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Abstract: In this paper, we systematically explore the mass spectrum of fully strange tetraquark candidates within

the framework of QCD sum rules, focusing on states with quantum numbers J°€ =0**, 0=*, 07—, 17—, 1*~, and

1**. The analysis reveals the existence of fully strange tetraquark states with masses ranging from approximately

2.07 to 3.12 GeV. These predictions are compared with existing experimental observations of potential fully strange
tetraquark resonances, notably the X(2300) recently reported by the BESIII Collaboration, which may be interpreted
as a fully strange tetraquark state. Furthermore, the possible decay modes of these fully strange tetraquark states are
analyzed, providing guidance for their identification in current and future high-energy experiments, such as BESIII,

Belle II, and LHCb.
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I. INTRODUCTION

The study of novel hadronic states—such as multi-
quarks, hybrids, and glueballs—has gained significant at-
tention in recent years as experimental and theoretical ad-
vances continue to challenge the conventional quark
model [1, 2]. Since the discovery of the X(3872) state [3],
more than thirty similar novel states or candidates have
been reported in various experiments. This growing list of
observations strongly suggests that many more new had-
ronic states are likely to be discovered in the near future,
marking a renaissance in hadron spectroscopy. Unravel-
ing the internal structure and underlying dynamics of
these newly observed states constitutes one of the most
compelling and significant challenges in contemporary
hadron physics.

In the light hadron sector, the identification of novel
hadronic states remains a significant challenge, primarily
due to the small mass splittings between states and the
resulting strong mixing among them. This often obscures
the distinction between novel and conventional configur-
ations in experimental analyses, except that the novel
hadronic states possessing exotic quantum numbers,
which are forbidden in the conventional quark model, of-
fer cleaner signatures for identifying nontraditional struc-
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tures. However, with the rapid accumulation of high-pre-
cision experimental data in the charm quark sector, the
BESIII experiment is now well-positioned to conduct a
systematic investigation of hadronic phenomena in this
energy region —including, crucially, the search for and
study of light novel hadrons [4—13].

Among the various novel hadron candidates, fully
strange tetraquark states —composed entirely of two
strange quarks and two strange antiquarks (ss55)—consti-
tute a particularly intriguing and theoretically clean sub-
class. Owing to their flavor purity, these states are free
from mixing with light (u, d) or heavy (c, b) quark com-
ponents, offering a uniquely controlled environment for
investigating fundamental aspects of QCD, including
quark confinement, color dynamics, and gluon-mediated
interactions. Their distinct quark content also enhances
their stability against decay into lighter mesons via quark
flavor rearrangement. Notably, fully strange tetraquarks
can accommodate exotic quantum numbers —such as
JP€ = 0~ —which are strictly forbidden in conventional
quark—antiquark meson configurations. The observation
of such states would thus serve as a clear indication of
multiquark dynamics beyond the conventional hadron
classification scheme.

Recently, the BESIII Collaboration reported the ob-
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servation of a resonant structure, denoted as X(2300), in a
partial wave analysis of the process ¥(3686) — ¢nn’ [14].
The structure appears prominently in the ¢n and ¢r’ in-
variant mass spectra, with statistical significances of
9.6 0 and 5.6 o, respectively, and the measured decay
width of the state is approximately 89 MeV. The meas-
ured mass of X(2300) exhibits a notable discrepancy with
the theoretical predictions for conventional strangeonium
states, as reported in Refs. [15-21]. By contrast, the mass
of the fully strange tetraquark state with quantum num-
bers JPC =1%", as calculated in Ref. [22], shows good
agreement with the observed mass of X(2300), suggest-
ing a possible tetraquark interpretation. For further stud-
ies on fully-strange tetraquarks, the reader is referred to
Refs. [23-29].

Motivated by the observation of the X(2300) reson-
ance, fully strange tetraquark states have attracted re-
newed attention, especially through the lens of QCD sum
rule analyses [30], which provide a nonperturbative
framework for exploring their possible structure and mass
spectrum. QCD sum rules (QCDSR) constitute a QCD-
based theoretical framework that systematically incorpor-
ates nonperturbative effects. This approach has been suc-
cessfully applied to a wide range of problems in hadron
spectroscopy, providing valuable insights into the struc-
ture and properties of conventional and novel hadrons
[31-71]. The initial step in formulating QCD sum rules
involves constructing appropriate interpolating currents
that correspond to the hadrons under investigation. These
currents encode essential information about the hadrons,
such as their quantum numbers and internal structural
components. Based on these interpolating currents, the
two-point correlation function is defined, which admits
two distinct representations: the operator product expan-
sion (OPE) side and phenomenological side. By match-
ing these two representations through a dispersion rela-
tion and applying quark-hadron duality, the QCD sum
rules are established. This framework then enables the ex-
traction of hadronic properties, such as the mass spec-
trum, from the underlying QCD dynamics.

In this work, the masses of the fully strange tetra-
quark states in molecular configurations with J©¢ =0*",
0", 0, 1=, 1*7, and 1** are investigated within the
framework of QCD sum rules. Because the 17+ states
were investigated in our previous work [31] and the 0*~
state does not admit a molecular configuration, these two
states are excluded from the present analysis. The re-
mainder of this paper is organized as follows. A concise
overview of the QCD sum rules framework and the es-
sential formulas employed in our calculations are presen-
ted in Sec. II. The numerical analysis and corresponding
results are discussed in Sec. III. The possible tetraquark
decay modes are given in Sec. IV. Finally, a brief sum-
mary and concluding remarks are provided in Sec. V.

Io. FORMALISM

To evaluate the mass spectrum of fully strange tetra-
quark states within the QCD sum rule framework, the ini-
tial step is to construct suitable interpolating currents. The
procedure for constructing these currents is as follows.
First, all possible currents are listed, specifying their con-
stituent quark content and corresponding Dirac gamma
matrix structures.

In general, fully strange tetraquark states may pos-
sess a rich internal structure. Several types of interpolat-
ing currents have been widely discussed in the literature,
including molecular (di-meson) currents, diquark—anti-
diquark currents, and color-adjoint currents. Each con-
struction emphasizes a different possible organization of
quarks and probes different components of the underly-
ing QCD dynamics. Consequently, their predictions for
the mass spectrum and decay properties may differ quant-
itatively.

In the present work, we choose to focus on the mo-
lecular-type currents of the form [5s][5s], which are par-
ticularly suitable for describing possible meson—meson
bound or resonant configurations in the fully strange sec-
tor. This choice is further motivated by the proximity of
the expected masses to relevant two-meson thresholds
and by the widespread use of such currents in previous
QCD sum rule studies of exotic states. Therefore, we em-
phasize that the results presented in this paper are restric-
ted to the molecular configuration and should be inter-
preted within this specific framework. A systematic and
quantitative comparison among different current con-
structions, although highly interesting and important, is
beyond the scope of the present work and is left for fu-
ture investigations.

Subsequently, parity (P) and charge conjugation (C)
transformations are applied to these currents to identify
their transformation properties. By selecting the currents
with the desired quantum numbers J¢ and eliminating
redundant currents via Fierz rearrangements, a complete
and non-redundant set of interpolating currents is ob-
tained.

Via the aforementioned procedure, the interpolating
currents for fully strange tetraquark states with J7¢ = 0**
in molecular configurations are constructed in the follow-
ing forms:

Joe () = [5(0) Y5 S (D[S (x)y555(0)] (1)
Jow () = [8,(0) 54 (][5, () s,(x)] , )
Joe+ () = [5400)Y,8a(OIFH ()Y 86(2)] 3)
Joe () = (507,05 $a (OIS (X) Y, y5 5(0)] (4)
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e (%) = [5a(X)T $2()[55(X) Ty S5(X)] Q)

where the subscripts a and b are color indices.

The interpolating currents for fully strange tetraquark
states with J*¢ =0~ in molecular configurations are con-
structed in the following forms:

Jos (X) = 1[5, (x) 55,0155 (X)55(X)] (©)

o (X) = 1[5(X)0 0y 82 (O[5 (X) T Y5 55(X)] - @)

The interpolating currents for fully strange tetraquark
states with J¢ = 07~ in molecular configurations are con-
structed in the following forms:

Jo— () = 11540y, Y552 (D1 [55(x)Y,u55(2)] - (®)

The interpolating currents for fully strange tetraquark
states with J*¢ = 17 in molecular configurations are con-
structed in the following forms:

JEE () = 15,00 820155 (X)y,55 (0] 9)

JEH) = 115400 Y5 SaCOTL56(X) Yy Y555 (X)] - (10)

The interpolating currents for fully strange tetraquark
states with J*¢ = 17~ in molecular configurations are con-
structed in the following forms:

JEH() = i15a(0)ys 82 (O (X) Y85 (0], (11)

JEE() = i54(0)0 S0 CONSH () yy Y5 S5 (0] - (12)

The interpolating currents for fully strange tetraquark
states with J*¢ = 1** in molecular configurations are con-
structed in the following forms:

JEE) = 11500 82055 ()Y, Y5 S5 (0] (13)

TR0 = 1[54(0)00Y5 8O, (x) Y55 ()] - (14)

With the currents in (1)—(14), the two-point correla-
tion function can be readily established as follows:

e (@) =i / d*xe' (0| T{ jrc (x), firc(0)}OY, — (15)

e (@) =i / dxe T OIT {500, SO0y . (16)

Here, I1(¢*) and I1,,(¢*) denote the correlation functions
corresponding to states with spin J=0 and 1, respect-
ively; the index & runs from 4 to E for 0** states, takes
the value 4 for 0=~ state, and runs from A to B in other
cases; and |0) denotes the physical vacuum. The correla-
tion function I1,(¢?) corresponding to spin J =1 states
can be expressed in the following Lorentz-covariant
form:

M (q”) = = (g — q;? ) (gH) + 2

), (1)

where the subscripts 1 and 0 denote the quantum num-
bers of the spin 1 and 0 mesons, respectively.

On the phenomenological side, the correlation func-
tion T1(¢?) can be represented as a dispersion integral over
the physical spectrum, with the ground-state tetraquark
contribution explicitly isolated, i.e.,

N

phen,k, 2y _ (/II}PC)Z 1 ~ PI;PC(S)
W= e | W5 aw
where M denotes the mass of the tetraquark state, A is the
coupling constant of the hadron, and p(s) represents the
spectral density, which encapsulates the contributions
from higher excited states and the continuum above the
threshold s;.

In the OPE representation, the correlation function
(g% can be expressed through a dispersion relation as
follows:

OPE.k, 2 = pe ) wm. k, 2
A = [ as s . (o)

Smin

Here, sni, denotes the kinematic threshold, which typic-
ally corresponds to the squared sum of the current-quark
masses of the hadron [32]. IT*"™ represents the contribu-
tions to the correlation function that do not possess an
imaginary part but yield nontrivial terms after the Borel
transformation. The spectral density is given by p®FE(s) =
Im([TT°PE(s)]/x, and

PO (5) = P (5)+ 0 (5) + T () + p5O (s)
)2 2y S5)(5
+p(ss) (S)+p<G )(ss)(s)+p(ss)(sGs)(s) . (20)

To calculate the spectral density on the OPE side, as
given in Eq. (20), the full light-quark propagator S (x) is
utilized, namely
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where the vacuum condensates are explicitly exhibited.
For a more detailed discussion of the quark propagator,
readers are referred to Refs. [32, 33]. The Feynman dia-
grams corresponding to the various terms in Eq. (20) are
schematically illustrated in Fig. 1.

By applying the Borel transformation to Eqs. (18) and
(19) and equating the OPE representation with the phe-
nomenological side of the correlation function I1(g*), one
can derive the mass of the tetraquark state as

L_];PC’ I(SO’ Mlzi)

Mijnc (50, M3) = ,
e e Lise (50, M3)

(22)

Mk - (S(), M2 )2
jre(s0,Mp) = Exp (szB) Ljre (50, M) .
B
(23)
Here, L, and L, are respectively defined as
50
e M) = [ ds g0+ A0 . 29
and
Lﬁp(;’ I(S(),Mlzg) = 71L§PC,0(S()’M%}) . (25)
o—
M3
Fig. 1.
gluons.

III. NUMERICAL ANALYSIS

In the numerical analysis, we adopt widely accepted
input parameters reported in Refs. [34—39], namely
m, =2.16703 MeV,  m,; =4.67708 MeV, =(95+5)
MeV, (gq)=-(0.23+0.03)* GeV*, (5s)=(0.8+0.1)%gq),
(8,0 Gq) = m(qq), (58,0 Gs) = mi(3s), (g:G*) = (0.88+
0.25) GeV*, and mZ = (0.8 +0.2) GeV>.

Moreover, two additional parameters, s, and M3, are
introduced in the process of establishing the QCD sum
rules. These parameters are determined following the
standard procedure by satisfying two well-established cri-
teria [30, 32, 37—39]. The first criterion concerns the con-
vergence of the operator product expansion (OPE), which
is ensured by examining the relative contributions of
higher-dimensional condensates to the total OPE. A suit-
able Borel window for M3 is selected such that the OPE
remains convergent in the chosen region. The second cri-
terion requires that the pole contribution (PC) from the
ground state should dominate over the continuum, typic-
ally accounting for more than 50% of the total spectral
density [30, 38, 39]. These two criteria can be mathemat-
ically expressed as

ROPE - w (26)
Lo(So,Mzzg) '
Rpc LO(SOs 3) (27)
Lo(co, MB)

To determine an appropriate value for the continuum
threshold sy, we follow a procedure analogous to that em-
ployed in Refs. [32, 37, 39]. In this approach, the goal is
to identify an optimal value of s, that yields a stable
Borel window for the extracted mass of the fully strange
tetraquark state. Within this window, the mass prediction
should exhibit minimal dependence on the Borel paramet-
er M3, ensuring the reliability of the QCD sum rule ana-
lysis. In practical calculations, +/sy is varied by 0.1 GeV
around a central value to determine the corresponding

SESP
A

Typical Feynman diagrams related to the correlation function, where the solid lines denote quarks and spiral ones denote
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lower and upper bounds and, in turn, the uncertainties of
Vi [321.

With the aforementioned preparations, the mass spec-
trum of the light tetraquark states can now be evaluated
numerically. For the current Ji.., as an example, the OPE
convergence ratio R{%:. and pole contribution ratio
RS+ are plotted as functions of the Borel parameter M3
in Fig. 2(a) for three different values of the continuum
threshold +/s50=2.8, 2.9, and 3.0 GeV. The dependence
of the extracted mass M. on the Borel parameter is il-
lustrated in Fig. 2(b). From these analyses, an optimal
Borel window is identified as 1.4 < M2 < 2.2 GeV?, with-
in which both the OPE convergence and pole dominance
criteria are satisfied. Accordingly, the mass of the fully
strange tetraquark state corresponding to the current J3++
is extracted as

M. =(2.23+0.15) GeV, (28)

= 410, X B € N
.. =(6.4+0.6)x 107 GeV’ (29)

Using the same analysis framework, we evaluate the
masses associated with the other interpolating currents.
The corresponding OPE contributions, pole contributions,
and extracted mass values are summarized in Table 1.
The uncertainties in the mass predictions reported in Ta-
ble 1 mainly originate from the variations in the input
parameters, including the quark masses, vacuum con-
densates, and continuum threshold parameter +/s,.

IV. DISCUSSION ON MASS PREDICTIONS AND
DECAY CHANNELS

A. Interpretation of multiple mass predictions

It should be emphasized that the multiple mass val-
ues obtained for the 0™ channel do not represent theoret-
ical uncertainties of a single state. Rather, they corres-
pond to different interpolating currents with distinct in-

(a) ysg=30GeV — — — — —
yso-206v —
S0 =28GeV - - .-

0.8F

PC

& RES.
o
(2]

OPE

A0
o
IS

R

0.2+

B ‘\“\N"f-——-q—————1

1.0 1.5 2.0 25 3.0

Mg?(GeV?)

(color online) (a) Ratios ROPE

Fig. 2. O+

0

ternal structures. Each current may preferentially couple
to a particular configuration of the fully strange tetra-
quark system, leading to different mass predictions and
decay patterns.

As an illustrative example, for the 0** states, the
structure of the interpolating currents provides insight in-
to their dominant decay channels. Specifically, Eq. (1)
corresponds to a coupling of two 0~* components and is
therefore more likely to decay into nn; Eq. (2) corres-
ponds to a coupling of two 0** components, favoring the
Jfofo decay mode; Eq. (3) corresponds to a coupling of
two 17~ components, with ¢¢ as the dominant decay
channel; and Eq. (4) corresponds to a coupling of two 1**
components, which preferentially decays into f f;.

It is worth noting that the large mass splittings ob-
served among the predicted 0** states are a natural con-
sequence of the internal structures probed by the differ-
ent interpolating currents. For instance, j5. couples to
two 0** mesons, leading to a relatively lower mass, while
JjE. couples to two 27~ mesons, resulting in a signific-
antly higher mass. The 27~ strange mesons have not yet
been observed experimentally, likely due to their high
mass. Therefore, the substantial mass difference between
jB. and jE. is physically plausible and reflects the dis-
tinct internal structures of the tetraquark states. This point
has been explicitly discussed in the revised manuscript to
aid interpretation of the mass spectrum.

B. Decay channels of fully-strange tetraquark states

To finally ascertain these fully strange tetraquark
states, the straightforward procedure is to reconstruct
them from their decay products; however, the detailed
characteristics still require further investigation. The de-
cay properties of fully strange tetraquark states strongly
depend on their quantum numbers J¥¢, internal structure,
and available phase space. Below, we briefly analyze the
dominant and allowed decay channels for each quantum
number:

3.5

3.0F

(GeV)

A
o+

ysg=30Gev— — — — — ]
1.0F yso-296ev—
S0 =28GeV. — .~ .-

1‘4 1t6 1t8 20 22
Mg?(GeV?)

and RFC,, as functions of the Borel parameter M3 for different values of /sy for current (1),

where blue lines represent ROPE, and red lines denote RFC,, . (b) Mass of 0** fully strange tetraquark state as a function of the Borel

A0
parameter M2 for different values of /so.

AO
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Table 1. Continuum thresholds, Borel parameters, predicted masses, and predicted decay constant of fully strange tetraquark states.
JPC Current V50/GeV M2 /GeV? MX|GeV X (1073GeV?)
ot A 2.9+0.1 14-22 2.23+0.15 6.4+0.6

B 2.9+0.1 14-2.1 2.24+0.16 5.3+0.6
C 3.1+0.1 14-2.1 2.50+0.14 11.0+1.2
D 3.1+0.1 14-2.1 2.66+0.14 10.8+1.4
E 34+0.1 14-22 3.00+0.08 33.7+5.0
0+ A 33+0.1 1.8-2.6 2.57+0.16 7.8+0.3
B 3.5+0.1 1.6-24 3.07+0.05 48.9+4.0
0=~ A 3.1+0.1 14-2.1 2.46+0.13 94+09
1~ A4 2.9+0.1 14-2.1 246+0.15 4.7+0.7
B 3.1+0.1 1.3-2.0 2.59+0.09 8.7+1.5
1t A4 2.9+0.1 14-2.1 2.29+0.14 3.7+0.3
B 3.1+0.1 1.3-2.0 2.63+0.11 8.2+1.6
1t A4 3.3+0.1 1.5-22 2.72+0.14 53+0.5
B 3.5+0.1 1.7-24 3.03+0.08 10.5+0.7

1. For JP¢ = 0** states. The scalar channel can decay
via S-wave into two pseudoscalar or two vector mesons.
Possible dominant decay modes include ¢¢, nn, n'n’, n’,
fofo» fifi, and KK channels. These are all OZI-allowed
and likely lead to relatively broad widths, depending on
the mass and phase space.

2. For JP€ =0 states. Being a pseudoscalar state, its
decays typically proceed via P-wave into ¢n, ¢n’, and
KK* channels. These modes are sensitive to angular mo-
mentum and available energy. If the mass is close to the
threshold, the width may be narrow.

3. For JP© =07 states. This is an exotic quantum
number not accessible by conventional gg mesons. Its de-
cays are constrained and potentially suppressed. Allowed
multi-body or radiative decays include ¢nr and nry chan-
nels. Due to its exotic nature and limited phase space, this
state may be relatively narrow and easier to identify ex-
perimentally.

4. For JP¢ =17~ states. This vector state can be dir-
ectly produced in e*e™ collisions. Its dominant decays are
typically ¢n, ¢17', KK, and K*K channels.

5. For JP¢ = 1*~ states. This axial-vector state can de-
cay via ¢7, ¢, and KK* channels.

6. For JPC =1"" states. Similar to the 1*~ case but
with different parity, it can decay into ¢n and K*K chan-
nels. The partial widths and branching ratios are sensit-
ive to internal structure and coupling strengths.

The decay channels of fully strange tetraquarks offer

clear experimental signatures, especially through final
states such as ¢¢, ¢n, and KK*. Exotic quantum number
states like 0~~ stand out due to their unusual decay modes
and suppressed widths, making them key targets for dis-
covery. Future searches at BESIII, Belle I, and LHCb
can test these predictions by analyzing invariant mass
spectra in strange-rich final states.

The dominant and allowed decay channels of fully-
strange tetraquark states are summarized in Table 2.

C. Estimates of relative branching ratios

While a full calculation of decay widths is beyond the
scope of the present study, we can provide qualitative es-
timates of the relative branching ratios of the dominant
decay channels using simple phenomenological argu-
ments. These estimates are based on the quantum num-
bers of the initial states, allowed partial waves, and avail-
able phase space.

For the 0** states, the S-wave decays into two
pseudoscalar or vector mesons. Among them, decays to
channels such as ¢¢ and nn, fyfy, and ffi are expected

Table 2.
strange tetraquark states.

Dominant and allowed decay channels of fully

Jrec Type Possible Decay Channels

o Scalar ¢¢.m. '’ ' fofo. fifi. KK
0+ Pseudoscalar én, ¢, KK*

0~ Exotic énm, mmy

1 Vector o, ¢, KK, K*K

1+ Axial-vector on, ¢, KK*

1+ Axial-vector én, K*K
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to have relatively large branching ratios due to favorable
phase space, CKM suppressed, and OZI-allowed coup-
lings, whereas channels with KK may be somewhat sup-
pressed.

For the 0~ states, P-wave decays such as ¢n, ¢17,
and KK* are allowed. The ¢5 channel is likely to domin-
ate due to larger phase space and fewer angular mo-
mentum barriers.

For the exotic 0™~ states, the limited phase space and
exotic quantum numbers imply that multi-body decays
like ¢y and radiative decays such as nry may have com-
parable contributions; however, the total width is expec-
ted to be narrow.

For the 17= and 1*~ states, vector-pseudoscalar and
vector-vector channels such as ¢n, ¢n’, KK, and K*K are
favored. Among these, channels with lower mass
thresholds and allowed S-wave decays are expected to
have relatively higher branching ratios.

For the 1** states, decays into ¢ and K*K are expec-
ted, with ¢n likely being dominant due to phase space
considerations.

These qualitative estimates, together with the domin-
ant decay channels summarized in Table 2, provide a
more quantitative guidance for experimental searches and
help to identify the most promising channels for detect-
ing fully strange tetraquark states.

V. SUMMARY

In this work, we systematically investigated the mass
spectrum of fully strange tetraquark states (ss55) in mo-
lecular configurations with quantum numbers J*¢ = 0**,
0™*, 077, 177, 177, and 1** within the framework of QCD
sum rules (QCDSR). By constructing appropriate inter-
polating currents and applying standard QCDSR tech-
niques, we obtained mass predictions for each quantum
number channel. The resulting masses fall within the
range of approximately 2.07 to 3.12 GeV, depending on
the quantum numbers and interpolating currents used, as
summarized in Table 1. Notably, the mass of the
JPC =1+ state shows good agreement with the X(2300)
resonance recently reported by the BESIII Collaboration,
hinting at a possible exotic tetraquark interpretation. Fur-
thermore, the possible decay modes of these fully strange
tetraquark states have been analyzed in detail.

Among these, particular attention is paid to the exotic
JP€ =07~ channel, which is forbidden in conventional
quark-antiquark meson configurations and thus serves as
a strong indicator of multiquark or gluonic degrees of
freedom. The observation of a state with such quantum
numbers would provide compelling evidence for the ex-
istence of non-conventional hadrons and offer a direct
window into the exotic sector of QCD.

These findings not only enrich the theoretical under-
standing of multiquark states but also offer concrete and

testable predictions for future experimental searches at
BESIII, Belle 11, LHCb, and other high-energy facilities.
Owing to its flavor-pure composition and the absence of
mixing with light or heavy quarks, the fully strange tetra-
quark system provides a particularly clean and ideal en-
vironment for probing novel hadronic structures and ex-
ploring the nonperturbative dynamics of QCD.

It should be noted that the results in Ref. [72] suggest
that the X(2300) prefers an s3gg structure, whereas the
X(2500) and X(2600) arc more consistent with an s3ss
configuration. To definitively determine the internal
structure of the X(2300), a practical approach is to ana-
lyze its various decay products, as discussed in Sec. IV.

To place our mass predictions for fully strange tetra-
quark states into a broader theoretical context, we com-
pare our results with those obtained in recent quark-mod-
el and potential-model studies. For instance, Ref. [22]
used a nonrelativistic potential quark model (without in-
voking a diquark-antidiquark approximation) and pre-
dicted an ss355 tetraquark spectrum with ground and ex-
cited 0" masses around 2.2 GeV and up to 3.3 GeV.
This mass range overlaps with the lower end of our pre-
dicted spectrum; in particular, some of our 0** candid-
ates lie near their ground-state region, providing a non-
trivial cross-validation of our sum-rule-based analysis.

More recently, Ref. [28] employed the Gaussian ex-
pansion method within a constituent quark potential mod-
el to solve the four-body Schrodinger equation and identi-
fy resonant states for the ss55 system. They obtained a
series of resonances and compact states in the mass re-
gion of 2.7-3.3 GeV, with widths ranging from sub-MeV
to approximately 50 MeV. Although their predicted
masses are generally higher than our central values, the
partial overlap, especially in the excited region, suggests
that different modeling assumptions can lead to moderate
variations, which is also reflected in our results via differ-
ent interpolating currents.

The deviations between our sum-rule results and
quark-model predictions can be qualitatively understood
as arising from fundamentally different assumptions
about the internal structure of the tetraquark states (for in-
stance, molecular-type vs compact four-quark configura-
tions), different treatments of interquark interactions and
relativistic effects, and methodological limitations inher-
ent to each approach (e.g., truncation of the operator
product expansion or basis-set dependence in potential
models). As a result, our work should be viewed as com-
plementary to quark-model studies; while these studies
capture one class of possible compact/resonant configura-
tions, our sum-rule analysis—especially when employing
different interpolating currents—covers a broader set of
structural possibilities, including loosely-bound molecu-
lar—type states.

In summary, we believe that the consistency (partial
overlap) between our predicted mass ranges and those
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from potential models lends credence to the plausibility
of fully strange tetraquark states and highlights the im-
portance of considering different theoretical frameworks
in parallel. This comparison has been added to the re-
vised manuscript to provide a more complete theoretical
context for our results.
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APPENDIX A: THE RATIOS R°FE, RFC, AND THE
MASSES m ARE PLOPTED AS FUNCTIONS OF
BOREL PARAMETER M2

We display the figures for RPE, RPC and the masses
m as functions of Borel parameter M3 in Fig. A1-A13.
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Fig. Al. (color online) (a) Ratios ROPE, and R‘;ffy+ as functions of the Borel parameter M?% for different values of /sy for current (2),
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where blue lines represent R%E and red lines denote RZ%H. (b) Mass of 0** fully strange tetraquark state as a function of the Borel
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Fig. A5. (color online) (a) Ratios RQPE, and REC_. as functions of the Borel parameter M3 for different values of +/sg for current (6),
where blue lines represent R{PE, and red lines denote REG_, . (b) Mass of 0~ fully strange tetraquark state as a function of the Borel

parameter M2 for different values of /so.
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where blue lines represent ROPE, and red lines denote RFG ., . (b) Mass of 07 fully strange tetraquark state as a function of the Borel

parameter M2 for different values of /sp.
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Fig. A7. (color online) (a) Ratios Rgfﬁ, and Rf;%,, as functions of the Borel parameter M2 for different values of /sy for current (8),
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