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Abstract: A scission point model with dynamical effects under the assumption of the Smoluchowski limit of strong

coupling governs the final mass distribution that is in remarkable agreement with experimental data. This study in-

vestigates the sensitivity of mass distribution and mean total kinetic energy to various model components, including
the scission point condition, dissipation tensor, and diffuseness width. The results of neutron-induced > U, %'Np,
and *°Pu fission are consistent with the scission point statistical model. In the high-energy region, the calculation

results of the dynamical method are in better agreement with the experimental data. This conclusion justifies the

validity of using the strong coupling approach for neutron-induced actinides fission.
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I. INTRODUCTION

The phenomenon of neutron-induced fission of urani-
um was discovered in 1938 [1], and since then, research
on nuclear fission has been ongoing. Fission is among the
most complex processes in nuclear physics, and it in-
volves a strong interplay between the nuclear structure
and dynamics [2]. In neutron-induced actinides fission,
the parent nucleus is transformed into a variety of daugh-
ter pairs characterized by different charge and mass
yields and kinetic energies. The fission yield is an import-
ant physical quantity with a wide range of applications in
various fields, ranging from understanding of the cosmos
in astrophysical explosions to reactor operations.

In recent years, many theoretical methods have been
developed to calculate and reproduce the mass distribu-
tion of fission fragments. The developed statistical [3—6]
and phenomenological approaches [7—9] calculate and
predict the various fission observables with reasonable
accuracy, providing reliable fission yields required for
applications. These methods reproduce experimental data
in regions of defined parameters. As a typical statistical
approach, the scission point model calculates and repro-
duces fission yields considering the nuclear structure of
the fragments without considering any dynamical effects
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[5—6]. The scission point model considers the relative
statistical weights of individual fragments at the time of
scission. Such calculations are completely static in nature.
However, the model has a significant limitation in that
the choice of the location of the scission point consider-
ably affects the final results. Although it has a strong abil-
ity to explain existing measurements, it lacks in predict-
ive power.

A number of dynamical models have been developed
to overcome this limitation. For example, microscopic
models [10—12] describe nuclear fission considering an
effective energy density functional theory and the time-
dependent Hartree-Fock method minimized in a chosen
trial subspace of the full many-body Fock space while
subject to external constraints on the density distribution.
This approcah is computationally intensive and time-con-
suming. The Langevin model [13—14]has been de-
veloped and applied to render the dynamics macroscopic
for studying nuclear fission and fusion reactions, which
requires the associated collective inertial-mass tensor as
well as the dissipation tensor describing the coupling of
the collective variables to the remaining system. The nuc-
lear shape evolution is strongly dissipative, and therefore,
significant simplification can be obtained by considering
the strongly damped limit [15-16]. Randrup and Mdller
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[15-16] calculated the mass distributions of fission frag-
ments for a large number of nuclides in the Somluchow-
ski limit of strong coupling [17]. In this physical picture,
the evolution of the nuclear shape is similar to Brownian
motion. Thus, once the potential energy of fission shapes
is known, the required calculations are relatively simple
and amount to a random walk over the corresponding po-
tential surface [15].

In this paper, we demonstrate the shape evolution pro-
cess near the scission point with the Smoluchowski equa-
tion to govern the final mass distribution. This approach
overcomes the limitation of the scission point model,
namely, the static nature of the calculations. The dynam-
ical method for calculating fission-fragment mass distri-
butions exploits the Smoluchowski limit of strong coup-
ling between the nuclear surface motion and the internal
degrees of freedom [18], which helps ensure the calcula-
tion accuracy and is suitable for large-scale computations.
The method is equivalent to a random walk on the corres-
ponding potential energy surface as a function of deform-
ation and the internuclear distance between fragments.
This method offers a very quick and easy means to ob-
tain practically useful fission-fragment mass distribu-
tions.

The remainder of this article is organized as follows:
Sec. II provides a brief description of our proposed mod-
el. The results of the mass distribution and average total
kinetic energy (TKE) distribution of fission fragments are
given in Sec. III. Finally, in Sec. IV, we will provide a
summary of this study.

II. METHODS

Describing the shape of the fissioning system is ne-
cessary to obtain a basis for the potential energy surface.
The fragments nucleus is in a state of significant deform-
ation when reaching the scission point. In the vicinity of
the scission point, it is assumed that the neck is thin. The
shape can be viewed as a system of two deformed frag-
ments separated by distance d. The impact of the neck on
the potential energy is no longer considered. The axial-
symmetric nucleus can be expressed in spherical coordin-
ates by describing the shapes of two fragments using a
spherical harmonic function expansion

Ri(B.60) = c(Bi)Ru[1+ > _ BuPa(cosO)]. (1)

=23

Ry; = 1.164;"” is the radius of the spherical nucleus,
where (i = L, H) represent the light and heavy fragments,
respectively. Further, c(f;;) represents an essential para-
meter on the premise of the volume conservation when
the deformation parameter £3);is determined, where (1 = 2,
3) denote the quadrupole and octupole deformations, re-
spectively. In recent work [6], the authors demonstrated

that the elongated deformed compound nucleus exhibits
strong octupole deformation before scission. P,(cosf) is
the Legendre polynomial.

This paper simulates dynamical evolution using the
Langevin equation for the strongly damped fission pro-
cess. In this limit, the Langevin equation is reduced to the
Smoluchowski equation. The shape evolution is damped
and diffusive, with the driving force from the potential
F™ and dissipative force F¥* reaching equilibrium in the
Smoluchowski limit of strong coupling [15-16]

FPU(x) + FU(x, ) = 0. )

where x represents the dimensionless fission deformation
coordinate defined above. This coordinate is specified by
d/Ry, B, and n, where R, represents the radius of the
spherical nucleus. The potential energy U provides the
driving force F™'(x), which has the components

X
FPt = " The potential energy is calculated by the

scission point model [6]. The dissipation tensor y gov-
erns the associated friction force Ff°=—y.%, which is
the average value of the dissipative force F**. As is com-
mon, the remaining interaction is stochastic and the asso-
ciated force is denoted by F™(t). This force vanishes on
the average by definition, (F™(r)) =0, and its time de-
pendence is Markovian, so (Fi"(DF(1')) =2Ty,6(t—1').
This allows Gaussian random numbers to be used to mod-

el normalized random forces. This condition immedi-
ately yields the instantaneous velocity
x(t) = p- (FP' (1) + F™" (1)) 3)

Then, the net displacement accumulated in the course
of a brief time interval Ar is

At

At
ox = / x(0)dt = p- [(FP AP + / F™(ndf] (4
0 0

Subsequently, we can obtain the total increment accu-
mulated in a very short period of time as

Axl- = #iFFOlA[+ 2T,U1At i (5)

where the mobility tensor u is the inverse of the dis-
sipation tensor jy. In addition, the dissipation tensor
v=MpB. p represents the reduced friction parameter,
which is the only parameter of this model. M represents
the inertia parameter, which drops out of the strongly
damped equation and can be expressed as an approxim-
ate mass. Strongly damped motion is characterized by the
relative unimportance of inertial forces, which makes
knowledge about the inertia-mass tensor for the shape
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motion less crucial. &; is a time-dependent stochastic vari-
able with a Gaussian distribution, which enables a Gaus-
sian random number to model the normalized random
force.

The shape parameter undergoes a generalized
Brownian motion in simulating the Smoiuchowski equa-
tion. The evolution of the Brownian shape requires
sampling the potential energy surface using the Metropol-
is process, a Markov chain Monte Carlo method that
evolves gradually to the target distribution by randomly
selecting a new state and deciding whether or not to ac-
cept this new state based on a certain acceptance cri-
terion.

We need to know the probability of taking a step for-
ward or backward in a short time interval A¢, P¥ = v9A¢t,
where Vv = P(x;,f) —» P(x;+At,t) and v = P(x;,1) —
P(x;— At,1).

In the Fokker-Planck equation,

0 { 0 a 0 }
CPOun= =Y Vit Y D P (6
ot (x ) i 6x,- * ij 8x,- (9xj J (x ) ( )

where V;=u,F; represents the drift coefficient,

D=3 X2T; represents the diffusion coefficient and is

equal to half the variance growth rate. In this work, the
direction of each shape parameter is considered to be the
eigendirection of diffusion, and then, the diffusion tensor
itself is diagonalized D;; = D;;A;;. When Ar— 0, we get
(Ax;) ((Ax)*)

Rt IAP 74
At and

the following probability distribution:

=2D;. The formula Ax; satisfies

A;, P
Ax; = . (7
_Ai9 P(_l)

These relationships can be readily solved for the rates

0P VA, = i F;

1 . . (3)
SO0 VDAL =Tw
It then follows that
1 1 AU;
i T--AU, 1-=
Py _"75 2T
6} _
R N A T
2 2 T
~ (1_1AUi) (1_1&) ~ (1_AU1'> ~ eUIT
2T 2 T T
9

According to this equation, we know that the probability
of moving from the current shape to a randomly chosen

shape is e2V/T .

The fission-fragment mass distribution is typically
calculated as follows. From the starting point, the wan-
dering direction of the fissioning system on the potential
energy surface is sampled randomly, and the Metropolis
random wandering method is employed to determine if
this step of wandering is accepted or not. If it is accepted,
the composite nucleus is moved to a new position on the
potential energy surface; otherwise, it stays in place and
waits for the next wandering trial until the scission point
condition is satisfied. In the Metropolis procedure, the ac-
cepted probability is P=e 2T, Suppose that at x,, if
e VWIT [e=UC)/T > 1 then accept this trial step x,,, = x’.
If e VT Je=UwIT < 1, then generate a random number &
in the interval [0,1]. If e V&)/T/e"U&/T 5 & then
X.41 = X'; otherwise, reject this trial step x4 = x,,.

III. CALCULATION RESULTS

The description of the shape of the nucleus requires a
set of 7 independent parameters {Z;,A;,Zcy—Z1, Acy—
Ar,Bo1.B31.Bm,83m.d}. However, using these parameters
to calculate the dynamical evolution generates a substan-
tial computational workload, which poses a considerable
challenge for practical calculations.

To overcome this challenge, it is necessary to simpli-
fy the model employed in this paper. To this end, the
mass number parameter of the light and heavy fragments
are replaced by the parameter of mass asymmetry
n=(Ay—-Ap)/(AL+Ay). The fission system naturally
gravitate toward the state that exhibits the lowest energy,
and the fragments also exhibit a tendency to form a
charge configuration that serves to minimize the poten-
tial energy. By employing this method, it is possible to
ascertain a unique charge number for each individual
fragment. The previous results [6] demonstrate that the
quadrupole deformation parameters of the light and heavy
fragments vary within the range of 0 to 0.5, while the oc-
tupole deformation of the fragments fluctuates around
specific values under the effect of the interaction poten-
tial. Figure 1 shows the most probable octupole deforma-
tions of light and heavy fragments as a function of mass
number. The octupole deformations of light fragments re-
main around 0.4, and the heavy fragments remain around
0.2-0.25. The octupole deformations come from the in-
teraction potential between the two fragments, and there-
fore, it is reasonable to set the octupole deformation para-
meters of the light B;;, =04 and heavy fragments
B =0.25 as fixed values, effectively reducing the num-
ber of model parameters and lowering the complexity.

The shape of the nucleus is described by a set of
shape parameters {d/Ry,B2.,B21,1}, Which include four
free parameters: the distance of the fragments, quadru-
pole deformation for light fragment, quadrupole deforma-
tion for heavy fragment, and mass asymmetry. These are
dimensionless parameters, which provide great conveni-
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Fig. 1. (color online) Octupole deformations of scission con-

figurations as a function of mass number for neutron-induced
fission of 2*U.

ence for the processing of the dynamics program. A ran-
dom walk on a discrete lattice based on a prepared mesh
is performed to save computation time. These mesh val-
ues for d/R,, B;;, and 5 are

d/(Ry) =0(0.014)0.35

Ba(Bar) = 0(0.05)0.5 (10)

n =-0.336(0.016)0.336.

The numbers in parentheses are the mesh steps for
each variable.

A. Influence of the scission point condition on the frag-
ment mass distribution and TKE distribution

Figure 2 shows the interaction potential energy of **Sr
and '*"Xe in the reaction of n + **°U, including both the
Coulomb potential barrier ¥}, and quasi-fission barrier B,
The evolution of the double nuclear system is a complex
process involving multiple stages and critical junctures.
The external saddle point V is indicative of a critical
phase in the fission process, wherein the fissioning sys-
tem has attained a local energy maximum but is yet to un-
dergo complete division. Within this point, the fissioning
nucleus is confined within a relatively stable potential
well. The well originates from the interaction between the
nuclear force and Coulombic force within the nucleus, es-
tablishing a temporarily stable environment. Further, the
nucleus undergoes continuous oscillation, engaging in
nucleon transfer and energy exchange. As oscillations
persist, the double nuclear system crosses the external
saddle point to reach the scission point. The transition
marks the fissioning nucleus moving from a brief stable
state to a complete fission state, releasing substantial en-
ergy and neutrons. The determination of the scission

200 T T T T T T
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180 F E

Vi
170 B

External Coulomb barrier

160 E

Interation potential/MeV

L
=
L}

Inner pocket

140 1 1 L 1 1 1
-1 0 1 2 3 4 5
d/fm
Fig. 2. (color online) Interaction potential energy of **Sr and

140%¢e in the reaction of n + 2*°U.

point is a crucial issue because it directly affects the pre-
diction results of the kinetic energy distribution and mass
distribution of fission fragments.

In this section, we investigate the effect of the scis-
sion point condition on the fragment mass and average
total kinetic energy (TKE) distributions by considering
the case of 14MeV n + **U fission as an example. In this
paper, the scission point is defined in terms of the shape
parameter d representing the distance between two frag-
ments. As illustrated in Fig. 3, we calculated the mass
distribution for distances of 2.1, 2.3, and 2.5 fm to de-
termine the most appropriate the scission point condition.
The results are not sensitive to the choice of scission
point condition. In addition, the mass asymmetry re-
mains relatively constant, which indicates that the mass
numbers of light and heavy fragments are determined be-
fore reaching the scission point. Thus, the mass distribu-
tion is formed at an earlier stage rather than being de-
termined only after the scission point. This is in line with
the conclusion obtained using a microscopic approach
[19].

The average total kinetic energy distribution of fis-
sion fragments is calculated, which is another important
observation related to nuclear fission. It has been as-
sumed that all interaction energy at the scission point is
converted into the kinetic energy of fission fragments.
The TKE is calculated by averaging the deformations of
fission fragments. The total kinetic energy is the sum of
the Coulomb potential V. [20] and nuclear potential Vy
[21], which is expressed as TKE(A;,Z,B;) = Vc(A;,Z;,
B+ Vn(A;,Z,B:). The results are presented in Fig. 4.
When the value of d is set to 2.3 fm, the TKE is in close
agreement with the experimental data [22]; however, it is
significantly higher near symmetric fission. This phe-
nomenon can be attributed to the process of symmetric
fission, which can stretch the nucleus over a greater dis-
tance.
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Fig. 3. (color online) Mass distributions of neutron-induced

25U fission for different values of distance parameter d
between two fragments.
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Fig. 4. (color online) Average total kinetic energy distribu-

tions of fragments of neutron-induced ***U fission for differ-
ent values of distance parameter d between two fragments and
comparison with experimental data [22].

B. Influence of the dissipation tensor on the fragment
mass distribution

The dissipation tensor is described as y = MB, and S
represents the reduced friction parameter, which is the
only parameter of this model. Two classic deformation
models have been employed in the study of nuclear fis-
sion dynamics: the standard parameter set friction (SPS-
friction) model and the one-body dissipation (OBD) fric-
tion model. These models are widely utilized as repres-
entations of dissipative mechanisms in this field.

In this condition, we assumed that the dissipation
tensor is isotropic in the employed lattice variables. The
SPS-friction model is a simplified approach that assumes
different friction coefficients during the stage of com-
pound nucleus and subsequent elongation of the com-

pound nucleus into fragments. In the initial fission stage,
the friction parameter f remains constant until the dis-
tance between the centers of fragments reaches a certain
value r; = %% = 1.2R,. Subsequent to the formation of
the neck, the friction parameter experiences a linear in-
crease in nature with respect to the deformation until it at-
tains the scission point. The variation in the friction para-
meter can be described by [23]

neck
Bo 2 <1y

(ﬁsc_ﬁo) o o (11)
Bo+ LR - A < <
2"

IBSPS =

where B, = 2zs~! represents the friction parameter in com-

pact shape, B,. = 30zs™! represents the friction coefficient
at the scission point, and r, represents the distance
between the centers of the fragments.

The factor fogp of the OBD friction model is used in
an analytical fit formula developed in Ref. [23].

15
5 P +1-10.57%° + 7,2 11> 0.76R, 12
OBD = 12
32—32.21r12 rip < 076R0

This paper adopted the SPS-friction and OBD fric-
tion models to conduct research on the mass distribution
for investigating the effect of the dissipation tensor on
mass distribution. The results are presented in Fig. 5. As
indicated in this figure, mass distributions calculated by
the two methods are almost exactly the same, and they
match the experimental data very well. The fundamental
reason for this phenomenon lies in the evolution of the
dynamical path being determined by the potential energy
surface. Therefore, under the condition of strongly
damped, irrespective of the alterations to the friction
model, the fission path configuration does not undergo
substantial modifications. Thus, this work proved that
fragments mass distribution is not sensitive to the dissipa-
tion tensor structure (isotropy) for actinides fission,
which is consistent with the conclusion obtained by
Rundrup [16] using the random walk method on a five-di-
mensional potential surface.

C. Influence of the diffuseness width parameter on the

fragment mass distribution

Nuclear densities are considered in the two-paramet-
er Woods—Saxon form with the diffuseness width para-
meter a =0.50-0.58 fm depending on the charge num-
ber of the nucleus. The diffuseness width exerts a direct
effect on the nuclear density distribution function of fis-
sion fragments, consequently affecting the interaction po-
tential energy and height of the quasi-fission barrier. The
height of the barrier B, is a pivotal parameter in determ-
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Fig. 5. (color online) Mass distributions of neutron-induced

25U fission for different methods of the friction model.

ining the capacity to surmount the fission barrier and un-
dergo fission during the process. Consequently, the selec-
tion of the diffuseness width parameter is of paramount
importance in the dynamics method.

A larger diffuseness width is indicative of a more ex-
tended distribution of nuclear densities and a "soft" nuc-
lear surface. Consequently, the Coulomb and nuclear po-
tentials between the double nuclear system are reduced.
However, the height of the quasi-fission barrier increases
gradually with an increase in diffuseness width. Figures
6—7 show that the interaction potential energy is calcu-
lated under the conditions of asymmetric fission (mass
asymmetry of 0.186) and complete symmetry fission
(mass asymmetry of 0). The results confirm that an aug-
mentation in diffuseness width results in a decline in the
overall interaction potential energy, which is accompan-
ied by a gradual escalation in the height of the quasi-fis-
sion barrier B, This phenomenon confirms that, al-
though a larger diffuseness width renders the nuclear sur-
face more "softer" and reduces the interaction potential
below the barrier, the overall shape of the barrier be-
comes steeper.

To investigate the effect of diffuseness width on mass
distribution, this paper compared changes in the height of
the quasi-fission barrier in symmetric fission and asym-
metric fission systems. The results are displayed in Fig. 8.
It is evident that, as the diffuseness width increases, the
quasi-fission barrier of the asymmetric fission system in-
creases more significantly, whereas the increase in the
barrier height of the symmetric fission system is smaller.
This phenomenon suggests that an increase in the diffuse-
ness width enhances the probability of symmetric fission.

The mass distribution for different diffuseness width
parameters is calculated, and the results are shown in Fig.
9. The effect of distribution width on mass distribution is
reflected in the peak-to-valley ratio, while the position of
the distribution peak remains constant. This finding sug-

180
——aq=0.50
- n=0.186 Y
-~ a=0.54
=-+- g=0.56
GOE » --6=0.58
> 165 F ]
2]
=
> 160 F 1
155 F .
150 F e
145 L L L L L L
0 | 2 3 4 5
d/fm
Fig. 6. (color online) Interaction potential energy of asym-

metric fission.

180

175 F

170 F

165 F

V/MeV

160 F

155 F

150 F

145 L 1 1 1 1 1

d/fm

Fig. 7. (color online) Interaction potential energy of sym-
metric fission.

gests that the distribution width does not significantly al-
ter the primary mass configuration of the fission products.
However, it does affect the probability distribution of the
symmetric and asymmetric fission channels during the
fission process.

D. The mass distribution of the fission fragments for dif-
ferent systems

To verify the model description, the fission fragment
mass distributions in neutron-induced ******U, *'Np, and
2Py fission were calculated and compared with the scis-
sion point statistical model [6] shown in Fig. 10. The cal-
culated results are consistent with the scission point mod-
el (without dynamics effect), especially the peak position.
We know that the statistical model can adjust parameters
for better results. The statistical model that does not con-
sider the dynamics effect can control the inability of cer-
tain fragment configurations to reach the scission point
by setting a minimum quasi-fission barrier B, The in-
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Fig. 9. (color online) Mass distribution for different diffuse-
ness width parameters.

creased value of parameter B, can discard combinations
of fragments with small asymmetry, which results in a
narrow mass distribution. In contrast, the dynamics ap-
proach closely resembles the actual physical process and
does not require any parameter adjustment.

Furthermore, the scission point model considers all
possible light-heavy fragments and their octupole de-
formation parameters during its construction. A potential
energy surface is constructed within the range of 9 de-
grees of freedom. Owing to the limitations of computing
power, the model has to sacrifice some degrees of free-
dom when calculating the potential energy surface in this
paper, which also has an effect on the results.

The mass distributions in 10 and 16.5 MeV neutron-
induced ***U fission were calculated and compared with
the scission point statistical model. The results are shown
in Figs. 11-12. The results of the dynamics approach are
more in line with the experimental data. This is because

10 T

this work

8 F scission point model
© experimental data

%7Np-2.00MeV

50-6.00MeV

Yield(%)

80 100 120 140 16 A 80 100 120 140 160

Fig. 10. (color online) Fission fragment mass distributions
in neutron-induced ****U, »*’Np and **Pu fission and com-
parison with the experimental data [24—27].
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6F I ]
i II
% 1
X
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L
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2 B -
1]
0 L o L
60 80 100 120 140 160 180
A

Fig. 11.
in neutron-induced ***U fission and comparison with experi-
mental data [28].

(color online) Fission fragment mass distributions

the static potential energy surface can only take the ex-
treme points of the potential energy surface in the scis-
sion point model, which is equivalent to assuming that
the system is always at the bottom. The shell effect weak-
ens as the excitation energy increases, and the potential
energy surface becomes flat. The symmetric distribution
result calculated by the scission point model increases
suddenly. This outcome cannot be altered no matter how
the value of the minimum quasi-fission barrier B, is ad-
justed. However, the dynamics approach adopts the
Smoluchowski equation and introduce random forces,
which can incorporate the deformation in real time. This
enables the shape of the fission fragments to randomly
oscillate multiple times. Therefore, the probability of
symmetrical fission changes slowly with the variation in
energy rather than suddenly jumping.
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(color online) Fission fragment mass distributions

IV. CONCLUSION

In this paper, we consider dynamical effects based on
the statistical scission point model to overcome the static
nature of the calculations in the scission point model. The
calculations of the type discussed here consider the ideal-
ized limit of strongly damped motion (Smoluchowski
limit of strong coupling), where inertia plays no role. In
this physical picture, the evolution of the nuclear shape is
the same as that of Brownian motion. If the evolution of
the shape in the fission process can be characterized re-

mains an open question. However, the method provides a
quantitatively useful and simple calculational tool for ob-
taining fission mass yields.

We investigate the effect of the scission point condi-
tion on the fragment mass and TKE distributions to de-
termine the most appropriate choice of scission point. In
addition, we studied the sensitivity of the obtained mass
distribution to various model components, including the
dissipation tensor and diffuseness width. Based on this,
the mass distributions of neutron-induced > U, *"Np,
and **°Pu fission was calculated. These calculated results
are consistent with the scission point model (without dy-
namics effects). In the high-energy region, the calcula-
tion results of the dynamical method are in better agree-
ment with the experimental data. This confirms that this
simple and somewhat arbitrary treatment (strong coup-
ling assumption) can produce good results. This ap-
proach can be extended to obtain approximate fission
yields for a large region of the nuclear chart.

This work is based on the theoretical framework of
the Smoluchowski equation, and it dynamically evolves
the mass distribution on the potential energy surface.
However, no consideration is given to the pairing effects,
and it can only handle single fission events. In addition,
the shape space is limited to four dimensions. Future
plans include expanding to the Th-Pu-Cm nuclide chain
in batches to test the universality of the model and gradu-
ally introducing pairing effects and multi-chance fission
to make this model a long-term and sustainable platform
for nuclear data evaluation.
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