excited states for neon isotopes with differ-
ent model space, demonstrating the self-consistency of
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the CI-RHF model. Finally, a brief summary is given in
Sec. IV.

II. GENERAL FORMALISM

Based on the meson propagated diagram of nuclear
force [79], the Lagrangian of nuclear systems can be es-
tablished considering the degrees of freedom associated
with the nucleon field (), isoscalar scalar o- and vector
w-meson fields, isovector vector p- and pseudo-scalar 7-
meson fields, and photon field (4) [56, 58, 80]:

L=Ly+ Lo+ L+ L+ L+ L+ 4, (1)

where % contains the interactions between the nucleon
and meson (photon) fields, and .Z; (¢ =y¢,0,w,p,7, and
A) represents the free parts of nucleon and meson
(photon) fields. Starting from the above Lagrangian, the
Hamiltonian of nuclear systems can be derived from the
Legendre transformation, and further, the energy func-
tional can be obtained following the standard procedure
detailed in Refs. [56, 62, 78, 80].

Restricted to the Hartree-Fock level, nucleons are
treated as independent particles moving in an averaged
field. Considering that collective correlations are signific-
antly hindered by the shell structure, such an independ-
ent particle picture provides a satisfactory description for
the ground states of closed-shell nuclei. Practically, the
self-consistent RHF equation can be derived from a vari-
ation of the energy functional:

A
T+ Z Viji’j = &0y, (2)

J=1

where ¢; represents the single-particle energy, which ex-
cludes the rest mass of a nucleon. The one-body kinetic
energy T;» and antisymmetric two-body interaction mat-
rix elements V;;, can be obtained as follows:

Ty = /dxlpi(x)(—iY'V"'M)lﬁi’(x), (3a)

Viipy = /dxdx’lpi(x)lpj(x’)r¢D¢lﬁi'(x)lﬁj'(x/)

_/dxdx,lpi(x)lpj(x,)r¢D¢Wj’(x)lﬁi’(x/)' (3b)

where I'y and D, denote the interaction vertex and meson
(photon) propagators, respectively [58, 78, 80].

To further consider the collective correlations expli-
citly, large-scale configuration mixing is introduced in
the shell model approach. Starting from a complete set of
single-particle basis, such as the self-consistent HF basis

defined by the solutions of Eq. (2), the model space for
the shell model, namely the P-space, can be constructed
on top of a frozen core |core):

Nyal

P=Y "1, W) =]]cflcore), 4)
n i=1

where N,y is the number of valence nucleons, and |core)
corresponds to the wave function of a selected closed-
shell core. It shall be stressed that the creation operation
(c") is restricted within the valence space, and the out-
side space above it is unoccupied. Correspondingly, one
can define the operator O as the complement of P,
namely, Q = 1— P. In general, the nuclear system in a full
Hilbert space can be described with the "bare" Hamiltoni-
an H = Hy+V, where H, is the unperturbed Hamiltonian,
and JV contains the residual interactions. However, the ef-
fective Hamiltonian H°T must be considered when ad-
dressing the eigenvalue problem in a truncated model
space:

PH™P|¥) = EP|¥). (5)

There are several widely used methods to derive the
effective interaction, such as the Krenciglowa-Kuo (KK)
[81] and Lee-Suzuki (LS) methods [82], which are actu-
ally the implementations of the folded diagram approach.
It is worth mentioning that in these methods, the model
space is assumed to be degenerate, which is a relatively
strong limitation, especially for nuclei far from the f-sta-
bility line. Recently, extended versions of the Krenci-
glowa-Kuo (EKK) and Lee-Suzuki (ELS) methods have
been proposed [83, 84], which can be applied to the non-
degenerate case. In the EKK scheme, the effective
Hamiltonian can be obtained by the following iterations:
off _ gy 1 d'O(Eo)
H,~=H GZO)_F;E dEX

(HT —E),  (6)

where the index n denotes the step of the iterations, and

the Bloch-Horowitz Hamiltonian = satisfies HPY(E) =
PHyP+ Q(E). The so-called Q-box is defined as
Q@D:PVP+PV——Q——VR (7)
E—QHQ

Notably, Eq. (6) can be interpreted as a Taylor series
expansion of H°T around the starting energy E,. There-
fore, although the QO-box and folded terms, specifically
the sum on the right side of Eq. (6), depend on E,, the
total effective Hamiltonian H°T is independent of the
starting energy.

For a single-shell valence space, where the unper-
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turbed Hamiltonian can be considered degenerate, the ef-
fective interaction VT in the KK scheme can be obtained
from Eq. (6) by assuming E,P = PHyP:

1 d*Q(Ey)

e A e k
ViT=0E)+) g Y )
k=1 "

In practical calculations, one cannot evaluate the Q-
box exactly. However, it can be further expressed as an
expansion around Hy:

Q2 yp
_HO

0
E-H,

O(E) = PVP+PV—

0
E-H,

+PV 1% VP+---. 9)

For better understanding, Fig. 1 shows the valence-
linked Q-box diagrams, which contain the first-order Q-
box in ¥V, and the second-order core-polarization dia-
grams induced by one and two particle-hole (p-4) excita-
tions, namely, the V371" and V*"?" corrections. At an early
stage, the G-matrix augmented with the second-order
core-polarization corrections served as a satisfactory ef-
fective interaction for shell model calculations [25, 26].
After the initial success, Barrett and Kirson found that
large third-order terms tend to cancel the second-order
contribution, indicating a lack of order-by-order conver-
gence in this perturbation expansion [85]. However, when
the summation of the folded diagrams extends to arbit-
rary orders, as illustrated in Eq. (8), the differences
between the effective interactions containing the Q-box
correction up to second order and those up to third order
are small [14].

In this paper, we consider the Q-box corrections up to
the second order, in which the contributions of ladder dia-
grams are not included to avoid double-counting [38, 86].
The folded terms with k > 10 are terminated because the
derivatives divided by the factorials are sufficiently
small. Moreover, the core and single-particle energies are
calculated consistently, and all the corrections to the
monopole part are neglected to keep the description of
ground states of closed-shell nuclei almost unchanged. It
is noteworthy that the rearrangement terms, induced by
the density dependencies of the meson-nucleon coupling
strengths, should be taken into account in deriving the ef-

H+M+>@ o
v

V3p1h V4p2h

Fig. 1. Valence-linked 0-box diagrams contributing to the

effective two-body Hamiltonian.

fective Hamiltonian. The detailed derivations are presen-
ted in Appendix A.

It is worth emphasizing that all the CI-RHF calcula-
tions are performed in a self-consistent manner. For a
typical calculation, we outline the successive steps as fol-
lows. First, starting from an empirical but general Lag-
rangian (1), spherical RHF calculations can be initially
performed for a specific nucleus. Then, aiming at inter-
ested observables, one can construct a suitable model
space (4) by referring to the single-particle structure.
Based on the RHF single-particle basis and given Lag-
rangian, the core and single-particle energies are calcu-
lated consistently, and the effective Hamiltonian (6) can
be derived using the folded-diagram approach. Finally, by
diagonalizing the effective Hamiltonian in the model
space, namely, solving Eq. (5), one can obtain the proper-
ties of both the ground state and low-lying states of the
nucleus.

III. RESULTS

As the first applications of the CI-RHF model, we fo-
cus on the ground state and low-lying excitation proper-
ties of light and medium-mass nuclei. In the subsequent
calculations, we utilize different Lagrangians, specific-
ally PKA1 [57] and PKO2 [59]. PKO2 contains the de-
grees of freedom associated with the o-scalar (0-S), -
vector (w-V), p-vector (p-V), and photon A-vector (4-V)
couplings, while PKA1 further considers z-pseudo-vec-
tor (m-PV) and p-tensor (p-7) couplings. The single-
particle basis is provided by the spherical RHF calcula-
tions. Furthermore, the valence space for even-even nuc-
lei 'O and '3-2Ne is restricted to the sd shell, composed
of the 1ds;, 25152, and 1d;), orbits. In the current work,
the excitations of the Dirac sea are negligible due to the
large energy denominator. Additionally, the BIGSTICK
code is used for the diagonalization of shell model
Hamiltonians [87].

A. Convergence of intermediate-state excitations

In general, one requires approximately 10 oscillator
quanta excitations to obtain fully converged effective
TBMEs [88—90]. However, in this work, the effective
TBMEs are calculated with the self-consistent Hartree-
Fock single-particle basis. Before realistic applications, it
is necessary to examine the convergence of intermediate-
state excitations, namely, to determine the energy trunca-
tion of particle states (p).

Using the Lagrangian PKA1l and considering the
simple nucleus 30 as an example, we calculate the "bare"
TBMESs, namely, the first-order Q—box diagram and the
effective TBMEs with different energy truncations. As
shown in Fig. 2, the TBMEs are indicated by red dots.
The vertical coordinate corresponds to the results ob-
tained with energy truncation of £ <80 MeV, while the
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horizontal coordinates represent the "bare" TBMEs and
effective TBMEs with energy truncations of & <20, 40,
and 60 MeV, as shown in Figs. 2(a)—(d), respectively. It
is evident that the corrections induced by the core-polar-
ization effects are significant, and the vast majority of
these effects are captured when &<20 MeV, as illus-
trated in Figs. 2(a) and 2(b). Furthermore, it can be ob-
served that the calculated effective TBMEs tend to con-
verge when £<40 MeV, and they remain almost un-
changed from £<60 MeV to £<80 MeV. Therefore,
considering practical computational limitations, we con-
sider all possible particle-hole excitations with particle
state energy truncation of & < 80 MeV for light and medi-
um-mass nuclei. Additionally, it should be noted that the
effective TBMEs given by the Lagrangian PKO2 are also
converged under such truncation.

B. Core-polarization effects

The core-polarization corrections were initially calcu-
lated by Bertsch for '®0 and **Sc [91], and subsequently,
their effects were quantitatively evaluated in shell model
calculations by Kuo and Brown [25]. It has been shown
that the dominant contributions of the core-polarization
diagrams originate from the quadruple component,
providing a microscopic interpretation for the empirical
long-range quadruple force [23]. Additionally, Shurpin et
al. found that the core-polarization corrections are signi-
ficantly influenced by the single-particle basis [88]. As

£ <20MeV

<80MeV
?:acd;Je (MeV)

€
a

V

-4 € <40MeV I

€ <60MeV ]

" | I .
-4-3-2-10 1 2 3 4 -4-3-2-10 1 2 3 4
gbcd;J (MeV)

Fig. 2.  (color online) Comparison of two-body interaction
matrix elements Vpeq.; (MeV) of 80 obtained with different
particle state energy truncations using the Lagrangian PKAI.
The diagonal line indicates the equivalence of TBMEs within
different energy truncations. See text for more explanations.

the first attempt, starting from the density-dependent Lag-
rangians PKA1 and PKO2, Fig. 3 illustrates the yrast
band structure of O calculated with the self-consistent
Hartree-Fock basis. In contrast to the calculations using
"bare" PKA1 and PKO2 interactions, which present rather
compressed spectra, fairly good agreement with the ex-
perimental data is achieved after considering the core-po-
larization corrections.

In fact, our results are similar to those obtained using
microscopic G-matrix with a harmonic-oscillator basis
[14, 25], but not with the Brueckner Hartree-Fock basis
[88]. The latter typically yields reduced core-polarization
corrections due to the small radii for hole states and large
ones for particle states, resulting in compressed spectra.
Recently, a self-consistent Dirac Brueckner-Hartree-Fo-
ck approach has been implemented [86], providing a bet-
ter description of the binding energy and charge radii of
160, which could improve this issue.

As pointed out by Brown and Kuo [23], the core-po-
larization corrections primarily arise from the long-range
quadrupole component of neutron-proton isoscalar inter-
actions. Consequently, for the stable nucleus '30, it can
be observed that the core-polarization corrections, which
are associated with the quadrupole properties of nuclei,
are almost identical for different Lagrangians PKA1 and
PKO2.

However, the spectra obtained from the "bare" PKA1
and PKO2 exhibit notable differences. Specifically, these
differences are determined by the isovector two-body
matrix elements V22 . where index a denotes the neut-
ron orbit vlds,. As an illustration, we extracted the con-
tributions from various meson couplings to these TBMEs,
as shown in Table 1. It is observed that the o-scalar and
w-vector couplings provide crucial contributions to these
TBMEs, as described by PKO2, but less for PKA1. This
is due the fact that the p-tensor coupling in PKAIl

401 a3 PKA1 PKO2
R 3.0 180
> 1o —
Q20 - —
=3 — —
|_|J>< 1.0

+ —
0.0 1
EXp. Vbare Veff Vbare Veff

Fig. 3. (color online) Calculated yrast bands of 30 based on

Lagrangians PKA1 and PKO2 compared with experimental
results from [92]. Core-polarization corrections are not in-
cluded in the case of V¢, Note that the energy of the ground
state (0] ) is set to zero.
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presents notable contributions, which results in distinct
differences in the spectra obtained from "bare" PKA1 and
PKO2.

C. Description of doubly magic nuclei

Due to the presence of the significant shell gaps, the
ground state properties of doubly magic nuclei are fre-
quently employed to constrain phenomenological Lag-
rangians within the mean field framework, such as PKA1
and PKO2. After considering the core polarization cor-
rections and configuration mixing, the beyond-mean-field
effects can be contained explicitly in the CI-RHF calcula-
tions. To elucidate the distinctions between the RHF and
CI-RHF calculations, we present the calculated ground
state binding energies and charge radii of doubly magic
nuclei %0, 4°Ca, and **Ca in Table 2. It should be noted
that in the CI-RHF calculations, the valence space for 'O
consists of the p and sd shells, while for “°Ca, it includes
the 251/, 1ds2, 1f72, and 2p;), orbitals. Additionally, we
adopt the pf shell as the valence space for “*Ca.

It is observed that both the binding energies and
charge radii calculated using the CI-RHF model (denoted
as CI in Table 2) are larger than those given by the RHF
calculations (denoted as HF in Table 2). For PKO2, the
RHF results underestimate both the binding energies and
charge radii compared to the experimental values.
However, after explicitly incorporating beyond-mean-
field effects, the CI-RHF calculations improve the de-

Table 1.

Calculated "bare" two-body interaction matrix elements Vo

scriptions of 0, “°Ca, and “*Ca. Conversely, for the
Lagrangian PKAI, the CI-RHF results for these nuclei
are slightly overestimated, whereas the RHF results align
more closely with experimental data. However, the bey-
ond-mean-field corrections to the ground state bulk prop-
erties of doubly magic nuclei are relatively small, which
indicates that the phenomenological Lagrangians PKA1
and PKO2 can serve as reasonable inputs for the CI-RHF
calculations.

D. Description of neon isotopes

In general, with the addition of more valence
particles, it is necessary to consider the mass dependence
of the harmonic oscillator basis [12] and G-matrix [33],
as well as the effects of the three-body force [35]. For in-
stance, an empirical mass dependence (18/4)%° is as-
sumed for the USD Hamiltonians [13]. Within the CI-
RHF framework, it is expected that the initial Hartree-Fo-
ck calculations can capture the effect of changing mean
field, while the complicated many-body effects can be
evaluated through the density-dependence of the meson-
nucleon coupling strength [56, 57, 59]. Consequently, for
nuclei with more than two valence nucleons, no addition-
al parameters are introduced in the CI-RHF calculations.

The neon isotopes span the entire neutron sd shell,
providing ideal examples for studying low-lying spectra
and their isotopic evolution. In the following, we first re-
strict the valence space to the sd shell and present the res-

(MeV) of 130 obtained using the Lagrangians PKA1 and

aaa;J

PKO2. Here, the index a represents the neutron orbit vlds;,. The contributions from different meson couplings are also presented. See

the text for more explanations.

J vhare o-Sto-V p-V p-T n-PV
0 -1.92 —0.68 0.92 -2.13 -0.03
PKAI 2 -1.13 -0.82 0.24 -0.48 -0.07
4 -0.63 -0.56 0.11 -0.21 0.03
0 -1.35 —2.48 1.13 0.00 0.00
PKO2 2 -1.02 -1.32 0.29 0.00 0.00
4 -0.66 -0.79 0.13 0.00 0.00
Table 2. Calculated binding energies and charge radii of '°0, “°Ca, and **Ca using the RHF and CI-RHF model with Lagrangians
PKA1 and PKO2, compared to the experimental values (taken from [93, 94]).
Binding energy/MeV Charge radii/fm
160y 400, 480, 160 40, 80y
Exp. 127.62 342.05 416.00 2.699 3.478 3.477
PKAI1(HF) 127.16 341.48 416.04 2.802 3.530 3.495
PKAI1(CI) 128.41 343.08 416.95 2.860 3.535 3.495
PKO2(HF) 127.09 340.70 415.25 2.673 3.434 3.457
PKO2(CI) 127.60 341.83 415.85 2.715 3.439 3.457
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ults for the even-even isotopes '#-%Ne.

As shown in Table 3, the binding energies of neon
isotopes are described reasonably by the CI-RHF calcula-
tions, despite a slight overestimation by the Lagrangian
PKAL. These results are consistent with the behavior ob-
served for doubly magic nuclei, where the Lagrangian
PKAT1 similarly overestimates the binding energies, while
the Lagrangian PKO2 exhibits better agreement with ex-
perimental data. Meanwhile, the CI-RHF calculations
provide a reasonable description of the isotopic shift of
charge radii for neon isotopes, despite the values being
systematically underestimated by PKO?2, as illustrated in
Fig. 4. Considering that the z-pseudo-vector and p-tensor
couplings can enhance the quadruple correlations and
give rise to more notable deformation, as indicated by
previous studies [62, 78], it is not difficult to understand
that PKA1 yields larger charge radii than PKO2 for the
ground states of neon isotopes. Moreover, it can be ob-
served that °Ne presents the largest charge radius. This is
understandable because 2°Ne is strongly deformed, lead-
ing to a significant occupation of protons (occupancy
number 0.62 and 0.42 for PKA1 and PKO2, respectively)
in the more extended orbits #2s,,, and nld;;,. Notably,
the charge radius of **Ne is significantly smaller com-
pared to that of neighboring isotopes, which may serve as
an indicator of the neutron subshell N = 14.

Besides the ground state properties, the CI-RHF mod-
el also considers low-lying excitations using the same
Lagrangian. Taking PKAT1 as the candidate, Fig. 5 fur-
ther shows the low-lying spectra of even-even isotopes
18-28Ne. The reduced electric quadruple transition probab-
ilities from the initial state ¥; to final state ¥, are calcu-
lated as follows:

1 ) 2
B(E2;¥; > V) = mu%nea nIYH|".  (10)

It should be noted that e, denotes the bare charge for
protons or neutrons in the full space, while effective
charges must be introduced in a truncated shell model
space to account for the 27w core excitations. In fact, a
reasonable quantitative description of B(E2) would re-
quire the inclusion of higher-order corrections to effect-
ive charge [11, 96]. Considering the limitation of practic-
al calculations, in the current work, we use empirical ef-
fective charges of 1.29 and 0.49 for protons and neutrons,

respectively, which are averages over orbits and masses
in the sd shell obtained through a least-squares fit [97].

As illustrated in Fig. 5, it is clear that the calculated
low-lying spectra are in good agreement with the experi-
mental data for both the yrast and non-yrast bands. Spe-
cifically, the excited energies for 2%?’Ne are slightly over-
estimated by the present calculation, while it yields a rel-
atively compressed spectrum for ¥Ne and even-even iso-
topes 2#-2Ne. The trend of the reduced transition probab-
ilities B(E2;2} — 07) is consistent with the experimental
results, despite the value for *Ne being overestimated. In
fact, earlier experimental measurement yielded a B(E2)
with larger central value (53.8+27.2 e*fm*) for 2Ne [98],
as given by Monte Carlo shell model calculation [99].
Such inconsistency remains unexplained. Meanwhile, it
should be noted that the effective charges are orbit-de-
pendent and can be influenced by the single-particle wave
functions of the specific nuclide. As one moves away
from stable nuclei towards the neutron-rich side, the ef-
fective charges typically decrease [100]. Consequently,
aiming at reliable analysis and prediction for transition
properties, it is necessary to calculate the effective
charges with the self-consistent Hartree-Fock single-
particle wave functions in the future.

Furthermore, it can be observed that both ?*Ne and
%Ne exhibit higher excited state energies E(2]) com-
pared to their neighboring isotopes. In general, large shell
gaps result in relatively high excited state energies E(2})
and low quadrupole collectivity. Along the isotopic chain,
the B(E2;2} — 07) values increase from '®Ne to *Ne and
2Ne but are significantly reduced at N = 14 and N = 16.
Ne and **Ne are strongly deformed [92, 101], with a
similar energy ratio E(41)/E(2}) of approximately 2.7,
both experimentally and theoretically. However, the ra-
tios E(47)/E(2}) for **Ne and *Ne are close to 2.0, indic-
ating near pure collectivity of vibration. Therefore, com-
bined with the isotopic evolution of charge radii shown in
the lower panel of Fig. 4, a notable subshell closure at
N = 14 is indicated in neon isotopes, as well as a less pro-
nounced one at N = 16.

As discussed above, the CI-RHF calculations provide
a reasonable description of even-even '3-2Ne nuclei
when the valence space is restricted to the sd shell.
However, extensive studies on atomic masses [102, 103],
charge radii [104], and excitation spectra [105—107] have
revealed that the neutron magicity N =20 disappears for

Table 3. Calculated binding energies (in MeV) for the even-even 8-2Ne isotopes using the CI-RHF model with Lagrangians PKA1
and PKO2, compared with the experimental values (taken from [94]).
18Ne 20N 2N 24N 26N BNe
Exp. 132.14 160.65 177.77 191.84 201.55 206.86
PKA1 133.07 163.45 181.04 194.25 204.80 209.83
PKO2 131.87 160.67 179.99 193.99 201.80 206.56
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Fig. 4. (color online) Calculated charge radii R. of neon iso-

topes using the CI-RHF model with Lagrangians PKA1 and
PKO2, compared with experimental data. The dashed line rep-
resents the trend of experimental values (taken from [93]).

nuclei in the "island of inversion", indicating the intru-
sion of the pf shell. Consequently, it becomes necessary
to obtain a multi-shell Hamiltonian to account for the
cross-shell excitations. For instance, the SDPF-M effect-
ive Hamiltonian was constructed to explain the anomal-
ous properties of neutron-rich nuclei around N =20 [99],
with the model space comprising the sd shell and addi-
tional 17, and 2p;), orbits. More recently, taking the full
sd shell and neutron pf shell as the valence space, the ef-
fective Hamiltonian SDPF-U-MIX has been proposed
[108] to study a broad range of nuclear properties. Not-

ably, experimental guidance on single-particle energies is
typically lacking for nuclei with extreme N/Z ratios, and
it is challenging to determine the effective TBMEs in
such a large model space by fitting experimental data.

In the CI-RHF framework, starting from the empiric-
al but general Lagrangian, it is convenient to derive the
multi-shell Hamiltonian by incorporating the EKK meth-
od [83, 84], as no additional parameters need to be read-
justed. Taking the neutron-rich nuclei **Ne and **Ne as
examples, we performed sd-pf cross-shell calculations
with the effective Hamiltonian derived from the Lag-
rangian PKA1, in comparison to the results given by the
effective Hamiltonian SDPF-U-MIX. To reduce the di-
mension of configurations, the CI-RHF calculations with
PKAL1 include only the neutron 1f;,, and 2p;), orbits in
the pf shell as active orbits, in addition to the sd shell for
proton and neutron. For comparison, the left panel of Fig.
6 also show the theoretical results of **Ne calculated with
PKAT and USDB Hamiltonians [13], for which the mod-
el space is restricted to the sd shell.

It is observed that the excited energies E(2}) of *°Ne
are significantly overestimated with the neutron closed-
shell configuration for both the PKAl and USDB
Hamiltonians. After considering the neutron cross-shell
excitations, the CI-RHF calculations using the same Lag-
rangian PKA1 successfully reproduced the low-lying
spectra, yielding results comparable to those obtained
with the SDPF-U-MIX Hamiltonian [108]. It is note-
worthy that the effective single-particle energy of the
neutron 2p;,, orbit, obtained with Lagrangian PKA1, is

4l T2]  ols— 8T 4 12tk 8 i
— 4:_ _2; — l 29(4) 371 — (81)_ !
és- 4 30 1 29—6;— 6= - ég— 205
< 29.3 < < + +
2L o J 1 Tx6Ff }6““0) e ] =60 — 6] -
w " 21T ~~~~~~~~~~~~ w 4 4y w . . | 837
1| 36(5.2) 348 ] 3 +-l-71(6) 86.2 | 3L 4 4 _
l | S Toesnn o i ! 20
0 0= 0j = - 00" oj - oL oyt giisee ]
Exp. PKA1 Exp. PKA1 Exp. PKA1
L 24 i L 26 e L 28 i
2 +
4L e . 4k 72.31 4k —_47
+! _2 —F . — (O + ‘
= 4 2 4:T ‘ 2 < |[e— 23) Tzz = 3
3k 3l 4 - 3k, n— -
[} () 1 (0] * -—
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Fig. 5.

(color online) Comparison of low-lying spectra of neon isotopes between experimental data [92, 95] and theoretical results ob-

tained using the CI-RHF model with Lagrangian PKA1. The available reduced transition probabilities B(E2) (in e’fm*) within and

between bands are also shown. Note that the energies of the ground

states (0] ) are renormalized to zero.
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Fig. 6. (color online) Cross-shell calculations of the excita-

tion spectra for 3**Ne and *’Ne, compared with experimental
data [92, 106, 109]. The left panel shows theoretical results
with the valence space restricted to the sd shell. Note that the
energies of the ground states (07) have been renormalized to
zero. See the text for more explanations.

approximately 1 MeV lower than that of the 1f;,, orbit, in
contrast to the conventional spherical shell ordering. In
fact, recent cross-section measurements for Ne isotopes
also suggest that the valence neutrons in 3'Ne occupy
low-/ orbits [110, 111], leading to a halo structure in this
nucleus [112]. It would be intriguing to investigate the
mechanism driving shell evolution and halo formation
around the N =20 "island of inversion" in future studies.

IV. CONCLUSION

In this paper, we proposed a method to consistently
construct the configuration interactions for shell model
calculations based on RHF theory, which is referred to as
the CI-RHF model. In the CI-RHF framework, initial
RHF calculations capture the effect of changing mean
field, and the density-dependent meson-nucleon coupling
allows for a consistent treatment of complex many-body
effects. Consequently, the core and single-particle ener-
gies, as well as the effective TBMEs, can be derived from
the same Lagrangian for each nuclide, which provides a
robust solution for determining the effective Hamiltonian
for any given model space. Based on that, the CI-RHF
model is applicable for studying the properties of a wide
range of nuclei with a few well-defined parameters in the
phenomenological Lagrangian.

Taking the simple nucleus 'O as an example, we
have checked the convergence of intermediate-state excit-
ations in evaluating the effective interactions and studied
the core-polarization effects, which are crucial for repro-
ducing the structure of the yrast band. Furthermore, we
have shown that the CI-RHF model provides a satisfact-
ory description of both the bulk properties and low-lying
excited spectra for doubly magic nuclei and even-even
nuclei '8-2Ne. The isotopic evolution characteristics of
charge radii and low-lying spectra indicate a notable sub-
shell at N = 14 in the middle of the sd shell for neon iso-
topes. Finally, by taking into account neutron cross-shell

excitations from sd shell orbits to the 1f;,, and 2p;,, or-
bits, the CI-RHF calculations successfully reproduced the
low-lying spectra for more neutron-rich nuclei *°Ne and
Ne without readjusting any parameters. These prom-
ising results demonstrate that the CI-RHF model can
provide equally reasonable descriptions of both stable and
unstable nuclei using the same Lagrangian, which is cru-
cial for making reliable predictions for nuclei near the
proton or neutron dripline.

It should be noted that the CI-RHF calculations re-
main limited due to computational restrictions on the di-
agonalization of the shell model Hamiltonians, similar to
the limitations met in conventional CISM calculations. It
would be interesting to diagonalize the shell model
Hamiltonians in the nonorthogonal deformed basis by in-
corporating the Generator Coordinate Method [113—115],
which could help us reach regions beyond the limit of the
CISM and achieve a unified description for nuclei
throughout the entire nuclide chart.

ACKNOWLEDGEMENTS
The authors Thank Dr. P.W. Zhao and Dr. F.Q. Chen

for their fruitful discussions.

APPENDIX A. DETAILS OF EFFECTIVE
HAMILTONIAN CALCULATIONS

A.1. Rearrangement effects for the density-dependent
Hamiltonian

To account for the complicated in-medium effects in
nuclear many-body system, density dependence is typic-
ally introduced into phenomenological Lagrangians or
nuclear forces. For instance, the meson-nucleon coupling
strengths depend on the one-body density in the density-
dependent relativistic Hartree-Fock model [56]. In the
following, we consider a general density-dependent
Hamiltonian to describe the many-body system in a full
Hilbert space:

1 _
H: ZTii’cjci' + ZZ‘/iﬁ;j/(p)C:C;Cj/Ci/, (Al)

iji'j

where the kinetic energy matrices T, and antisymmetric
two-body interaction matrices V;;»; are expressed by Eq.
(3) in the relativistic framework. Considering a general
many-body wave function |¥), the one- and two-body
nucleon density matrices can be obtained as follows:

pir ={(Plcfco ¥, pijiry =(Plc]clepcs ). (A2)

Then, one may express the energy functional £ with
respect to the one-body and two-body density matrices as
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a Taylor series expansion around the starting one-body
density p” = {0}, 0%, }:

E= ”Z Tivpir + % Z ‘7ij,"j/ (po)piji’j'

iji' j'

1 _,
32 Vi @piepou=pi)+ (A3)

iji'j Kkl

where V'® represents the first-order derivative with re-
spect to the one-body nucleon density matrix py. It is
clear that, besides the normal terms, namely, the linear
terms of the density matrices p;» or p;jr;, there are high-
er-order terms induced by the rearrangement effects in
the energy functional (A3). It should be emphasized that,
before the variation of energy functional, one cannot
evaluate the rearrangement effects exactly, which in-
clude all terms up to infinite order.

In practical calculations, to accelerate the conver-
gence of the Taylor series expansion, the one-body dens-
ity of the Hartree-Fock ground state is adopted as the
starting point of the expansion, namely, p° = p"'f. Mean-
while, for all nonlinear terms, one can approximate the
one-body or two-body nucleon density matrices with pf,
or p; , to ensure the linear density-dependence of the en-
ergy functional. Consequently, the energy functional is
approximated as follows:

J—
E~Ef+Y Thpy+ i > Vi @i (A4)

iji' j'

where the zero-order rearrangement term Eff and kinetic
energies containing the rearrangement term corrections
T% are defined as

1 _
Ey==2> > Vi @"wii il

ijirj kil

1 i
T3 =T+ 3> Vit 0"l (A3)

kjlj’

In this case, only the monopole part of the Hamiltoni-
an is modified by the rearrangement terms. In the future,
one may evaluate the rearrangement effects more pre-
cisely after the variation of the energy functional.

A.2. Derivations of effective Hamiltonian
for shell model

The energy eigenvalue equation can be obtained from
a variation of the energy functional (A4) with respect to
the coefficients C,, namely, the probability amplitude of
a specific basis ¥,. Considering that the shell model cal-
culations are typically restricted to a truncated model

space (4), the effective Hamiltonian must be introduced
to account for the configurations beyond the model space:

> HC, =EC,,

n

. 1 _
eff _ preff eff _mn eff mn
H,, =EZ 6+ E Eir Py + ) E Vi nPijir > (A6)
i’

iji' j!

where the one-body and two-body nucleon density
matrices from the initial state ¥, to final state ¥, are
defined as

P = (Wnlcles ), pliy = (Walelcfepcal¥,). (A7)
It is clear that the input for shell model calculations is
the effective Hamiltonian matrix elements H¢", which in-
clude the core and single-particle parts as well as the re-
sidual two-body interaction matrix elements. For the con-
ventional shell model, the core energy E°T is taken from
experimental data, and the single-particle energies &£ are
typically determined by fitting or experimental data.

In this work, starting from a general Lagrangian (1),
both the core and single-particle energies, along with the
rearrangement terms, were calculated consistently based
on the Hartree-Fock single-particle basis:

N, Ne Ne
e - re 1 ~c e re ~c
ET=Y"Ti+ B D V™), ST =TE+Y Vi (o™,
i=1 i,j=1 j=1
(A8)

where N, represents the number of nucleons in the core.
It should be noted that the given Lagrangian (1) is ob-
tained by fitting the binding energies of several doubly
magic nuclei at the Hartree-Fock level, which means
higher corrections to the monopole part of energy have
already been absorbed into the phenomenological Lag-
rangian. Consequently, the higher-order corrections to the
core energy, such as the contributions of ladder diagrams,
are neglected to avoid double-counting. Moreover, the S -
box corrections to single-particle energies are also not
considered to keep the description of ground state proper-
ties of closed-shell nuclei almost unchanged. For the two-
body part, we must calculate the "bare" TBMEs and
second-order core-polarization corrections, as well as the
folded terms. Similarly, the corrections to the monopole
part of TBMEs are removed.

In the following, we focus on the calculation details
of effective interactions (8). Imposing spherical sym-
metry, the single-particle states y are specified by a set of
quantum numbers « = (a,m,) = (T4 N4sly, joomy). In the
coupled representation, the particle-particle matrix ele-
ments can be obtained as follows:
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Vabcd;] = j72 Z CJM CJM Vaﬁy&» (A9)

JaMa jpp ~ jeme jama
mgmpmemgM

where V4, represents the uncoupled TBMEs, and J=
V2J+1. Note that the notation used in this paper is
standard [116], including the Clebsch-Gordan coeffi-
cients and 6 symbols.

Furthermore, the V3! correction in the O-box con-
sists of the following four terms:

3plh
Vabcd J

Vhb pd;A Vapch;/l

Ja Jo 4
= f, A2
dphz ji g» J | Eo—(eatEa—en+ep)

pha

+f beph Z A2 o Ja A Vhapt;/l prdh;ﬁ
" pha Je Ja J | Eo—(eptec—&tey)

+ facpn Z r Ja Ja A VispeaVapana
" pha Je jo J | Eo—(eate.—&ntey)

+ fodph Z 22 Jo e 4 Vhapd;/l prch; 1
" pha jd ja J EO_(8h+5d—8h +8[,)

(A10)

where E, represents the starting energy in the Q-box, and
the factors f,1,, corresponding to different intermediate-
states, are expressed as

Jaapn = (=1) e,

f;u‘ph = _17

ﬁ)cph =(-1 )J+ja+jb s

—(=1)atiotictia,

All
ﬁ:dph = ( )

Moreover, the particle-hole matrix elements in Eq.
(A10) can be obtained as follows:

_ 352 2 _1\Jptmp+jetme ~AM AM ¥,
Vabcd;/l - /l ( 1) Cjamajv_mv demdjb_mb V(Y,B}/d'

mgmpmemg M

(A12)

Additionally, the different energy denominators in
Eq. (A10) can both be simplified as ¢,—¢&, when the
model space is degenerate, namely,
Ey=2¢, =2¢g, =2¢e. = 2¢g,.

The V*2" correction in the Q-box can be evaluated in

the coupled representation as follows:

Vabhh’ J th’ cd,J
Vb = : : (A13)

bedy,J —
ave T E()—(Sa+8b+8€+8d—8h—£h/)’

Similarly, in a degenerate model space, the energy de-
nominator can be further
1
2
that, in this work, we removed the contributions from the

simplified as &,+¢&,—

(&4 +&p+&.+&4). Moreover, it should be pointed out

isoscalar two-particle cross-shell excitations, which could
lead to divergent binding energies with the given Lag-
rangian (1). Additionally, the center-of-mass correction
was evaluated with the projection-before-variation meth-
od [117].
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