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Abstract: We present a unified investigation of black hole shadows, quasinormal modes (QNMs), and greybody

factors (GBFs) for a static, spherically symmetric black hole within a composite environment of a modified Chaply-
gin-like dark fluid (MCDF) and a cloud of strings (CoS). We examine the structure of critical photon orbits and the

corresponding optical appearance under spherical accretion. Using the Wentzel-Kramers—Brillouin (WKB) approx-

imation, we compute the quasinormal frequencies and greybody spectra and explore their correspondence with the

black hole shadows in the eikonal limit. A systematic parameter study demonstrates that the CoS intensity has the

primary influence on the shadows, QNMs, and GBFs, whereas the MCDF parameters introduce more complex but

characterizable modifications to each. Our results demonstrate that these environmental components imprint distinct

yet interrelated signatures on key observables, offering specific predictions for probing exotic black hole environ-

ments.
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I. INTRODUCTION

The existence of black holes, once a purely theoretic-
al prediction of general relativity, is now firmly estab-
lished by astronomical observations. The landmark im-
ages of the supermassive black holes M87* and Sgr A*
obtained by the Event Horizon Telescope collaboration
have inaugurated a new era of strong-field gravity astro-
nomy, wherein the black hole shadow provides a direct
probe of spacetime geometry in the immediate vicinity of
the event horizon [1, 2]. Concurrently, the advent of grav-
itational wave astronomy has opened a complementary
observational window into the dynamics of compact ob-
jects, with the ringdown phase characterized by quasinor-
mal modes (QNMs) —complex-frequency oscillations
that constitute unique gravitational wave fingerprints of
black holes [3, 4].

These observational breakthroughs demand a deeper
theoretical understanding of black holes in environments
that more realistically reflect their cosmological context.
To this end, three principal theoretical tools have
emerged as crucial diagnostics of black hole structure and
dynamics. Black hole shadows characterize the optical
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appearance through critical photon orbits [5—24]. Recent
explorations have expanded this framework to diverse en-
vironments [25—29], with contemporary studies even in-
vestigating the intriguing possibility of using shadows as
novel probes for particle dark matter [30]. QNMs reveal
the stability and characteristic ringing of spacetime under
external perturbations [31-39]. Greybody factors (GBFs)
govern the transmission probability of Hawking radiation
to distant observers, providing essential insights into
semi-classical evaporation processes and quantum ef-
fects in curved spacetime [40—42].

Furthermore, recent studies have revealed profound
physical connections among these three diagnostics, es-
tablishing a rigorous framework for probing strong-field
gravity. In the eikonal limit, a well-established corres-
pondence links QNM frequencies to the properties of the
photon sphere and consequently to the shadow radius
[43—49]. Complementing this geometric picture, a recent
study has demonstrated that the GBF plays a pivotal role
in governing the excitation amplitude of the ringdown
signal, thereby directly linking transmission probabilities
to gravitational wave observables [50]. Concurrently, ob-
servations suggest that greybody spectra often exhibit
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greater robustness than quasinormal frequencies under
small perturbations of the geometry, offering a comple-
mentary diagnostic for the near-horizon structure [51,
52]. More broadly, the scattering interpretation has been
deepened to explicitly connect quasinormal frequencies
with the transmission and reflection coefficients of the ef-
fective potential [53, 54]. This multifaceted correspond-
ence between geometry (shadow), dynamics (QNMs),
and scattering (GBFs) now serves as a concrete paradigm
for synergistically analyzing black hole physics across
different observational channels [55—58].

The application of these tools becomes particularly
significant in the context of modern cosmology, where
dark energy and dark matter dominate the energy content
[59, 60]. Among various proposals, quintessence dark en-
ergy offers a compelling explanation for cosmic accelera-
tion [61, 62]. The foundational work by Kiselev, who
first derived a static, spherically symmetric black hole
solution surrounded by quintessence matter [63], estab-
lished a framework for studying how dark energy influ-
ences black hole shadows [29, 64—67], QNMs, and GBFs
[25, 68—70]. Unified models that simultaneously de-
scribe dark matter and dark energy have attracted signi-
ficant attention, among which the Chaplygin gas [71] and
its generalizations stand as prominent candidates. These
models successfully account for diverse cosmological ob-
servations [71—75]. Notably, the Chaplygin gas emerges
naturally within string theory frameworks, transcending
its purely phenomenological origins [76—78]. Black holes
immersed in Chaplygin-like dark fluids —including the
original Chaplygin-like dark fluid (CDF), its generalized
extension (GCDF), and a modified version (MCDF)—
have been extensively studied [79—87].

Further enriching this landscape, the cloud of strings
(CoS) model provides a minimalist geometric framework
for describing how one-dimensional extended objects can
modify black hole spacetimes. Originally developed by
Letelier [88], this model generalizes the concept of a dust
cloud to a collection of one-dimensional strings. Physic-
ally, it can be interpreted as a macroscopic effective de-
scription of topological defects —analogous to cosmic
strings—formed during symmetry-breaking phase trans-
itions in the early universe. While not intended to model
standard astrophysical accretion flows (such as gas or
dust), the CoS serves as a valuable toy model for invest-
igating the gravitational imprints of global anisotropy and
extended structures. By treating the background as a con-
tinuous fluid with string-like stress, this framework al-
lows one to isolate and study how remnant networks of
primordial defects might modify the classical observ-
ables in strong-field gravity, distinct from point-particle
matter distributions. Recently, studies of black holes im-
mersed in a CoS have attracted growing interest [28, 67,
89-92].

Building upon a previous study [84], which investig-

ated timelike and null geodesics, shadows, and images of
MCDF-CoS black holes surrounded by thin accretion
disks, the present study extends this analysis to encom-
pass the QNM spectrum and GBFs, while systematically
exploring the fundamental relationships among the black
hole shadow, QNMs, and GBFs within this framework.

The remainder of this paper is structured as follows.
Section II introduces a static, spherically symmetric black
hole solution immersed in both an MCDF and a CoS.
Section III analyzes critical photon orbits and the black
hole shadow, alongside optical appearances under spher-
ical accretion. Section IV presents QNM computations
and discusses their physical implications. Section V ex-
amines GBFs and their parameter dependence. Finally,
Section VI summarizes our principal findings and dis-
cusses their broader implications.

II. BLACK HOLE IMMERSED IN A MODIFIED
CHAPLYGIN-LIKE DARK FLUID AND A
CLOUD OF STRINGS
We consider a static, spherically symmetric space-

time metric describing a black hole immersed in both an
MCDF and a CoS. The line element takes the form [84]

ds’ = —f(r)de + %drz +r2dQ?, (D)

where dQ? = d6? +sin® 0d¢® represents the metric on the
two-sphere, and f(r) denotes the lapse function

2M
f(rn=1 —T—a+G(r). 2)

Here, a parameterizes the CoS contribution, and G(r) en-
capsulates the MCDF influence, explicitly given by

2

ap
3 ) 2Filar,ax;az;aql, 3

where ,Fi[a;,a;as;a4] 1s the Gauss hypergeometric
function with parameters defined as

ay=—(1+p)", 4)
a =a(1+A)7", (5)
as=1+a, (6)
ay = —-B'Q e, (7)
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The parameters A >0, B>0, and 0<B<1 specify the
equation of state of the MCDF [73, 81] as follows:

B
=Ap—-—, 8
P ppﬁ (®)

with Q > 0 representing the MCDF intensity. This model
provides a unified description of dark matter and dark en-
ergy [71, 72]. In the limit A =0, Eq. (8) reduces to the
generalized Chaplygin gas form, p = —B/p? [73]; further
setting B =1 recovers the original Chaplygin gas form,
p=-B/p[71].

The asymptotic behavior of the lapse function, illus-
trated in Fig. 1 and discussed in Ref. [84, 85], reveals
that, as r — oo,

f(r)—>1—a—r32(1;A)_]iﬁ. )

This indicates that the spacetime is asymptotically de Sit-
ter, with an effective cosmological constant shaped by the
MCDF parameters:

1+A

Awmicpr = (B)_liﬁ. (10)

However, this metric describes a black hole only within
specific parameter ranges that ensure the existence of
event horizons. As shown in Fig. 1 and subsequent ana-
lysis, black hole solutions require upper bounds on a, B,
and Q and lower bounds on 4 and f. Our analysis is ac-
cordingly restricted to such physical parameter regions.
For such asymptotically de Sitter black hole spacetimes,
both an event horizon r, and a cosmological horizon r,
exist, corresponding to roots of f(r). Additionally, a
Cauchy horizon appears inside the black hole whenever
the MCDF intensity Q is nonzero.

When a =0, the black hole metric (1) describes a
black hole immersed solely in an MCDF. In the limit
Q — 0, the MCDF lapse function reduces to

2M P

f(@@)—1————=Awmcor, (11)
r 3

which describes a Schwarzschild-de Sitter (S-dS) black
hole upon identifying the effective cosmological constant
Awmcpr [Eq. (10)] with the standard cosmological con-
stant A. This connection highlights the role of the MCDF
in driving cosmic acceleration. The specific cases of
(A=0,8#1) and (A=0,8=1) yield the GCDF and CDF
black hole metrics, respectively. Note that, while Aycpr
fixes the large-r asymptotic structure, the parameter 4
predominantly influences the near-horizon geometry and
the precise location of the event horizon, particularly for

small values of 4.
In subsequent analysis, we set M = 1 for computation-
al convenience.

III. SHADOW AND OPTICAL APPEARANCE

A. Critical photon orbits and black hole shadow

The propagation of null geodesics with energy E and
angular momentum L is governed by [84]

= 12

e (12

. L

¢=-=, (13)
&

i +V(r)=E, (14)

where dots denote derivatives with respect to the affine
parameter s, and

L2
V) = 1) (1s)

is the effective potential for radial motion. The explicit
energy dependence can be scaled out, reducing the
photon trajectory description to a single parameter: the
impact parameter b = L/E.

The photon sphere radius, comprising unstable spher-
ical photon orbits, is determined by

1
f(rps)_irpsf,(rps)zov (16)

where primes indicate radial derivatives. The correspond-
ing critical impact parameter and angular velocity are

.
b, = ps s 17
> F(rps) {17

=
E\

Qs = , (18)

Tps

whereas the Lyapunov exponent, characterizing orbital
instability, is given by

1= I2 r-r)

(19)

r=rps

For a distant observer at ry, the shadow radius be-
comes
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Reference cases
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(color online) Lapse function f(r) for diverse parameter configurations. The first panel displays an MCDF-CoS reference case

with =02, A=1, B=107, =08, and Q =0.5, alongside specific limits: MCDF (a=0), GCDF (a=0, A=0, 8#1), CDF (a=0,
A =0, 8=1), and Schwarzschild-de Sitter (a =0, Q =0). Subsequent panels show varying individual parameters, while others are main-

tained at reference values.

R, = bps V f(r0)~ (20)

B. Optical appearance under spherical accretion

While previous studies examined MCDF-CoS black
holes with thin accretion disks [84], we focus on spheric-
al accretion models. The specific intensity observed at
r=ro is given by [93, 94]

I= / & jve)dl,, (21)
Y

where g = v,/v. is the redshift factor, j(v.) is the emissiv-
ity per unit volume in the emitter's frame, di;, is the infin-

itesimal proper length, and y is the light ray trajectory.

1. Static accretion model

For static spherical accretion, g = [f(r)/f(ro)]"/?. As-
suming monochromatic emission at frequency v, the spe-
cific emissivity follows:

j(ve) & 6(Ve - Vs)r_m’ (22)
where we adopt m =2 following established conventions

[94], although m =4 [6] and m =6 [95] are also physic-
ally motivated. The proper length element is
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2
dl, = Vf()'dr2+r2d¢? = f(r)t+r? (j—(f) dr, (23)

with d¢/dr derivable from Eqs. (13) and (14). The ob-
served specific intensity thus becomes

(ST . g\’
I(,bs—/y{f(ro)} r fr)+r? (5) dr. (24)

2. Infalling accretion model

For infalling accretion, the redshift factor incorpor-
ates flow velocity effects as follows:

_ gty

= °,
ke ul

(25)

where k* = %, is the photon four-velocity, uf, = (f(ro)™"/2,
0,0,0) is the four-velocity of the static observer, and

u=— u=—+/1-fr), ul=ul=0, (26)

is the accretion flow four-velocity. For null geodesics
with affine parameter s — s/|L|, k,=1/b remains con-
stant, whereas k, follows from k, k% = 0:

k1 b2F(r)
E_i%\/l— e, 27)

with signs distinguishing between incoming (-) and out-
going (+) photons. This yields the simplified redshift
factor

1

e+ ol %)

g:

which differs fundamentally from the static case.
The proper distance becomes

ki

glk:|

dl, = kuds = ——dr, (29)

leading to the observed intensity

’;
gk dr
Tobs . 30
bAOC/y 21k, | (30)

We employ f(ro)**1s(b) for numerical analysis to re-
move the observer-position dependence. The absolute
value |k,| accounts for photon direction reversals along
the trajectory.

3. Optical appearance analysis

Our analysis of the optical appearance of the MCDF-
CoS black hole, based on the numerical integration of
specific intensities for static (Eq. (24)) and infalling (Eq.
(30)) accretion models, reveals characteristic features.
The observed intensity f(ro)**Is(b), plotted against im-
pact parameter b in Figs. 2 and 3, exhibits a universal
profile: intensity rises sharply with b, peaks at the photon
sphere b = b, and then declines rapidly. This defines the
black hole shadow—a central dark region (b < b,;) where
most photons are absorbed by the event horizon. The in-
tensity maximum at b, results from photons undergoing
multiple unstable orbits, accumulating enhanced path
lengths through the emitting medium. For b > by, intens-
ity derives from refracted rays and diminishes with in-
creasing b.

Despite sharing the identical shadow radius b vf(ro)
(a geometric invariant), the two accretion models pro-
duce distinct observational signatures. Static accretion
yields a sharper, narrower, brighter emission ring, where-
as infalling accretion generates a broader, fainter ring
with a darker shadow interior. This suppression in the in-
falling case manifests Doppler beaming: radially infall-
ing matter redshifts forward-emitted radiation, reducing
the detected flux at infinity.

Parameter variations systematically affect the shad-
ow and emission ring. The CoS parameter a exerts the
strongest influence: increasing a significantly enlarges
the shadow radius while reducing intensity. The MCDF
parameters produce more nuanced effects: O has a negli-
gible impact; decreasing f slightly enhances intensity
without affecting the shadow radius; only extreme 4 and
B values noticeably alter the images. Specifically, in-
creasing 4 enlarges the shadow and reduces intensity
(both effects saturating at large A4), whereas increasing B
reduces both shadow size and intensity. These consistent
trends across accretion models confirm that spacetime
geometry primarily determines shadow properties, where-
as accretion dynamics shape the bright ring characterist-
ics.

IV. QUASINORMAL MODES

We investigate the propagation of a massless scalar
field on the fixed background of the MCDF-CoS black
hole spacetime, described by the metric in Eq. (1). The
dynamics of the scalar perturbation are governed by the
covariant Klein-Gordon equation [31, 32] given as fol-
lows:

1 v
V, VD = ﬁay (vV=2¢"8,0) =0. (31)

Owing to the spherical symmetry of the background, the
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Fig. 2.
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Fig. 3.
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field equation admits the separation of variables via the
ansatz

0,1 0,0) = Vi (0,00 (32)

where Y,(0,¢) are the standard spherical harmonics, and
w is the complex QNM frequency. The real part, wyg, cor-
responds to the oscillation frequency, whereas the ima-
ginary part, w;, determines the damping rate. Substitut-
ing this ansatz into Eq. (31) leads to a Schrodinger-like
wave equation for the radial function W(r)

2
Y +[w’ = V(] ¥ =0, (33)

dr?
governed by the effective potential

I+ 1df()

Vi) =fr) 2 Y4 (34)
Here, the tortoise coordinate r, is defined by
dr
dr,= —, 35
70 G

which maps the event horizon r, and cosmological hori-
zon r. to r, > —oco and r, — +oo, respectively, ensuring
that V(r) — 0 at both boundaries.

The QNM spectrum consists of discrete complex ei-
genvalues {w,}, which are determined by imposing purely
outgoing wave boundary conditions at both horizons:

Y(r,) ~ e as r,—> —co (near ), (36)

Y(r,) ~e" as r,— 400 (nearr,). (37)

These boundary conditions render the eigenvalue prob-
lem non-self-adjoint, leading to a discrete set of complex
frequencies w = wg +iw; that encode the intrinsic, model-
dependent ringing of the spacetime.

A. Computational methods

To compute the QNM frequencies, we employ two
complementary semi-analytical techniques that are well-
suited for effective potentials with a single maximum: the
higher-order WKB approximation and the Mashhoon
method.

The WKB method, originally adapted from quantum
mechanics for the black hole perturbation theory [96], has
been systematically developed to high orders [54, 97, 98].
This technique matches asymptotic solutions across the

turning points of the potential via a Taylor expansion
around its maximum 7. The foundational third-order
WKB formula is given by [97]

W = Vo + ) =2V Ay(K) 1K \/ =2V [1+ A5(FO)], (38)

where V, is the maximum potential value, V¢ is its
second derivative at 7%, % =n+1/2 is the overtone num-
ber, and A, and A; are polynomials incorporating higher-
order WKB corrections [97]. This method provides high
accuracy for fundamental modes (n=0) with [>n, and
its precision improves with increasing angular mo-
mentum /.

The Mashhoon method [99, 100] offers an alternative,
more intuitive approach by approximating the effective
potential with the exactly solvable Poschl-Teller potential

Vo

(39)

where the parameter o is determined by the curvature of

1 &v _
_ﬁ@’f*=’9' This
approximation yields an analytical expression for the
QNM frequencies,

/ 2 1
Wp.T = VO—%—ia/<n+ 5) (40)

While generally less accurate than the higher-order WKB
method for quantitative predictions, the Mashhoon meth-
od is highly effective for capturing qualitative trends and
verifying parameter dependencies.

the potential at its maximum: o* =

B. Eikonal correspondence and shadow relationship

In the eikonal limit (/> 1), a profound correspond-
ence emerges between the wave dynamics of QNMs and
the geometric properties of null geodesics [43]. In this re-
gime, the effective potential (Eq. (34)) simplifies to
Va(r) = f()P/r?, which relates directly to the null
geodesic potential (Eq. (15)), and its maximum coincides
with the location of the unstable photon sphere. The
QNM frequencies are then directly linked to the charac-
teristics of null geodesics orbiting the photon sphere:
Weik = WpS , where

1
wWps =stl—i(n+ 5) 4], 41

Qs is the angular frequency of the photon orbits given by
Eq. (18), and 4 is the Lyapunov exponent, characterizing
the instability timescale of these orbits, as defined in Eq.
(19). This geometric correspondence extends further to
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the black hole shadow observed by a distant observer.
The real part of the QNM frequency is inversely related
to the shadow radius R;: Re(we) = [ Vf(ro)/R;, where rg
is the radial coordinate of the observer. This fundamental
connection between the wave and geometric descriptions
provides a robust cross-check for our computations and
deepens the physical interpretation of both QNMs and the
black hole shadow.

C. QNM results and discussion

Our systematic analysis of MCDF-CoS QNMs, com-
puted via the third-order WKB and Poschl-Teller meth-
ods, is presented here (Tables 1-4, Figs. 4-6). The WKB
approximation provides high accuracy for the fundament-
al modes (n=0), particularly in the eikonal regime
(I>n), but its precision deteriorates rapidly for higher

Table 1.

overtones (n > 1) [97, 98]. Consequently, we restrict our
quantitative analysis to the fundamental mode (n = 0) and
first overtone (n = 1), omitting higher harmonics (n > 2)
where the method becomes unreliable. Generally, we ob-
serve strong correlations with the effective potential:
higher barriers increase Re(w) (oscillation frequency),
whereas broader barriers decrease [Im(w)| (damping rate).

The fundamental modes (n =0, [ = 1) across different
configurations (see Table 1 and Fig. 4) exhibit high sens-
itivity to the matter content. The reference MCDF-CoS
configuration shows substantially lower Re(w) compared
with the GCDF or CDF cases, along with notable vari-
ations in the damping rate. This indicates the predomin-
ant nontrivial effect of the MCDF parameter 4.

An analysis of parameter dependence reveals that the
CoS parameter a exerts the strongest influence (Table 2,
Fig. 5): increasing a monotonically reduces both Re(w)

Comparison of fundamental (n=0, I=1) QNM frequencies for different black hole models. The parameters for the refer-

ence MCDF-CoS case are a=0.2, A=1, B=10", 8=0.8, and Q = 0.5. The other cases represent specific limits of this general configur-

ation. Ag% and A;% denote the relative errors for the real and imaginary parts, respectively, calculated as |wwks — wp-t|/|lwwks| X 100%.

Model a A B s (0] WWKB Wp-T Ar% Ar%
MCDEF-CoS 0.2 1 105 0.8 0.5 0.203417 - 0.062029 i 0.207452 - 0.063452 i 1.96 2.29
MCDF 0 1 10°3 0.8 0.5 0.289203 - 0.097471 i 0.296591 - 0.100235 i 2.56 2.84
GCDF 0 0 105 0.8 0.5 0.417415 - 0.105700 i 0.422366 - 0.107314 i 1.19 1.53
CDF 0 0 1075 1 0.5 0.358448 - 0.096342 i 0.363282 - 0.098002 i 1.35 1.72
S-ds 0 1 1075 0.8 0 0.289352 - 0.097672 i 0.296573 - 0.100285 i 2.50 2.68
Table 2. Dependence of the fundamental (n =0, /=1) QNM frequencies on various metric parameters. Each section varies one para-

meter while maintaining others fixed at the reference values: =02, A=1, B=107, §=0.8, and 0 =0.5 (unless otherwise specified in
the Fixed Parameters column). Az% and A;% denote the relative errors for the real and imaginary parts, respectively, calculated

as|lwwks — wp-tl/lwwks| X 100%.

Fixed Parameters Variable Parameter WWKB WP-T Ar% A%
0=05 a=0.0 0.289203 - 0.097471 i 0.296591 - 0.100235 i 2.56 2.84
é“jllo'?s a=02 0.203417 - 0.062029 i 0.207452 - 0.063452 i 1.96 229
p=08 a=04 0.128447 - 0.034367 i 0.130274 - 0.034983 i 1.42 1.79
0=05 A=0 0.262068 - 0.062967 i 0.264851 - 0.063863 i 1.06 1.42
Bz 1022 A=05 0.203224 - 0.061391 i 0.207297 - 0.062959 i 2.00 2.55
a=02 A=1.0 0.203417 - 0.062029 i 0.207452 - 0.063452 i 1.96 2.29
0=05 B=107 0.203417 - 0.062029 i 0.207452 - 0.063452 i 1.96 2.29
A0k B=10"* 0.197131 - 0.060818 i 0.200639 - 0.062128 i 1.78 2.15
a=02 B=1073 0.173269 - 0.055551 i 0.175396 - 0.056418 i 1.23 1.56
0=05 B=0 0.205887 - 0.062428 i 0.210128 - 0.063886 i 2.06 2.34
B Toms B=04 0.205472 - 0.062347 i 0.209709 - 0.063828 i 2.06 237
a=02 =038 0.203417 - 0.062029 i 0.207452 - 0.063452 i 1.96 2.29
=1 0=0 0.203428 - 0.062043 i 0.207450 - 0.063458 i 1.96 2.28
B[f:l(%s 0=05 0.203417 - 0.062029 i 0.207452 - 0.063452 i 1.96 2.29
a=02 0=1 0.203276 - 0.061806 i 0.207480 - 0.063383 i 2.07 2.55
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Table 3. Dependence of QNM frequencies on the angular quantum number / and overtone number » for the reference black hole con-

figuration: a=0.2, A=1, B=10", =08, and Q0 =0.5. The analysis is restricted to the fundamental mode (n=0) and first overtone
(n=1). A% and A,;% denote the relative errors for the real and imaginary parts, respectively, calculated as |wwks — wp—1|/|wwks| X 100%.

! n WWKB Wp-T Ar% A%
1 0 0.203417 - 0.062029 i 0.207452 - 0.063452 i 1.96 2.29
2 0 0.340450 - 0.061319 i 0.342732 - 0.061884 i 0.67 0.92
2 1 0.329178 - 0.186588 i 0.342732 - 0.185652 i 4.11 0.50
3 0 0.476940 - 0.061138 i 0.478537 - 0.061433 i 0.33 0.48
3 1 0.468668 - 0.184780 i 0.478537 - 0.184299 i 2.10 0.26
4 0 0.613332 - 0.061066 i 0.614562 - 0.061246 i 0.20 0.29
4 1 0.606829 - 0.184029 i 0.614562 - 0.183738 i 1.27 0.16
5 0 0.749692 - 0.061030 i 0.750694 - 0.061151 i 0.13 0.20
5 1 0.744343 - 0.183647 i 0.750694 - 0.183452 i 0.85 0.11
6 0 0.886039 - 0.061009 i 0.886885 - 0.061096 i 0.10 0.14
6 1 0.881500 - 0.183428 i 0.886885 - 0.183288 i 0.61 0.08
Table 4. Verification of the eikonal limit correspondence: comparison between WKB-computed QNM frequencies (wwkg) and

photon sphere-based predictions (wps) for increasing angular quantum number / (fundamental mode » = 0). The relative percentage dif-

ferences Ag% and A;% demonstrate the convergence to the eikonal limit prediction as / increases. Parameters: ¢ =0.2, A=1, B=107,

B=038,and Q=0.5.

[ WWKB wps Ar% Ar%
1 0.203417 - 0.062029 i 0.136327 - 0.060958 i 32.98 1.727
10 1.43138 - 0.060978 i 1.36327 - 0.060958 i 4.759 0.03223
100 13.7009 - 0.060958 i 13.6327 - 0.060958 i 0.4975 351x1074
300 40.9663 - 0.060958 i 40.8981 - 0.060958 i 0.1664 3.926x 107>
500 68.2317 - 0.060958 i 68.1635 - 0.060958 i 0.0999 1.415%x 1073
103 136.3952 - 0.060958 i 136.327 - 0.060958 i 5.00x 1072 3.542x 107
104 1363.339 - 0.060958 i 1363.27 - 0.060958 i 5.00x1073 3.545%x 1078
Reference cases 006 ; ; ; . . .
006 ° ® MCDF-CoS
2.0 “‘ ® MCDF-CoS ] -0.07 MCDF 1
0.04 ,‘.‘\ MEDF GCDF
Ls 0.02 \“f\ GCOE B o8l A CDF ]
) 2\ - v S-dS
_ _:‘ 0.00 - - ® CDF
; 0 I\ -0.02 ® sds ] -00sp 13
{ \ 50 100 150 200 250 300
| \\ L | -

05 | \\ 1 -0.10f B

0. g ::( - = e e —011f g

o : M 5 % 2 % 5 e om0 om0 0% 040 045 050

r [
Fig. 4. (color online) Effective potentials (left) and corresponding fundamental (n =0, {=1) QNM frequencies (right) for the refer-

ence models. The model parameters are presented in Table 1.

and |Im(w)|, leading to lower-frequency and longer-lived
ringdown signals as a result of modifications in the space-

time geometry.

The MCDF parameters manifest more nuanced influ-

ences compared with the string cloud contribution (Table
2, Fig. 5). While the MCDF intensity parameter Q and the
polytropic index S exhibit negligible impact across their
physical ranges, the equation of state parameters 4 and B
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(color online) Evolution of the fundamental (n =0, [ = 1) QNMs under parameter variation. From left to right: modifications to
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detailed behaviors. The black dot in each panel indicates the reference MCDF-CoS configuration (¢ =0.2, A=1, B=107, 8=0.8, and
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Fig. 6.
black hole configuration: a=0.2, A=1, B=107, =08, 0=0.5

demonstrate significant, albeit distinct, modifications,
particularly at boundary values. As A increases from its
minimum allowed value, Re(w) undergoes an initial rap-
id decrease followed by convergence to a nearly constant
value, with only marginal subsequent variation. Concur-
rently, [Im(w)| displays a more constrained evolution
within a narrow range, characterized by an initial decline
succeeded by a slight enhancement before saturation. In
contrast, increasing B produces a monotonic suppression
of both oscillation frequency and damping rate—initially
gradual, then accelerating, with a distinct upturn near the
maximum allowed value of B, ensuring the stability of
the quasinormal modes by maintaining a positive oscilla-
tion frequency and a negative damping rate.

These spectral characteristics directly correspond to
the modifications of the effective potential barrier gov-
erning wave propagation. The parameters that enhance
the potential barrier height (diminished a or B) corres-
pondingly increase Re(w) through a stronger spatial con-
finement of wave modes. Conversely, the parameters that
broaden the potential barrier (enhanced a) reduce |[Im(w)|
by extending the interaction region and diminishing wave
dissipation. The observed parameter-specific behavior
near extremal values reveals a remarkable spatial decoup-
ling: 4 predominantly modulates physics in the near-hori-
zon region, whereas B governs modifications in the cos-
mological horizon domain. This spatial segregation un-
derscores a fundamental correspondence between the
MCDF equation of state parameters and the characterist-
ic scales of the black hole spacetime, reflecting how the
linear pressure component (4) and generalized Chaply-
gin term (B) dominate gravitational interactions in dis-
tinct regimes —the former influencing local strong-field
dynamics and the latter controlling global cosmological
evolution.

The overtone structure presented in Table 3 and Fig. 6
compares the fundamental mode (n=0) with the first
overtone (n = 1). Consistent with generic black hole be-
havior, the first overtone exhibits a larger |Im(w)| com-
pared with the fundamental mode, indicating a faster de-
cay rate. For fundamental modes, [Im(w)| decreases and
asymptotes with increasing /, whereas Re(w) grows ap-

g 6 I 2 3 4 s 6

i

(color online) Dependence of QNM frequencies on the angular quantum number / and overtone number 7 for the reference

proximately linearly.

The eikonal limit verification (Table 4) demonstrates
the systematic convergence of WKB-computed frequen-
cies wwgs to the geometric prediction wps, with relative
errors Ar% and A;% decreasing with /. This confirms the
photon sphere/QNM correspondence and underscores the
fundamental wave-geometry relationship.

Throughout our analysis, the third-order WKB and
Poschl-Teller methods show excellent agreement for the
fundamental modes (n = 0), validating our computational
approach in this regime. However, the growing relative
error observed for n=1 (as shown in Table 3) under-
scores the necessity for employing higher-precision nu-
merical techniques, such as the continued-fraction meth-
od, should a detailed investigation of the higher-overtone
spectrum be required in future studies.

V. GREYBODY FACTORS

GBFs quantify the transmission probability of Hawk-
ing radiation through the potential barrier to distant ob-
servers, crucially influencing the semi-classical evapora-
tion process and observable radiation spectrum.

We consider massless scalar wave scattering gov-
erned by Eq. (33) but with scattering boundary conditions

Y~ Te @ (r, > —c0), (42)

Y~ e L R (r, = +00), (43)

where T and R are the transmission and reflection coeffi-
cients, respectively, for real frequency w. The GBF is
defined as I'(w) = |TP = 1 - |RP.

We compute GBFs using the third-order WKB ap-
proximation [54, 97], which provides the semi-analytical
formula

1

T = K@)’

(44)

where K(w) is identical to the QNM function (Eq. (38))
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but evaluated for real w. This yields smooth transitions
from total reflection (I'; »# 0) to near-complete transmis-
sion (I'; ~ 1) as w surpasses the potential barrier height.

A. Eikonal limit connection

In the eikonal limit (/> 1), a profound correspond-
ence emerges between GBFs, QNMs, and the geometric
properties of the photon sphere [43, 53, 101]. This rela-
tionship originates from the wave-optic equivalence prin-
ciple in high-frequency regimes, where wave scattering is
governed by the underlying null geodesic structure.

For massless scalar perturbations, the GBF can be ex-
pressed in terms of the QNM frequencies through the
higher-order correspondence relation developed in Ref.
[53]. Utilizing the third-order WKB expansion, the expo-
nent function —i%X(w) in the GBF formula (44) is given
by

w? —Re(wy)?

K@) = = Retwn) Im(wn)

+ Apo(w, wo, wy). (45)

Here, wy and w; denote the frequencies of the funda-
mental mode and first overtone, respectively. The higher-
order correction term Ayg, which accounts for the anhar-
monicity of the effective potential, is explicitly defined in
Ref. [53] (see Eq. (4.3) therein). This higher-order formu-
lation significantly improves accuracy compared with the
leading-order approximation, particularly in regimes
where the potential deviates from a simple barrier shape.

Employing the eikonal QNM approximation (41) for
fundamental modes yields

|1

Wy = stl—i?, (46)

with Q,, and 1 given by Eqgs. (18) and (19), respectively,
which leads to the geometric optics-based expression for

the GBF [101]

1
(&)
4]

A notable observation is that, while the higher-order
QNM-GBF correspondence introduced in Eq. (45)
demonstrates excellent numerical agreement across the
parameter space (Fig. 7), the shadow-GBF relation in Eq.
(47) exhibits more pronounced discrepancies. This en-
hanced sensitivity likely originates from the exponential
amplification of small deviations between the actual
QNM real part and its geometric optics approximation
(Re(wy) —Qyl) within the GBF expression. Nevertheless,
both formulations consistently underscore the fundament-
al role of photon sphere geometry in governing wave
scattering dynamics. Crucially, our analysis highlights a
regime-dependent behavior in achieving this agreement:
the inclusion of the higher-order correction term Ay is
essential for low angular momentum modes (e.g.,
1=1,10) where the effective potential is anharmonic,
whereas the leading-order approximation naturally con-
verges to the exact result in the eikonal limit (e.g.,
1 =100) as the potential barrier becomes harmonic.

Ii(w) = (47)

1 +exp

B. GBEF results and discussion

The GBF spectrum TI'y(w) for MCDF-CoS black holes
exhibits systematic dependencies on both angular mo-
mentum and spacetime parameters, with the transition
frequency and profile sharpness serving as sensitive
probes of the underlying geometry (Fig. 8).

Angular momentum dependence reveals that higher
multipole numbers shift transmission thresholds to high-
er frequencies while simultaneously sharpening the trans-
ition profiles. For the reference configuration (a=0.2,
A=1,B=107,5=0.8, and Q =0.5), the / = 1 mode ini-

1.0f 1or 1.0f

08f 081 08k
3 o8 308 3 os
= ] 3
- o04f L= o04f 1 = oa

02} — Wk 02f — WK 1 02 ==_WKB,

== QNM-GBF == QNM-GBF - - QNM-GBF
0.0 0.0 1 0.0
0.0 D‘i O‘Z 0‘3 0.4 12 1‘3 1‘4 1‘5 1‘6 135 1(;6 1;;7 13‘3 13.9
w w w
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3 oo 3o 3 oooos
~ 0015 3 00010 8 00003
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T oo < o000 <1 o0.0001

0.000 0.0000 0.0000

0.0 0.1 0.2 0.3 0.4 1.2 13 14 15 16 135 136 13.7 138 13.9
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Fig. 7. (color online) Comparison of GBFs computed via the WKB method and the QNM correspondence. The left and center panels

(/=1.10) utilize the higher-order relation [Eq. (45)] including overtone corrections, demonstrating significant improvement in accuracy.
The right panel (/=100) retains the leading-order approximation, which remains asymptotically exact in the eikonal limit.
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on spacetime parameters (subsequent panels where we have set [ =2).

tiates significant transmission around w ~ 0.1, whereas
the /=3 mode remains substantially suppressed until
w=~0.3. This behavior is consistent with the increased
potential barriers encountered by higher angular mo-
mentum states.

Among the spacetime parameters, the CoS intensity a
exerts the most pronounced influence on the GBF spec-
trum. Increasing a from 0.2 to 0.4 substantially lowers the
transmission threshold —shifting the 50% transmission
point from w ~ 0.25 to w ~ 0.15 for / = 2—while concur-
rently broadening the transition region. This modifica-
tion reflects the softening of the effective potential barri-
er induced by the enhanced string cloud density.

The MCDF parameters 4 and B display distinctive
modification patterns to the transmission spectrum, each
governed by separate physical mechanisms. Parameter B
dominates near its maximum allowed value, where the in-
tensified negative pressure component effectively lowers
the potential barrier, substantially enhancing low-fre-
quency transmission. Similarly, parameter 4 produces its
most significant effects at minimal values, where re-
duced fluid stiffness alters the potential profile, effect-
ively enhancing the tunneling probability for low-fre-
quency waves. This regime-dependent behavior under-
scores their different roles in the equation of state. In con-
trast, parameters S and Q exhibit negligible impact on the
GBF spectrum across their physically allowed ranges, in-
dicating their minimal influence on the scattering dynam-
ics.

These systematic trends maintain consistent correla-
tions with corresponding modifications in both the effect-
ive potential and QNM spectra discussed previously. The
enhanced low-frequency transmission for larger a values
suggests potentially observable modifications to the

(color online) Dependence of the GBF spectrum I'(w) for MCDF-CoS black holes on the multipole number / (first panel) and

Hawking radiation spectrum. The identified parameter
sensitivities demonstrate that future high-precision meas-
urements could constrain the string cloud intensity and
key MCDF parameters (4 and B), whereas f and Q re-
main challenging to probe through GBF measurements
alone.

VI. SUMMARY AND CONCLUSIONS

In this comprehensive study, we systematically in-
vestigated the gravitational properties of static, spheric-
ally symmetric black holes immersed in an MCDF and a
CoS. By focusing on three key theoretical signatures—
the black hole shadow, QNMs, and GBFs—we elucid-
ated how these exotic environmental components collect-
ively modify the fundamental characteristics and observ-
able manifestations of black holes.

The spacetime geometry, characterized by the metric
function in Eq. (1), incorporates the MCDF through a hy-
pergeometric function contribution G(r) and the CoS via
the parameter a. This framework encompasses several
limiting cases and exhibits asymptotically de Sitter beha-
vior, with the existence of black hole solutions imposing
specific bounds on the parameter space.

Our analysis reveals a coherent and consistent picture
across all three phenomena. The CoS parameter «
emerges as the dominant factor, whose increase signific-
antly increases the shadow radius, reduces both the oscil-
lation frequency and damping rate of QNMs (leading to
longer-lived ringdown signals), and substantially en-
hances low-frequency transmission in GBFs. This univer-
sal trend underscores the profound impact of the string
cloud in globally softening the effective potential and al-
tering the underlying spacetime geometry.
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The influence of the MCDF parameters is more se-
lective and reveals a nuanced hierarchy. The optical shad-
ow is primarily affected at parameter extremes, where in-
creasing A increases the shadow radius, whereas increas-
ing B reduces it. The QNM spectrum unveils a remark-
able spatial decoupling: parameter 4, associated with the
linear pressure component, predominantly modulates the
near-horizon physics, whereas parameter B, linked to the
generalized Chaplygin term, governs the cosmological
horizon domain. This spatial segregation is further reflec-
ted in the GBFs, where both parameters produce signific-
ant but regime-dependent effects: parameter B dominates
near its maximum value by lowering the potential barrier,
whereas parameter 4 exerts its strongest influence at min-
imal values by altering the potential profile to enhance
low-frequency tunneling. Notably, the parameters Q and
S exhibit negligible impact across all observational chan-
nels, indicating their subdominant role in the gravitation-
al phenomenology studied here.

Beyond these parameter dependencies, our study
highlights fundamental physical connections. The shad-
ow appearance under different accretion flows demon-
strates how accretion dynamics (e.g., Doppler beaming in
the infalling model) shape the morphology of the bright
emission ring, independent of the shadow size itself—a
purely geometric attribute. Furthermore, the verification
of the eikonal limit firmly establishes the fundamental
correspondence between the photon sphere (a geometric

entity), QNM spectrum (a wave entity), and GBFs,
thereby presenting a unified description of black hole dy-
namics that bridges wave and geometric optics.

Our findings suggest several promising avenues for
future studies. The identified parameter dependencies
could inform efforts to constrain exotic matter compon-
ents, particularly through shadow observations and QNM
detections with current and next-generation instruments.
The GBF results, while more theoretical at present,
provide important insights into the scattering properties
of black holes and would become directly relevant should
evidence of Hawking radiation or other quantum emis-
sions be discovered. Extending this analysis to rotating
black holes would greatly enhance its astrophysical relev-
ance. Additionally, investigating electromagnetic perturb-
ations and thermodynamic implications could provide a
more complete characterization of these complex sys-
tems.

In conclusion, the MCDF-CoS black hole framework
provides a rich theoretical laboratory for probing how
exotic matter and extended structures modify fundament-
al black hole properties. The systematic dependencies and
unified relationships we have identified not only deepen
the theoretical understanding but also provide concrete,
multi-faceted predictions for future astronomical observa-
tions aimed at deciphering the intricate environments sur-
rounding these fascinating objects.
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