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Abstract: Within the framework of nonrelativistic quantum chronodynamics factorization, we investigate relativ-
istic corrections to the production of a pair of  family mesons in  annihilation. The study covers center-of-
mass energies from the production threshold up to , considering both the photon and -boson propagated pro-
cesses.  We find  that  the  relativistic  corrections  are  significant,  with  the  corresponding K factors  of  approximately
0.6. The azimuthal asymmetry, angular distribution, and transverse momentum distribution are also presented.
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I.  INTRODUCTION

Bc

cc̄ bb̄ cb̄ bc̄

QQ̄ QQ̄′

e+e−

v2 ∼ αs

e+e−

Z0

Heavy quarkonia and the  meson, which are bound
states of heavy quark pairs ( , , , and ), serve as
excellent  probes  for  testing  quantum  chromodynamics
(QCD)  and  the  standard  model  (SM).  Their  theoretical
description  is  facilitated  by  nonrelativistic  QCD  (NR-
QCD) factorization formalism [1], which is available be-
cause  of  the  large  heavy  quark  mass  and  small  relative
velocity  between  (or ).  The  pair  production  of
heavy  quarkonia  in  annihilation  provides  a  crucial
testing ground for NRQCD. To match experimental data,
both QCD and relativistic corrections are essential [2–9].
Given that , these two types of corrections are ex-
pected to be comparable in magnitude. Motivated by pro-
posed  future  high-luminosity  colliders  such  as  the
circular electron positron collider (CEPC) [10], future cir-
cular  collidor  electron-positron  [11],  or Z-factory  [12],
the  leading  order  (LO)  and  next-to-leading  order  (NLO)
QCD corrections for  double heavy quarkonia production
at the  peak have been computed [13–20]. These stud-
ies indicate promising detection prospects and reveal that
the  contributions  from color-octet  (CO) components  and
relativistic corrections are also significant [20].

Bc

(bc̄)

The  meson  stands  out  in  the  heavy  quark  bound
states  family  because  of  its  composition  of  different-fla-
vor quarks  and unique weak decay mode.  These  charac-
teristics provide  clearer  insights  into  decay  and  produc-
tion  mechanisms  than  those  with  other  quarkonia.  Thus
far,  the  only  observed  state  is  the  ground  state

B+c (1S )

B+c (2S )

Bc

e+e− γγ
gg

γg ep

,  first discovered at the Tevatron in 1998 [21, 22]
and later  confirmed  by  large  hardon  collider  (LHC)  ex-
periments  [23–27],  and  its  excited  state , dis-
covered approximately 15 years later by the ATLAS [28],
CMS [29],  and LHCb collaborations  [30].  Theoretically,

 production has  been  extensively  studied  across  vari-
ous  collision  processes.  These  include  direct  production
in  annihilation (electron production)[31–37] and 
fusion (photon production) [38–45] at ee colliders;  fu-
sion (hadron production) at hadron colliders [41, 46–51];

 fusion (lepton-hadron production) at  colliders [52,
53]; production in heavy-ion collisions Pb+Pb at the LHC
[54, 55]; and indirect production via the decays of heavy
particles  such as  the W, Z,  and Higgs bosons,  as  well  as
the top quark [56–66].

Bc

Bc

Bc

The electron-positron production of paired  mesons
has  been  calculated  with  the  collinear  factorisation  [67].
The LO cross section [17–19, 68], NLO QCD corrections
[69] with  NRQCD  approach,  and  the  relativistic  correc-
tions to both the s-channel single-photon [70] and t-chan-
nel double-photon exchange processes [71] within the re-
lativistic  quark  model  (RQM)  have  been  investigated.
However,  in  contrast  to  the  extensive  studies  on  QCD
corrections  to  production  or  the  QCD and relativistic
corrections to charmonium and bottomonium production,
relativistic effects in processes involving  mesons have
received  comparatively  little  attention  [43, 65, 66,
70–81]. Most existing studies are based on the RQM [43,
65, 66, 70–74, 76], which incorporates relativistic correc-
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tions in the amplitude for the heavy quarks'  relative mo-
tion and in the bound-state wave function. Given that the
binding  effects  are  significantly  enhanced  in  pair  meson
production,  we investigate  the  relativistic  corrections  for
double  production in  annihilation via both  and

 propagators within the NRQCD framework. The spe-
cific  processes  considered  are: 

, , , 
1).

v2

The remainder of the paper is organised as follows. In
Sec.  II,  we  describe  the  theoretical  framework  for  the
NLO( ) NRQCD calculations. In Sec. III, we present the
input parameters used in this work. In Sec. IV, we show
the  results  of  the  cross-sections,  differential  cross-sec-
tions, and azimuthal asymmetry with and without relativ-
istic corrections. Finally, a brief conclusion is provided in
Sec. V. 

II.  METHOD OF NRQCD AND RELATIVISTIC
CORRECTIONS

O(v2)Within  the  NRQCD  framework  and  up-to ,  the
production cross-sections are factorized as [1] 

σ̂(e++ e−→H1+H2)

=
∑
n1 ,n2

Å
F(n1,n2)

mdO(n1)−4mdO(n2)−4 ⟨O
H1 (n1)⟩⟨OH2 (n2)⟩

+
G1(n1,n2)

mdP(n1)−4mdO(n2)−4 ⟨P
H1 (n1)⟩⟨OH2 (n2)⟩

+
G2(n1,n2)

mdO(n1)−4mdP(n2)−4 ⟨O
H1 (n1)⟩⟨PH2 (n2)⟩

ã
, (1)

n1,n2
2S+1L[a]

J

OH(n) PH(n)
dO dP

n→ H O(v2) ⟨OH(n)⟩
⟨PH(n)⟩

F(n1,n2) Gi(n1,n2)

(cb̄)[n1]
(bc̄)[n2]

n1,2 Bc H1,2

where  represent the Fock states denoted in spectro-
scopic notation ,  with total  spin S,  orbital  angular
momentum L, total angular momentum J, and color con-
figurations a =  1,  8  corresponding  to  color-singlet  (CS)
and CO states, respectively. m represents the heavy quark
effective mass.  and  are four-fermion operat-
ors of mass dimensions  and  describing the nonper-
turbative transition  at  LO and .  and

 are  the  respective long-distance matrix  elements
(LDMEs), and  and  are the appropriate
short-distance-coefficients  (SDCs).  The  SDCs  describe
the short-distance production of  two Fock states 
and ,  and  the  LDMEs describe  the  hadronization
of  the  Fock  state  into  the  physical  mesons .
The  SDCs  are  perturbatively  calculable  and  the  LDMEs
can  be  obtained  by  the  potential  model  [82–84] and  po-
tential NRQCD [85].

Bc

In the subsequent discussion, we see that the contribu-
tion of the CO channels for double  production is negli-
gible compared to that of the CS channels. Within the CS
framework, the relevant four-quark operators for the pro-

H = Bc,B∗c, · · ·duction  of  are  defined  as  [1] (for  simpli-
city, only the S-wave operators are listed herein). 

OH(1S [1]
0 ) = χ†ψ(a†HaH)ψ†χ,

PH(1S [1]
0 ) =

1
2

[χ† ψ(a†HaH)ψ†
Å
− i

2
←→
D
ã2

χ+h.c.],

OH(3S [1]
1 ) = χ†σiψ(a†HaH)ψ†σiχ,

PH(3S [1]
1 ) =

1
2

ñ
χ†σiψ(a†HaH)ψ†σi

Å
− i

2
←→
D
ã2

χ+h.c.

ô
, (2)

ψ(χ)
σi(i = 1,2,3)←→

D =
←−
D−−→D −→

D
Dµ

where  represents  the  Pauli  spinor  that  annihilates
(creates)  a  heavy  quark  (antiquark),  are  the
Pauli  matrices,  and ,  with  being  the  space
component of the covariant derivative .

For S and P wave states,  the  LDMEs  at  LO  are  re-
lated to the values of radial functions and the first derivat-
ives of radial functions at the origin, 

⟨OB∗c (3S [1]
1 )⟩

2Nc×3
=
|RS (0)|2

4π
,
⟨OBc (1S [1]

0 )⟩
2Nc

=
|RS (0)|2

4π
,

⟨OχbcJ (3P[1]
J )⟩

2Nc× (2J+1)
=

3|R′P(0)|2
4π

,
⟨Ohbc (1P[1]

1 )⟩
2Nc×3

=
3|R′P(0)|2

4π
. (3)

⟨v2⟩
O(v2)

It is convenient to define matrix elements  instead of
the LDMEs at  [86–88]. 

⟨v2⟩ ≡ ⟨PH(n)⟩
m2⟨OH(n)⟩ . (4)

The SDCs can be obtained via the matching condition
between perturbative QCD and NRQCD calculations. 

σ̂(e++ e−→(cb̄)1+ (bc̄)2)|pert QCD

=

ï
F(n1,n2)

mdO(n1)−4mdO(n2)−4 ⟨0|O
(cb̄)1 (n1)|0⟩⟨0|O(bc̄)2 (n2)|0⟩

+
G1(n1,n2)

mdP(n1)−4mdO(n2)−4 ⟨0|P
(cb̄)1 (n1)|0⟩⟨0|O(bc̄)2 (n2)|0⟩

+
G2(n1,n2)

mdO(n1)−4mdP(n2)−4 ⟨0|O
(cb̄)1 (n1)|0⟩⟨0|P(bc̄)2 (n2)|0⟩

ò ∣∣∣
pert NRQCD

.

(5)

The left-hand side of  Eq.  (5)  can be computed easily  by
using the covariant projection method [86].

Bc

e−e+→ γ∗/Z0→ H+1 (p1)+H−2 (p2)

J/ψ Υ
3S 1

ηc/b
1S 0

The Feynman diagrams for the exclusive  pair pro-
duction  are  displayed  in
Fig. 1. Here, we only present diagrams for s-channel pro-
cesses. The t-channel double-photon fragmentation mech-
anism dominates the production of  and  pairs [20,
89, 90], as the photon can fragment into a  quarkoni-
um state. In contrast, similar to the case of  pair pro-
duction where the photon cannot fragment into a  state
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Bc

cb̄

H1 H2

Bc

c(pc)b̄(pb̄) b(pb)c̄(pc̄)

because of C-parity conservation, that of the  pair pro-
duction proceeds only via the non-fragmentation mechan-
ism  because  a  photon  cannot  fragment  into  a  quark
pair.  Subsequent  calculations  indicate  that  the t-channel
contributions are negligible.  In the diagrams,  and 
are the positively and negatively charged  mesons, with
the  quark  contents  of  and , respect-
ively.  The  momenta  of  the  heavy  quarks  in  the  mesons
are defined as 

pc =
Ec

Ec+Eb̄
p1+q1,

pb̄ =
Eb̄

Ec+Eb̄
p1−q1,

pb =
Eb

Ec̄+Eb
p2+q2,

pc̄ =
Ec̄

Ec̄+Eb
p2−q2, (6)

Ec/b̄ =
»

m2
c/b+ q⃗2

1 Eb/c̄ =
»

m2
b/c+ q⃗2

2

q⃗i(i = 1,2)

µH =
mcmb

mc+mb
v⃗

qi

qi · pi = 0

 and  are the energies
of  constituent  quarks  in  the  rest  frame  of  the  meson,
where  represent  the  three-momenta  of  the
quarks; each  can  be  expressed  as  the  product  of  the  re-
duced mass  and effective quark velocity .
Meanwhile,  represents  the  corresponding  four-mo-
menta subject to constraints . 

|q⃗i| = 2µHvi. (7)

The full QCD scattering amplitude may be written as
 

A(q1,q2) =
∑
sc ,sb̄

∑
sc̄ ,sb

∑
kili

⟨sc; sb̄|S 1S 1z⟩⟨3,k1; 3̄, l1|1⟩

× ⟨sc̄; sb|S 2S 2z⟩⟨3,k2; 3̄, l2|1⟩
×A(e++ e−→ ck1 + b̄l1 +bk2 + c̄l2 ), (8)

A(e+e−→ c+ b̄+b+ c̄)

Z0

Dµν =
−igµν

p2−m2
Z + imZΓZ

H1

where  represents  the  standard
Feynman  amplitude.  In  addition,  the  Breit-Wigner for-
mula  is  utilized  for  the  propagator within  the  amp-

litudes  [13, 17–20],  namely .  The
covariant projector  method  is  employed  in  the  calcula-
tions [7, 20, 77–79, 81, 88, 91–94]. The projector operat-
or for  in the spin-triplet state is given by
 

P1 =
∑
sc ,sb̄

∑
kl

⟨3,k; 3̄, l|1⟩⟨sc; sb̄|1S z⟩vl(pb̄; sb̄)ūk(pc; sc)

=
1

2
√

2
√

Ec+mc
√

Eb̄+mb

(−/pb̄+mb)

× /ϵS z

/pc+ /pb̄+Ec+Eb̄

Ec+Eb̄
(/pc+mc)⊗

Å
1c√
Nc

ã
, (9)

ūu = 2 mc

−v̄v = 2 mb ϵS z

|1S z⟩
|00⟩ /ϵS z γ5

⟨3,k; 3̄, l|1⟩ = δkl√
Nc
=

1c√
Nc

(bc̄) |1⟩ 1c

Nc

H2

b̄→ c̄ c→ b mc↔ mb
N2

c −1
2Nc

=CF

with  the  Dirac  spinors  normalized  as  and
.  Here,  represents  a  unit  spin  polarization

vector. For the spin-singlet state, the spin state  is re-
placed by , and  is replaced by . The expression

 corresponds  to  the  Clebsch-
Gordan  coefficient  in  the SU(3)  color  space,  which
projects the  pair onto the CS state . Here,  rep-
resents  the  unit  color  matrix  and  denotes  the  number
of  colors  in  QCD.  The  projector  operator  for  can  be
obtained  by  making  the  following  replacements  in  Eq.
(9): , ,  and .  The  complete  color

factor for QCD diagrams (a, b) is ; pure EW
diagrams (c, d), 1; and t-channel double photon exchange
processes discussed in Sec. IV.A, 1.

q1 q2To expand Eq. (8) as a double series in  and , it is
convenient to define
 

Aα1 ···αm ,β1 ···βn =

…
m1

E1

…
m2

E2

ñ
∂m+nA(q1,q2)

∂qα1
1 · · ·∂qαm

1 ∂qβ1
2 · · ·∂qβn

2

∣∣∣
q1=q2=0

ô
,

(10)

√
mi/Ei

(bc)i m1 = m2 = 2µH , E1 =

2EcEb̄/(Ec+Eb̄) E2 = 2EbEc̄/(Eb+Ec̄)

where the factor  compensates the relativistic nor-
malization1) of  the  pair  with 

, . Such that
 

 

e−(k1)+ e+(k2)→ γ∗/Z0→ H1(p1)+

H2(p2) H1,H2 B+c (cb̄) B−c (bc̄)

B∗±c ,h±bc,χ
±
bcJ(J = 0,1,2)

b,c

Fig. 1.    Feynman diagrams for 
 at the tree level.  are  and  (or their

respective excited states, ), respectively.
The  permutation  diagrams  can  be  obtained  by  reversing  the
quark  lines  and  exchanging  quarks.  (a)  and  (b)  diagrams
belonging to QCD channels, (c) and (d) diagrams belonging to
EW channels.
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√
2m1(Ec +Eb̄) √

2m2(Eb +Ec̄) u†u = v†v = 1
2
√

EcEb̄

1) These normalization factors will be  and  when Dirac spinors are normalized as , and the projection operator in

Eq. (9) is divided by a factor of [77–79, 81, 86].
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A(q1,q2) =A0,0+qα1
1 Aα1 ,0+qβ1

2 A0,β1

+
1
2

qα1
1 qα2

1 Aα1α2 ,0+
1
2

qβ1
2 qβ2

2 A0,β1β2 + · · · . (11)

qiHere, the subscript "0" means no derivatives of  to the
amplitude.

qiFor S-wave states,  only even powers of  contribute
in the expansion. The following replacement is adopted in
our calculations [7, 91]: 

qµi qνi →
|q⃗i|2

3
Π
µν
i , (12)

Π
µν
i = −gµν+

pµi pνi
p2

i
qi

with .  For P-wave  states,  only  odd
powers of  contribute. The corresponding replacements
are given as [92–94] 

qµi → |q⃗i|ϵµLz
(pi)

qµi qνi q
ξ
i →
|q⃗i|3

5
Π
µνξ
i =

|q⃗i|3
5

(Πµνi ϵ
ξ
Lz
+Π

νξ
i ϵ

µ
Lz
+Π

ξµ
i ϵ

ν
Lz

), (13)

ϵLz (pi)
3S 1

1P1

where  represents the orbital polarization vector of
the P-wave  meson.  For  the  and  states,  because
the  total  angular  momentum  polarization  vector  equals
the spin or  orbital  polarization vector,  the  corresponding
polarization sum relationships are expressed as 

∑
Jz

ϵµJz
ϵνJz
= Π

µν
i . (14)

3PJ J = 0,1,2For  states  ( ),  spin  and  orbital  polarization
vectors couple  to  generate  the  specific  total  angular  mo-
mentum polarization, which can be expressed as 

∑
LzS z

ϵµLz
ϵνS z
⟨1Lz;1S z|J, Jz⟩ = ϵµν(J, Jz). (15)

JzUpon summing over , the relevant polarization sum re-
lationships are listed below [95]. 

ϵµν(0, Jz)ϵ∗µ
′ν′ (0, Jz) =

1
3
Π
µν
i Π

µ′ν′

i ,∑
Jz

ϵµν(1, Jz)ϵ∗µ
′ν′ (1, Jz) =

1
2

(Πµµ
′

i Π
νν′
i −Π

µν′

i Π
µ′ν
i ),

∑
Jz

ϵµν(2, Jz)ϵ∗µ
′ν′ (2, Jz) =

1
2

(Πµµ
′

i Π
νν′
i +Π

µν′

i Π
µ′ν
i )− 1

3
Π
µν
i Π

µ′ν′

i .

(16)
As  for  the  kinematics,  the  Mandelstam  variables  are

defined as 

s = (k1+ k2)2, t = (k1− p1)2,u = (k1− p2)2, (17)

t,u |q⃗i|2 t0,u0 |q⃗i|2 = 0
t,u

O(v2)

 depend on .  We define  as  values at 
(non-relativistic result); therefore,  are expanded up-to

 as 

t = t0+
t0+M2

4M2− s
M2

mcmb
(|q⃗1|2+ |q⃗2|2)+O(v4), (18)

 

u = u0+
u0+M2

4M2− s
M2

mcmb
(|q⃗1|2+ |q⃗2|2)+O(v4), (19)

M = mc+mbwhere . The master formulas for the SDCs in
the matching condition of Eq. (5) are given by 

F(n1,n2)
m4

=
1
8s

∫ ∑
|M|2dϕ(0)

2 , (20)

 

G1(n1,n2)
m6

=
1
8s

∫ Ä
fps ∗

∑
|M|2+

∑
|N1|2
ä

dϕ(0)
2 ,

(21)

 

G2(n1,n2)
m6

=
1
8s

∫ Ä
fps ∗

∑
|M|2+

∑
|N2|2
ä

dϕ(0)
2 ,

(22)

|M|2 |Ni|2 O(v0)
O(v2) 1/(8s) 1/(2s)

1/4
dϕ(0)

2

O(v0) fps = −
r

mcmb(1−4r)
r = (mc+mb)2/s

where ,  denote  the  amplitudes  squared  at 
and ,  respectively.  is  the  flux  factor 
multiplied  by  the  spin-average  factor  for  the  initial
electron-positron  pair.  is  the  two-body  phase  space
integral  element  at ,  and  with

 comes  from the  relativistic  expansion  to
the  phase  space  factor1). The  amplitudes  squared  are  ex-
plicitly expressed as below 

|M|2 =


|A0,0|2

∣∣∣
q⃗2

1=⃗q
2
2=0
,

ϵ
∗β′1
Lz
ϵβ1

Lz
A∗0,β′1 A0,β1

∣∣∣
q⃗2

1=q⃗2
2=0
,

(23)

 

|N1|2=



ï
∂

∂q⃗2
1

Ä∣∣A0,0

∣∣2
ä

+
1
3
Π
α1α2
1 Re

[
A∗0,0Aα1α2 ,0

]ò ∣∣∣
q⃗2

1=q⃗2
2=0
,ï

∂

∂q⃗2
1

Ä
ϵ
∗β′1
Lz
ϵβ1

Lz
A∗0,β′1 A0,β1

ä
+

1
3
Π
α1α2
1 ϵ

∗β′1
Lz
ϵβ1

Lz
Re
î
A∗0,β′1 Aα1α2 ,β1

óò ∣∣∣
q⃗2

1=q⃗2
2=0
,

(24)
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dϕ2 =
|p⃗1 |

32π2 s3/2

p f

pi
dΩ = dϕ(0)

2

[
1+ fps ∗ (|q⃗1 |2 + |q⃗2 |2)+O(v4)

]
1) The phase space integral element is expanded as .
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|N2|2=



ï
∂

∂q⃗2
2
(|A0,0|2)

+
1
3
Π
β1β2
2 Re[A∗0,0A0,β1β2 ]

ò ∣∣∣
q⃗2

1=q⃗2
2=0
,ï

∂

∂q⃗2
2
(ϵ
∗β′1
Lz
ϵβ1

Lz
A∗0,β′1 A0,β1

)

+
1

15
ϵ
∗β′1
Lz
Π
β1β2β3
2 Re[A∗0,β′1 A0,β1β2β3

]
ò ∣∣∣

q⃗2
1=q⃗2

2=0
,

(25)

Bc

Bc

where the first and second rows of Eqs. (23)−(25) corres-
pond to the production of double S-wave  mesons and
''S+P''-wave  mesons, respectively. 

III.  INPUT PARAMETERS

We use the following input parameters in the numer-
ical calculations [96, 97] 

α = 1/137,mc = 1.5 GeV,mb = 4.8 GeV,mZ = 91.1876 GeV,

ΓZ = 2.4952 GeV, sin2 θw = 0.2312, v2 = 0.15.

(26)

mc,mb

mZ , ΓZ Z0

θw

v2

 represent  the  masses  of  charm and  bottom quark,
respectively;  are the mass and width of  boson,
respectively; and  is the Weinberg angle. The values of
the square of the effective velocity  are estimated using
[97] 

v2
i =
⟨T ⟩
2µH

, for i = 1,2 , (27)

⟨T ⟩
Bc 0.35 GeV

where  represents  the  averaged  kinematic  energy  of
quark inside the  meson and is estimated as ,
as reported in Ref. [98].

The  values  of  the  original  wave  functions  have  been
reported  in  several  Refs.  [71, 83, 84, 97, 99].  Here,  we
use the set from Ref. [84], 

|RS (0)|2 = 1.994 GeV3, |R′P(0)|2 = 0.3083 GeV5. (28)

⟨v2⟩
v2

The  matrix  elements  adhere  to  the  velocity  power
scaling rules and are of the order of  as 

v2 = ⟨v2⟩[1+O(v4)]. (29)

The  running  of  strong  coupling  constant  is  taken  at
one-loop accuracy, 

αs(µ) =
2π

(11−2/3n f ) ln(µ/ΛQCD)
(30)

n f = 3 ΛQCD = 251 MeV
αs(mZ) = 0.1184
αs(µ)

√
s

with  the  active  quark  flavors , ,
and .  In  the  subsequent  calculations,  we
treat  as  running with  the  collision  energy ,  and
we additionally quantify the uncertainties associated with
the renormalization scale variation. 

IV.  RESULTS AND DISCUSSION
 

A.    Cross section and differential cross section

γ∗ Z0

γ∗ Z0

[QcQbα/(CFαs)]2 ∼ 10−4

Z0

Bc γ∗/Z0

Z0

(σtotal−σγ −σZ)/σtotal

Figure  1 shows  the  four  types  of  processes,  denoted
as γ-γ, γ-g, Z-γ, and Z-g. These labels specify the nature of
the  two  propagators  in  each  process.  The  contributions
from the pure electroweak (EW) diagrams ( / -γ type)
are  several  orders  of  magnitude  smaller  than  those  from
the  QCD  ( / -g type)  diagrams.  This  suppression
factors  can  be  estimated  by ,
which  arises  from  the  coupling  constants,  charge  of  the
heavy quark, and color factors. Thus, previous studies in
Refs.  [17–19, 69, 70]  considered  only  QCD  processes.
Here, we do not show the results of the four types of pro-
cesses  (γ-γ, γ-g, Z-γ,  and Z-g);  instead,  we  classify  them
into two types, i.e., γ-propagated (γ-γ, γ-g) and -propag-
ated  (Z-γ, Z-g)  processes.  Consequently,  we  investigate
the  paired  production  via -propagators separ-
ately, as in Refs. [13, 17, 19], and we show the cross-sec-
tions as a function of the center-of-mass (c.m.) energy in
Fig.  2.  The γ-propagated  processes  are  dominant  in  the
low energy region, while the -propagated processes are
dominant  around the Z-factory  energy region because  of
the  resonance  effect.  Further,  the  interference  between
different  mechanisms  (e.g., fragmentation  and  nonfrag-
mentation [100]) can sometimes cause destructive contri-
butions. Moreover, we calculated the interference contri-
butions  and  found  they  were  moderate,  with  the  ratio

 ranging from –5% to 5%. In the fol-
lowing sections, we only discuss the total results (the sum
of both processes, including the interference).

Bc

√
s =22 GeV

In contrast to Ref. [70], which studied the production
of double S-wave  mesons via a  virtual  photon within
the RQM, we present our results for the same mechanism
within  the  NRQCD  frame  (s-channel γ-g type)  in
Fig.  3. The  NRQCD  method  yields  results  are  qualitat-
ively consistent with those in the RQM calculations, i.e.,
the relativistic corrections have negative effects. The cor-
responding  numerical  cross-sections  at  are
provided in Table 1.

11
α2/α2

s ∼ 10−3

The contributions of the t-channel double photon ex-
change  have  also  been  studied  [71, 101].  We  calculated
the t-channel  double  photon  production  cross-sections
and found  that  they  were  at  least  two  orders  of  mag-
nitude  smaller  than  the  corresponding s-channel  cross-
sections  for  all  processes  considered  herein.  This  is
caused by a suppression factor of  ( ). There-

Relativistic corrections to double Bc meson production in e+e– annihilation Chin. Phys. C 50, 043107 (2026)
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√
s = 22

fore,  these  contributions  can  be  safely  neglected.
However,  for  comparison  with  Ref.  [71],  which  studied
the t-channel double-photon production mechanism with-
in the RQM, we present our relativistic results for t-chan-
nel processes within the NRQCD frame in Fig. 3. Similar
to the RQM results of  Ref.  [71],  our  study demonstrates
that  relativistic  effects  lead  to  negative  corrections.  The
remaining differences  may  originate  from distinct  theor-
etical  frameworks  and  input  parameters  (e.g.,  quark
masses  and  LDMEs).  The  numerical  results  at 
GeV are presented in Table 1.

B+c +B−cFurthermore,  for  production,  Ref.  [69] pro-

posed  that  higher-order  contributions  such  as  two-loop
QCD  corrections  or  relativistic  corrections  may  resolve
the  problem  of  negative  cross-sections  observed  in  the
next-to-leading order (NLO) QCD calculations. However,
Fig. 3 shows that this issue persists even when relativist-
ic  corrections  are  included.  Additionally,  interferences
between s- and t-channels  were  calculated  and  failed  to
resolve the problem.

mZ/2,mZ ,2mZ v2

The numerical  results  of  cross  sections  for  all  pro-
cesses are presented in Table 2, in which we list the cross
sections for  different  renormalization  scales  at  three  en-
ergy points  ( ),  for  both  LO and NLO in 

 

√
s (Ecm =

√
s)

v2

Fig. 2.    (color online) Cross-section σ versus c.m. energy . The red, green, and black lines correspond to γ-propagated
processes, Z-propagated processes, and the sum of both, respectively. The solid line represents LO results, while the dashed line repres-
ents NLO( ) results.

Xiao-Peng Wang, Yi-Jie Li, Guang-Zhi Xu et al. Chin. Phys. C 50, 043107 (2026)
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B+c +B−c
s0

s0

expansions.  The  LO  results  are  consistent  with  that  in
Ref.  [69]  when  using  the  same  input  parameters1).  For

 production  via  the γ-propagator,  the  LO  cross
section  takes  a  zero  at  an  energy  point  near  the
threshold or  in  the  low energy region2),  and the  value of

 is obtained as follows, 

s0(B+c +B−c )=
2M2(1−4rc+6r2

c −4r3
c +3r4

c )
rc(1−3rc+5r2

c −3r3
c )

,
√

s0 ≃ 14.7 GeV,

(31)

rc = mc/M M = mc+mb

B+c +h−bc √
s ≃ 28.0 GeV

where , ,  which  is  consistent  with
Ref.  [69].  In  contrast,  for  production  (via  the γ-
propagator), the LO cross-section at  is not

≃ 1.3×10−7 fbstrictly zero ( ).

σNLO(v2)/σLO

1.2−2.0
0.2−1.0
0.6

O(v0)

To examine the effects  of  the relativistic  corrections,
we  plot  the  ratio  (i.e.,  the K-factors)  as  a
function  of  the  collision  energy  in Fig.  4.  Compared  to
the NLO QCD cross-sections, for which the K-factors are
about  [69], the K-factors for the relativistic cor-
rections are about . At high energies, the relativ-
istic K-factors are ~ , indicating that relativistic correc-
tions reduce the  cross-sections by about 40%. This
level of suppression is expected and reasonable because it
lies  between  the  ~50%  reduction  calculated  for  double
charmonia  production  and  ~20%  reduction  for  double
bottomonia  production  [20].  In  Appendix  A,  we  present
the ratios of the relativistic corrections to the LO SDCs in
the  high-energy limit,  which  also  reflect  the  contribu-
tions of the relativistic corrections.

e+e−→ 2J/ψ, 2ηc, J/ψ+hc, ηc+χc

γ∗

Z0 J/ψ+ηc

ηc+χc

Bc

A

The production  of  double  charmonia  or  double  bot-
tomonia is governed by numerous conservation laws [16,
20].  For  example, C-parity conservation  forbids  pro-
cesses  such  as  from
proceeding via a  propagator. Furthermore, a given pro-
cess proceeds exclusively via either the vector or the axi-
al-vector  part  of  the  current.  For  example, 
production proceeds via the vector part, while  pro-
ceeds  via  the  axial-vector  part.  For  charged  mesons,
these  selection  rules  no  longer  hold.  Consequently,  we
consider  their P-parity  properties.  Weak  interactions  are
known  to  violate P-parity;  therefore,  we  define  the P-
asymmetry parameter  following the definition in Ref.
[69] as 

A = ⟨cosθ⟩ = 1
σ

∫
dcosθ

ï
cosθ

dσ
dcosθ

ò
. (32)

B+c +B−c B+c +χ
−
bc0For  processes  and ,  this  asymmetry  is

 

√
s (Ecm =

√
s)

v2

Fig. 3.    (color online) Cross-section σ versus c.m. energy  for the s-channel γ-g type and t-channel processes. The red
and blue lines represent s-and t-channel processes, respectively. The solid and dashed lines represent LO and NLO( ) results, respect-
ively. The t-channel results are scaled up by a factor of 100.

 

B∗+c +B−c B+c +B−c
B∗+c +B∗−c γ−g

v2

v2

Table 1.    Production cross-sections of , , and
 production  for  the s-channel  type  and t-chan-

nel  double-photon  processes.  LO  and  NLO( )  indicate  the
leading order  and next-to-leading order  in  the  expansions,
respectively.

s-channel

√
s = 22.0 GeV

LO
(this work)

v2NLO( )
(this work)

LO [70]
v2

NLO
( ) [70]

B∗+c +B−c fb0.162 fb0.133 fb0.10 fb0.04 

B+c +B−c fb0.028 fb−0.002 fb0.10 fb0.03 

B∗+c +B∗−c fb0.638 fb0.472 fb2.14 fb0.58 

t-channel

√
s = 22.0 GeV

LO
(this work)

v2NLO( )
(this work)

LO [71]
v2

NLO
( ) [71]

B∗+c +B−c ×10−3 fb0.53 ×10−3 fb0.13 ×10−3 fb0.18 ×10−3 fb0.11

B+c +B−c ×10−3 fb0.10 ×10−3 fb0.03 ×10−3 fb0.03 ×10−3 fb0.02

B∗+c +B∗−c ×10−3 fb4.16 ×10−3 fb2.35 ×10−3 fb1.43 ×10−3 fb0.46

Relativistic corrections to double Bc meson production in e+e– annihilation Chin. Phys. C 50, 043107 (2026)

Bc ⟨O⟩Bc =
M
2

f 2
Bc

f 2
Bc
= 0.16 GeV2 ⟨O⟩Bc/(2Nc) |RS (0)|2/(4π)

≃ 0.3

1) The difference between the cross sections presented herein and those in Ref. [69] stems from the choice of LDMEs. Specifically, Ref. [69] adopts the LDMEs for

 mesons as  with . The factor  is the counterpart of  adopted in our calculations. This discrepancy in the
LDME-related factors leads to a cross section ratio of .

e+e−→ γ∗/Z0→ χQ0 +γ
(

s−12m2
Q

)2

mQ = mc = 1.5 GeV
√

s0 ≃ 5.2 GeV
2) This  dip  behavior  also  appears  in  production  [13, 102]  due  to  an  overall  suppression  factor  of .  For  instance,  taking

, the corresponding energy point is .
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 √
s = mZ/2,mZ ,2mZ v2

v2 K = σNLO(v2)/σLO

B+c +χ
−
bc0

√
s = mZ/2

σ ∼ 10−7 fb

Table 2.    Production cross-sections at  for different renormalization scales. LO and NLO( ) indicate the leading
and next-to-leading orders  in  the  expansions,  respectively.  The K-factor,  defined as ,  is  identical  across  different
scales μ.  Numerical  results  corresponding  to  the  channel  at  are  not  presented  because  their  cross-sections
( ) are orders of magnitude smaller than those of the other processes, and the K-factor equals 0.54.

µ =
√

s/2 µ =
√

s µ = 2
√

s µ = 2MBc
K

LO v2NLO( ) LO v2NLO( ) LO v2NLO( ) LO v2NLO( )
√

s = mZ/2 ×10−2 fbunits: 

B∗+c +B∗−c 0.428 0.351 0.321 0.263 0.249 0.204 0.569 0.466 0.82

B∗+c +B−c 0.113 0.107 0.085 0.080 0.066 0.062 0.151 0.142 0.94

B+c +B−c 0.145 0.056 0.109 0.042 0.084 0.032 0.193 0.074 0.39

B∗+c +h−bc 0.044 0.034 0.033 0.026 0.026 0.020 0.059 0.045 0.77

B∗+c +χ
−
bc0 0.033 0.022 0.025 0.016 0.019 0.013 0.044 0.029 0.67

B∗+c +χ
−
bc1 0.032 0.022 0.024 0.017 0.019 0.013 0.042 0.030 0.70

B∗+c +χ
−
bc2 0.060 0.040 0.045 0.030 0.035 0.023 0.080 0.053 0.67

B+c +h−bc 0.0028 -0.0007 0.0021 -0.0005 0.0016 -0.0004 0.0037 -0.0009 -0.25

B+c +χ
−
bc1 0.083 0.048 0.062 0.036 0.048 0.028 0.011 0.064 0.58

B+c +χ
−
bc2 0.024 0.020 0.018 0.015 0.014 0.012 0.032 0.027 0.85

√
s = mZ ×10−1 fbunits: 

B∗+c +B∗−c 0.220 0.173 0.171 0.134 0.136 0.107 0.390 0.306 0.78

B∗+c +B−c 0.379 0.242 0.294 0.188 0.235 0.150 0.672 0.429 0.64

B+c +B−c 0.120 0.049 0.093 0.038 0.074 0.031 0.213 0.087 0.41

B∗+c +h−bc 0.048 0.029 0.037 0.022 0.030 0.018 0.084 0.051 0.61

B∗+c +χ
−
bc0 0.025 0.018 0.019 0.014 0.015 0.011 0.044 0.032 0.74

B∗+c +χ
−
bc1 0.072 0.039 0.056 0.030 0.045 0.024 0.128 0.069 0.54

B∗+c +χ
−
bc2 0.038 0.026 0.029 0.020 0.024 0.016 0.067 0.046 0.69

B+c +h−bc 0.008 0.002 0.006 0.001 0.005 0.001 0.014 0.003 0.21

B+c +χ
−
bc0 0.0005 0.0002 0.0004 0.0002 0.0003 0.0001 0.0009 0.0004 0.45

B+c +χ
−
bc1 0.049 0.027 0.038 0.021 0.030 0.017 0.086 0.048 0.56

B+c +χ
−
bc2 0.048 0.024 0.037 0.018 0.029 0.015 0.084 0.042 0.50

√
s = 2mZ ×10−6 fbunits: 

B∗+c +B∗−c 0.594 0.390 0.474 0.312 0.387 0.255 1.355 0.890 0.66

B∗+c +B−c 0.522 0.298 0.417 0.238 0.340 0.194 1.190 0.679 0.57

B+c +B−c 0.673 0.309 0.523 0.240 0.417 0.192 1.192 0.547 0.46

B∗+c +h−bc 0.046 0.022 0.037 0.018 0.030 0.014 0.105 0.050 0.48

B∗+c +χ
−
bc0 0.015 0.011 0.012 0.008 0.010 0.007 0.034 0.025 0.73

B∗+c +χ
−
bc1 0.096 0.046 0.077 0.036 0.063 0.030 0.219 0.104 0.48

B∗+c +χ
−
bc2 0.067 0.032 0.054 0.025 0.044 0.021 0.153 0.072 0.47

B+c +h−bc 0.027 0.005 0.022 0.004 0.018 0.003 0.062 0.011 0.18

B+c +χ
−
bc0 0.0007 0.0003 0.0006 0.0003 0.0005 0.0002 0.0017 0.0007 0.43

B+c +χ
−
bc1 0.110 0.047 0.088 0.038 0.072 0.031 0.252 0.107 0.43

B+c +χ
−
bc2 0.060 0.023 0.048 0.018 0.039 0.015 0.137 0.053 0.38

Xiao-Peng Wang, Yi-Jie Li, Guang-Zhi Xu et al. Chin. Phys. C 50, 043107 (2026)
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Z0 JP = 1+ 0−

JP = 1− 0−+0+

B+c +χ
−
bc0 0−+0+

JP = 1−

√
s ≃ mZ/2 Z0

exactly  zero  at  all  energies  because  the  axial-vector  part
of the  current ( ) cannot produce two  states,
and  the  vector  part  ( )  cannot  produce  a 
state. Therefore, there is no V-A interference and no par-
ity  violation  in  these  specific  processes.  For  the  same
reason, the process  ( ) cannot proceed via
a γ-propagator  ( ),  as  evident  from Fig.  2.  The
asymmetry as a function of the collision energy is shown
in Fig. 5. We find that the maximal asymmetry occurs at

 and becomes nearly zero at  the  resonance
peak. Specifically, the asymmetry vanishes at the follow-
ing energy points for different processes, 

√
s(B∗+c +B∗−c ) = 86.74 GeV, (33)

 

√
s(B∗+c +B−c ) = 86.36 GeV. (34)

⟨cosθ⟩

B∗+c +χ
−
bcJ

Another notable feature is that the relativistic correc-
tions slightly enhance the asymmetry. Moreover, we note
that the azimuthal asymmetry  becomes nearly zero
for  all  production processes at  sufficiently high collision
energies. For instance, in  production, this beha-

√
s ⩾ 1000 GeV

dσ/dcosθ
√

s = mZ/2, mZ , 2mZ

k1 H1 p1

B+c +B−c B+c +χ
−
bc0

dσ/dcosθ =
A+Bcosθ+C cos2 θ

dσ/dcosθ = A(1+Bcos2 θ)

vior  occurs  at .  The  angular  distributions
 for  three  energy  points  ( )

are  shown  in Fig.  6,  where θ is the  angle  between  mo-
menta  of  the  electron  ( )  and  the  meson  ( ).  The
distributions are  consistent  with  the  azimuthal  asym-
metry results shown in Fig. 5. Specifically, the more sym-
metric  the  angular  distribution,  the  closer  the  azimuthal
asymmetry is to zero, and vice versa. Owing to the exist-
ence  of  the  V-A interference  term,  the  angular  distribu-
tions  of  all  processes  except  for  and 
processes are asymmetric and correlate with the azimuth-
al  asymmetry,  and  are  generally  described  by  a  three-
parameter  functional  form  given  by 

.  This  form exhibits  distinct  behavior
relative to that of double heavy quarkonium production in
the  s-channel,  which  obeys  the  trivial  functional  form
given by [20, 103, 104].1)

dσ
dpt

The  transverse  momentum  distribution  can  be
written as 

dσ
dpt
=

∣∣∣∣dcosθ
dpt

∣∣∣∣ dσ
dcosθ

=
pt

|p1|
√

p2
1− p2

t

dσ
dcosθ

, (35)

 

σNLO(v2)/σLO

Bc B∗+c +X B+c +X h−bc χ−bcJ(J = 0,1,2)

Fig. 4.    (color online)  versus c.m. energy. The left, middle, and right panels correspond to the production of double S-
wave  meson, , and , respectively, where X denotes  or .

 

v2

√
s = mZ B+c +B−c

Fig. 5.    (color online) Azimuthal asymmetry versus c.m. energy. The red solid and blue dashed lines represent the LO and NLO( )
results, respectively. The vertical dashed line marks . The asymmetry is exactly zero for  production.

Relativistic corrections to double Bc meson production in e+e– annihilation Chin. Phys. C 50, 043107 (2026)

ηQ
dσ/dcosθ = Acos2 θ(1+Bcos2 θ) B+c +B−c B∗+c +B∗−c

ηQ
dσ/dcosθ = A+B(C+ cos2 θ)2 Bc

1) For t-channel  production  processes,  the  angular  distributions  generally  exhibit  non-trivial  behavior.  A  prototypical  example  is  the  production  of  double 
mesons, whose angular distribution is given by: [20]. For the t-channel production of  and  pairs, the correspond-
ing  angular  distributions  take  distinct  functional  forms:  the  former  follows  the  same  form  as  the  double  meson  production,  while  the  latter  is  described  by

. Nevertheless, as noted earlier, the total angular distributions of  meson production processes are dominated by the contributions of
s-channel processes.
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H1where the momentum of the  meson is given by 

p1 =

√
λ[s, (Ec+Eb̄)2, (Eb+Ec̄)2]

2
√

s
,

λ[x,y,z] = x2+ y2+ z2−2(xy+ yz+ zx). (36)

O(v2)Combining Eqs.  (35)  and (36),  we can also get  an 
expression, 

dσ
dpt
=

4pt[s(1−4r)(1−4r−4rpt )+16mbmc(1−4r−2rpt )v
2]

s2(1−4r)3/2(1−4r−4rpt )3/2

× dσ
dcosθ

+O(v4), rpt =
p2

t

s
.

(37)

dσ/dpt

Using the above expressions, we show the transverse mo-
mentum  distributions  at  different  c.m.  energy
points in Fig. 7. 

B.    CO contributions
CO  contributions  are  significant  in  annihilation  and

hadron production processes [48, 105]; however, they are
relatively  small  in  electron-positron  collisions  [20, 31]
and  some  indirect  production  mechanisms  [56, 59].  The
contributions of CO states are significant in the high en-
ergy  region  for  double  heavy  quarkonium  production  in
electron-positron collisions,  where  the  gluon  fragmenta-

Bc

tion process is most important [20]. In contrast, there are
no  gluon  fragmentation  diagrams  for  the  production  of
paired  mesons.

CS+CO+
g, CO+CO+g αs

The CO channels represent the inclusive processes for
soft gluon emission or absorption. The complete calcula-
tions  of  LO  inclusive  production  invoking 

 are  of  the  NLO of  compared with  the
CS  channels.  For  CO pair  channels  in  a  special  case,  in
which the two final states with an energy close to half of
the c.m. energy recoil without the emission of additional
light  particles,  those  contribute  to  the  exclusive  CS
double mesons  production  in  the  experimental  measure-
ments. This  specific  configuration  leads  to  the  break-
down of  factorization  caused  by  nonperturbative  effects,
which  are  fortunately  suppressed  by  the  inverse  powers
of the collision energy and usually negligible. To obtain a
rough estimate of these contributions, we follow the velo-
city  scaling  rules  of  NRQCD  and  the  approach  used  in
Refs.  [31, 48, 56, 57, 59, 105],  assuming  a  relationship
between the CO and CS LDMEs. 

⟨OH
8 ⟩ ≃ ∆S (v)2⟨OH

1 ⟩. (38)

∆S (v) v2 v2 ∼ 0.1
∆S (v) ∼ αs(MBc v)

Here,  is  of  order ,  with  typical  values –
0.3, and .

Z0
We  now  estimate  the  CO  contribution  to  the  cross-

section  at  the  peak. As  noted  previously,  the  elec-
troweak  contributions  are  several  orders  of  magnitude
smaller  than  the  QCD  contributions,  and  therefore,  it  is

 

dσ/dcosθ
√

s = mZ/2
√

s = mZ
√

s = 2mZ v2

Fig.  6.    (color  online)  Differential  cross  section  at  different  c.m.  energy.  The left,  middle  and right  panels  correspond to
, , and , respectively. The solid line represents LO results and the dashed line represents NLO( ) results.

 

dσ/dpt√
s = mZ/2

√
s = mZ

√
s = 2mZ v2

Fig.  7.    (color  online)  Differential  cross-section  at  different  c.m.  energies.  The  left,  middle,  and  right  panels  correspond  to
, , and , respectively. The solid and dashed lines represent the LO and NLO( ) results, respectively.
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γ/Z
|Cs|2 =C2

F

|Co|2 =CF/(2Nc)

sufficient to consider only –g type processes. The col-
or factor for the CS amplitude squared is , while
for  the CO one it  is .  The CO cross-sec-
tion is related to the CS cross-section as 

σ8 = σ1×
|Co|2
|Cs|2

× v8 = σ1×
v8

8
. (39)

v2 = 0.15 B∗+c +B−c
3S [1]

1 +
1S [1]

0

Z0

3S [8]
1 +

1S [8]
0

3S [8]
1 +

3S [8]
1

1S [8]
0 +

3S [8]
1

1S [8]
0 +

1S [8]
0

Taking  and considering  production
(via )  as  an  example,  the  CS  cross-section  at
the  peak is  0.030 fb.  The four main CO channels are

, , , and . The
total CO cross section is then estimated as 

σ8 ≃ 4×σ1×
v8

8
≃ 7.6×10−6 fb. (40)

This  is  approximately  three  orders  of  magnitude  smaller

than the CS contribution. 

C.    Uncertainties
Theoretical uncertainties in our calculation arise from

several  sources,  including  the  LDMEs,  heavy  quark
masses, and the choice of renormalization scale.

|RS (0)|2 ∈ (1.30,6.21)
|R′P(0)|2 ∈ (0.16,0.90)

Bc

Bc

For  the  LDMEs,  various  studies  [51, 71, 83, 84, 97,
99]  report  values  in  the  ranges  and

. Based on these ranges, we estimate
that the LDMEs can introduce uncertainties of approxim-
ately –57% to  +870% for  double S-wave  production,
and –66% to +809% for "S+P" waves  pair production.

√
s = mZ

The renormalization  scale  uncertainty  is  partially  il-
lustrated in Table 2.  At ,  the dependence on the
scale  is  similar  to  that  observed  in  double  heavy
quarkonium production (cf. Figs. 10 and 11 in Ref. [20]):
it decreases with increasing collision energy and leads to

 √
s = mZ mc mbTable 3.    Uncertainties for the total cross-sections at  with varying , where  is fixed to 4.8 GeV.

σ(×10−1 fb)
mc = 1.2 GeV mc = 1.5 GeV mc = 1.8 GeV

LO v2NLO( ) LO v2NLO( ) LO v2NLO( )

B∗+c +B∗−c 0.425 0.311 0.171 0.134 0.085 0.071

B∗+c +B−c 0.649 0.373 0.294 0.188 0.162 0.113

B+c +B−c 0.198 0.066 0.093 0.038 0.052 0.025

B∗+c +h−bc 0.149 0.080 0.037 0.022 0.012 0.008

B∗+c +χ
−
bc0 0.073 0.046 0.019 0.014 0.007 0.006

B∗+c +χ
−
bc1 0.183 0.084 0.056 0.030 0.023 0.014

B∗+c +χ
−
bc2 0.125 0.077 0.029 0.020 0.009 0.007

B+c +h−bc 0.0194 0.0021 0.0061 0.0013 0.0024 0.0007

B+c +χ
−
bc0 0.0021 0.0007 0.0004 0.0002 0.00008 0.00005

B+c +χ
−
bc1 0.134 0.066 0.038 0.021 0.014 0.009

B+c +χ
−
bc2 0.142 0.061 0.037 0.018 0.012 0.007

 √
s = mZ mb mcTable 4.    Uncertainties for the total cross-sections at  with varying , where  is fixed to 1.5 GeV.

σ(×10−1 fb)
mb = 4.4 GeV mb = 4.8 GeV mb = 5.2 GeV

LO v2NLO( ) LO v2NLO( ) LO v2NLO( )

B∗+c +B∗−c 0.137 0.108 0.171 0.134 0.215 0.168

B∗+c +B−c 0.254 0.166 0.294 0.188 0.344 0.216

B+c +B−c 0.085 0.038 0.093 0.038 0.102 0.039

B∗+c +h−bc 0.028 0.017 0.037 0.022 0.049 0.029

B∗+c +χ
−
bc0 0.014 0.011 0.019 0.014 0.026 0.018

B∗+c +χ
−
bc1 0.049 0.028 0.056 0.030 0.065 0.034

B∗+c +χ
−
bc2 0.022 0.015 0.029 0.020 0.039 0.027

B+c +h−bc 0.0057 0.0014 0.0061 0.0013 0.0065 0.0011

B+c +χ
−
bc0 0.00026 0.00013 0.00038 0.00017 0.00052 0.00021

B+c +χ
−
bc1 0.031 0.018 0.038 0.021 0.047 0.026

B+c +χ
−
bc2 0.030 0.015 0.037 0.018 0.046 0.022
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µ = 2mZ

µ = 2MBc

variations  of  ~–20%  (for )  to  +128%  (for
).  For  simplicity,  these are  not  explicitly  shown

in the figures.

mc = (1.5±0.3) mb = (4.8±
0.4)

Z0

(cb̄)1[3S 1,
3P2]

±0.3 GeV

Bc

Bc

±0.4 GeV
Bc

Bc

To  quantify  the  uncertainties  from  the  heavy  quark
masses,  we  adopt  GeV  and 

 GeV, following Refs. [31, 58, 59]. The resulting total
cross-sections at the  pole are presented in Tables 3 and
4.  These  cross-sections  are  more  sensitive  to  the  charm
quark mass, consistent with the previous findings [31, 58,
59]. Further, we find that the cross-sections increase with
decreasing charm quark mass; however, its decrease with
decreasing bottom quark mass. This behavior is similar to
that seen for the  states in Refs. [31, 59]. In
general,  the  uncertainty  caused  by  the  vari-
ation of charm quark mass is –40%~+100% for double S-
wave  meson  production  and –60%~+200%  for P-
wave  meson-involved  production  processes,  whereas
that  caused  by  the  variation  of  bottom  quark
mass  is –10%~+10%  for  double S-wave  meson pro-
duction and –20%~+20% for P-wave  meson-involved
production processes. 

V.  CONCLUSIONS

Bc

e+e−

Bc

e+e−

γ∗ Z0

2MBc 2mZ

Based on the  previous  studies  of  meson pair  pro-
duction  in  collisions,  including  LO  calculation
[17–19],  NLO QCD correction [69], and relativistic  cor-
rections  within  the  RQM  to  both s-channel  [70]  and t-
channel  double-photon  processes  [71],  we  investigated
the  relativistic  corrections  to  double  production  in

 annihilation within the NRQCD factorization frame-
work  [1],  calculating  both - and -propagated pro-
cesses,  with  c.m.  energies  ranging  from  the  production
threshold  up to .

mZ/2
mZ 2mZ

The results confirm that the relativistic corrections are
substantial, with K-factors of ~0.6, which correspond to a
40%  reduction  of  the  LO  cross-sections.  This  effect  is
comparable  in  magnitude  to  the  NLO  QCD  corrections,
which  have K-factors  of  ~1.4  [69].  Further,  we  present
the  azimuthal  asymmetry  arising  from P-parity  violation
as a function of the c.m. energy, along with the differen-
tial  cross-sections  (angular  distribution  and  transverse
momentum distribution) at  specific  energy points  ( ,

,  and ).  In  addition,  the  theoretical  uncertainties
from quark  masses  and  renormalization  scale  are  dis-
cussed.

B(B±c → J/ψπ±)

Bc

Considering  the  negligible  contributions  from  the t-
channel  double-photon  mechanism  and  CO  states,  the
small reconstruction  efficiency  or  decay  branching  frac-
tions (e.g., ≈0.5% [106]), and the signific-
ant  negative  relativistic  corrections,  the  observation  of
double  production remains  challenging (as  also poin-

eeted  out  in  Ref.  [67])  for  future  collider Z-factory ex-
periments despite the enhancing effect of NLO QCD cor-
rections [69].

√
s ∼ 15 GeV B∗c

Bc

Bc

Therefore, alternative production modes may be more
promising.  These  include  operation  near  the  production
threshold ( , a '' -factory'' [69]), or hadron-
ic  [41, 50, 51, 76]  and  photonic  [41, 43, 44]  production
mechanisms. Finally, beyond QCD corrections for -re-
lated processes,  further  calculation  of  relativistic  correc-
tions,  which  are  relatively  less  studied,  will  be  essential
for gaining a deeper understanding of QCD and the prop-
erties of  mesons. 

APPENDIX A

e+e−→
Z0/γ∗→ (cb̄)[2S 1+1L1 J1 ]+ (bc̄)[2S 2+1L2 J2 ]

M2≪ s
Ri =G[ni]/F[n1+n2] ni, i = 1,2

ξ = mc/mb

Z0

We  present  the  short-distance coefficient  (SDC)  ra-
tios of the relativistic corrections (denoted as G) relative
to  the  LO ones  (denoted  as  F)  for  the  processes 

 in  the  high-colli-
sion  energy  limit  ( ).  Further,  we  define

 (where  represent  the  final
Fock states)  and  in the following expressions.
For  the  production  of  double S-wave  states,  we  present
the analytical  expressions  for  different  propagation  pro-
cesses: γ-propagator, -propagator,  and  the  sum  of  the
two processes including interference effects.

3S [1]
1 +

1S [1]
0 Z0For  production,  the -propagated pro-

cess cross-section ratios are 

R1 = −
11−12ξ+6ξ2−12ξ3+11ξ4

3(1+ ξ)2(1+ ξ2)
, (A1)

 

R2 = −
11−4ξ+6ξ2−4ξ3+11ξ4

3(1+ ξ)2(1+ ξ2)
. (A2)

γ∗The -propagated process cross-section ratios are 

R1 = −
7−28ξ+3ξ2−6ξ3+56ξ4−14ξ5

3(1+ ξ)2(1−2ξ3)
, (A3)

 

R2 = −
7−32ξ+3ξ2−6ξ3+64ξ4−14ξ5

3(1+ ξ)2(1−2ξ3)
. (A4)

Z0

γ∗

The total cross-section ratios are identical to those of the
-propagated  process  Eqs.  (A1)  and  (A2)  because  this

process dominates overwhelmingly at high collision ener-
gies, and as shown in the first panel of Fig. 2, it is orders
of magnitude larger than the -propagated process in the
cross-section.

3S [1]
1 +

3S [1]
1 Z0For  production, -propagated  process

cross section ratios, 
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R1 = R2 =
3
(
11−12ξ+6ξ2−12ξ3+11ξ4

)
−4

(
11−12ξ+9ξ2−24ξ3+22ξ4

)
sin2 θw

−9(1+ ξ)2 (1+ ξ2)+12(1+ ξ)2 (1+2ξ2) sin2 θw
, (A5)

γ∗The -propagated process cross-section ratios are
 

R1 = R2 =
−22ξ4+24ξ3−9ξ2+12ξ−11

3(ξ+1)2(2ξ2+1)
. (A6)

The total cross-section ratios are
 

R1 = R2 =
[
−9

(
1+ ξ2

)(
11−12ξ+6ξ2−12ξ3+11ξ4

)
+12

(
1− ξ2

)(
11−12ξ+14ξ2−12ξ3+11ξ4

)
sin2 θw

−8
(
11−12ξ+31ξ2−48ξ3+67ξ4−156ξ5+143ξ6

)
sin4 θw

]/[
27(1+ ξ)2 (1+ ξ2

)2

−36
(
1− ξ4

)
(1+ ξ)2 sin2 θw+24(1+ ξ)2 (1+4ξ2+13ξ4

)
sin4 θw

]
. (A7)

1S [1]
0 +

1S [1]
0 Z0For  production, -propagated process cross section ratios,

 

R1 = R2 =
3(11−4ξ+6ξ2−4ξ3+11ξ4)−4(11−4ξ+9ξ2−8ξ3+22ξ4) sin2 θw

−9(1+ ξ)2(1+ ξ2)+12(1+ ξ)2(1+2ξ2) sin2 θw
, (A8)

γ∗The -propagated process cross-section ratios are
 

R1 = R2 =
−22ξ4+8ξ3−9ξ2+4ξ−11

3(ξ+1)2(2ξ2+1)
. (A9)

The total cross-section ratios are

 

 

e+e−→ (cb̄)[2S 1+1L1 J1 ]+ (bc̄)[2S 2+1L2 J2 ] M2 ≪ s

mc = 1.5 GeV,mb = 4.8 GeV

Table A1.    Ratios R for the process  in the high collision energy limit ( ). The values are
obtained by setting .

γ∗ -propagated Z0 -propagated total

R1 R2 R1 R2 R1 R2

B∗+c +B∗−c −1.23 −1.23 −1.39 −1.39 −1.28 −1.28

B∗+c +B−c 0.24 0.48 −1.34 −1.82 −1.34 −1.82

B+c +B−c −1.72 −1.72 −1.87 −1.87 −1.76 −1.76

B∗+c +h−bc 0.24 −1.15 −1.61 −3.22 −1.61 −3.22

B∗+c +χ
−
bc0 −0.21 −2.47 −0.48 −3.84 −0.23 −2.58

B∗+c +χ
−
bc1 −0.09 −1.19 −1.34 −2.47 −1.34 −2.47

B∗+c +χ
−
bc2 −1.55 −2.86 −1.48 −2.74 −1.53 −2.82

B+c +h−bc −2.28 −3.45 −2.02 −3.14 −2.17 −3.32

B+c +χ
−
bc0 −0.82 −3.08 −0.82 −3.08

B+c +χ
−
bc1 −1.72 −2.37 −1.87 −2.52 −1.76 −2.42

B+c +χ
−
bc2 1.03 −1.12 −1.99 −2.78 −1.99 −2.78

t-channel double photon processes

R1 R2

B∗+c +B∗−c −0.89 −0.89

B∗+c +B−c −0.89 −3.49

B+c +B−c −1.37 −1.37
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R1 = R2 = [−9(1+ ξ2)(11−4ξ+6ξ2−4ξ3+11ξ4)+12(1− ξ2)(11−4ξ+14ξ2−4ξ3+11ξ4) sin2 θw

−8(11−4ξ+31ξ2−16ξ3+67ξ4−52ξ5+143ξ6) sin4 θw]/[27(1+ ξ)2(1+ ξ2)2−36
(
1− ξ4

)
(1+ ξ)2 sin2 θw+24(1+ ξ)2(1+4ξ2+13ξ4) sin4 θw]. (A10)

mc = mb ξ = 1When  (i.e. ),  these  ratios  are  consistent
with that in Refs. [20, 92–94].

For simplicity, we only show the numerical values of
ratios R for other processes in Table A1.
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