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Abstract: In this study, we investigated the impact of rotation on the thermodynamic properties of QCD matter us-

ing the three-flavor NJL model. We examined the dependencies of key thermodynamic quantities, such as the trace
anomaly, specific heat, speed of sound, angular momentum, and moment of inertia, on temperature, quark chemical
potential, and angular velocity. Our main finding is that the speed of sound exhibits a nonmonotonic behavior as the

angular velocity varies.
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I. INTRODUCTION

In recent years, there has been growing interest in
studying matter under extreme conditions, particularly in
the context of intense rotational scenarios within the field
of Quantum Chromodynamics (QCD). QCD matter pro-
duced in non-central collisions exhibits a non-negligible
angular momentum on the order of 10* ~ 10°%, with local
angular velocities in the range of 0.01~0.1 GeV [1-5].
The orbital angular momentum of the Quark-Gluon
Plasma (QGP) can be transferred to the spin of its con-
stituent particles through spin-orbit coupling, a phe-
nomenon known as the Barnett effect [6, 7]. Con-
sequently, quarks and anti-quarks become polarized along
the direction of the reaction plane. In 2005, Liang and
Wang [1] predicted that spin—orbit coupling would lead
to the polarization of strange quarks produced in non-
central heavy ion collisions. Subsequently, in 2008, Bec-
attini and colleagues [3] highlighted that, within a hydro-
dynamic framework, local thermodynamic equilibrium
implies a relationship between spin polarization and the
structure of rotational flow. Significant progress has also
been made in theoretical investigations of QCD matter
under rotation, which has attracted considerable attention
in recent years. Previous studies have also explored vari-
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ous phenomena such as pion superfluidity [8—10], p
meson superconductivity [11, 12], and chiral and decon-
finement transitions [13—24].

Experimentally, in 2017, the STAR Collaboration
published the first observation of global polarization res-
ulting from non-central heavy-ion collisions [25]; in
2020, the ALICE Collaboration reported spin alignment
of vector mesons ¢ and K** [26]; and in 2023, the STAR
Collaboration also measured the spin alignment of ¢ and
K [27]. Additionally, there have been advancements in
lattice simulations of rotating systems [28—32]. These ad-
vances have led to the exploration of numerous spin-re-
lated quantum phenomena and remarkably strong fluid
vorticity structures. For example, hydrodynamic simula-
tions have been widely used to investigate vorticity and
spin polarization in heavy-ion collisions. Hydrodynamic
[33—47] and transport [48—56] models have made signi-
ficant progress in the study of vorticity and polarization
observables.

QCD thermodynamic quantities reflect the physical
characteristics of the QCD phase transition. Knowledge
of these quantities at finite temperature, chemical poten-
tial, and angular velocity is essential for studying non-
central collisions. Some thermodynamic quantities, such
as the trace anomaly and speed of sound, are sensitive to
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the phase transition and serve as potential signals for ex-
perimentally studying the transition and identifying the
critical endpoint. Experimental determination of the
speed of sound in QGP was proposed in [57-61]. Be-
sides, QCD thermodynamic quantities, such as pressure
and speed of sound, are crucial inputs for hydrodynamic
simulations and transport models [62—65]. Therefore, it is
important to investigate the rotation effect on the thermo-
dynamics of strong interaction matter.

According to lattice simulations [66, 67] and func-
tional renormalization group theory [68—71], at low mo-
mentum or renormalization group scale, the gluons are
decoupled from the system owing to the finite mass gap.
The QCD system, which includes degrees of freedom of
quarks and gluons, is transformed into a system com-
posed by quarks and hadrons, which can be described by
low energy effective field models. These models, such as
the Nambu—Jona-Lasinio (NJL) model [14, 72—76] and
quark meson model [77-79], offer alternative  ap-
proaches to exploring strongly interacting matter, captur-
ing essential features of QCD and providing insights into
the QCD phase structure at finite temperature, density,
and angular velocity.

In this study, we employed the three-flavor NJL mod-
el to analyze the thermodynamic properties of strongly
interacting matter under rotation, including the speed of
sound, angular momentum, and moment of inertia. This
paper is organized as follows. In Sec. II, we introduce the
formalism of the three-flavor NJL model and derive de-
tailed expressions for thermodynamics in the presence of
rotation. In Sec. III, we present numerical results and dis-
cussions on thermodynamic quantities. Finally, in Sec.
IV, we summarize our findings and conclude the paper.

II. FORMALISM

First, we provide a brief overview of the foundation
for studying rotating matter within an effective model.
The general approach is to conduct the study in a refer-
ence frame that rotates with the system [14, 23, 80, 81].
In this frame of reference, rotation can be described in
terms of an external gravitational field. The structure of
space-time in a rotating frame is represented by the met-
ric tensor, which reads

1- 17)2 -V —Vy —V3
-V -1 0 0 o
g v = 9
! v, 0 -1 0

—V3 0 0 -1

where v; is the velocity. Our starting point is the partition
function

z- / DIFDIWIE ™, @

where S denotes the quark action, which is the integra-
tion of the Lagrangian density £. When extending to the
case of rotating fermions [14, 80, 82] with non-zero
chemical potential, the Lagrangian in the three-flavor
NJL model is given by

L=0 (i@, +T)—-m+y"u)y
8

+G Z (zﬁ/l“gb)2

a=0

— K{det[y(1 +9 )]+ det[(1 -y 1}, 3)

where ¢ is the quark field; 3 = e*y* with e/ denoting
the tetrads for spinors and y* denoting the gamma matrix;

1 1
= in[y”,yb] Lapu, which is the
spinor connection, where [y = 7..(¢,G%, e, e, ¢ ,);

[, is defined as I

G, 1s the affine connection determined by g"; m is the
bare quark mass matrix; u denotes the chemical potential;
G represents the coupling constant of the four-point inter-
action term; and A%(a = 1,...8) are the Gell-Mann matrices
in the flavor space. The last term corresponds to the 't
Hooft interaction with coupling strength K, which is a de-
terminant in the flavor space. Considering a system with
an angular velocity along the fixed z-axis, then V= dx ¥.
By choosing ¢%, = 6, +6%6°, vi and e/ =6/ ~6,’6/ v;, and
expanding the Lagrangian to first-order in angular velo-
city, we obtain the following expression:

L=y [iv"d,-m+y"uly

w307 (57)-(13) 5o

8
+G Z (zZz/l“(,//)2
a=0
— K{det[g (1 + ¥ )yl +detly(1 =¥y, )
.= 1 T o0, .
where Saxa = 2o o) the spin operator. Apply-

ing the technique of the path integral formulation for the
theory of Grassmann variables and the mean field ap-
proximation, linearization of 4-quark and 6-quark interac-
tions is achieved, yielding the following expression for
logZ :
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1 _ _
logZ = T / dx (202 W) 4K H <l//f¢ff>>
f f

D—l
+ ZlogdetTf. %)
!

The inverse fermion propagator D! in Eq. (5) can be de-
rived as follows:

1 NN
D’l:yo<—ia)1+(n+§>w+u>—M—7-[), (6)

where we have introduced the Matsubara frequency,
w; = -1py =21+ )nT, at temperature 7, and M denotes
the dynamical mass of the quark,

M, = m, +(2K(5s) - 4G)(qq), (7

M, = m,—4G(5s) +2K{(Gq)* . ®)

To find solutions of the Dirac equation, we start by
choosing a complete set of commutating operators con-
sisting of A, which can be obtained from Eq. (4) by us-
ing the relation H =y (iy"dy) ¥ — £, momentum in the z-
direction p,, square of transverse momentum p?, z-com-
ponent of the total angular momentum J,, and transverse
helicity f,, where 7 =¥*y*P:-S, and y° =iy%y'y%y>. By
solving the eigenvalue equations of the complete set of

3

commuting operators {H, p., ﬁf,fz, fz,}, we obtain the
positive and negative energy solutions of the Dirac field
as follows. In cylindrical coordinates, the general spinor
eigenstates can be expressed as

eipzzeinejn (pfr)
Seip;zei(n-#I)G)Jn_*_1 (Pt")
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—se eV, (pyr)

_ E+m
"=V 4k

(10)

Here, s = +1 represent the transverse helicity values and n
denotes the z-direction angular momentum quantum num-
ber. After the summation of all the Matsubara frequen-
cies and following the general approach of finite temper-
ature fields [83], it can be shown that the grand thermo-

T
dynamic potential (Q=—V10gZ) takes the following
form:

0 A V/\Z—p[2 1
_ — \2 sa\2) _ = \2yoN_ O 2 2 Y
Q=26 (gq)° +(55)°) ~ 4K(qq)*(55) ~ 5 2;0 /0 pdp, / \/A—d” (Furi (pr)* + T (per)?) (Eq (2 +n) w)
3 b © o jlq+Eq7(%+n)m ‘1{]+Eq7(%+n)m
ey Z / ptdpl/ dp, ((Jn+l(ptr)2 +Jn(ptr)2) T {log (‘37 ’ + 1) +log (67 T + 1)}
n=—c0? 0 e

3 S A V=t i X |
_RZ/ p’dpt/_mdpz((‘]nﬂ(ptr) +Ju(pir) ) (Es_(§+n)a))

0

n=-—00

3 hai b o —us+Es—(L+n)w us+Es—(L+n)w
~ 4 Z/ ptdpt/ dpz((J,l+1(p;r)2+Jn(ptr)2)T{log (e’ ik +1> +log (6,752 : +1>}. (11)
4 0 —c0

n=—oo

Here, the quark  quasiparticle energy is

E; = \/M}+ p}+p?. For simplicity, we also introduce the
quark quasiparticle energy under rotation:

Epn=E;- <% +n> w. (12)

Note that the expression for the grand thermodynamic po-

[
tential above contains an explicit cutoff dependence due
to the nonrenormalizability of the NJL model. Here, the
thermodynamic potential naturally separates into a vacu-
um contribution and a temperature-dependent matter part,
which is helpful for calculating thermodynamic quantit-
ies. The three-momentum cutoff in the vacuum part
should be chosen to reproduce observables, such as the
pion mass and pion decay constant. In principle, the
cutoff in the matter part should be infinity. Here, A is the
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three-momentum cutoff of the vacuum part in the poten-

0Q 0Q

— = =0, 13
fal, 8aq) s (3
Then, we consider the gap equations to minimize the
grand potential. The dynamical quark mass M, can be de- 50 50
termined by solving the stationary condition. We also re- TS >0 a5 0, (14)
quire the solutions to satisfy the condition of the minim-
um of the potential: which leads to the following coupled gap equations:
_ ~ S \/= 3« A G 2 2
0= (8G(gq) —~8K(55)(4q)) - ;2; Ly ((urr(Pir)* +Ju(pir)?)
(2G+K(3sHWM, K@GpM,\ 3 ~ [* ©
x ( £t <q§> ) * ;ZM /0 pidp, / _dp (I pir + i)
(-2G+K{(ss)) M, _ K{(gg)M _
X {4 - L np(Egus Topt) + it p(E g, Top0)] + 7‘15 (A E g, Topt) + it (Es 0, T, p)]} , (15)
q s
_ N ~ N2\ _ 3 = [ N 2 2
0= (4G(ss)—4K(qq)’)— =5 > | pdp, dp: (Juet (pir)” + Tu(pir)?)
4 n=—oo 0 _\mz_p?
K@M, GM,\ 3 — [© ©
x (ng - ) + ;2 /0 pidp; / _dpe (Jant (P + JupirY)
K{qgq)M _ GM; _
X {% [nf(Eq,ns T9,u)+nf(Eq,m T,,U)] - E [nf(Es,m Tsﬂ)+nf(Es,ns T,ﬂ):l} B (16)

s

q

where n, and 71, denote the quark and anti-quark distribu-
tion functions:

ny(EznTop) =
(¢}

(17)

s

+1

Efn-n
L

ﬁf(Ef,m T,/J) =
€

(18)

Efntu
e

+1

This set of coupled equations is then solved for the
fields as functions of temperature 7, quark chemical po-
tential y, and angular velocity w. We now turn to the
thermodynamics of the rotating system. When extending
to a rotating system, vorticity should be considered an ad-
ditional intensive thermodynamic quantity necessary for
describing the local fluid. As a result, some corrections
may need to be applied to the energy density [16, 84, 85]:

e=—p+Ts+un+wl. (19)
Here, n denotes the quark number density, and J presents
the (polarization) angular momentum density.

From standard thermodynamic relations, the pressure,

[
angular momentum density (related to polarization), and
quark number density are given as follows (the angular
velocity can be regarded as an "effective chemical poten-
tial," allowing the angular momentum to be defined as the
derivative of the grand canonical potential with respect to
the angular velocity):

p=Q(T =0u=0,0=0-QT.4w), 20)
=), @
n=- (Zf) (22)

where, to obtain a physical pressure, we have renormal-
ized the thermodynamic potential. The subscript indic-
ates that the chemical potential and angular velocity are
held fixed during the partial differentiation. The trace an-
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omaly is defined as
®=c-3p. (24)

For each flavor, the explicit formulae of entropy and
quark number densities, as well as the angular mo-
mentum along the z-axis, are listed in A.

After obtaining the expression of the angular mo-
mentum, we can directly obtain the moment of inertia of
the rotating system as

1:1( dg)zi. (25)

w dw w

For the description of the expansion of dense matter cre-
ated in heavy ion collisions, a fundamental quantity that
determines the expansion of hot dense matter is the speed
of sound,

dp
2= =, 26
A= (26)
and another quantity of interest is the specific heat,
de
Cy=—. 27
V=T @7)

Here, we have not listed their detailed expressions, as
they can be readily obtained from the formulas above.

III. NUMERICAL RESULTS AND DISCUSSIONS

A. Dynamical quark mass and chiral transition

In this section, we present our numerical results for
the dynamical quark mass and chiral transition in the
three-flavor NJL model under rotation. In our calcula-
tions, the input parameters in the NJL model are the
coupling constants G, light quark mass m, (we ignore
isospin breaking effects and work with m, =m, =m,),
strange quark mass m;, three-momentum cutoff A, and 't
Hooft term coupling constant. We used the model para-
meters reported in Ref. [86], which were estimated by fit-
ting according to the following observations: m, = 138
MeV, f. =92 MeV, mg =495 MeV and m,, =958 MeV.
The input parameters were set as follows: m, =0.005
GeV, m, =0.1283 GeV, G =3.672 GeV >, K = 59.628 GeV >,
A =0.6816 GeV. Throughout this paper, unless otherwise
specified, the radius 7 is assumed to be 0.1 GeV™".

We present the evolution of the light quark mass with
respect to 7' and w in Fig. 1(a) and the strange quark mass
in Fig. 1(b). Note that there is a decrease in mass as the
temperature or angular velocity increases, indicating the
restoration of chiral symmetry at high temperatures or

Mq(Gev) 021
0411

Mg(Gev)*4 b
03t

0.2t

00

(b)
(color online) Effective masses of light and strange

Fig. 1.
quarks as functions of temperature 7 and angular velocity w
foru =0.01 GeV.

large angular velocities. Notably, rapid transitions occur
in the low temperature, high angular velocity region,
while only very gradual changes are observed in the high
temperature, low angular velocity region. It is evident
that, at very low fixed temperatures, chiral symmetry res-
toration undergoes a rapid transition with increasing rota-
tion. This behavior can be interpreted as a continuous
crossover becoming steeper with rising angular velocity,
eventually evolving into a sharp transition at high angu-
lar velocities. By comparing the critical angular velocit-
ies w, forthe light and strange quarks, it can be con-
cluded that the decrease is faster for the light quark,
which suggests that the chiral symmetry restoration is
more efficient for the light quark than for the strange
quark.

Then, we extended the investigation on the effective
quark mass to the w—yu plane. In Fig. 2, we show the
evolution of the effective masses for the light and strange
quarks as functions of the angular velocity and quark
chemical potential. Clearly, at sufficiently large angular
velocity or (and) sufficiently large quark chemical poten-
tial, the quark effective mass is very small. When the an-
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b
Mq(GeV)°'2§~
0.1+

¢
Ms(GeV)OA \
0.3

(®)
(color online) Effective masses of light and strange
quarks as functions of angular velocity w and quark chemical
potential x for 7=0.01 GeV.

Fig. 2.

gular velocity is small, there is an abrupt change for the
light quark around u = 0.3 GeV, whereas for the strange
effective quark, there are two regions that quickly
change. Note also that there are similar transition regions
of the small quark chemical potential and large angular
velocity in the left rear side of the figure.

The temperature and chemical potential dependence
of the light and strange quark effective masses at w =0.1
GeV is depicted in Fig. 3. Note that, at low temperature
and small quark chemical potential, chiral symmetry is
spontaneously broken. As the temperature or quark chem-
ical potential increases, the effective mass of the strange
quark shows only mild dependence on these variables,
while the light quark mass is more sensitive in comparis-
on. In the low temperature region, the effective mass of
the light quark exhibits a sharp drop at certain values of u
with increasing u. Note also that at high temperature or
large quark chemical potential, the effective masses of
these quarks become small. At sufficiently high temperat-
ure or large chemical potential, the effective mass of the
light quark approaches its current mass, while the strange
quark retains a relatively large effective mass. This indic-

(b)
(color online) Effective masses of light and strange

Fig. 3.
quarks as functions of temperature 7 and quark chemical po-
tential p for w =0.1 GeV.

ates that the current quark mass plays an important role in
the chiral transition.

The quark condensate {(gg) or (3s) is often treated as
an order parameter for spontaneous chiral symmetry
breaking. The temperature-dependence of the order para-
meters for different values of the rotational speed are
shown in Fig. 4. Note that there is a rapid cross-over with
a critical angular velocity at approximately 0.6 GeV and
1.0 GeV for the light and strange quark condensates, re-
spectively. At low temperatures and small angular velo-
cities, the chiral symmetry is spontaneously broken. At
high temperatures or (and) large angular velocities, chiral
symmetry may gradually be restored.

The chiral phase transition temperature in the pres-
ence of angular velocity is shown in Fig. 5. The defini-
tion of 7, in this context is determined by the maximum

d
of ‘d(l;f‘, where f=u,d,s and ¢, = ¢, ={qq),d; = (5s).
Fig. 5 shows that the pseudocritical temperature de-
creases as the angular velocity becomes larger. At small
angular velocity, the pseudocritical temperature of the
strange quark is approximately 0.1 GeV larger than that
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Fig. 4. (Color online) Condensates of light and strange
quarks as functions of temperature for different values of the
rotational speed.

20
.30

— light quark
— strange quark
0.05
0.0 0.2 0.4 0.6 0.8

w (GeV)
Fig. 5. (color online) Pseudocritical temperatures for chiral
transition of rotating quark matter as functions of the angular
velocity.

of the light quark, even at a large angular velocity around
0.6 GeV, where the pseudocritical temperature of the
light quark is significantly small and, by contrast, the
pseudocritical temperature of strange is still notably
large. Thus, the conclusion appears to be that rotation can
cause a significant change in the chiral transition of light
quarks compared to that of the strange quark, due to the
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tropy density, and trace anomaly as functions of temperature
at zero chemical potential for different angular velocities.
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heavier mass of the latter.

B. Thermodynamics results for different angular velo-
cities at vanishing quark chemical potential

Figure 6 shows that the scaled pressure, energy, and
entropy densities increase with temperature. These quant-
ities increase rapidly with temperature and then continue
to grow more gradually after passing through the trans-
ition region. The presence of rotation enhances these
scaled quantities significantly at low temperatures but
less noticeably at high temperatures. The scaled trace an-
omaly exhibits a peak in the transition region and de-
creases as temperature continues to rise across all angu-
lar velocities. It is clear that, at low temperatures, vari-
ations in angular velocity cause significant deviations in
the scaled trace anomaly, but this effect diminishes as the
temperature increases.

The specific heat is an important quantity in thermo-
dynamics. It can be considered a response function of the
phase transition. Its variation with temperature is presen-
ted in Fig. 7(a). As the angular velocity increases, the
peak of the specific heat, which occurs at the transition
temperature, shifts toward lower temperatures. This in-
dicates that the transition temperature decreases with in-
creasing angular velocity. In Fig. 7(b), the speed of sound
squared increases with temperature and shows little sens-
itivity to the angular velocity values considered.
However, this may be due to the fact that only small an-
gular velocities were examined. It is evident that, at high
temperatures, the speed of sound squared approaches the
conformal limit of 1/3 across different angular velocities.

An intriguing quantity in the rotating system is the an-
gular momentum. Fig. 8(a) displays the results of the
scaled angular momentum as a function of temperature at
zero chemical potential for various angular velocities.
The scaled angular momentum initially increases with
temperature and reaches its peak across the chiral trans-
ition region (7 ~ 150 MeV) for all angular velocities.
Beyond this temperature, it decreases with further tem-
perature increment. The moment of inertia is also of in-
terest in our calculations because it represents the linear
response of the angular momentum of the system J to the
angular velocity w. Fig. 8(b) displays the results of the
moment of inertia as a function of temperature at zero
chemical potential for various angular velocities. It is
evident that the scaled moment of inertia always in-
creases with temperature for different angular velocities.
Moreover, for a fixed temperature, the scaled moment of
inertia becomes larger with increasing angular velocity.

C. Influence of the radius on the thermodynamics in
the rotating system

In the transverse directions to the axis of rotation, the
radius of rotation must be constrained by the causal con-

50 T T T T

N
&
N
<
— w=0.05(GeV) T
w=0.1 (GeV)
w=0.15 (GeV)
p=0Gev == w=0.2 (GeV)
0.05 0.10 0.15 0.20 0.25 0.30
T (GeV)
(a)
0.4 T T T T
03} e
i
W o02f e 1
e -
[~ — w=0.05 (GeV)
w=0.1 (GeV)
0.1F 1
w=0.15 (GeV)
u=0Gev w=0.2 (GeV)
o0 . . . .
0.05 0.10 0.15 0.20 0.25 0.30
T (GeV)
(b)
Fig. 7.  (color online) Scaled specific heat and speed of

sound squared as functions of temperature at zero chemical
potential for different angular velocities.

dition wr < 1, resulting in a finite value. Consequently, a
system of QCD matter undergoing rotation must always
have a finite volume. To better understand the character-
istics of QCD matter produced in non-central heavy-ion
collisions, it is essential to investigate the impact of finite
volume effects on thermodynamic properties. Several
studies have extensively examined how system size influ-
ences thermodynamic behavior and other physical quant-
ities [87—89].

In the standard NJL model, these thermodynamic
quantities depend on temperature and quark chemical po-
tential. However, in a rotating system, they should also
depend on the finite size of the system. Owing to cyl-
indrical symmetry, these quantities vary with the trans-
verse radius r. Therefore, it is interesting to investigate
how various thermodynamic quantities in strongly inter-
acting rotating matter depend on the radius of the system.
Understanding these properties as a function of the rota-
tion radius may be relevant for future experimental obser-
vations. Additionally, the radius significantly affects an-
gular momentum and moment of inertia. Thus, it is im-
portant to study how thermodynamic quantities in rotat-
ing QCD matter depend on the rotation radius of the sys-
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Fig. 8. (color online) Scaled angular momentum and mo-

ment of inertia as functions of temperature at zero chemical
potential for different angular velocities.

tem.

We show the densities of the scaled pressure, energy,
entropy, and trace anomaly as functions of temperature at
zero chemical potential for different radii in Fig. 9. Note
that the radius effect is noticeable and enhances these
thermodynamic quantities. Although the radius effect
does not qualitatively change the behavior of these quant-
ities, even in the high-temperature region, it causes a shift
in their values at a given temperature. Note also that the
differences between thermodynamic quantities at differ-
ent radii remain consistent, even at high temperatures.

The scaled angular momentum and moment of inertia,
which are functions of temperature at zero chemical po-
tential for different radii, are shown in Fig. 10. Fig. 10(a)
shows a rapid change near the chiral transition region
(around 150 MeV) for the scaled specific heat. It can be
seen that the location of the peaks remains almost un-
changed as the radius increases. In Fig. 10(b), it is re-
markable that the speed of sound squared curves appear
nearly identical around the chiral transition region. It is
also observed that, at extremely high temperatures, the
speed of sound squared approaches the Stefan-Boltzmann
limit of 1/3 for various angular velocities. This indicates
that, at high temperatures, the speed of sound squared in
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quark matter is not sensitive to the transverse radius.

It can be concluded from Fig. 11(a) that the scaled an-
gular momentum depends on the radius. Unlike other
thermodynamic quantities, angular momentum has a
strong dependence on the system radius. At low temperat-
ures, it increases smoothly with increasing radius. At high
temperatures, the angular momentum becomes more pro-
nounced. It is also evident from Fig. 11(b) that the scaled
moment of inertia always increases with temperature for
different radii. In the high-temperature region, the scaled
moment of inertia exhibits a strong dependence on the
system radius. As the temperature increases, the differ-
ences between any two curves in the figure become more
pronounced for both the scaled angular momentum and
scaled moment of inertia.

D. Thermodynamics in rotating system at finite
chemical potential

Studying thermodynamics at finite chemical potential
in a rotating system is important for understanding the
QCD phase structure, modeling compact stars, and inter-
preting heavy ion collision experiments. In Fig. 12, we
show the densities of scaled pressure, energy, entropy,
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Fig. 11.  (color online) Scaled angular momentum and mo-

ment of inertia as functions of temperature at zero chemical
potential for different radii.

and trace anomaly as functions of temperature at w =0.2
GeV for different chemical potentials. A notable feature
is that, in the low temperature region, the chemical poten-
tial can make a nontrivial contribution. It is shown that
the pressure, energy density, and entropy density in-
crease with temperature for different chemical potentials,
and these quantities are also enhanced by the chemical
potential. This enhancement can be readily understood, as
a higher chemical potential activates more degrees of
freedom. In the rotating system, the trace anomaly is en-
hanced by the chemical potential below the critical trans-
ition region, while across the transition region, it is sup-
pressed. Additionally, with increasing chemical potential,
the crossover shifts to lower transition temperatures. All
the quantities in this figure exhibit a strong dependence
on chemical potential below the crossover temperature. In
Fig. 13, we show scaled specific heat and speed of sound
squared as functions of temperature at w = 0.2 GeV for
different chemical potentials. As shown in Fig. 13(a),
scaled specific heat increases with temperature and
reaches a peak at the chiral transition region. It then de-
creases rapidly around the critical chiral transition and
eventually shows little variation with temperature. The
figure shows that the peak shifts to lower temperatures as
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Fig. 13.  (color online) Scaled specific heat and speed of
sound squared as functions of temperature at w =0.2 GeV for
different chemical potentials.

the quark chemical potential increases. Fig. 13(b) shows a
significant increase in the speed of sound squared with
the quark chemical potential, even near the transition re-
gion. This suggests that finite chemical potential may
have an important effect on the thermalization of QCD
matter in a rotating system. Here, the speed of sound
squared also conveys relevant information: it does not ex-
hibit a local minimum at the crossover transition for the
quark chemical potentials considered. This is owing to
two facts: first, the system does not have an infinite
volume as in the standard NJL model; second, the energy
density is modified, i.e., the addition of contributions
from Jw. It is clear that, as the chemical potential in-
creases in the rotating system, a local minimum begins to
emerge around the phase transition. The figure also
shows that, in the high temperature limit, the speed of
sound squared approaches the conformal limit of 1/3 for
different angular velocities.

Another basic thermodynamic quantity is the angular
momentum and moment of inertia. These quantities
measure the breaking of conformal symmetry in the inter-
action theory. In Fig. 14, we show the scaled angular mo-
mentum and moment of inertia as functions of the tem-
perature for different chemical potential at finite angular

093105-11



Fei Sun, Shuang Li, Rui Wen et al.

Chin. Phys. C 49, 093105 (2025)

velocities. They have similar characteristics as scaled
quantities in Fig. 12 below the critical transition. As the
temperature increases continuously, the scaled angular
momentum gradually decreases, while the scaled mo-
ment of inertia consistently increases with temperature.

Another potential signature of the chiral transition is
reflected in the behavior of the quark number densities. In
Fig. 15, we show the scaled quark number density as a
function of temperature at w = 0.2 GeV for different val-
ues of chemical potential. It can be concluded that, when
the quark chemical potential equals zero, the correspond-
ing quark number density is always zero. In the presence
of finite quark chemical potential, the scaled quark num-
ber densities increase slightly until 7 = 150 MeV and de-
crease again with growing temperature. It is evident that
the chemical potential enhances the quark number dens-
ity in the rotating system.

E. Thermodynamics in rotating system at large
angular velocity

In the following, we present a systematic analysis of
the thermodynamic quantities of QCD matter under high
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Fig. 14.  (color online) Scaled angular momentum and mo-

ment of inertia as functions of temperature at w = 0.2 GeV for
different chemical potentials.
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Fig. 15. (color online) Scaled quark number density as a

function of temperature at w = 0.2 GeV for different values of
chemical potential.

angular velocity. The total pressure and energy density of
the system during rotation are given by the sums of the
contributions from each quark flavor. To provide a clear-
er picture of the effects of rotation on different quark fla-
vors, we examine both the individual and total contribu-
tions.

From the strong rotational behavior depicted in Fig.
16, it is evident that the bulk thermodynamic properties,
such as scaled pressure, energy density, and trace anom-
aly, increase with angular velocity at a temperature of
7=0.01 GeV and quark chemical potential u=0GeV.
Notably, the scaled pressure, energy density, and trace
anomaly for both the light and strange quarks increase as
the angular velocity rises. At mid-range angular velocit-
ies, below approximately 0.8 GeV, the light quark pre-
dominantly contributes to these thermodynamic quantit-
ies. However, at sufficiently high angular velocities, the
contributions from different flavors become nearly equal.
Note also that the angular momentum of the system ex-
hibits a similar behavior in Fig. 17. It is evident that the
angular momentum in the chiral broken phase is lower
than in the chiral restored phase. Furthermore, the contri-
bution of the light quark to the angular momentum is sig-
nificant at mid-range angular velocities, while that of the
strange quark is moderate.

There is a decline in the scaled entropy density after
surpassing the critical point around w = 0.6 GeV because,
in this region, the rate of increase in the quantity pressure
slows down. Note also that there is a slight increase (not
clearly visible in the figure) followed by a decrease in the
entropy density around w = 1.0 GeV. The trace anomaly
increases with angular velocity. This results from setting
7=0.01 GeV; at such a low temperature, the strange quark
remains in a phase with partially broken chiral symmetry.
At higher temperatures, the trace anomaly becomes small.

We show the behavior of the scaled specific heat as a
function of w in 7=0.01 GeV for vanishing chemical po-
tential. The evolution of the scaled specific heat in-
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Fig. 16. (color online) Scaled pressure, energy density, en-
tropy density, and trace anomaly as functions of angular velo-
city at 7=0.01 GeV and u=0 GeV for the light, strange, and
total quarks, respectively.
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tions of angular velocity at 7=0.01 GeV and p =0 GeV for the
light, strange, and total quarks, respectively.

creases from zero to a maximum value around w =0.6
GeV. Then, it decreases to a minimum value and gradu-
ally increases to another sub-maximum value around
w = 1.0 GeV. Finally, it gradually decreases at large an-
gular velocity. From the figure, it can be concluded that
the light quark density rises steeply across the chiral
transition, while the strange quark exhibits a flatter peak
over a relatively broad region. It is known that a sharp
crossover, characterized by rapid changes in thermody-
namic quantities over a small interval, increases the like-
lihood of measurable effects in experiments. Therefore,
the specific heat may provide relevant signatures of phase
transitions in the rotating system.

Figure 18(b) shows how the speed of sound squared
varies with angular velocity for both light and strange
quarks. It is known that, in the transition region of QCD
matter, the speed of sound squared undergoes significant
changes, showing a pronounced dip near the chiral trans-
ition. Its two local minima become deeper near the critic-
al angular velocity, corresponding to the light and strange
quarks, respectively. At low angular velocities, the speed
of sound squared increases as the angular velocity rises.
However, at high angular velocities, it subtly decreases
with increasing angular velocity. Our numerical results
suggest that the dependence of the speed of sound
squared on the angular velocity can serve as an indicator
of the QCD chiral transition. To probe this dependence
further, we show the results of calculations for different
temperatures in Fig. 19. This figure clearly illustrates the
behavior of quark matter under rotation. It shows that the
maximum value of the speed of sound is largely influ-
enced by features associated with the chiral transitions.
Additionally, the speed of sound squared increases with
angular velocity in the low angular velocity region but
decreases as the angular velocity increases in the high an-
gular velocity region. At low angular velocities, there is a
significant variation in the speed of sound across differ-
ent temperatures. However, at high angular velocities,
this variation diminishes, and the speed of sound con-
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verges to the same value. Thus, a key conclusion is that
the speed of sound exhibits a nonmonotonic behavior as
the angular velocity changes.

IV. CONCLUSIONS

To investigate the expansion of the plasma formed in

ultra-relativistic heavy-ion collisions with noncentral im-
pact, it is crucial to compute the thermodynamic proper-
ties within a rotating system. In this study, we focused on
formulating and exploring the thermodynamics of the
three-flavor NJL model under rotation. We present res-
ults for various thermodynamic observables as functions
of temperature, considering different angular velocities,
system radii, and finite quark chemical potentials. Addi-
tionally, we examined the thermodynamic behavior of
light and strange quarks separately in relation to the angu-
lar velocity.

To summarize, we present an analytical approach for
the thermodynamics in the three-flavor NJL model incor-
porating the effects of rotation. We systematically ana-
lyzed the equation of state in the parameter space of tem-
perature 7, chemical potential i, and angular velocity win
the rotational system. The calculations provide a clear
picture of the chiral transition under rotation, indicating
that rotation plays a significant role in the thermodynam-
ics of QCD matter. By examining changes in thermody-
namic quantities within a rotating system, we gained
valuable insights into the properties and behavior of QCD
matter. In such a system, scaled thermodynamic quantit-
ies are noticeably affected by rotation, with the moment
of inertia showing a strong dependence on angular velo-
city even at high temperatures. The thermodynamic prop-
erties of light and heavy quarks differ across angular ve-
locities, and this distinction significantly impacts the ther-
modynamic quantities. However, at sufficiently strong ro-
tation, these flavor differences diminish. The speed of
sound is a crucial quantity for studying thermodynamic
properties and phase transitions in QGP. A key finding of
our analysis is that the speed of sound squared exhibits a
nonmonotonic behavior as a function of angular velocity.

It should be mentioned that, in the study of the prop-
erties of QCD matter, the effective volume effect and
boundary conditions are crucial. They not only influence
the phase structure and thermodynamic properties of
QCD matter but also are closely related to experimental
observations [90—103]. As demonstrated in Ref. [100],
chiral condensation can exhibit either catalysis or inverse
catalysis depending on the boundary conditions, with a
quantized first-order phase transition appearing specific-
ally under periodic boundary conditions. In Ref. [102],
the finite size effect was taken into account under period-
ic, quasi-periodic, and anti-periodic boundary conditions.
The results indicated that the phase structure of the sys-
tem exhibited significant differences under different
boundary conditions. For rotating QCD matter, the rota-
tional system must satisfy the causality condition wr < 1.
Thus, in principle, boundary conditions should be taken
into account. In Ref. , it was found that, in the rotating
system, the boundary effects can cause the quark chiral
condensation to exhibit oscillatory behavior near the
boundaries. In Ref. [104], lattice results on QCD matter
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under rotation were investigated; three types of boundary
conditions, namely open, periodic, and Dirichlet bound-
ary conditions, were considered. In the holographic QCD
model under rotation [103], the finite size effects and
boundary conditions were discussed. Under Neumann or
Dirichlet boundary conditions, different (inverse) catalys-
is effects on the chiral condensation occur. The finite
volume effect, along with different boundary conditions,
also influences the momentum distribution of particles in
the system, thereby affecting its thermodynamic proper-
ties.

More importantly, finite volume effects and bound-
ary conditions are closely related to experimental obser-
vations. In experiments such as heavy-ion collisions, the
QCD matter produced exists under extreme conditions,
with both its volume and boundary conditions being
unique. Various phenomena observed in these experi-
ments, such as particle production, distribution, and col-
lective flow, are strongly influenced by finite volume ef-
fects and boundary conditions. Therefore, understanding
the impact of these effects and conditions is crucial for
connecting experimental results to the QCD phase dia-
gram and thermodynamics. For simplicity, we did not
consider boundary effects in this study, but we plan to
carry out comprehensive and in-depth investigations in
this area in the near future. Such research will not only
deepen our theoretical understanding of strong interac-
tion dynamics in rotating QCD systems but also provide a
solid theoretical framework for interpreting and predict-
ing phenomena observed in non-central heavy-ion colli-
sion experiments.

To date, we have developed the NJL model consider-

i Z Z/ ptdpf/ dp: (St (per)* + Ju(pir)?) %

fon=—oo

ing only fermion-antifermion scalar interactions for the
chiral transition. It is important to note that vector inter-
actions [105—107] may play a significant role in the chir-
al transition of the three-flavor NJL model in the pres-
ence of rotation. We leave this for further study. In addi-
tion, the Polyakov-Nambu-Jona-Lasinio (PNJL) model
[108—114] incorporates the Polyakov loop integral based
on the NJL model, considering the coupling between
quark and gluon degrees of freedom. The PNJL model
exhibits features of both chiral symmetry restoration and
the deconfinement phase transition, which may enable it
to better describe the properties of QCD matter under ro-
tation at high temperatures and finite chemical potentials.
The PNJL model under rotation was proposed in Refs.
[21, 115]. Therefore, calculating the thermodynamic
quantities within this model is meaningful. Although
there remains some controversy regarding how rotation
affects the deconfinement transition, we hope lattice
QCD will provide further insights into the Polyakov loop.
Finally, extending this research to the PNJL model will
be an important future step.
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APPENDIX A: THERMODYNAMIC QUANTITIES

Next, we list detailed expressions for the entropy
density, quark number density, and angular momentum
along the z-axis:

fn THf (Efn +ﬂf)
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