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Abstract: The  annihilation of unpolarized beams is free from initial hadron states or initial anisotropy around
the azimuthal angle. Hence, it is ideal for studying the correlations of dynamical origin via final state jets. We invest-
igate  the  planar  properties  of  multi-jet  events  employing  the  relevant  event-shape  observables  at  next-to-next-to-
leading order ( ( )) in perturbative Quantum Chromodynamics (QCD). In particular, the azimuthal angle correla-
tions on the long pseudo-rapidity (polar angle) range (Ridge correlation) between the inclusive jet momenta are cal-
culated. We demonstrate that the significant planar properties and the strong correlations as the consequence are nat-
ural results of the energy-momentum conservation of the perturbative QCD radiation dynamics. Our study provides
benchmarks  of  a  hard  strong  interaction  background for  investigating  the  collective  and/or  thermal  effects  via  the
Ridge-like correlation observables for various scattering processes.
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I.  INTRODUCTION

e+e−

Ridge phenomena, i.e., the azimuthal angle (ϕ) correl-
ations  on  the  long  pseudo-rapidity  (or  polar  angle θ)
range between the triggered hadrons and associated had-
rons, were  first  observed  in  relativistic  heavy  ion  colli-
sions at the RHIC [1–4] and then at the LHC [5–9]. They
have  been  studied  extensively  and  considered  important
signals of the thermal collective effects of the expansion
of  the  hot  dense  matter  such  as  Quark-Gluon  Plasma
(QGP).  Hydrodynamic  flows  have  been  correspondingly
measured  for  the  nontrivial  azimuthal  distributions  in
most  of  the  above  mentioned  experiments  [1–4, 6–9].
Similar  phenomena  are  also  observed  from  events  with
large hadronic multiplicities in various small system col-
lision processes such as proton-proton collisions [10–13],
proton-nucleus  collisions  [14–23],  and  lighter  nucleus-
nucleus collisions [23–26]. This correlation has also been
studied  in  other  scattering  processes,  such  as  anni-
hilation  at  low  energies  [27, 28],  electron-proton colli-
sions [29, 30], photon-proton collisions [31], and photon-
nuclear  reactions  [32].  Recently,  interesting  implications

e+e−

e+e−

regarding Ridge phenomena have been found in the stud-
ies on single hard jets by the CMS collaboration [33, 34]
and in  annihilation at  LEPII  energies  [35].  In these
small  system  scatterings,  the  collective  behaviors  and
production of QGP droplets, which had been assumed to
be absent traditionally, were introduced to explain the ob-
served  Ridge  correlations  [36–59].  However,  the  "pre-
cursors"  [59]  or  dynamics  of  the  anisotropy  that  lead  to
the Ridge correlations in small system scatterings remain
unclear. In this paper, we study the azimuthal anisotropy
of multiple hard jet  systems in  annihilation and the
corresponding  Ridge  correlations  within  the  framework
of perturbative Quantum Chromodynamics (pQCD).

The  Ridge  correlation  is  the  global  property  of  the
event and manifests that the global phase space is planar.
Two key ingredients lead to the Ridge phenomena in re-
lativistic heavy ion collisions: one is the initial geometric
anisotropy of non-central collisions as input, and the oth-
er is the intermediate multi-interaction and collective be-
haviors of the bulk system which can transfer this aniso-
tropy to the phase space of the final state hadron system.
As a result,  the plane is  stretched by the pseudo-rapidity
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∆ϕ

∆η

direction (to  define  the  polar  angle)  and  a  special  trans-
verse  direction  (to  define  the  azimuthal  angle)  for  each
specific  event.  The  hadronic  momentum  distribution  is
favored around this plane. In Fig. 1, we illustrate the most
extreme case where all hadron momenta are on the same
plane.  One  can  observe  a  joint  distribution  on  and

 as 

f (∆ϕ,∆η) = (c1δ(∆ϕ)+ c2δ(∆ϕ−π))× θ(η0− |∆η|)×g(∆η),

(1)

θ(x) η0 (> 0)

g(∆η)

where  is  the  Heaviside  step  function  with  
a  parameter  for  the  range  of  the  `Ridge'  in  the  pseudo-
rapidity  direction  determined  by  the  available  hadron
pseudo-rapidities,  and  is  a  slow-varying  function.
The  real  data  are  obtained  by  smearing  and  fluctuating
this  extreme  distribution  and  hence  look  like  the
'Ridge'1).

The  above  analysis  emphasizes  that the initial  geo-
metric anisotropy is transferred by the collective behavi-
ors  to  the  final  state  hadrons  as  the  Ridge  correlation  in
heavy ion  collisions.  If  any  other  type  of  anisotropy  ex-
ists and could be translated to the final state, a similar be-
havior  could  be  observed.  We  have  suggested  [60]  that
the hard  scatterings  and  radiations  can  lead  to  signific-
antly  planar  phase space.  This  dynamical  anisotropy can
be one of the precursors of the final state Ridge phenom-
ena in the small system collisions. In heavy ion collisions,
dynamical anisotropy  can  be  smeared  in  the  thermaliza-
tion or by multi-parton interactions but still provides im-
portant  information  for  probing  the  properties  of  the
QGP.

e+e−We take the  annihilation process to study the an-
isotropy from the hard interactions and radiations since it
is  free  from initial  state  hadrons  or  initial  anisotropy for
unpolarized beams. For the 3-jet events, the jet momenta
construct  a  triangle  in  the  center-of-mass  frame  because
of momentum conservation, and must be in a plane since
our space is Euclidean. This is not only a theoretical ex-
pectation,  but  plays  the  key  role  in  the  discovery  of  the
gluon jet. The first 3-jet event caught by the TASSO col-
laboration  critically  employed  the  planar  property  of  the
corresponding  final  state  hadrons  [61, 62].  For  an  event
with higher multiplicity of jets, their momenta are not ne-
cessarily restricted to a plane. Our previous study [60], by
employing the event generator PYTHIA [63], shows that
most  of  the  events  are  not  isotropic  but  planar  for  the
reason  of  energy  momentum  conservation.  The  planar
events are  not  strongly  correlated  with  hadron  multipli-

e+e−

city.  To  quantify  the  precise  impact  of  hard  scatterings
among  multiple  jets,  we  study  the  above  mentioned
planar  properties  of  the  inclusive  3-jet  production  at  the
full NNLO pQCD2). The results obtained with the pQCD
well-defined  jet  momenta  to  make  the  investigations
show significant  planar  property  and  the  Ridge-like cor-
relations3).  So  consequently  our  pQCD  calculation
provides benchmarks for further study of the effects from
pQCD resummation, parton shower, multi-parton interac-
tion,  preconfinement,  as  well  as  hadronization  and  (pos-
sible)  thermal  behaviors  in  both  partonic  and  hadronic
phases  [59, 60].  As  to  estimate  the  affections  of  the
planar  property  from  the  hard  interactions  to  the  final
states,  we will  also  review part  of  the  results  of  [60].  In
this paper, we concentrate on the  annihilation events
at the Z-pole. From the investigations in [60], such events
share the similar planar property as events in LEPII [35].
The methods  and  conclusions  of  this  paper  can  be  ap-
plied  to  LEPII  as  well  as  CEPC  energies.  Here  we  also
point out that the event shape had also been measured in
proton-proton  scatterings  at  the  LHC [64].  An extension
of current study could be performed at the NNLO accur-
acy  based  on  the  inclusive  hadronic  3-jet  production  at
the LHC [65–67].

e+e−The calculation of jet observables from  annihila-
tion with higher order QCD corrections requires consist-
ent cancellation of  the  infrared singularities.  Three inde-
pendent studies have achieved NNLO accuracy for the in-
clusive 3-jet production [68–76]. Our fixed order calcula-
tion is based on the publicly available code EERAD3 [69,
70, 76],  which  was  later  implemented  in  the  NNLOJET
event generator [76, 77]. The antenna subtraction method
[66, 67, 78–81] is  applied  to  remove  the  infrared  diver-
gences such that the multi-dimensional phase space integ-
ration  can  be  performed  with  the  aid  of  the  adaptive
Monte Carlo integrator VEGAS [82].  We implement the
event shape  observables  studied  in  this  work  in  NNLO-
JET [77]. During this study, an efficient framework util-

 

λ1 λ2 λ3

Fig.  1.    (color online)  Extreme planar event  sample with all
hadrons in the same plane. The three sphericity axis (see Sec-
tion II.A) are marked by the eigenvalues , , and  (=0).
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1) The equation (1) shows the double Ridge correlation which is observed in most heavy ion collisions, only that for the most central scatterings, some measure-
ments indicate the away-side Ridge is almost flatted.

2) In this paper, 'inclusive n-jet' means the final state with n or more jets.
3) We use the terminology 'ridge-like' to distinguish with those obtained with the hadron momenta.
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izing generalized antenna functions was applied to the in-
clusive 3-jet production at NNLO [83].

The remainder of the paper is organized as follows. In
Section II, we introduce the event shape observables em-
ployed  to  investigate  the  planar  property.  In  Section  III,
we study the differential distribution of these observables
and Ridge-like correlations with various values of jet res-
olution  parameter,  and  the  results  of  the  scale  variation
are  provided.  Finally,  the  conclusion  and  discussion  are
presented in Section IV. 

II.  ANALYSIS FRAMEWORK AND TOOLS
 

A.    Event shape observables

S jk

λ1,λ2 λ3 P̃

We focus on event shape observables such as the lin-
earized  sphericity  tensor  ( )  and  its  three  eigenvalues
( ,  and ),  modified  planarity  ( ),  and  the  Ridge
correlation with respect to the jet momenta in the inclus-
ive 3-jet events at NNLO and the inclusive 4-jet events at
NLO.

λ1 λ2 λ3 P̃

λ1 λ2 λ3 P̃

These  observables  are  all  related  to  the  planarity  of
the  events.  Specifically, , , ,  and  are  infrared
(IR)-safe at the parton level. In contrast, the Ridge correl-
ation is not IR-safe at the parton level; thus, we calculate
its distribution  at  the  jet  level  with  the  Durham  jet  al-
gorithm.  Accordingly,  the  observables  related  to  event
planarity —including , , ,  and —are also  com-
puted at the jet level to corroborate the Ridge correlation.
These  jet-defined  observables  can  be  directly  compared
with experimental data.

The linearized sphericity tensor is [63, 84, 85] 

S jk =

∑
i

p j
i pk

i

|pi|∑
i
|pi|
, (2)

pi

j,k = 1,2,3
×

λ1 ⩾ λ2 ⩾ λ3 ⩾ 0
λ1+λ2+λ3 = 1 λ1ï

1
3
,1
ò
λ1 ≈ 1

λ1 ≈ 1/3 λ2

where  denotes  the  three-momentum  of  jet i,  and  the
summation  is  performed  over  all  final  state  jets  in  an
event.  Here,  correspond  to  the  three  spatial
components.  The symmetric 3 3 matrix S has three real
eigenvalues  and  three  mutually  orthogonal  eigenvectors
corresponding to these eigenvalues. The determination of
these  eigenvalues  involves  solving  the  characteristic
equation of S, which is a cubic equation and the roots can
be  analytically  solved  using  the  Shengjin  Formula  [86]
(see Appendix A). For Euclidean space, considering only
the cases with real solutions is sufficient. These three ei-
genvalues  can  be  ordered  as ,  with

,  such  that  is  constrained  within  the

range . Events in which all hard partons are closely
aligned  in  a  collinear  direction  (the  back-to-back  limit)
correspond to , whereas an approximately isotropic
event corresponds to .  is restricted to the inter-

ï
0,

1
2

ò
λ1 λ2 λ3ï

0,
1
3

ò
λ3 = 0
λ3 ≈ 1/3

val .  In a planar event,  the plane is  defined by the
eigenvectors  corresponding  to  and .  is  bounded

between .  It  measures  the  transverse  momentum
component  out  of  the  event  plane:  a  planar  event  has

,  whereas  an  approximately  isotropic  event  has
.

P̃We define the modified planarity  as 

P̃ =
λ2−λ3

λ2+λ3
, (3)

[0,1]
P̃ = 1

P̃ ≈ 0 e+e−

λ2

λ3

λ2−λ3

which  is  constrained  to  the  range .  It  measures  the
planarity  of  an  event:  a  planar  event  has ,  whereas
an approximately isotropic one has . For  anni-
hilation to the inclusive 3 jets,  is rather small although
much  larger  than  for  most  of  the  events  (which  are
planar).  Consequently,  if  we  only  use , it  will  al-
ways  peak  around  small  values  and  cannot  indicate
whether the event is planar or spherical.

∆ϕ

∆η

The  Ridge  correlation  is  the  joint  distribution  of 
and  between  final  state  jets  momenta  from the  same
event, defined as 

R(∆ϕ,∆η) =
1
σ

d2σ

d∆ϕd∆η
=

1
σ

∑
i< j

∫
d∆ϕi jd∆ηi j

×
Å

d2σ

d∆ϕi jd∆ηi j

ã
δ(∆ϕi j−∆ϕ)δ(∆ηi j−∆η), (4)

i, j = 1,2, ...,n
∆ϕ ∆η

λ1

λ1

x0

λ1 x1

λ1 −x1

∆η

where , and n denotes the jet multiplicity of
the  event;  and  represent the  differences  in  azi-
muthal angles and pseudo-rapidities of jets,  respectively.
In our study, we use the direction of the eigenvector asso-
ciated  with  the  largest  eigenvalue  to  define  the  polar
angle. The eigenvector associated with  is obtained us-
ing the power method [87]. Initially, an initial vector  is
repeatedly  multiplied  by  the  linearized  sphericity  matrix
S. This  process  ensures  that  the  resulting  vector  con-
verges towards the eigenvector associated with the largest
eigenvalue .  However,  if  is an  eigenvector  corres-
ponding  to ,  then  is equally  valid  as  an  eigen-
vector for the same eigenvalue. Selecting the eigenvector
with forward rapidity in the lab frame as our convention,
we ensure that our final result is symmetric in : 

R(∆ϕ,∆η) = R(∆ϕ,−∆η), (5)

p x1

which  is  a  consequence  of  the  parity  conservation  in
QCD. Subsequently,  the  angle  between  the  jet  mo-
mentum  and the axis  is given by 

θ = arccos(x1 ·p/|x1||p|). (6)

Planar property and long-range azimuthal correlation in e+e– annihilation Chin. Phys. C 50, 043108 (2026)
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Thus, we can calculate the pseudo-rapidity as 

η = − ln(tan(θ/2)). (7)

∆ϕi j pi p j between two jets with momenta  and  is 

∆ϕi j = arccos
(
pi⊥ ·p j⊥/ |pi⊥|

∣∣p j⊥
∣∣) (8)

p⊥ x1where  is the momentum perpendicular to the axis .
When employing a small jet resolution parameter, one

encounters contributions  from  relative  soft  jets.  To  ex-
tract the properties of hard interactions, we introduce the
energy-weighted Ridge correlation [88, 89], 

REE(∆ϕ,∆η) =
1
σ

∑
i< j

∫
d∆ϕi jd∆ηi j

4EiE j

s

×
Å

d2σ

d∆ϕi jd∆ηi j

ã
δ(∆ϕi j−∆ϕ)δ(∆ηi j−∆η),

(9)

Ei E j

REE(∆ϕ,∆η)

where s is  the squared centre-of-mass energy;  and 
denote  the  energies  of  each  of  two  jets.  We  note  that

 is also infrared safe at the parton level. 

B.    Setup of the simulations and validation

√
s = mZ = 91.19 GeV

e+e−→ γ∗/Z→
αs(mZ) = 0.118

Gµ
Gµ = 1.1663787×10−5 GeV−2 mW =

80.379 GeV

µR = µF = mZ

µR µF

We  choose  the  centre-of-mass  energy  at  the Z-pole
with .  The  dominant  contribution
to jets production is  jets. Additionally, we set
the  strong  coupling  constant  at .  For  the
electroweak  gauge  coupling  constant,  we  use  the -
scheme [90] with  and 

.  The  central  values  of  the  renormalization
and  factorization  scale  are  set  to  the  centre-of-mass en-
ergy, . To  estimate  the  systematic  uncer-
tainty  in  our  calculations,  we  vary  and  following
the 7-point scale variations: 

µR→ kµRµR, µF → kµFµF , (10)

(kµR ,kµF ) ∈
ß

(1,1),
Å

1,
1
2

ã
, (1,2),

Å
1
2
,1
ã
, (2,1),

Å
1
2
,

1
2

ã
, (2,2)

™with 

.

ycut ∈ [10−4,10−2] ycut
ycut ∼ 10−4

Throughout the  computation,  we  employ  the  exclus-
ive  Durham  jet  algorithm  [91]  with  the  E-scheme  to
cluster  partons  into  jets  with  the  resolution  parameter

 [92]. As  approaches very small val-
ues (i.e., ), events approaching the back-to-back
limit are allowed, revealing the large logarithmic correc-
tions of pQCD.

e+e−→ 3

C3 C4

C5

ycut C3 C4 C5

ycut = 2.49×10−4

C5

To  validate  the  NNLO  calculation  of  jets
implemented in NNLOJET, we compare the perturbative
coefficients  [93]  and  of jet  rates  between NNLO-
JET and CoLoRFulNNLO [94], and  between NNLO-
JET,  CoLoRFulNNLO,  and  Sherpa  [95]  with  different

 values.  The  results  of , ,  and  between
NNLOJET  and  CoLoRFulNNLO  are  consistent  within
the margin of error, except for . The res-
ults  of  between NNLOJET and Sherpa are consistent
within the margin of  error.  A further  detailed analysis  is
given in Appendix B. 

III.  NUMERICAL RESULTS

ycut
λ1 λ2 λ3 P̃

R(∆ϕ,∆η) REE(∆ϕ,∆η)

In this section, we present the numerical results of the
event shape  observables  relevant  to  planarity  as  dis-
cussed in Section II.A. In Section III.A, we compute the
cross  sections  for  the  production  of  the  inclusive n-jet
events (for n = 3, 4, 5) at fixed order, with various values
of . In Section III.B, we examine the differential cross
sections  of , , ,  and . Finally,  the  joint  distribu-
tion  observables  and  are  explored
in Section III.C. 

A.    Fiducial cross sections

ycut
ycut

ycut = 10−2,10−2.5,10−3,10−3.5,10−4

The cross sections for the production of the inclusive
n-jet (where n = 3, 4, 5) at fixed order for various values
of  demonstrate the shift in the fraction of the exclus-
ive n-jet events with changes in . Table 1 presents the
cross  sections  (in  fb)  for  the  production  of  the  inclusive
3-jet at NNLO, the inclusive 4-jet at NLO, and the inclus-
ive 5-jet at LO for . Each

 

ycut ycutTable 1.    Inclusive n-jet cross sections (in fb) at fixed order with different  values. Each row corresponds to a distinct  value,
whereas each column corresponds to a different jet multiplicity. The numbers as superscripts and subscripts indicate the systematic er-
rors resulting from the scale variations according to equation (10), and those within parentheses denote the statistical errors.

ycut 3-jet (NNLO) 4-jet (NLO) 5-jet (LO)

1 ·10−2.0 1.594(3)+0.018
−0.030 ·107 2.0016(7)+0.280

−0.245 ·106 4.775(4)+1.833
−1.129 ·104

1 ·10−2.5 2.59(1)+0.007
−0.033 ·107 7.343(4)+0.959

−0.862 ·106 5.523(4)+2.476
−1.129 ·105

1 ·10−3.0 3.55(1)+0.006
−0.053 ·107 1.8516(7)+0.205

−0.198 ·107 3.017(2)+1.192
−0.777 ·106

1 ·10−3.5 4.27(2)+0.095
−0.163 ·107 3.656(2)+0.276

−0.322 ·107 1.1181(5)+0.442
−0.288 ·107

1 ·10−4.0 4.47(3)+0.257
−0.343 ·107 5.954(4)+0.080

−0.329 ·107 3.261(5)+1.288
−0.841 ·107

Xuan Chen, Yuesheng Dai, Shi-Yuan Li et al. Chin. Phys. C 50, 043108 (2026)
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ycutrow  corresponds  to  a  distinct  value,  whereas  each
column  corresponds  to  a  different  jet  multiplicity.  The
numbers as  superscripts  and  subscripts  indicate  the  sys-
tematic errors resulting from the scale variations accord-
ing to equation (10), and those within parentheses denote
the statistical errors.

ycut = 10−2 ycut

ycut = 10−4

+1.1%
−1.9% ycut = 10−2 +0.3%

−1.3%

ycut = 10−2.5 +0.2%
−1.5% ycut = 10−3 ycut ⩾ 10−2.5

S jk

By examining  the  difference  between  the  cross  sec-
tions of the inclusive 3-jet at NNLO and the inclusive 4-
jet at NLO, we observe that the majority of events are the
exclusive  3-jet  events  (87%)  at .  As  de-
creases, the cross section of the inclusive 3-jet at NNLO
increases. However, a notable decrease is observed in the
proportion of the exclusive 3-jet events, accompanied by
a corresponding increase  in  the  proportion of  the  inclus-
ive  4-jet  events.  Notably,  the  exclusive  3-jet cross  sec-
tion  at  NNLO  turns  negative  at  owing  to  the
large logarithmic corrections associated with the back-to-
back events.  The scale uncertainty for the inclusive 3-jet
cross  section  at  NNLO  is  at ,  at

,  and  at .  For  ,  the
large exclusive 3-jet rates indicate that the majority of the
events  are  planar.  In  contrast,  the  inclusive  4-jet  events
lead to deviations in event  shapes from a plane.  The de-
tails are illustrated through the distributions of the eigen-
values from  in the next subsection.

Table  2 presents  the  cross  sections  for  the  exclusive

ycut = 10−2

10−3 10−4 ycut

ycut = 10−2

ycut = 10−4

ycut
10−2 10−3

3-jet production at LO, NLO, and NNLO with ,
,  and .  Each  row  corresponds  to  a  distinct 

value,  whereas  each  column  corresponds  to  a  different
fixed  order.  For ,  the  reduction  in  the  relative
scale uncertainty is 67% between LO and NLO and 89%
between  NLO  and  NNLO.  The  relative  corrections  are
18% between LO and NLO and –0.9% between NLO and
NNLO.  We  observe  that  the  effects  of  large-logarithm
corrections  are  remarkably  prominent  around .
Consequently, in the subsequent analysis, we restrict our
attention to the results  corresponding to  in the range

 to . 

B.    Differential cross sections
λ1 λ2 λ3

P̃ ycut

λ1 λ2

ycut = 10−2 10−3

We study the differential cross sections for , , ,
and  with different values of  to analyze the planar-
ity of multi-jet production in the inclusive 3-jet events up
to  NNLO  and  in  the  inclusive  4-jet  events  up  to  NLO.
Large  logarithmic  divergences  in  the  back-to-back fidu-
cial  regions  limit  the  prediction  power  of  fixed  order
QCD calculations. We use PYTHIA 8.3 [96] to resum the
leading log divergences for inclusive 3, 4-jet events to ex-
tend  and  exam  our  study. Figure  2 and Fig.  3 show  the
differential  distributions  of  and  in  the  inclusive  3-
jet  events  for  (left  panel)  and  (right
panel).  The  upper  panels  present  the  predictions  at  LO

 

ycut ycutTable 2.    Exclusive 3-jet cross sections (in fb) at fixed order with different  values. Each row corresponds to a distinct  value,
whereas each column corresponds to a different fixed order. The numbers as superscripts and subscripts indicate the systematic errors,
which are obtained from equation (10), and those within parentheses denote the statistical errors.

ycut σLO σNLO σNNLO

1 ·10−2.0 1.1878(3)+0.140
−0.112 ·107 1.4054(4)+0.046

−0.054 ·107 1.393(2)+0.000
−0.011 ·107

1 ·10−3.0 3.2104(8)+0.377
−0.304 ·107 2.409(3)+0.104

−0.222 ·107 1.70(1)+0.204
−0.257 ·107

1 ·10−4.0 6.275(2)+0.736
−0.594 ·107 5.3(6)+104.1

−159.2 ·105 −1.48(2)+0.419
−0.583 ·107

 

λ1
√

s = mZ

ycut = 10−2 10−3

Fig. 2.    (color online) Distribution of the event shape observable  in the inclusive 3-jet events at the center-of-mass energy 
for  (left panel) and  (right panel). The upper panels present the predictions at LO (green), NLO (blue), and NNLO (red).
The lower panels display the ratios of the NLO and LO predictions over the NLO predictions. The statistical errors are represented by
the error bars, whereas the light-shaded bands indicate the systematic uncertainties arising from the scale variations according to equa-
tion (10).
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(green), NLO (blue), and NNLO (red). The lower panels
display the relative ratios over the NLO predictions. The
statistical errors are represented by the error bars, where-
as  the  light-shaded bands  indicate  the  systematic  uncer-
tainties resulting from the 7-point scale variations.

λ1 λ2

ycut = 10−2

ycut = 10−2

Both  figures  show no  shift  in  the  peak  position  with
higher order pQCD corrections,  which,  however,  change
the shape and theory uncertainty of the distributions. The
peak  of  the  ( )  distribution  is  near  0.92  (0.08)  at

. In  the  peak  region,  the  relative  scale  uncer-
tainties  are  reduced  by  approximately  63%  (62%)
between LO and NLO and by 100% (90%) between NLO
and  NNLO.  The  relative  corrections  are  approximately
21%  (22%)  between  LO  and  NLO  and  0%  (0.8%)
between NLO and NNLO. In the tail  region, the relative
scale  uncertainties  are  reduced  by  approximately
44%−65%  (51%−60%)  between  LO  and  NLO  and  by
58%−100% (71%−88%)  between  NLO and  NNLO.  The
relative  corrections  are  approximately  23%−41% (27%−
33%)  between  LO  and  NLO  and  8.1%−13%  (2.1%−
6.3%)  between  NLO  and  NNLO.  These  results  suggest
that the  pQCD  calculations  converge  for  the  plotted  re-
gions at .

ycut λ1 λ2

λ1 = 1 λ2 = 0
ycut = 10−3

ycut = 10−3

As  decreases,  the  peak  of  ( )  shifts  towards
1 (0),  indicating that  more  events  approaching the  back-
to-back  limit  (  and )  are  adopted.  For

, the  relative  scale  uncertainty  in  the  peak  re-
gion  increases  approximately  301%  (479%)  between
NLO  and  NNLO.  Moreover,  the  relative  corrections
come  to  approximately –5.5% (–0.4%)  between  LO and
NLO  and –12.7%  (–10.4%)  between  NLO  and  NNLO.
These facts  indicate  effects  of  the  large  logarithmic  cor-
rections  in  the  peak region at .  In  contrast,  the
fixed  order  results  converge  well  in  the  tail  region.  The
reductions of the relative scale uncertainty are about 24%

(41%)  between  LO  and  NLO  and  41%  (61%)  between
NLO and NNLO. The relative corrections are about 51%
(40%)  between  LO  and  NLO  and  15%  (7.6%)  between
NLO and NNLO.

λ1 λ2

ycut = 10−2 10−3

ycut = 10−2 λ1 λ2

ycut
λ1 λ2

λ1 = 1
λ2 = 0

Large logarithmic divergences in the back-to-back fi-
ducial  regions  limit  the  prediction  power  of  fixed  order
QCD calculations. We have used PYTHIA 8.3 [96] to re-
sum  the  leading  log  divergences  for  inclusive  3,  4-jet
events to extend and exam our study. Figure 4 and Fig. 5
show  the  distributions  of  and  in  inclusive  3-jet
events  for  (left  panel)  and  (right  panel).
The peak  positions  and  full  width  at  half  maximum  re-
main similar  to those from the fixed-order calculation in
Fig. 2 and Fig. 3. For , the peak of the  ( )
distribution  is  near  0.92  (0.08).  As  decreases,  the
peak of  ( ) shifts towards 1 (0), indicating that the re-
summation  effects  do  not  change  the  overall  picture:
more events  approach the back-to-back limit  (  and

).
λ3

ycut = 10−2 10−3

λ3

ycut λ3

λ3 = 0
ycut

ycut

Figure  6 shows  the  differential  distribution  of  in
inclusive 3-jet events for  (left panel) and 
(right  panel).  We  observe  that  the  distribution  of ,
which indicates the planarity of an event, is concentrated
around 0 for these two  values. The closer  is to 0,
the  higher  the  planarity.  Consequently,  the  peaks  in  the
distribution suggest that the events exhibit high planarity.
The distribution at LO is confined to the first  bin as this
order  has  only  exclusive  3-jet  events  ( ). Addition-
ally,  we can observe that as  decreases,  the degree of
event  clustering  at  NLO and  NNLO decreases.  In Table
1, we observe that a decrease in  leads to a decrease in
the  proportion  of  3-jet events,  accompanied  by  an  in-
crease in the proportions of 4-jet and 5-jet events. As the
jet multiplicity  increases,  the  planarity  of  the  events  de-
creases accordingly.  This  trend  is  reflected  in  the  en-

 

λ2
√

s = mZ

ycut = 10−2 10−3

Fig. 3.    (color online) Distribution of the event shape observable  in the inclusive 3-jet events at the center-of-mass energy 
for  (left panel) and  (right panel).  The upper panels present the predictions at LO (in green), NLO (blue), and NNLO
(red). The lower panels display the ratios of the NLO and LO predictions over the NLO predictions. The statistical errors are represen-
ted by the error bars, whereas the light-shaded bands indicate the systematic uncertainties arising from the scale variations according to
equation (10).

Xuan Chen, Yuesheng Dai, Shi-Yuan Li et al. Chin. Phys. C 50, 043108 (2026)

043108-6



hanced distribution within the tail region, as illustrated in
Fig. 6.

λ1The  distribution demonstrates that  the majority of
events  exhibit  a  "back-to-back-like"  pattern,  which  is  a
well known picture of the global event shape in high en-

e+e−

λ2 λ3

P̃
λ2 λ3

λ2 λ3

ergy  annihilation  processes.  The  line  shapes  of  the
observables  and  are similar, i.e., both peak near the
minimum  values.  The  modified  planarity  depends  on
the relative ratio of  and , which can reveal  the dif-
ference  of  the  concrete  peak  region  of  and .  From

 

λ1
√

s = mZ

ycut = 10−2 10−3

Fig. 4.    (color online) Distribution of the event shape observable  in the inclusive 3-jet events at the center-of-mass energy 
for  (left panel) and  (right panel), based on PYTHIA 8.3 [96].

 

λ2
√

s = mZ

ycut = 10−2 10−3

Fig. 5.    (color online) Distribution of the event shape observable  in the inclusive 3-jet events at the center-of-mass energy 
for  (left panel) and  (right panel), based on PYTHIA 8.3 [96].

 

λ3
√

s = mZ

ycut = 10−2 10−3

Fig.  6.    (color  online)  Distribution of  the  event  shape observable  in  inclusive 3-jet  events  at  center-of-mass  energy  for
 (left panel) and  (right panel). The upper panels present predictions at LO (in green), NLO (in blue), and NNLO (in red).

The  lower  panels  display  the  ratios  of  NNLO,  NLO,  and  LO over  NLO predictions.  Statistical  errors  are  represented  by  error  bars,
while light-shaded bands indicate systematic uncertainties arising from scale variations according to equation (10).
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P̃ ycut
λ3

P̃

λ3

λ3 P̃

the upper panel of Fig. 7, we observe that the distribution
of  is  concentrated  around  1  always  at  these  two 
values, similar to  around 0 in Fig. 6. Additionally, the
relative scale uncertainty for  between NLO and NNLO
and  the  relative  correction  between  NLO  and  NNLO
around  1  are  similar  to  these  for  around  0.  We  also
calculate  and  using PYTHIA and observe the same
shape and peak region as in the above fixed order calcula-
tions  (see  Appendix  C).  Therefore,  the  parton  shower
does not change the conclusion that most of events have
high planarity.

P̃

In the above analysis of the inclusive 3-jet events, we
note  that  exclusive  3-jet events  are  fully  planar.  There-
fore, we present the  distributions for the inclusive 4-jet
events,  as  shown  in Fig.  8,  to  analyze  the  planarity  of

P̃
λ3

P̃
ycut = 10−2

ycut = 10−3

ycut = 10−2 ycut = 10−3

ycut = 10−3

events with higher jet multiplicities. We observe that the
distribution is concentrated around 1, which indicates that
most  of  the  inclusive  4-jet  events  have  a  planar  event
shape. The reduction in the relative scale uncertainty and
the  relative  correction  between  LO  and  NLO  for 
around 1 are similar to those for  around 0. The reduc-
tion  of  the  relative  scale  uncertainty  for  between  LO
and NLO around the peak region is 48% at  and
69% at , and the relative correction between LO
and NLO is 62% at  and 26% at . At

, we observe reductions in the relative scale un-
certainty between LO and NLO within the peak regions,
which  differs  from  that  observed  for  inclusive  3-jet
events.  This  suggests  that  the  back-to-back  events  are
primarily  derived  from  the  3-jet events.  We  also  calcu-

 

P̃
√

s = mZ

ycut = 10−2 10−3

Fig.  7.    (color  online)  Distribution  of  the  event  shape  observable  in  inclusive  3-jet  events  at  center-of-mass  energy  for
 (left panel) and  (right panel). The upper panels present predictions at LO (green), NLO (blue), and NNLO (red). The

lower  panels  display  the  ratios  of  the  NNLO,  NLO,  and  LO  over  NLO  predictions.  Statistical  errors  are  represented  by  error  bars,
whereas light-shaded bands indicate systematic uncertainties arising from scale variations according to equation (10).

 

P̃
√

s = mZ

ycut = 10−2 10−3

Fig. 8.    (color online) Distribution of the event shape observable  in the inclusive 4-jet events at the center-of-mass energy 
for  (left panel) and  (right panel). The upper panels present the predictions LO (green) and NLO (blue). The lower pan-
els display the ratios of the NLO and LO predictions over the LO predictions. The statistical errors are represented by the error bars,
whereas the light-shaded bands indicate the systematic uncertainties arising from the scale variations according to equation (10).
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P̃late  for  inclusive  4-jet events  using  PYTHIA and  ob-
serve  the  same  shape  and  peak  region  as  in  the  above
fixed order calculations (see Appendix C).

ycut
10−2

The  analysis  of  the  above  observables  adequately
demonstrates the planarity of the events driven by pQCD,
including  those  with  a  higher  multiplicity  of  jets.  When
more than three jets exist, generally, the momenta are not
restricted  in  a  plane,  but  the  whole  phase  space  of  an
event is  still  significantly  planar.  Because  the  higher  or-
der corrections  are  relatively  small  and  have  less  uncer-
tainty of scale variation in the entire region for large 
values (approximately ), we conclude that hard scat-
terings that are dictated by pQCD lead to a high planarity.
This  will  be further  illustrated in the study on the Ridge
correlations in the following subsection.

ycut
10−3

ycut

In  contrast,  for  small  values  of  (approximately
),  the non-perturbative corrections can be large.  The

resummation  is  required  in  the  peak  region  to  obtain
physically  valid  results.  Additionally,  we  find  that  the
parton  shower  does  not  change  this  picture  that  most  of
events have high planarity around this  value. 

C.    Ridge
In  Section  III.B,  our  analysis  demonstrates  that  the

events driven by pQCD exhibit high planarity. This prop-
erty  leads  to  significant  Ridge  correlations. Figure  9

ycut = 10−2

scaleup scaledown

shows  such  distributions  in  the  inclusive  3-jet  events  at
NNLO  with .  The  upper  left  panel  shows  the
result  at  the  central  scale  choice;  the  upper  right  panel
shows the relative statistical error; the lower left panel il-
lustrates the systematic error due to the scale variation, as
given by Eq. (10), where  ( ) is the largest
positive (negative) correction relative to the central scale;
and the lower right panel displays the relative correction
of  the  NNLO  results  with  respect  to  the  NLO  results  at
the central scale.

∆ϕ = 0

∆ϕ = π
∆ϕ = 0

ycut = 10−2

∆ϕ
∆ϕ = π

∆ϕ = 0

(∆η,∆ϕ) = (0,0)

∆η

From the  upper  left  panel  of Fig.  9,  we  observe  that
the events cluster primarily at  and π, which indic-
ates  that  the  inclusive  3-jet  events  have  high  planarity.
The  concentration  at  (the  away-side)  is  notably
higher than that at  (the near-side), and it shows a
pronounced Ridge shape. This trend is consistent with the
data  presented  in Table  1, which  highlights  the  domin-
ance of the 3-jet  events at .  In any 3-jet  event,
the azimuthal angle  between any two jets is restricted
to  these  two  values,  and  occurs twice  as  fre-
quently as .  This characteristic feature of the 3-jet
events is  responsible  for  shaping  the  observed  distribu-
tion. We also notice that only a minimal number of events
are  distributed  near  the  region. Con-
sequently,  a  significantly  larger  relative  statistical  error
occurs,  as  shown in  the  upper  right  panel  of Fig.  9.  The
relative statistical error increases with larger , indicat-

 

ycut = 10−2

scaleup scaledown

Fig.  9.    (color  online)  Long  pseudo-rapidity  range ϕ correlation  (Ridge)  distribution  in  the  inclusive  3-jet  events  at  NNLO  with
. The upper left panel shows the result at the central scale choice; the upper right panel shows the relative statistical error; the

lower left panel illustrates the systematic error due to the scale variation, as given by the Eq. (10), where  ( ) is the largest
positive (negative)  correction relative to the central  scale;  the lower right  panel  displays the relative correction of  the NNLO results
with respect to the NLO results at the central scale.
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∆ϕ = 0,π
∆ϕ

∆ϕ

∆ϕ = 0,π

ing  a  scarcity  of  the  events  with  jets  at  large  pseudo-
rapidities.  The  lower  left  panel  of Fig.  9 shows  that  the
uncertainty of the scale variation is significantly lower in
the  regions (±5%) compared with the intermedi-
ate  region (±15%). Because the distribution in the in-
termediate  region  is  exclusively  associated  with  the
inclusive 4-jet events, this discrepancy in the uncertainty
is attributed to the different orders of the perturbative cal-
culations:  NNLO  for  the  near-side  region  and  NLO  for
the  intermediate  region.  From  the  lower  right  panel  of
Fig.  9,  we  observe  that  the  relative  correction  is  small
(approximately  ±10%)  in  the  region  near  but
large (approximately 25%−75%) in the middle region. On
both sides of  the plot,  the dominant  contribution is  from
the 3-jet  events,  for which the correction reaches NNLO
accuracy. In contrast,  in the middle region,  the contribu-
tion  is  derived  from  the  inclusive  4-jet  events,  and  the
correction is  of NLO accuracy. The difference in the or-
der of accuracy between these two regions is responsible
for the varying magnitudes of the relative correction.

ycut = 10−2

∆ϕ = 0 ∆ϕ = π

∆ϕ

As analyzed above, when ,  the 3-jet  events
predominate and  are  primarily  concentrated  in  the  re-
gions around  and , making the distribution
in  the  intermediate  areas  less  visible.  Therefore,  we
present the  distribution  within  the  context  of  the  inclus-
ive 4-jet events to offer a clearer view of the intermediate

 region. Figure 10 shows the distribution of the Ridge

ycut = 10−2

∆ϕ

∆ϕ = π

ycut = 10−2

(∆η,∆ϕ) = (0,0)
∆η

(∆η,∆ϕ)

2.0016(7)+0.280
−0.245 ·106

1.2010(2)+0.30
−0.22 ·106

correlation  in  the  inclusive  4-jet  events  at  NLO  with
. In the upper left panel of Fig. 10, we observe

apparent  distributions  in  the  intermediate  region,
whereas  the  main distributions  are  still  in  the  re-
gion, along  with  the  Ridge  shape.  These  observed  fea-
tures suggest that the 4-jet and 5-jet events also have high
planarity  with ,  which  is  consistent  with  our
finding in Section III.B. The plot of the relative statistic-
al error shows that the error is generally minimal, except
in the  region and at the positive and neg-
ative  boundaries  of . The  reason  for  these  discrepan-
cies  is  similar  to  that  in  the  case  of  the  inclusive  3-jet
events.  In  the  lower  left  plot  of Fig.  10, the  scale  vari-
ation  remains  consistent  at  approximately  ±14%  across
the  entire  region.  This  uniformity  can  be
ascribed to  the  NLO accuracy throughout  this  region.  In
the lower right panel of Fig. 10, the relative correction is
observed to be approximately ±5%. This value is smaller
than the relative correction observed in the inclusive 3-jet
events shown in Fig. 9. This reduction in the relative cor-
rection  can  be  attributed  to  the  significant  differences  in
the  total  cross  section  between  the  NLO and  LO results
for the inclusive 4-jet events. Specifically, the total cross
section  at  NLO is  fb,  whereas  that  at
LO is  fb.

To  examine  the  continuous  evolution  of  the  Ridge

 

ycut = 10−2

scaleup scaledown

Fig.  10.    (color  online)  Long  pseudo-rapidity  range ϕ correlation  (Ridge)  distribution  in  the  inclusive  4-jet  events  at  NLO  with
. The upper left panel shows the result at the central scale choice; the upper right panel shows the relative statistical error; the

lower left panel illustrates the systematic error due to the scale variation, as given by Eq. (10), where  ( ) is the largest
positive (negative) correction relative to the central scale; and the lower right panel displays the relative correction of the NLO results
with respect to the LO results at the central scale.
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ycut

ycut ycut = 10−2.5

ycut = 10−3

ycut = 10−3.5

ycut = 10−4

ycut
∆ϕ

ycut = 10−4

(∆ϕ,∆η) = (0,0)
ycut

∆η

ycut = 10−2

correlation,  we  present  the  distributions  with  different
values of . Figure 11 and Fig. 12 present the distribu-
tion  of  the  Ridge  in  the  inclusive  3-jet  and  4-jet  events,
respectively. Specifically,  for  each  figure,  the  distribu-
tion  is  shown  for  different  values  of :  is
presented in the upper-left part of the figure,  in
the upper-right part,  in the lower-left part, and

 in the lower-right part. In Fig. 11, as the value
of  decreases,  we observe  that  the  event  distributions
in the intermediate  region gradually increase, indicat-
ing that the proportion of the inclusive 4-jet events is in-
creasing. From Table 1, we observe that the proportion of
the  inclusive  4-jet  events  becomes  predominant  when

.  Thus,  the  distribution  with  the  central  scale
choice in the lower right panel of Fig. 11 is analogous to
that  in  the  lower  right  panel  of Fig.  12.  In  the  region  of

, allowing closer partons to be resolved as
separate jets as  decreases, the distribution in this area
increases.  Similarly,  the  distribution  in  the  large  re-
gion  also  increases,  attributed  to  the  same  factor.  We
have  also  calculated  the  corresponding  PYTHIA  results
for .  The  ridge  phenomenon  is  observed  in  all
these  results  (see  Appendix  C).  Therefore,  the  parton
shower does not change the conclusion from the fixed or-
der calculation, i.e, the events are planar. We suspect that
the non-perturbative effects, similar to the hadronization,
can also transfer this contribution to the hadron system as
partially observed in Ref. [35].

∆ϕ ∆η

REE

ycut = 10−2

∆η

e+e−

ycut = 10−2

The joint distribution of  and  between the final
state jets  exhibits  pronounced  Ridge  characteristics,  in-
cluding those with a higher multiplicity of jets.  As men-
tioned  in  Section  II.A,  we  can  employ  the  energy-
weighted  joint  distributions  to  enhance  the  contribution
with  hard  jets. Figure  13 and Fig.  14 show the  distribu-
tions of  in the inclusive 3-jet events at NNLO and in
the  inclusive  4-jet  events  at  NLO with . Com-
pared with  the  relevant  plots  without  the  energy weight-
ing, the distribution exhibits an enhancement in the large

 region  for  both  inclusive  3-jet  and  4-jet  events.  This
leads  to  a  more  pronounced  Ridge  shape.  This  again
guarantees that the hard radiations of jets lead the whole
phase space of an event to be planar in the  annihila-
tion process,  because  of  the  total  momentum  conserva-
tion.  The  systematic  error  and  high-order correction  re-
main  essentially  unchanged  in  the  inclusive  3-jet  and  4-
jet  events,  suggesting  that  the  proportion  of  events  with
soft  jets  is  small  at .  We  have  also  calculated
the corresponding  PYTHIA  results  and  a  more  pro-
nounced Ridge shape can also be observed. 

IV.  CONCLUSIONS

e+e−The  annihilation process provides a clean envir-
onment for studying the anisotropy from the pQCD hard
interactions.  In  this  paper,  the  precise  fixed  order  QCD
predictions of  high multiplicity  final  states  are  provided.

 

ycut = 10−2.5 10−3 10−3.5 10−4

Fig.  11.    (color  online)  Long  pseudo-rapidity  range ϕ correlation  (Ridge)  distribution  in  the  inclusive  3-jet  events  at  NNLO  for
(upper left), (upper right), (lower left), and (lower right).
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Fig.  12.    (color  online)  Long  pseudo-rapidity  range ϕ correlation  (Ridge)  distribution  in  the  inclusive  4-jet  events  at  NLO  for
(upper left), (upper right), (lower left), and (lower right).
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Fig. 13.    (color online) Long pseudo-rapidity range ϕ correlation weighted by  ( ) in the inclusive 3-jet events at NNLO with
. The upper left panel shows the result at the central scale choice; the upper right panel shows the relative statistical error; the

lower left panel illustrates the systematic error due to the scale variation, as given by Eq. (10), where  ( ) is the largest
positive (negative) correction relative to the central scale; the lower right panel displays the relative correction of the NNLO results to
the NLO results at the central scale.

Xuan Chen, Yuesheng Dai, Shi-Yuan Li et al. Chin. Phys. C 50, 043108 (2026)

043108-12



λ1

λ2 λ3 P̃
λ2 λ3

e+e−

e+e−

By employing the event shape observables relevant to the
anisotropy  of  the  global  shape  of  the  phase  space  of  an
event, i.e.,  the  eigenvalues  of  the  sphericity  tensor  ( ,

, ) and the modified planarity ( ) as the combination
of , ,  we  illustrate  that  the  multiple  jet  (number  of
jets n = 3, 4, 5) final states in  annihilation are highly
planar.  As suggested in [60],  we find that  this  fact  leads
to a significant Ridge-like correlations among the jet mo-
menta.  These  predictions  can  be  directly  compared  with
the LEP data and tested in future  colliders.

λ1 λ2

λ3 P̃
λ1

λ2

±10

λ2 λ3 P̃

This study applies NNLO QCD corrections to the in-
clusive 3-jet production with various values of jet resolu-
tion  parameter.  This  is  first  time  that  NNLO corrections
are considered for  the Ridge-like correlations among the
jet momenta.  The  anisotropy  in  the  phase  space  is  de-
termined by the momentum conservation and the intrins-
ic  dynamics of  pQCD. We observe marginal  fixed order
corrections between LO and NLO distributions for , ,

, and  and identify fiducial regions where the resum-
mation of the large algorithmic terms is required. For 
and ,  we  observe  that  the  pQCD corrections  converge
at NNLO with reduced scale dependence at %. With
high precision, we sharpen the fact that the global shapes
of most events are oblate rather than isotropic. The differ-
ence is illustrated by the peak regions of the distributions
between  and . The peak of the modified planarity 

λ1

∆ϕ ∼ π

∆ϕ

REE

(∆ϕ,∆η) ∼ (0,0) (∆ϕ, |∆η|) > (2,3)
ycut ⩾ 10−3

REE

e+e−→

ycut 10−3

around 1 (Fig.  8)  is  a  strong evidence for  the anisotropy
in the  transverse  direction  perpendicular  to  the  eigen-
vector of . The Ridge-like correlation are confirmed in
both the inclusive 3-jet final  states at  NNLO and inclus-
ive 4-jet final states at NLO. In the region where ,
a  significant  enhancement  is  observed,  attributed  to  the
higher order pQCD corrections. For  away from π and
0, where the inclusive 3-jet results at NNLO are equival-
ent  to  the  4-jet  case  at  NLO,  we  observe  the  non-flat
higher order corrections for both the Ridge and  dis-
tributions  between  and 
regions.  In  the  fixed  order  region  where ,  we
have  not  observed  the  convergence  of  pQCD  for  the
Ridge and  distributions. These distributions may re-
quire higher order corrections of  4-jet production
at  NNLO QCD accuracy in  the  future.  Additionally,  our
study  suggests  that  the  resummation  effects  should  be
considered when  is below . From the results cal-
culated  using  PYTHIA,  we  observe  that  the  parton
shower  effects  do  not  change  the  picture  that  most  of
events have high planarity for both inclusive 3-jet and 4-
jet events.

The Ridge correlations have been employed to study
various  non-perturbative  effects  of  the  strong interaction
employing  the  final  state  hadron  momenta.  This  means
the effects of soft partons, hadronizations should be con-

 

4EiE j

s REE

ycut = 10−2

scaleup scaledown

Fig. 14.    (color online) Long pseudo-rapidity range ϕ correlation weighted by  ( ) in the inclusive 4-jet events at NLO with
. The upper left panel shows the result at the central scale choice; the upper right panel shows the relative statistical error; the

lower left panel illustrates the systematic error due to the scale variation, as given by Eq. (10), where  ( ) is the largest
positive (negative) correction relative to the central scale; the lower right panel displays the relative correction of the NLO results to the
LO results at the central scale.
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sidered.  Although  these  are  beyond  the  approach  of
pQCD, by clarifying the connections between the planar
property  and  Ridge-like  correlations  for  multi-jet sys-
tems,  this  work  provides  precise  fixed  order  pQCD
benchmarks  for  probing  the  non-perturbative  effects
based on hadronic data. Similar studies on the anisotropy
can be extended to hadronic (nuclear) collisions to elucid-
ate the various properties of the strong interaction. 

ACKNOWLEDGMENTS

The authors would like to thank Yi Jin, Haitao Li, and
Qun Wang for enlightening discussions. We are indebted
to Elliot  Fox,  Thomas Gehrmann,  Nigel  Glover,  Alexan-
der Huss, and Matteo Marcoli for their feedback and en-
couragement to pursue this work. 

APPENDIX
 

Appendix A.    Shengjin formula
For a cubic equation with one unknown X, 

aX3+bX2+ cX+d = 0 (a,b,c,d ∈ R,a , 0), (A1)

there are three double root discriminants 
A = b2−3ac

B = bc−9ad

C = c2−3bd

, (A2)

and one total discriminant 

∆ = B2−4AC. (A3)

A = B = 0For , we derive 

X1 = X2 = X3 =
−b
3a
=
−c
b
=
−3d

c
. (A4)

A,B , 0 ∆ = 0For , while , we obtain 

X1 =
−b
a
+K

X2,3 =
−K
2
, (A5)

where 

K =
B
A

(A , 0). (A6)

∆ > 0For , we obtain 

X1 =
−b−

(
3√Y++

3√Y−
)

3a

X2,3 =
−b+

1
2
(

3√Y++
3√Y−

)
± i
√

3
2

(
3√Y+− 3√Y−

)
3a

, (A7)

where 

Y± = Ab+3a

Ç
−B±

√
B2−4AC
2

å
. (A8)

∆ < 0For , we obtain 

X1 =
−b−2

√
Acos

θ

3
3a

X2,3 =

−b+
√

A
Å

cos
θ

3
±
√

3sin
θ

3

ã
3a

, (A9)

where 

θ = arccosT

T =
2Ab−3aB

2
√

A3
(A > 0, −1 < T < 1). (A10)

 

C3,C4,C5Appendix B.     Comparison with CoLoRFul-
NNLO and sherpa

 

1.    Jet rate

σn-jet

σ0

The  production  rate  of  n-jet  events  in  electron-
positron  annihilation  is  defined  as  the  ratio  of  the  cross
section for the exclusive n-jet events  divided by the
total hadronic cross section . The production rates have
the following perturbative expansions, as detailed in [93]: 

σ3-jet(µ)
σ0(µ)

=
αs(µ)

2π
A3(µ)+

Å
αs(µ)

2π

ã2

B3(µ)

+

Å
αs(µ)

2π

ã3

C3(µ)+O
(
α4

s

)
,

σ4-jet(µ)
σ0(µ)

=

Å
αs(µ)

2π

ã2

B4(µ)+
Å
αs(µ)

2π

ã3

C4(µ)+O
(
α4

s

)
,

σ5-jet(µ)
σ0(µ)

=

Å
αs(µ)

2π

ã3

C5(µ)+O
(
α4

s

)
,

(B1)

C3 C4 C5

where μ denotes the  renormalization  scale.  The  corres-
ponding coefficients , , and  are derived from the
coefficients of the exclusive (NNLO) three-, (NLO) four-,
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C3 C4

C5

ycut

αs = 0.118
σ0 = 4.03538(3)×107

and  (LO)  five-jet  rates.  We  compare  the  perturbative
coefficients  of  the  jet  rate, ,  under  NNLOJET and
CoLoRFulNNLO,  and  under NNLOJET,  CoLoRFul-
NNLO, and Sherpa at Z-pole with different values of .
In  the  calculation  of  the  jet  rates,  we  select  the  QCD
coupling constant  and total hadronic cross sec-
tion  fb. 

C32.    

C3

ycut
C3

ycut = 2.49×10−4

ycut
6.76×10−4 ⩽ ycut ⩽ 2.243×10−3

1σ
ycut C3

ycut ⩾ 6.097×10−3 C3

Table B1 shows a comparison of  between NNLO-
JET  and  CoLoRFulNNLO  [94].  Specifically,  the  first
column  lists  different  values  of ,  whereas  the  second
and  third  columns  present  the  calculated  values  of 
from NNLOJET and CoLoRFulNNLO, respectively. The
last  column  of  the  table  indicates  the  deviation  between
the  results  of  NNLOJET  and  CoLoRFulNNLO.  For

,  a  large  deviation  is  observed  between
the results  obtained  from  NNLOJET  and  CoLoRFul-
NNLO.  However,  when  lies  in  the  middle  regions
( ),  the  deviations  between
the results of NNLOJET and CoLoRFulNNLO are with-
in , which  indicates  that  the  results  of  the  two  meth-
ods  are  in  agreement.  As  the  value  of  increases, 
approaches  zero  and  then  becomes  positive.  In  this  case
(for ), the relative statistical error of 
is significant,  which  makes  a  reliable  comparison  diffi-

C3

ycut ycut = 2.49×10−4

cult. In conclusion, with the current computing power, for
,  the accurately-calculated results are consistent in the

middle  regions but not at . 

C43.    

C4

ycut
C4

2σ
ycut ycut = 2.49×10−4

ycut ycut =
2.49×10−4 ycut = 3.04×10−4

C4

Table  B2 shows  the  comparison  of  between
NNLOJET  and  CoLoRFulNNLO  [94].  Specifically,  the
first column lists different values of . The second and
third  columns  present  the  calculated  values  of  ob-
tained from  NNLOJET  and  CoLoRFulNNLO,  respect-
ively. The last column of the table indicates the deviation
between  the  results  of  these  two  methods.  We  observe
that all deviations between CoLoRFulNNLO and NNLO-
JET are  within ,  except  for  the  case  corresponding to
the smallest value of . For , we attrib-
ute  the  large  deviation  to  the  insufficient  statistical  data.
Then,  we  selected  a  value  slightly  larger  than 

 (specifically, ) and found that
the two  results  are  in  agreement.  Thus,  taking  into  ac-
count  the influence of  statistical  errors,  the results  of 
calculated  by  NNLOJET  and  CoLoRFulNNLO  are  in
agreement. 

C54.    

Table B3 shows the comparison of the total cross sec-

 

C3 ycut
C3

Table B1.    Comparison of  between NNLOJET and CoLoRFulNNLO [94]. The first column lists different values of , whereas
the second and third columns present the calculated values of  from NNLOJET and CoLoRFulNNLO, respectively. The last column
indicates the deviation between the results of NNLOJET and CoLoRFulNNLO.

ycut C3 (NNLOJET) C3 (CoLoRFulNNLO) Deviation

6.097 ·10−3 −2.92(8) ·103 −3.09 ·103 2.13σ

2.243 ·10−3 −1.28(2) ·104 −1.2771 ·104 0.15σ

1.836 ·10−3 −1.576(23) ·104 −1.5681 ·104 0.34σ

6.76 ·10−4 −3.415(27) ·104 −3.3891 ·104 0.96σ

2.49 ·10−4 −5.364(32) ·104 −5.2708 ·104 2.91σ

 

C4 ycut
C4

Table  B2.    Comparison  of  between  NNLOJET  and  CoLoRFulNNLO  [94].  The  first  column  lists  different  values  of .  The
second and third columns present the calculated values of  obtained from NNLOJET and CoLoRFulNNLO, respectively. The last
column indicates the deviation between the results of these two methods.

ycut C4 (NNLOJET) C4 (CoLoRFulNNLO) Deviation

3.6883 ·10−2 2.600(7) ·102 2.607 ·102 0.99σ

1.3569 ·10−2 1.876(4) ·103 1.8684 ·103 1.63σ

6.097 ·10−3 4.90(1) ·103 4.8976 ·104 0.63σ

2.243 ·10−3 1.004(5) ·104 1.0084 ·104 1.00σ

1.231 ·10−3 1.180(6) ·104 1.1905 ·104 1.65σ

6.76 ·10−4 9.40(8) ·103 9.2938 ·103 1.33σ

3.04 ·10−4 −9.63(19) ·103 −9.434 ·103 0.94σ

2.49 ·10−4 −1.86(2) ·104 −1.8059 ·104 2.39σ
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ycut

2σ
ycut

tions for the exclusive 5-jet events at LO between NNLO-
JET  and  Sherpa.  Specifically,  the  first  column  lists  the
different  Durham  values.  The  second  and  third
columns  present  the  total  cross  sections  obtained  from
NNLOJET and Sherpa, respectively. The last column in-
dicates  the  deviation  between  the  results  of  NNLOJET
and  Sherpa.  We  observe  that  the  deviation  is  within 
for  all  values  of .  Thus,  the  results  of  the  total  cross
sections  for  the  exclusive  5-jet  events  at  LO  between
NNLOJET and Sherpa are consistent.

C5

ycut

C5

2σ ycut
ycut = 6.097×10−4 C4

ycut = 2.49×10−4

ycut =
3.04×10−4 ycut = 2.49×10−4

Table  B4 presents  the  comparison  of  the  values
among CoLoRFulNNLO [94], Sherpa, and NNLOJET at
different  Durham  values  (listed  in  the  first  column).
Specifically,  the second,  third,  and fourth columns show
the  values calculated  by  NNLOJET,  CoLoRFul-
NNLO,  and  Sherpa,  respectively.  The  fifth,  sixth,  and
seventh  columns display  the  deviations  between (Sherpa
and CoLoRFulNNLO),  (NNLOJET  and  CoLoRFul-
NNLO),  and  (NNLOJET  and  Sherpa),  respectively.  We
observe that the deviation between NNLOJET and Sherpa
is  within  across  all  the  values  of  except  for

. Similar to the results of , when com-
paring CoLoRFulNNLO with Sherpa and NNLOJET sep-
arately,  the  deviation  is  larger  for  than
when  it  takes  other  values.  We  also  selected 

, which is slightly larger than 
but found  that  the  results  of  NNLOJET  and  CoLoRFul-
NNLO are not in agreement. In summary, considering the

C5

ycut
ycut ∼ 3×10−4

2σ

influence of statistical errors, the results of  calculated
by NNLOJET, CoLoRFulNNLO, and Sherpa are consist-
ent  at  relatively  large  values  of .  Specifically,  for

, the results from NNLOJET and Sherpa are
in  agreement  within .  However,  the  results  from
NNLOJET do  not  agree  with  those  from  CoLoRFul-
NNLO. 

Appendix C.    Pythia results

λ1 λ2

ycut = 10−2 10−3

λ3

ycut = 10−2 10−3

P̃
ycut = 10−2 10−3

ycut = 10−2

λ1 λ2 λ3 P̃

Large logarithmic divergences in the back-to-back fi-
ducial  regions  limit  the  prediction  power  of  fixed  order
QCD  calculations.  We  used  PYTHIA  8.3  [96]  to  resum
the leading log divergences for inclusive 3, 4-jet events to
extend and exam our study. Figure 4 and Fig. 5 show the
distributions  of  and  in  inclusive  3-jet  events  for

 (left  panel)  and  (right  panel). Figure  C1
shows the distributions of  in inclusive 3-jet events for

 (left  panel)  and  (right  panel). Figure  C2
and Fig. C3 show the distributions of  in inclusive 3, 4-
jet  events  for  (left  panel)  and  (right
panel). Figure  C4 shows  the  distributions  of  the  Ridge
correlation  in  inclusive  3-jet events  (left  panel)  and  in-
clusive 4-jet (right panel) for . For the distribu-
tions of , , , and , we observe the same shape and
peak region as in the above fixed order calculations. For
the distributions of the Ridge correlation, we observe the
ridge  phenomenon  both  in  inclusive  3-jet  and  4-jet
events. Thus, the parton shower does not change the pic-

 

ycut

Table  B3.    Comparison  of  the  total  cross  sections  for  the  exclusive  5-jet  events  at  LO  between  NNLOJET  and  Sherpa.  The  first
column lists the different Durham  values. The second and third columns present the total cross sections obtained from NNLOJET
and Sherpa, respectively. The last column indicates the deviation between the results of NNLOJET and Sherpa.

ycut σtotal  (NNLOJET) σtotal  (Sherpa) Deviation

1 ·10−2.0 4.789(1) ·104 4.794(4) ·104 1.21σ

1 ·10−2.5 5.523(4) ·105 5.526(6) ·105 0.41σ

1 ·10−3.0 3.017(2) ·106 3.018(4) ·106 0.23σ

1 ·10−3.5 1.1181(5) ·107 1.118(1) ·107 0.09σ

1 ·10−4.0 3.261(5) ·107 3.259(5) ·107 0.20σ

 

C5 ycut
C5

Table B4.    Comparison of  values among CoLoRFulNNLO [94], Sherpa, and NNLOJET at different Durham  values (listed in
the first column). The second, third, and fourth columns show the  values calculated by NNLOJET, CoLoRFulNNLO, and Sherpa,
respectively.  The  fifth,  sixth,  and  seventh  columns  display  the  deviations  between  (Sherpa  and  CoLoRFulNNLO),  (NNLOJET  and
CoLoRFulNNLO), and (NNLOJET and Sherpa), respectively.

ycut C5(N) C5(C) C5(S ) DevS−C DevN−C DevS−N

1.3569 ·10−2 7.406(6) ·101 7.407 ·101 7.4068(6) ·101 0.33σ 0.17σ 0.13σ

6.097 ·10−3 5.8639(24) ·102 5.869 ·102 5.855(5) ·102 2.8σ 2.13σ 1.60σ

1.836 ·10−3 4.906(2) ·103 4.91 ·103 4.904(5) ·103 1.2σ 2.0σ 0.37σ

6.76 ·10−4 1.8231(5) ·104 1.8248 ·104 1.8258(8) ·104 1.25σ 3.4σ 2.86σ

3.04 ·10−4 4.357(1) ·104 4.3613 ·104 4.3607(19) ·104 0.32σ 4.3σ 1.79σ

2.49 ·10−4 5.314(1) ·104 5.2659 ·104 5.316(2) ·104 25σ 48σ 0.89σ
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λ3√
s = mZ ycut = 10−2 10−3

Fig.  C1.    (color  online)  Distribution  of  the  event  shape  observable  in  the  inclusive  3-jet  events  at  the  center-of-mass  energy
 for  (left panel) and  (right panel), based on PYTHIA 8.3 [96].

 

P̃
√

s = mZ

ycut = 10−2 10−3

Fig. C2.    (color online) Distribution of the event shape observable  in the inclusive 3-jet events at the center-of-mass energy 
for  (left panel) and  (right panel), based on PYTHIA 8.3 [96].

 

P̃
√

s = mZ ycut = 10−2 10−3

Fig.  C3.    (color online) The  distribution  of  the  event  shape  observable  in  the  inclusive  4-jet  events  at  the  center-of-mass  energy
 for  (left panel) and  (right panel), based on PYTHIA 8.3 [96].

 

√
s = mZ ycut = 10−2

Fig. C4.    (color online) The distributions of the Ridge correlation in inclusive 3-jet events (left panel) and inclusive 4-jet (right panel)
at the center-of-mass energy  for  based on PYTHIA 8.3 [96].
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ture that  most  of  events  have  high  planarity  in  both  in- ycut = 10−2 ∼ 10−3clusive 3-jet and 4-jet events for .
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