
 

Solving bound-state equations in QCD2 with bosonic and fermionic quarks*

Xiaolin Li (李晓琳)1,2    Yu Jia (贾宇)2,3†    Ying Li (李营)1‡     Zhewen Mo (莫哲文)2,4§

1Department of Physics,Yantai University,Yantai 264005, China
2Institute of High Energy Physics, Chinese Academy of Sciences, Beijing 100049, China
3School of Physics, University of Chinese Academy of Sciences, Beijing 100049, China

4CAS Key Laboratory of Theoretical Physics, Institute of Theoretical Physics, Chinese Academy of Sciences, Beijing 100190, China

Nc→∞Abstract: We investigate the bound-state equations (BSEs) in two-dimensional QCD in the  limit, viewed
from both the infinite momentum frame (IMF) and the finite momentum frame (FMF). The BSE of a meson in the
original 't Hooft model, viz., spinor QCD2 containing only fermionc quarks, has been extensively studied in literat-
ure. In this work,  we focus on the BSEs pertaining to two types of ''exotic''  hadrons,  a ''tetraquark''  which is  com-
posed of a bosonic quark and bosonic antiquark, and a ''baryon'' which is composed of a bosonic antiquark and a fer-
mionic quark. Utilizing the Hamiltonian approach, we derive the corresponding BSEs for both types of ''exotic'' had-
rons,  from the  perspectives  of  the  light-front  and equal-time quantization,  and confirm the  known results.  The  re-
cently available BSEs for ''tetraquark'' in FMF has also been recovered with the aid of the diagrammatic approach.
For the first time we also present the BSEs of a ''baryon'' in FMF in the extended 't Hooft model. By solving various
BSEs numerically, we obtain the mass spectra pertaining to ''tetraquark'' and ''baryon'' and the corresponding bound-
state wave functions of the lowest-lying states. It is numerically demonstrated that, when a ''tetraquark'' or ''baryon''
is  continuously  boosted,  the  forward-moving  component  of  the  bound-state wave  function  approaches  the  corres-
ponding light-cone wave function, while the backward-moving component fades away.
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I.  INTRODUCTION

Understanding the hadron structure from QCD is  the
central mission of the contemporary hadron physics. Due
to  our  limited  knowledge  about  the  color  confinement
mechanism, we are still unable to write down, let alone to
solve, the bound-state equations (BSEs) pertaining to any
hadron in  terms  of  the  relativistic  quark  and  gluons  de-
grees of freedom. There are some influential and power-
ful nonperturbative approaches, such as Dyson-Schwing-
er  (DS)/Bethe-Salpeter  (BS)  equations  [1−4],  as  well  as
light-front  (LF)  quantization  [5−8],  which,  under  some
approximation, enable one to numerically solve the BSEs
of  hadron  in  Minkowski  spacetime.  Unfortunately,  at
practical level, these approaches heavily depend on some
unsystematized truncation,  whose prediction is  thus  sub-
ject to certain amount of model dependence.

1/Nc

U(1)A

Nc

The  limit  of  infinite  number  of  color, viz.,  ex-
pansion  [9, 10], has  proved  to  be  a  useful  nonperturbat-
ive tool to help us to understand a number of some essen-
tial  phenomena  of  QCD,  such  as  Regge  trajectory  [10],

 problem [11, 12], and so on. Unfortunately, due to
the  enormous  complexity  of  nonabelian  gauge  theory  in
four spacetime dimension, at present we still do not know
how  to  write  down  the  BSEs  for  a  hadron  even  in  the
large  limit,  let  alone  to  deduce  the  nonperturbative
features of a hadron in a quantitative manner.

Nc→∞

In  1974  't  Hooft  invented  a  solvable  toy  model  of
QCD, i.e., QCD in two spacetime dimensions meanwhile
in the  limit [13]. Thanks to the absence of trans-
verse degree of freedom of the gauge field together with
the  planarity  of  Feynman diagrams,  't  Hooft  was  able  to
write  down  the  bound  state  equation  of  a  meson  in  a
closed form. The resulting discrete mesonic energy levels

        Received 28 April 2023; Accepted 1 March 2026; Accepted manuscript online 2 March 2026
      * Supported in part by the National Science Foundation of China (12475090, 11925506, 12435004) and the Natural Science Foundation of Shandong province
(ZR2022ZD26). The work of Zhewen Mo is also supported in part by the National Natural Science Foundation of China (12347145, 12347105)
     † E-mail: jiay@ihep.ac.cn
     ‡ E-mail: liying@ytu.edu.cn
     § E-mail: mozw@itp.ac.cn

Chinese Physics C    Vol. 50, No. 4 (2026) 043109

 Content from this work may be used under the terms of the Creative Commons Attribution 3.0 licence. Any further distribution of this work must main-
tain attribution to the author(s) and the title of the work, journal citation and DOI. Article funded by SCOAP3 and published under licence by Chinese Physical Society
and the Institute of High Energy Physics of the Chinese Academy of Sciences and the Institute of Modern Physics of the Chinese Academy of Sciences and IOP Pub-
lishing Ltd

043109-1

http://orcid.org/0000-0002-1337-7662
http://orcid.org/0000-0002-7496-4481


can  be  solved  numerically,  where  the  Regge  trajectory
becomes manifest. Soon it was also realized that 't Hooft
model has also possesses some interesting properties like
(naive)  asymptotic  freedom  [14],  nonvanishing  quark
condensate  and  ''spontaneous''  chiral  symmetry  breaking
[15, 16].  Therefore,  the  't  Hooft  model  may be  regarded
as  an  instructive  theoretical  laboratory,  which  may  help
us  to  gain  some  insight  into  the  nonperturbative  aspects
of QCD in the real world [14, 17−24].

The  BSE  of  't  Hooft  model  was  originally  derived
with the aid of  the diagrammatic technique based on the
DS/BS  equations,  also  within  the  context  of  light-front
quantization.  Therefore,  the 't  Hooft  equation is  valid
only  in  the  infinite  momentum  frame  (IMF), viz.,  in
which  a  meson  moves  with  the  speed  of  the  light.  It  is
worth noting that, an alternative approach to derive the 't
Hooft equation is the operator approach based on boson-
ization of the light-front Hamiltonian, which has been ex-
tensively discussed in literature [25−31].

QCD2

Poincaré  invariance  demands  that  the  meson  mass
spectra must  be identical  in any inertial  reference frame.
One  naturally  wonders  how  the  BSEs  in  't  Hooft  model
look like  in  the  reference frame other  than IMF.  An im-
portant  progress  was  made  by  Bars  and  Green  in  1978
[32],  who  explicitly  constructed  a  pair  of  coupled  BSEs
of mesons in  in the finite momentum frame (FMF),
in which a meson moves with a finite momentum, includ-
ing  static  case.  The  resulting  BSEs  pertaining  to  FMF,
dubbed Bars-Green  equation,  is  much  more  involved
than the 't  Hooft  equation pertaining to IMF. It  was also
formally  demonstrated  that  the  Poincaré  algebra  does
hold in the color-singlet subspace [32]. Later Poincaré in-
variance  of  meson  spectrum  has  been  explicitly  verified
by  numerically  solving  Bars-Green  in  FMFs  (static
meson [20] and moving meson [23]).

The  advent  of  large  momentum  effective  theory
(LaMET) [33, 34] allows one to directly compute the par-
tonic distributions of a hadron on the Euclidean lattice. A
key  element  of  LaMET  is  that,  the  quasi  distributions,
which are the matrix element of the equal-time, spacelike
correlator  sandwiched  between  a  moving  hadron  state,
under continuous Lorentz boost, will finally approach the
light-cone parton distributions,  which are the matrix ele-
ment  of  the  light-like  correlator  sandwiched  between  a
hadron in IMF. 't Hooft model turns out to be a valuable
theoretical laboratory to develop some intuition about the
profiles  of  the  quasi  distributions.  In  the  't  Hooft  model,
the  light-cone  distribution  is  simply  linked  with  the  't
Hooft  wave  function,  and  the  quasi-distributions  can  be

constructed  in  terms  of  the  Bars-Green  wave  functions
and Bogoliubov-chiral angle. It has been analytically and
numerically  verified that,  a  variety  of  quasi  distributions
in the 't Hooft model does converge to the light-cone dis-
tributions, as anticipated from LaMET [24, 35, 36].

QCD2

QCD2

Shortly  after  't  Hooft's  original  work,  Shei  and  Tsao
[37] in 1977 investigated the scalar  which instead
contains bosonic quarks. With the aid of the diagrammat-
ic  approach  in  the  context  of  LF  quantization,  Shei  and
Tsao  also  derived  the  BSE  for  a  meson  composed  of  a
bosnic  quark  and  a  bosonic  antiquark.  The Shei-Tsao
equation looks  very  similar  to  the  't  Hooft  equation.  In
1978 Tomaras rederived the Shei-Tsao equation from the
angle  of  Hamiltonian  approach,  and  elaborated  on  some
subtlety  pertaining  to  quark  mass  renormalization  [38].
Utilizing the  Hamiltonian approach in  the  context  of  the
equal-time quantization,  Ji,  Liu and Zahed have recently
also derived the BSEs in scalar  pertaining to FMF
[39],  and showed that these BSEs do approach the Shei-
Tsao equation when boosted to the IMF.

QCD2

QCD2

QCD2

In the real world there is no bosonic quark. However,
the  notion  of  diquark  turns  out  to  be  useful  in  baryon
spectrum and structure, at least on the phenomenological
ground 1). In  2008  Grinstein,  Jora  and  Polosa  investig-
ated the mesonic mass spectra in scalar  [49], who
argued  that,  a  bosonic  quark  may  mimick  a diquark to
some extent, therefore the meson in scalar  may be
related to the tetraquark state  in the real  world,  which is
conjectured  to  consist  of  a  compact  diquark  and  anti-
diquark.  It  is  expected  that  the  study  of  the  ''tetraquark''
spectrum in scalar  [49] may shed some light on the
tetraquark spectrum in the realistic QCD4 [49].

Nc→∞

It  is  difficult  to  investigate  the  BSE  for  a  baryon  in
the original  't  Hooft  model,  since  a  baryon  would  be-
come infinitely heavy in the  limit. Nevertheless,
once accepting the notion of the diquark,  one may mim-
ick  a  ''baryon''  by  a  bound  state  formed  by  a  bosonic
quark  and  fermionic  antiquark  in  the  extended  't  Hooft
model.  The  BSE  for  such  a  ''baryon''  state  in  IMF  was
first  obtained with the aid of  diagrammatic technique by
Aoki [50].

It is the primary goal to derive the BSEs for a ''bary-
on''  state  in  the  extended  't  Hooft  model  in  FMF,  which
constitute the counterparts of the Bars-Green equations of
mesons in the original 't Hooft model. We also conduct a
comprehensive numerical study of the ''baryon'' spectrum
and  the  bound-state  wave  functions  of  the  lowest-lying
baryon.  It  is  especially  interesting  to  visualize  how  the
wave functions in the FMF evolve to the light-cone wave

Xiaolin Li, Yu Jia, Ying Li et al. Chin. Phys. C 50, 043109 (2026)

S U(6)
3S 1 1

3̄ S U(3)

1) The diquark conjecture dates back to the early days of the quark model [40–41], by interpreting a baryon as a bound state composed of a diquark and another
quark. The predictions based on the diquark ansatz reduce the number of levels in the baryon spectrum, which get closer to the experiment data than the three-body pre-
dictions in the quark model. In order for the lowest-lying octet and decuplet baryons to form a fully symmetric 56 representation of the spin-flavor , the diquark
in lowest-lying baryons must be in a  state, which corresponds to a spin-  boson. Intuitively, a stable diquark may be formed since the gluonic exchange between
two quarks in the  representation of color  is attractive. Later some more sophisticated approaches [42−44], e.g., a Faddeev-type formulation which preserves
the Lorentz and chiral symmetries, also adopt the diquark picture Some recent development on diquark-based phenomenology can be found in Refs. [45−48].
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functions  when  increasing  the  momentum  of  the
''baryon''.

QCD2

We  use  the  Hamiltonian  approach  in  equal-time
quantization  with  a  ''fermionization''  procedure  to  derive
the BSEs of ''baryon'' in FMF. For the sake of complete-
ness, we also revisit the derivation of BSE of ''baryon'' in
the  IMF  from  the  angle  of  the  Hamiltonian  approach  in
LF  quantization.  Since  the  ''baryon''  contains  a  bosonic
quark,  the  BSEs  of  which  are  intimated  connected  with
those of ''tetraquark'' composed entirely of bosonic quark
and antiquark. Therefore, to facilitate a coherent reading,
we feel it beneficial to give a self-contained treatment of
both types of exotic hadrons.  Therefore we decide to re-
visit the derivations of the BSEs of the ''tetraquark in IMF
and FMF  using  Hamiltonian  approach,  which  were  ori-
ginally  done  in  [38, 39].  Some  subtle  issue  about  the
quark mass renormalization in LF and equal-time quant-
ization  in  scalar  is  highlighted.  Moreover,  it  is
worth  pointing  out  that  the  diagrammatic  derivation  of
the BSEs of a ''tetraquark'' in FMF is much difficult than
its  counterpart  in  IMF,  since  the  seagull  vertex  does  not
vanish even  after  taking  the  axial  gauge.  A  novel  out-
come of this work is to successfully reproduce the BSEs
of  ''tetraquark''  from  the  angle  of  the  diagrammatic
DS/BS approaches.

The rest of the paper is organized as follows. In Sec.
II, we define the extended 't Hooft model and set up some
notations. In Sec. III, we revisit the derivation of BSEs of
an ''tetraquark''  in  both  IMF  and  FMF,  with  some  em-
phasis  on  the  relation  between  the  renormalized  quark
mass  in  LF  and  equal-time quantization.  Sec.  IV  consti-
tutes  the  main  body  of  this  work,  where  we  derive  the
BSEs of a ''baryon''  in both IMF and FMF. The BSEs in
FMF are obtained for the first time. In Sec. V we present
the  numerical  results  of  the  mass  spectra  of  ''tetraquark''
and ''baryon''.  In  particular,  we  show the  numerical  pro-
files  of  the  bound-state  wave  functions  of  the  lowest-ly-
ing states,  with  different  hadron velocities.  We summar-
ize in Sec. VI. We devote Appendix A to a diagrammatic
derivation  of  the  corresponding  BSEs  of  ''tetraquark''  in
FMF. In Appendix B, we present a detailed discussion on
the  connection  between  two  renormalized  quark  masses
introduced  in  LF  quantization  and  equal-time quantiza-
tion for the ''tetraquark'' case.
 

II.  SETUP OF THE STAGE

QCD2

SU (Nc)

The  extended  't  Hooft  model  contains  both  bosonic
and fermionic quarks and gluons. For simplicity, we only
consider a single species of bosonic quark and fermionic
quark.  The  corresponding  hybrid  Lagrangian  is
dictated by the  gauge invariance:
 

LhQCD2
= −1

4
(
Fa
µν

)2
+ ψ̄(i/D−mF)ψ+ (Dµϕ)†Dµϕ−m2

Bϕ
†ϕ,

(1)

mF mB

Aa
µ

a = 1,2, · · · ,N2
c −1 Dµ = ∂µ− igsAa

µT
a

Fa
µν ≡ ∂µAa

ν −∂νAa
µ+gs f abcAb

µAc
ν

where ψ and ϕ denote  the  Dirac  and  complex  scalar
fields,  and  refer to the masses of the fermionic and
bosonic  quarks,  and  represents  the  gluon  field  with
color  index .  signi-
fies  the  color  covariant  derivative,  and

 represents the gluonic field
strength tensor.

SU (Nc)The  generators  of  group  in  the  fundamental
representation obey the following relation: 

tr(T aT b) =
δab

2
, (2a)

 

∑
a

T a
i jT

a
kl =

1
2

Å
δilδ jk −

1
Nc
δi jδkl

ã
. (2b)

xµ =
(

x0, xz
)

0
The  Lorentz  two-vector  is  defined  as ,

with  the  superscript  and z representing  the  time  and
spatial  indices.  The  Dirac γ-matrices  in  two  space-time
dimensions are represented by 

γ0 = σ1, γz = −iσ2, γ5 ≡ γ0γz = σ3, (3)

σi i = 1,2,3where  ( ) signifies the Pauli matrices.

x± = x∓ =
(

x0± xz
)
/
√

2
x+

In  LF  quantization  it  is  also  convenient  to  adopt  the
light-cone  coordinates,  which  are  defined  through

,  with  the  light-front  time  denoted
by .

Nc

Throughout this work, we are interested in the large-
 limit: 

Nc→∞, λ ≡ g2
s Nc

4π
fixed, (4)

mF ,mB≫ g ∼ 1/
√

Nc

with λ referring to the 't Hooft coupling constant. We are
also tacitly working in the so-called weak coupling limit,
where  [15].
 

III.  BSES FOR ''TETRAQUARK'' FROM
HAMILTONIAN APPROACH

In this section we first revisit the derivation of BSE of
a  ''tetraquark''  in  IMF,  then  revisit  the  derivation  of  the
BSEs of a ''tetraquark'' in FMF. Some special attention is
paid  to  the  quark  mass  renormalization  in  both  LF  and
equal-time quantization. 
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A.    BSE of ''tetraquark'' in IMF

QCD2

We start with rederivation of the BSE of ''tetraquark''
in the IMF using the operator approach [38]. For this pur-
pose, it is most convenient to quantize the scalar  in
equal LF time. 

QCD21.    LF Hamiltonian of scalar 

QCD2

A+a = 0

We  express  the  scalar  lagrangian  in  terms  of
light-cone  coordinates.  Similar  to  the  original  't  Hooft
model, a  great  simplification  can be  achieved by impos-
ing the light-cone gauge  1): 

LsQCD2 =
1
2
(
∂−A−a

)2
+
(
∂−ϕ

†)D+ϕ+ (D+ϕ)† ∂−ϕ−m2ϕ†ϕ.

(5)

π ≡ ∂L
∂
(
∂+ϕ†

) = ∂−ϕ π† = ∂−ϕ
†

The  canonical  conjugate  momenta  of  bosonic  quark

fields  are  given  by  and .
After Legendre transformation, one arrives at the follow-
ing LF Hamiltonian: 

HLF =

∫
dx−
Å
− 1

2
(
∂−A−a

)2
+ igsA−a

(
π†T aϕ−ϕ†T aπ

)
+m2ϕ†ϕ

ã
. (6)

A−a
Due  to  the  absence  of  the  light-front  time  derivative

of  the  gluon  field  in  (5),  is  no  longer  a  dynamical
variable, which is subject to the following constraint: 

∂2
−A−a = gsJa, (7)

Ja ≡ i
(
ϕ†T aπ−π†T aϕ

)
with .

A−a JaSolving  in term of  in (7), and substituting back
into (6), one then reduces the LF Hamiltonian to 

HLF =

∫
dx−
Å

m2ϕ†ϕ− g2
s

2
Ja 1
∂2
−

Ja
ã
. (8)

1/∂2
−Ja

The  LF  Hamiltonian  now  becomes  nonlocal.  Note
that the rigorous meaning of  in (8) is 

1
∂2
−

Ja
(

x−
)
=

∫
dy−G(2)

ρ

(
x−y−

)
Ja
(
y−
)
, (9)

G(2)where  represents the Green function 

∂2
−G

(2) (x−) = δ(x−) . (10)

The actual solution of the Green function turns out to
be 

G(2)
ρ

(
x−y−

)
= −

∫ +∞
−∞

dk+

2π
Θ
(∣∣k+∣∣−ρ) eik+(x−y−)

(k+)2 . (11)

G(2)

k+→ 0

To render  mathematically well-defined, we have
introduced an infrared cutoff ρ to regularize the severe IR
divergence pertaining to . This parameter may also
be  viewed  as  an  artificial  gauge  parameter.  Needless  to
say,  this  fictitious  parameter  must  disappear  in  the  final
expressions for any physical entities. 

2.    Quantization and bosonization

QCD2

We  impose  the  canonical  quantization  for  the  scalar
 in (8) in equal LF time. It is convenient to Fourier-

expand the ϕ and π fields in terms of the quark and anti-
quark's annihilation and creation operators: 

ϕi
(

x−
)
=

∫ ∞
0

dk+

2π
1√
2k+

[
ai
(
k+
)

e−ik+x− + ci† (k+)eik+x−
]
,

(12a)

 

π j† (x−) = i
∫ ∞

0

dk+

2π

…
k+

2

î
a j† (k+)eik+x−

− c j
(
k+
)

e−ik+x−
ó
. (12b)

i, j = 1, · · · ,Ncwhere  are  color  indices.  The  annihilation
and creation  operators  are  assumed to  obey the  standard
commutation relations: 

[
ai
(
k+
)
,a j† (p+

)]
=
[
ci
(
k+
)
,c j† (p+

)]
= (2π)δ

(
k+− p+

)
δi j.

(13)

A  useful  trick  to  diagonalize  the  Hamiltonian  is  the
bosonization technique [25−31].  One first  introduces  the
following four compound color-singlet operators: 

W
(
k+, p+

)
≡ 1√

Nc

∑
i

ci
(
k+
)

ai
(

p+
)
,

W† (k+, p+) ≡ 1√
Nc

∑
i

ai† (p+
)

ci† (k+) , (14a)

 

A
(
k+, p+

)
≡
∑

i

ai† (k+)ai
(

p+
)
,

C
(
k+, p+

)
≡
∑

i

ci† (k+)ci
(

p+
)
. (14b)

It is  straightforward  to  find  the  commutation  rela-
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tions among these four compound operators: [
W
(
k+1 , p

+
1

)
,W† (k+2 , p+2 )]

= (2π)2 δ
(
k+1 − k+2

)
δ
(

p+1 − p+2
)
+O
Å

1
Nc

ã
, (15a)

 [
W
(
k+1 , p

+
1

)
,A
(
k+2 , p

+
2

)]
= 2πδ

(
p+1 − k+2

)
W
(
k+1 , p

+
2

)
,

(15b)
 [

W
(
k+1 , p

+
1

)
,C
(
k+2 , p

+
2

)]
= 2πδ

(
k+1 − k+2

)
W
(

p+2 , p
+
1

)
,

(15c)
 [

A
(
k+1 , p

+
1

)
,A
(
k+2 , p

+
2

)]
= 2πδ

(
p+1 − k+2

)
A
(
k+1 , p

+
2

)
−2πδ

(
p+2 − k+1

)
A
(
k+2 , p

+
1

)
,

(15d)

 

[
C
(
k+1 , p

+
1

)
,C
(
k+2 , p

+
2

)]
= 2πδ

(
p+1 − k+2

)
C
(
k+1 , p

+
2

)
−2πδ

(
p+2 − k+1

)
C
(
k+2 , p

+
1

)
,

(15e)

 [
A
(
k+1 , p

+
1

)
,C
(
k+2 , p

+
2

)]
= 0. (15f)

Substituting (12) into the LF Hamiltonian in (8), and
express  everything  in  terms  of  the  compound  operator
basis  as  specified  in  (14),  we  can  break  the  light-front
Hamiltonian into three pieces:
 

HLF = HLF;0+ : HLF;2 : + : HLF;4 : +O
Å

1√
Nc

ã
, (16)

whose explicit expressions read

 

HLF;0 = Nc

∫
dx−

2π

Å∫ ∞
0

m2dk+

2k+
−πλ

∫ ∞
0

dk+3
2π

∫ ∞
0

dk+4
2π

(
k+3 − k+4

)2(
k+3 + k+4

)2 k+3 k+4
Θ
(
|k+3 + k+4 | −ρ

)ã
, (17a)

 

: HLF;2 := m2
∫ ∞

0

dk+

2π2k+
[
A
(
k+,k+

)
+C
(
k+,k+

)]
+

∫ ∞
0

dk+1
2π

∫ ∞
−∞

dk+2
2π

2πλ
k+1 |k+2 |

Å
k+1 + k+2
k+2 − k+1

ã2

×Θ(|k+2 − k+1 | −ρ)[A
(
k+1 ,k

+
1

)
+C
(
k+1 ,k

+
1

)
], (17b)

 

: HLF;4 := −π3λ

∫ ∞
0

dk+1
2π
√

k+1

∫ ∞
0

dk+2
2π
√

k+2

∫ ∞
0

dk+3
2π
√

k+3

∫ ∞
0

dk+4
2π
√

k+4

1(
k+3 − k+4

)2

×Θ
(
|k+3 − k+4 | −ρ

)(
k+1 + k+2

)(
k+4 + k+3

)
×
[
W† (k+4 ,k+1 )W

(
k+3 ,k

+
2

)
δ
(
k+1 − k+2 + k+4 − k+3

)
+W† (k+2 ,k+3 )W

(
k+1 ,k

+
4

)
δ
(
k+2 − k+1 + k+3 − k+4

)]
, (17c)

: : HLF;0with  denoting  the  normal  ordering.  denotes  the
LF  energy  of  the  vacuum,  which  appears  to  be  severely
IR divergent.

1/Nc

W†

The  confinement  characteristics  of  QCD  indicates
that all the physical excitation must be the color singlets.
In the color-singlet subspace of states, the compound op-
erators A and C are not independent operators,  which, at
lowest  order  in ,  actually  can  be  expressed  as  the
convolution  between  the  color-singlet  quark-antiquark
pair creation/annihilation operators W and  in (14a):
 

A(k+, p+)→
∫ ∞

0

dq+

2π
W†(q+,k+)W(q+, p+), (18a)

 

C(k+, p+)→
∫ ∞

0

dq+

2π
W†(k+,q+)W(p+,q+). (18b)

W (†) (k+, p+) p+ = xP+ k+ = (1− x)P+

HLF;2 : HLF;4

1/Nc

Plugging (18) into (17b) and (17c), and relabelling the
momenta  in  by , ,  we
can rewrite the :  and : : pieces at the lowest or-
der in  as 
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: HLF;2 :=
∫ ∞

0

dP+ P+

(2π)2

∫ 1

0
dxW† ((1− x) P+, xP+

)
W
(
(1− x) P+, xP+

)ï m2

2xP+
+

m2

2(1− x)P+

+
λ

8xP+

∫ ∞
−∞

dy
|y|

(x+ y)2

(y− x)2Θ
(
|(y− x)P+| −ρ

)
+

λ

8(1− x)P+

∫ ∞
−∞

dy
|1− y|

(2− x− y)2

(y− x)2 Θ
(
|(y− x)P+| −ρ

)ò
, (19a)

 

: HLF;4 := − λ

2(2π)2

∫ 1

0
dx
∫ 1

0
dy
∫ ∞

0

dP+ (P+)2

2π
W† ((1− x) P+, xP+

)
W
(
(1− y) P+,yP+

)
× 1√

xP+
1√
yP+

1√
(1− y)P+

1√
(1− x)P+

1
[(x− y)P+]2

Θ
(
|(x− y)P+| −ρ

)[
(1− x) P++ (1− y) P+

](
yP++ xP+

)
.

(19b)

 

3.    Diagonalization of LF Hamiltonian

wn(P+) w†n(P+)
P+

wn(P+) w†n(P+)

Our strategy of deriving the BSE is  by enforcing the
light-front  Hamiltonian  (19)  in  a  diagonalize  form.  For
this purpose, we introduce an infinite tower of tetraquark
annihilation/creation  operators: / ,  with n
and  indicating the principal quantum number and the
light-cone  momentum  of  the  ''meson''  in  the  physical
spectrum.  We  assume  that  the /  operator
basis can be transformed into the color-singlet quark-an-
tquark pair creating/annihilation operator basis in the fol-
lowing fashion: 

W
(
(1− x) P+, xP+

)
=

…
2π
P+

∞∑
n=0

χn (x)wn
(
P+
)
, (20a)

 

wn
(
P+
)
=

…
P+

2π

∫ 1

0
dxχn (x)W

(
(1− x) P+, xP+

)
, (20b)

χn(x)with the coefficient function  interpreted as the light-
cone wave function of the n-th ''tetraquark''.

It is desirable to demand that the ''tetraquark'' annihil-
ation and creation operators obey the standard commuta-
tion relations: 

[
wn
(
P+1
)
,w†m

(
P+2
)]
= 2πδ

(
P+1 −P+2

)
δnm, (21)

χn(x)consequently the light-cone wave function  must sat-
isfy the following orthogonality and completeness condi-
tions: ∫ 1

0
dxχn (x)χm (x) = δnm, (22a)

 ∑
n

χn (x)χn (y) = δ (x− y) . (22b)

The n-th ''tetraquark'' state can be constructed via 

|P−n ,P+⟩ =
√

2P+w†n(P+)|0⟩, (23)

P−n = M2
n/(2P+)

Mn

where  denotes  the  LF  energy  of  the n-th
excited  ''tetraquark''  state,  with  the respective  tetra-
quark mass.

Nc→∞ QCD2In the  limit, the scalar  is composed of
an  infinite  number  of  non-interacting mesons.  To  ac-
count for this fact, one anticipates that the LF Hamiltoni-
an can be recast  into a simple diagonal form in terms of
the ''tetraquark'' annihilation/creation operators: 

HLF = HLF;0+

∫ ∞
0

dP+

2π
P−n
∑

n

w†n
(
P+
)

wn
(
P+
)
. (24)

wn/w†n
w†nwm m , n w†w† ww · · ·

χn(x)

In order to arrive at the desired form (24), all the non-
diagonal  terms  in  (19)  after  transformed  in  the 
basis, exemplified by  ( ), , , , must
vanish. This  condition  imposes  some  nontrivial  con-
straint  on  the  light-cone  wave  function ,  which  can
be cast into an integral equation: Å

m2

x
+

m2

1− x
+
λ

4x
—
∫ ∞
−∞

dy
|y|

(y+ x)2

(y− x)2

+
λ

4(1− x)
—
∫ ∞
−∞

dy
|1− y|

(2− x− y)2

(y− x)2

ã
χn (x)

− λ
2
—
∫ 1

0

dy
(x− y)2

(2− x− y) (x+ y)√
x (1− x)y (1− y)

χn (y)

= M2
nχn (x) . (25)

y→ x

−
∫Reassuringly,  the  potential  IR  divergence  as  is

tamed  by  the  principal  value  (PV)  prescription,  denoted
by  the  symbol .  Note  the  occurrence  of  the  PV  arises
from taking the vanishing limit of the artificial IR regulat-
or ρ first introduced in (11).  Here we show two PV pre-
scriptions  defined  in  term  of  the  IR  regulator ρ [17, 51,
52]: 
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—
∫

dy
f (y)

(x− y)2 ≡ lim
ρ→0+

∫
dy

f (y)
2

ï
1

(x− y+ iρ)2 +
1

(x− y− iρ)2

ò
= lim

ρ→0+

∫
dyΘ (|x− y| −ρ)

f (y)
(x− y)2 −

2 f (x)
ρ

.

(26)
 

4.    Quark mass renormalization and the renormalized
BSE

QCD2

y→ 0 y→±∞
y→ 1 y→±∞

Though the  IR  divergence  is  cured  by  the  PV  pre-
scription,  the  BSE  in  scalar ,  (25),  is  still  plagued
with  logarithmic  ultraviolet  divergences,  which  arise  as

 or  in  the  first  integral,  and  also  arise  as
 or  in the second integral in (25).

mr

As first pointed out by Shei and Tsao [38], it is essen-
tial to renormalize the quark mass m in order to eliminate
the  UV  divergence.  Concretely  speaking,  one  introduce
the renormalized quark mass  according to 

m2
r = m2+

λ

2

∫ Λ
δ

dy
y
, (27)

Λ≫
√
λ δ→ 0+

where  the  mass  counterterm  logarithmically  depends  on
the UV cutoffs , and . ∫ −δ

−Λ+
∫ Λ
δ∫ 1−δ

−Λ +
∫ Λ

1+δ

λ
2 lnΛ/δ

−2λ

Replacing  the  integration  boundaries  of  the  first  two
integrals  on  the  left  side  of  (25)  with  and

, respectively, and working out the integrals, it
is straightforward to find that they diverge in the form of

,  which  are  canceled  exactly  by  the  quark  mass
counterterm,  leaving  out  a  finite  remnant . Con-
sequently the BSE becomes UV regular, which entails the
renormalized quark mass only [38]: Å

m2
r −2λ

x
+

m2
r −2λ
1− x

ã
χn (x)

− λ
2
—
∫ 1

0

dy
(x− y)2

(2− x− y) (x+ y)√
x (1− x)y (1− y)

χn (y)

= M2
nχn (x) . (28)

QCD2

Note  that  this  BSE is  similar  to,  albeit  slightly  more
involved than, the celebrated 't Hooft's equation in spinor

. 

B.    BSE of ''tetraquark'' in FMF
QCD2

QCD2

It is advantageous to derive the BSE in  in FMF
in the familiar equal-time quantization. The BSE in scal-
ar  was recently derived with the aid of the operat-
or approach in equal-time quantization [39].  The goal of
this  subsection  is  essentially  to  revisit  the  derivation  in
[39],  with  some  new  elements  added.  For  instance,  we
present  a  new  way  of  deriving  the  mass  gap  equation
from the  variational  perspective,  as  well  as  elaborate  on

the subtlety pertaining to the quark mass renormalization.
Moreover, we also for the first time employ the diagram-
matic  technique  to  derive  the  BSE  of  a  tetraquark  in
FMF. We devote Appendix A to a detailed explanation of
deriving the  BSE  of  ''tetraquark''  in  FMF  from  the  per-
spective of DS/BS equations. 

1.    The Hamiltonian in the axial gauge

QCD2

Aaz = 0
QCD2

Similar to the treatment of the spinor  [32], it is
most  convenient  to  choose  the  axial  gauge  to
quantize the scalar  in  equal  time.  The Lagrangian
then reduces to 

LsQCD2
=

1
2

(∂zAa
0)2+ (D0ϕ)†D0ϕ− (∂zϕ

†)∂zϕ−m2ϕ†ϕ. (29)

π = D0ϕ π† = (D0ϕ)†The conjugate momenta are , . The
Hamiltonian is obtained through the Legendre transform-
ation: 

H =
∫

dz
(
|∂zϕ|2+m2|ϕ|2+π†π

)
+

g2
s

2

∫
dz
Å

Ja−1
∂2

z
Ja
ã
, (30)

Ja = i
(
ϕ†T aπ−π†T aϕ

)
with .

1
∂2

z
Ja

Ja G̃(2)
Similar  to  (9),  one  can  express  as the  convolu-

tion  between  and  the  Green  function ,  which  is
defined through 

G̃(2)
ρ (z) = −

∫ +∞
−∞

dk
2π
Θ (|k| −ρ)

eikz

k2
. (31)

Analogous to (11), we again introduce an IR regulat-
or ρ to make the Green function well-defined. 

2.    Dressed quark basis, mass-gap equation, and quark
mass renormalization

π†

One  can  conduct  the  equal-time  quantization  for  the
Hamiltonian as specified in (30). It is convenient to Four-
ier-expand  the ϕ and  fields  in  the  basis  of  the
quark/antiquark's annihilation and creation operators: 

ϕi (z) =
∫

dk
2π
√

2Ek
eikz
[
ai (k)+ ci† (−k)

]
, (32a)

 

π j† (z) = i
∫

dk
2π

…
Ek

2
e−ikz

[
a j† (k)− c j (−k)

]
, (32b)

Ek

+

where  denotes  the  energy  of  a dressed quark,  whose
concrete  dispersion  relation  will  be  determined  by  the
mass-gap equation in the following. The commutation re-
lations between the quark annihilation and creation oper-
ators  are  the  same  as  (13),  except  all  the -components
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are replaced with the z-components.
Analogous  to  the  bosonizaion  procedure  adopted  in

the  LF  case  in  Sec.  III.A.2,  we  introduce  the  following
four color-singlet compound operators: 

W (p,q) ≡ 1√
Nc

∑
i

ci (−p)ai (q) ,

W† (p,q) ≡ 1√
Nc

∑
i

ai† (q)ci† (−p) , (33a)

 

A (p,q) ≡
∑

i

ai† (p)ai (q) ,

 

C (p,q) ≡
∑

i

ci† (−p)ci (−q) . (33b)

+

The  commutation  relations  among  these  compound
operators are identical  to (15),  except all  the  compon-
ent are replaced with the z-components.

Analogous  to  (16),  we  decompose  the  Hamiltonian
(30) into three pieces:
 

H = H0+ : H2 : + : H4 : +O
Å

1√
Nc

ã
, (34)

whose explicit expressions read

 

H0 = Nc

∫
dz
Å∫

dk(k2+m2)
2π (2Ek)

+

∫
dkEk

4π
+
πλ

4

∫
dk1

2π

∫
dk2

2π

(
Ek2 −Ek1

)2

(k1− k2)2

1
Ek1 Ek2

ã
, (35a)

 

: H2 :=
∫

dk
2π
Π̃+ (k) (A (k,k)+C (k,k))+

√
Nc

∫
dk
2π
Π̃− (k)

(
W (k,k)+W† (k,k)

)
, (35b)

 

: H4 :=
λ

32π2

&
dk1dk2dk3dk4

δ (k2− k1+ k4− k3)
(k4− k3)2 Θ (|k4− k3| −ρ)×

î
−2 f+ (k1,k2) f+ (k3,k4)W† (k1,k4)W (−k2,−k3)

+ f− (k1,k2) f− (k3,k4)W† (k1,k4)W† (k3,k2)+ f− (k1,k2) f− (k3,k4)W (k1,k4)W (k3,k2)
ó
,

(35c)

Π̃±(k) f±with  and  defined by
 

Π̃± (k) =
1
2

Å
k2+m2

Ek
±Ek

ã
+
λ

4

∫
dk1

Ek1
Ek
± Ek

Ek1

(k+ k1)2 Θ (|k+ k1| −ρ) , (36a)

 

f±(k1,k2) =

 
Ek2

Ek1

±
 

Ek1

Ek2

. (36b)

: H2 :

W +W†

: H2 :
Π̃− = 0 Ek

It  is  desirable  to  put  the  piece,  which  governs
the  dressed  quark  energy,  into  a  diagonalized  form.  For
this  purpose,  the  coefficient  of  the  off-diagonal 
term  in  is  demanded  to  vanish.  The  constraint

 then leads to a constraint for  [39]: 

k2+m2

Ek
−Ek +

λ

2
-
∫

dk1

Å
Ek1

Ek
− Ek

Ek1

ã
1

(k+ k1)2 = 0. (37)

QCD2

This  integral  equation  can  be  solved  numerically  to
determine  the  dispersion  relation.  Following  the  spinor

 case  [32],  we  also  refer  to  this  equation  as  the
mass-gap equation.

H0

Ek

Here  we  provide  an  alternative  route  to  derive  the
mass-gap equation (37). The physical requirement is that
the vacuum energy  in (35a), albeit being severely di-
vergent, should be minimized with respect to all possible
functional forms of . This requirement leads to a vari-
ational equation: 

δH0[Ek]
δEp

= 0, (38)

which leads to 

−
∫

dk
2π

k2+m2

E2
k

δ(k− p)+
∫

dk
2π
δ(k− p)

+πλ

∫
dk1

2π

∫
dk2

2π
1

(k1− k2)2

Ç
1

Ek2

− Ek2

E2
k1

å
δ(k1− p) = 0.

(39)
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Conducting the integration, we then recover the mass-
gap equation in (37) [39].

k1→−k
|k1| → ∞

Ek1→ |k1|

At first sight, the mass-gap equation (37) suffers from
both  IR  and  UV  divergences.  Actually,  the  potential  IR
divergence  with  can be  tamed  by  the  PV  pre-
scription  (26).  However,  as ,  one  can  ascertain
that , and  the  integral  in  (37)  exhibits  a  logar-
ithmic  UV  divergence.  Fortunately,  the  UV  divergence
can be absorbed in the quark mass through the renormal-
ization procedure.  One may follow [39]  to  introduce the
renormalized quark mass: 

m2
r̃ = m2+

λ

2
—
∫

dk1
Ek1

k2
1
. (40)

k1→ 0

Slightly differing from [39], we have imposed the PV
prescription to circumvent the IR divergence arising from
the  region.

Plugging (40) into (37), we then obtain the renormal-
ized mass-gap equation: 

k2+m2
r̃

Ek
−Ek +

λ

2
—
∫

dk1

ïÅ
Ek1

Ek
− Ek

Ek1

ã
1

(k+ k1)2 −
Ek1

Ek

1
k2

1

ò
= 0,

(41)

which is free from logarithmic UV divergence.

m2
r̃ mr

Since the prescribed renormalization scheme in equal-
time quantization differs from that in the LF quantization,
the  renormalized  mass  is  not  necessarily  equal  to 
introduced in  (27).  We devote  Appendix  B to  a  detailed
discussion on  the  connection  between  these  two  renor-
malized quark masses. 

3.    Bogoliubov transformation and diagonalization of
Hamiltonian

1/Nc

Following  the  same  line  of  reasoning  that  leads  to
(18), the confinement feature of QCD implies that, at the
lowest  order  in ,  the  compound  operators A and C
defined in (33) can be expressed as 

A (k1,k2)→
∫

dp
2π

W† (p,k1)W (p,k2) ,

C (k1,k2)→
∫

dp
2π

W† (k1, p)W (k2, p) . (42)

W†

With  this  replacement,  the  Hamiltonian  (34)  can  be
built  solely  out  of  the  color-singlet  compound  operators
W and : 

H =
∫

dpdq
4π2

Ä
Π̃+ (p)+Π̃+ (q)

ä
W† (p,q)W (p,q)

− λ

32π2

∫
dP
"

dkdp
O+Q

(p− k)2
Θ (|p− k| −ρ) , (43)

where 

O = 2S + (p,k,P)W†(P− p, p)W(P− k,k), (44a)

 

Q = S − (p,k,P)
Ä

W† (p,P− p)W† (P− k,k)

+W (p,P− p)W (P− k,k)
ä
, (44b)

with 

S ± (p,k,P) = f± (P− p,P− k) f± (p,k) . (45)

w†

To put the Hamiltonian (43) in a diagonalized form, it
is advantageous  to  employ  the  Bogoliubov  transforma-
tion [22]. The key is to introduce a new set of color-sing-
let  ''tetraquark''  operators  represented  by w and .
Schematically,  two  sets  of  color-singlet  operators  are
connected through the following Bogoliubov transforma-
tion: 

w = µW + νW†,

w† = µW†+ νW,

µ2− ν2 = 1. (46)

The  coefficient μ and ν can  be  determined  such  that
the  Hamiltonian  gets  diagonalized  in  the  new  operator
basis.

QCD2

wn w†n
W†

wn w†n

In the case of scalar , we introduce two infinite
towers  of  color-singlet ''tetraquark''  annihilation  and cre-
ation  operators,  and , which  are  linear  combina-
tions  of  the W and  operators  through  Bogoliubov
transformation.  Inversely,  we  can  express  the W operat-
ors in terms of infinite sum of  and  operators:
 

W (q−P,q) =

 
2π
|P|

∞∑
n=0

î
wn (P)χ+n (q,P)

−w†n (−P)χ−n (q−P,−P)
ó
. (47)

wn(P) w†n(P)

χ±n

wn w†n

The  operators  and  bear  clear  physical
meaning,  which  represent  the  annihilation  and  creation
operators  for  the nth ''tetraquark''  state  carrying  mo-
mentum P.  The  coefficient  functions  can be  inter-
preted  as  the  forward/backward-moving  ''tetraquark''
wave functions, playing the role of the Bogoliubov coef-
ficients μ and ν in (46). The operators  and  are anti-
cipated to obey the standard commutation relations: 

[
wn(P),w†m(P

′
)
]
= 2πδnmδ

(
P−P

′)
, (48a)
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[
wn(P),wm(P

′
)
]
=
[
w†n(P),w†m(P

′
)
]
= 0. (48b)

χ±n

To  fulfill  these  commutation  relations,  the
''tetraquark''  wave  functions  must satisfy  the  follow-
ing orthogonality and completeness conditions
 ∫ +∞
−∞

dp
[
χn
+ (p,P)χm

+ (p,P)−χn
− (p,P)χm

− (p,P)
]
= |P|δnm,

(49a)

 ∫ +∞
−∞

dp
[
χn
+ (p,P)χm

− (p−P,−P)−χn
− (p,P)χm

+ (p,P)
]
= 0,

(49b)

 

∞∑
n=0

[
χn
+(p,P)χn

+ (q,P)−χn
− (p−P,−P)χn

− (q−P,−P)
]

= |P|δ (p−q) ,

(49c)

 

∞∑
n=0

[
χn
+ (p,P)χn

− (q,P)−χn
− (p−P,−P)χn

+ (q−P,−P)
]
= 0.

(49d)

wn(P)|Ω⟩ = 0
|Ω⟩ |0⟩

: H2 :

The physical vacuum is defined by , Note
 differs  from the  dressed  quark  vacuum ,  which  is

defined by minimizing . The n-th mesonic state can
be constructed by
 

|P0
n,P⟩ =

√
2P0

nw†n (P) |Ω⟩, (50)

P0
n =

√
M2

n +P2where  denotes  the  energy  of  the n-th
mesonic state.

Plugging (47) into (43), we desire to put the Hamilto-
nian  in  a  diagonalized  form  in  terms  of  the  ''tetraquark''
creation and annihilation operators:
 

H = H
′
0+

∫
dP
2π

∑
n

P0
nw†n(P)wn(P)+O

Å
1√
Nc

ã
, (51)

H′0where  is the shifted vacuum energy.

wn/w†n w†nwm m , n w†w† ww
· · ·

χ±n (x)

χ±n

Similar to the recipe leading to (24) in the light-front
case,  we enforce that  all  the non-diagonal operators (43)
in the new  basis, such as  ( ), , ,

, ought to vanish. This criterion imposes quite nontrivi-
al  constraints  on  the  mesonic  wave  function .  As  a
matter  of  fact,  such  constraint  can  be  cast  into  two
coupled integral equations for :
 

(
Π+ (p)+Π+ (P− p)∓P0

n

)
χ±n (p,P)

=
λ

4
—
∫

dk
(p− k)2 ×

Ä
S + (p,k,P)χ±n (k,P)

−S − (p,k,P)χ∓n (k,P)
ä
, (52)

where 

Π+ (k) = Π̃+ (k)− λ
ρ
=

1
2

Å
k2+m2

Ek
+Ek

ã
+
λ

4
—
∫

dk1

Ek1

Ek
+

Ek

Ek1

(k+ k1)2 , (53)

QCD2which agree with the ''tetraquark'' BSEs in scalar  in
FMF recently derived by Ji, Liu and Zahed [39].

QCD2

P→∞

QCD2

χ−n

χ+n χn(x)
x ≡ p/P

Some  remarks  are  in  order.  As  proved  in  the  spinor
 case  by  Bars  and  Green  [32],  when  boosted  to

IMF, i.e.,  taking  limit,  the  backward-moving
mesonic  wave  function  dies  out,  whereas  the  forward-
moving mesonic wave function approaches the light-cone
wave  function,  consequently  Bars-Green  equations  will
reduce to 't Hooft equation. This pattern perfectly fits in-
to the tenet  of  LaMET, and one naturally anticipates  the
same story  will  repeat  itself  for  scalar .  Indeed,  as
formally proved in [39], when boosted to IMF, the back-
ward-moving  ''tetraquark''  wave  function  does  fade
away, while the forward-moving ''tetraquark'' wave func-
tion  approaches  the  light-cone  wave  function 
with .  As  a  consequence,  in  the  IMF  the  equal-
time  BSEs  (52)  descend  to  the  Shei-Tsao  equation  in
(28).  In  Sec.  V  we  will  provide  numerical  evidence  for
the aforementioned pattern, viz., the forward-moving ''tet-
raquark''  wave  function  indeed  tends  to  converge  to  its
light-cone  counterpart  with  the  increasing  ''tetraquark''
momentum. 

IV.  BSES FOR ''BARYON'' FROM HAMILTONI-
AN APPROACH

QCD2

As  mentioned  in  Introduction,  if  the  bosonic  quark
can be interpreted as the diquark, the bound state formed
by the  fermionic  quark  and bosonic  antiquark  in  the  hy-
brid  may bear  some  resemblance  with  the  ordin-
ary baryon in the real world. The goal of this section is to
derive  the  BSEs  of  such  a  ''baryon''  in  both  IMF  and
FMF. 

A.    BSE of ''baryon'' in IMF
The  BSE  of  ''baryon''  in  the  hybrid  QCD2  was  first

obtained using  diagrammatic  approach  in  LF  quantiza-
tion by Aoki in 1993 [50]. Shortly after the ''baryon'' mass
spectra were also studied by Aoki and Ichihara [53]. Note
this BSE of ''baryon'' is valid only in the IMF. In this sub-
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section,  we  will  revise  of  the  derivation  of  the  ''baryon''
BSE in IMF [50], yet instead starting from the Hamiltoni-
an approach. 

QCD21.    LF Hamiltonian of hybrid 

QCD2

A+a = 0

We  start  from  the  hybrid  Lagrangian  which
contains  both  scalar  and  spinor  quarks.  Imposing  the
light-cone gauge  and adopting the light-front co-
ordinates, equation (1) reduces to 

LhQCD2
=

1
2
(
∂−A−a

)2
+ i
(
ψ†RD+ψR+ψ

†
L∂−ψL

)
− mF√

2

(
ψ†LψR+ψ

†
RψL
)

+
(
∂−ϕ

†)D+ϕ+ (D+ϕ)† ∂−ϕ−m2
Bϕ
†ϕ. (54)

mB mF

πϕ = ∂−ϕ,πψ = ψR ψL

with  and  signifying the masses of the bosonic and
fermionic quarks, respectively. Two sets of canonical mo-
menta  are .  Note  is  a  constrained
rather than canonical variable. After Legendre transform-
ation, we obtain the following LF Hamiltonian: 

HLF =

∫
dx−
îmF√

2
ψ†RψL +m2

Bϕ
†ϕ− g2

s

2
Ja 1
∂2
−

Ja
ó
, (55)

with 

Ja ≡ i
(
ϕ†T aπ−π†T aϕ

)
+ψ†RT aψR. (56)

 

2.    Compound operators and fermionization

The bosonic quark field has been Fourier-expanded in
the quark annihilation/creation operator basis in (12). The
fermionic  quark  field  can  be  Fourier-expanded accord-
ingly, 

ψi
R(x−) =

∫ ∞
0

dk+

2π
[bi
(
k+
)

e−ik+x− +di†
(
k+
)

eik+x− ]. (57)

Following the  bosonization  procedure  in  the  preced-
ing section, here we introduce a set of color-singlet com-
pound operators  composed of  the  bosonic  and fermionic
quark annihilation  and creation  operators.  Since  the  sys-
tem we are studying is the ''baryon'', we refer to this pro-
cedure as fermionization.

Besides the  bosonic  compound  operators  already  in-
troduced  in  (14),  we  enumerate  some  new  color-singlet
compound operators 1): 

B
(
k+, p+

)
≡
∑

i

bi† (k+)bi
(

p+
)
,

D
(
k+, p+

)
≡
∑

i

di† (k+)di
(

p+
)
, (58a)

 

K
(
k+, p+

)
≡ 1√

Nc

∑
i

bi
(

p+
)

ci
(
k+
)
,

K
(
k+, p+

)
≡ 1√

Nc

∑
i

di
(
k+
)

ai
(

p+
)
. (58b)

K

K† K K
†

Note the compound operator K annihilates a fermion-
ic quark and a bosonic antiquark, whereas the compound
operator  annihilates a fermionic antiquark and a boson-
ic  quark.  The  anti-commutation relations  among the  fer-
mionic compound operators K, ,  and  become 

{
K
(
k+1 , p

+
1

)
,K†

(
k+2 , p

+
2

)}
= (2π)2 δ

(
k+1 − k+2

)
δ
(

p+1 − p+2
)
+O(1/Nc), (59a)

 ¶
K
(
k+1 , p

+
1

)
,K
† (

k+2 , p
+
2

)©
= (2π)2 δ

(
k+1 − k+2

)
δ
(

p+1 − p+2
)
+O(1/Nc), (59b)

 {
K
(
k+1 , p

+
1

)
,K
(
k+2 , p

+
2

)}
=
{

K†
(
k+1 , p

+
1

)
,K
(
k+2 , p

+
2

)}
= 0, (59c)

 ¶
K
(
k+1 , p

+
1

)
,K
† (

k+2 , p
+
2

)©
=
¶

K†
(
k+1 , p

+
1

)
,K
† (

k+2 , p
+
2

)©
= 0. (59d)

We are  particularly  interested  in  the  interaction  term
in (55) that couples the bosonic quark sector with the fer-
mionic  sector,  which  can  be  expressed  in  terms  of  the
product of the fermionic compound operators: 

−
[
igs
(
ϕ†T aπ−π†T aϕ

)] 1
∂2
−

(
gsψ

†
RT aψR

)
= −4πλ

∫ ∞
0

dk+1
2π
√

2k+1

∫ ∞
0

dk+2
2π
√

2k+2

∫ ∞
0

dk+3
2π

×
∫ ∞

0

dk+4
2π

(k+1 + k+2 )
(k3− k4)2Θ (|k3− k4| −ρ)

×2πδ
(
k+2 − k+1 + k+3 − k+4

)î
K
† (

k+4 ,k
+
1

)
K
(
k+3 ,k

+
2

)
+K†

(
k+2 ,k

+
3

)
K
(
k+1 ,k

+
4

)ó
. (60)
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We then break the full LF Hamiltonian (55) into three pieces:
 

HLF = HLF;0+ : HLF;2 : + : HLF;4 : +O(1/Nc), (61)

with
 

HLF;0 = Nc

∫
dx−

2π

Å∫ ∞
0

m2
Bdk+

2k+
+πλ

∫ ∞
0

dk+3
2π

∫ ∞
0

dk+4
2π

(
k+3 − k+4

)(
k+4 − k+3

)(
k+3 + k+4

)2 k+3 k+4
×Θ

(
|k+3 + k+4 | −ρ

)
+
λ

2
+
λ−m2

F

2

∫ ∞
ρ

dk+

k+

ã
,

(62a)

 

: HLF;2 :=
∫

dx−

2π

∫ ∞
0

dk+

2k+
[
m2

BA
(
k+,k+

)
+m2

BC
(
k+,k+

)
+m2

F B
(
k+,k+

)
+m2

F D
(
k+,k+

)]
+λ

∫ ∞
0

dk+

2π

Å
1
ρ
− 1

k+

ã[
B
(
k+,k+

)
+D

(
k+,k+

)]
+
λ

4

∫ ∞
−∞

dx−
"

dk+1 ·dk+2
(2π)k+1 k+2

Å
k+1 + k+2
k+2 − k+1

ã2

Θ (|k2− k1| −ρ)
[
A
(
k+1 ,k

+
1

)
+C
(
k+2 ,k

+
2

)]
, (62b)

 

: HLF;4 := −g2
s Nc

∫ ∞
0

dk+1
2π
√

2k+1

∫ ∞
0

dk+2
2π
√

2k+2

∫ ∞
0

dk+3
2π

∫ ∞
0

dk+4
2π

(
k+1 + k+2

)
(k3− k4)2Θ (|k3− k4| −ρ)

×2πδ
(
k+2 − k+1 + k+3 − k+4

)î
K
† (

k+4 ,k
+
1

)
K
(
k+3 ,k

+
2

)
+K†

(
k+2 ,k

+
3

)
K
(
k+1 ,k

+
4

)ó
. (62c)

As dictated by the confinement property of QCD, the
bosonic color-singlet operators A, D, B and C are not in-
dependent, but can be replaced by the convolution of the
following fermionic compound operators:
 

A
(

p+,q+
)
→
∫ ∞

0

dr+

2π
K
+ (

r+, p+
)

K
(
r+,q+

)
, (63a)

 

D
(

p+,q+
)
→
∫ ∞

0

dr+

2π
K
+ (

p+,r+
)

K
(
q+,r+

)
, (63b)

 

C
(

p+,q+
)
→
∫ ∞

0

dr+

2π
K+
(

p+,r+
)

K
(
q+,r+

)
, (63c)

 

B
(

p+,q+
)
→
∫ ∞

0

dr+

2π
K+
(
r+, p+

)
K
(
r+,q+

)
. (63d)

p+ = xP+ r+ = (1− x)P+

Nc

K† K K
†

Substituting these  relations  to  (62b)  and  (62c),  rela-
belling the fermionic antiquark and a bosonic quark of the
light-cone  momenta  by and ,  and
only  retaining  the  leading-order  terms  in  1/ ,  the  LF
Hamiltonian can be solely built out of the fermionic com-
pound operators K, ,  and :

 

: HLF;2 :=
∫ ∞

0

dP+

(2π)2

∫ 1

0
dxK†((1− x)P+, xP+)K((1− x)P+, xP+)×

ï
m2

B

2(1− x)
+

m2
F

2x
+

P+λ
ρ
− λ

x

+
1

8(1− x)

∫ ∞
−∞

dy
|y|

(2− x− y)2

(y− x)2
Θ

(
|y− x| − ρ

P+

)ò
+ (K→ K), (64a)

 

: HLF;4 := − λ

8π2

∫ ∞
0

dP+
" 1

0
dxdyK

† (
(1− x)P+, xP+

)
K
(
(1− y)P+,yP+

)
× 1√

(1− x)(1− y)
2− x− y
(y− x)2

Θ

(
|y− x| − ρ

P+

)
+ (K→ K), (64b)

where the charge conjugation symmetry has been invoked to condense the expression.
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3.    Diagonalization of LF Hamiltonian

kn(P+) k†n(P+) k̄n(P+) k̄†n(P+)

P+

kn

Our goal is to diagonalize the LF Hamiltonian in (61).
For this purpose, it is advantageous to introduce a new set
of  operators /  (together  with / ),
which  annihilates/creates  the n-th  ''baryon''  (''anti-
baryon'')  state,  with n indicating  the  principal  quantum
number, and  denotes the light-cone momentum of the
corresponding  ''baryon''  (''anti-baryon'').  We  hypothesize
that  the K basis  and  the  basis  are  connected  through
the following relation 1): 

K
(
(1− x) P+, xP+

)
=

…
2π
P+

∞∑
n=0

Φn (x)kn
(
P+
)
, (65)

Φn(x)where the coefficient function  stands for the light-
cone wave function of the n-th excited ''baryon'' state.

kn/k†n
If  we  demand  that  the  ''baryon''  annihilation/creation

operators  obey the standard anti-commutation rela-
tion: 

{
kn
(
P+1
)
,k†m
(
P+

2

)}
= 2πδ

(
P+1 −P+2

)
δnm, (66)

Φn(x)the  light-cone  wave  functions  must  satisfy  the
following orthogonality and completeness conditions: ∫ 1

0
dxΦn (x)Φ∗m (x) = δnm, (67a)

 ∑
n

Φn (x)Φ∗n (y) = δ (x− y) . (67b)

The n-th ''baryon'' state can be constructed via 

|P−n ,P+⟩ =
√

2P+k†n(P+)|0⟩, (68)

P−n = M2
n/(2P+) Mnwith  the  light-cone  energy ,  and  rep-

resents the mass of the n-th excited ''baryon'' state.
In  order  to  ultimately  put  the  LF  Hamiltonian  in  the

desired diagonalized form: 

HLF = HLF;0+

∫
dP+

2π
P−n
∑

n

î
k†n(P+)kn(P+)+ k̄†n(P+)k̄n(P+)

ó
.

(69)

kn/k†n k†nkm m , n k†k† kk · · ·
all the non-diagonal terms in (64), after transformed into
the  basis,  such as  ( ), , , ,  must
vanish. This criterion imposes nontrivial constraint on the

Φn(x)light-cone wave function : Ç
m2

F −2λ
x

+
m2

B,r −2λ
1− x

å
Φn (x)

−λ—
∫ 1

0

dy√
(1− x)(1− y)

2− x− y
(x− y)2 Φn (y)

= M2
nΦn (x) . (70)

mB,rwith  the  renormalized  bosonic  quark  mass  intro-
duced in (27).

Equation  (70)  is  the  desired  BSE  of  ''baryon''  in  the
IMF,  which  agrees  with  what  is  originally  derived  by
Aoki via diagrammatic approach [53]. 

B.    BSEs of ''baryon'' in FMF

QCD2

We  proceed  to  derive  the  BSEs  for  the  ''baryon''  in
hybrid  in FMF,  based  on  the  Hamiltonian  ap-
proach  in  the  context  of  the  equal-time  quantization.  To
the  best  of  our  knowledge,  this  set  of  BSEs  has  never
been known before. 

1.    Hamiltonian in the axial gauge

Aaz = 0
QCD2

Imposing  the  axial  gauge  in  (1),  the  hybrid
 lagrangian reduces to 

LhQCD2
=

1
2
(
∂zAa

0

)2
+ (D0ϕ)†D0ϕ− (∂zϕ

†)∂zϕ

−m2
Bϕ
†ϕ+ iψ†

(
D0+γ

5∂z
)
ψ−mFψ̄ψ. (71)

After Legendre transformation, we obtain 

H =
∫

dz
ï
π†π+ |∂zϕ|2+m2

B|ϕ|2+ψ†(−iγ5∂z+mFγ
0)ψ

− g2
s

2
Ja 1
∂2

z
Ja
ò
, (72)

with 

Ja = ψ†T aψ− i
(
π†T aϕ−ϕ†T aπ

)
. (73)

 

2.    Dressed quark basis and Fermionization

The  bosonic  quark  field  can  be  Fourier-expanded  in
terms of the annihilation and creation operators in accord-
ance  with  (32).  The  fermionic  quark  field  is  Fourier-ex-
panded as [24] 
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ψi (z) =
∫

dp
2π

1»
2Ẽ (p)

[
bi (p)u (p)+di† (−p)v (−p)

]
eipz,

(74)

Ẽ(p)
where the unregularized dispersion relation of the dressed
fermionic quark  is given by [24] 

Ẽ (p) = mF cosθ (p)+ psinθ (p)

+
λ

2

∫
dk

(p− k)2Θ (|k− p| −ρ)cos[θ (p)− θ (k)], (75)

θ(p)with  representing the Bogoliubov-chiral angle. Note
that  the  dispersion  relation  depends  on  an  artificial  IR
regulator,  which  can  also  be  viewed  as  a  gauge  artifact,
since the energy of an colored object like QCD cannot be
a physical quantity.

QCD2

The  Bogoliubov-chiral  angle  can  be  determined
through the mass-gap equation in spinor  [32]: 

pcosθ(p)−mF sinθ(p) =
λ

2
—
∫ +∞
−∞

dk
(p− k)2 sin

[
θ (p)− θ (k)

]
.

(76)

QCD2Like the mass gap equation in scalar , (37), this
mass gap equation can also be deduced via variational ap-
proach, viz., by enforcing the vacuum energy to be min-
imized.

Analogous to the fermionization procedure employed
in  Sec.  IV.A.2,  we  introduce  the  following  color-singlet
compound operators: 

B (p,q) ≡
∑

i

bi† (p)bi (q) ,

D (p,q) ≡
∑

i

di† (−p)di (−q) , (77a)

 

M (p,q) ≡
∑

i

di(−p)bi(q),

M† (p,q) ≡
∑

i

b†i (q)d†i (−p), (77b)
 

K (p,q) ≡ 1√
Nc

∑
i

bi (q)ci (−p) ,

K† (p,q) ≡ 1√
Nc

∑
i

bi† (q)ci† (p) , (77c)

 

K (p,q) ≡ 1√
Nc

∑
i

di (−p)ai (q) ,

K
† (p,q) ≡ 1√

Nc

∑
i

di† (−p)ai† (q) . (77d)

K

K† K̄
K
†

Note that the compound operator K annihilates a fer-
mionic quark and a bosonic antiquark, and the compound
operator  annihilates a fermionic antiquark and a boson-
ic quark.  The anticommutation relations among four fer-
mionic  compound  color-singlet  operators K, ,  and

 become
 

{
K (k1, p1) ,K† (k2, p2)

}
= (2π)2 δ (k1− k2)δ (p1− p2)+O(1/Nc), (78a)

 ¶
K
(
k+1 , p

+
1

)
,K
† (

k+2 , p
+
2

)©
= (2π)2 δ (k1− k2)δ (p1− p2)+O(1/Nc), (78b)

 {
K (k1, p1) ,K (k2, p2)

}
=
{

K† (k1, p1) ,K (k2, p2)
}
= 0,

(78c)

 ¶
K (k1, p1) ,K

† (k2, p2)
©
=
¶

K† (k1, p1) ,K
† (k2, p2)

©
= 0.

(78d)

Since  we  are  solely  interested  in  the  ''baryon''  state,
the interaction term in (72) that couples the bosonic quark
sector with the fermionic sector is of pivotal importance.
It can be expressed in terms of the products of the fermi-
onic compound operators:

 

gsψ
†T aψ

1
∂2

z

[
gsi
(
π†T aϕ−ϕ†T aπ

)]
= −πλ

∫
dp1

2π

∫
dp2

2π

∫
dk1

2π

∫
dk2

2π
1

(k2− k1)2Θ (|k2− k1| −ρ)2πδ (p2− p1+ k2− k1)

×
¶

f+ (k1,k2)cos
θ (p1)− θ (p2)

2

Ä
(K† (k2, p1) K (k1, p2)+K

† (p2,k1) K (p1,k2)
ä

+ f− (k1,k2) sin
θ (p1)− θ (p2)

2

Ä
K† (k2, p1) K

† (p2,k1)+K (p1,k2) K (k1, p2)
ä©

, (79)

f±where  is given in (36b).
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Expressing  everything  in  terms  of  the  color-singlet
compound operators, we then break the full Hamiltonian
(72) into three pieces:
 

H = H0+ : H2 : + : H4 : +O(1/Nc) (80)

with

 

H0 = Nc

∫
dz
ß∫

dk(k2+m2
1)

2π (2Ek)
+

∫
dkEk

4π
+
πλ

2

∫
dk1

2π

∫
dk2

2π

(
Ek2 −Ek1

)2

(k1− k2)2

1
Ek1 Ek2

+
dp1

2π
Tr
ï(

p1γ
5+m2γ

0
)
Λ− (p1)+

λ

2

∫
dp2

(p2− p1)2Θ (|p2− p1| −ρ)Λ+ (p1)Λ− (p2)
ò™

, (81a)

 

: H2 :=
∫

dk
2π
Π̃+ (k) (A (k)+C (k))+

∫
dp
2π

Ẽ(p) (B (p, p)+D (p, p)) , (81b)

 

: H4 := −πλ
∫

dp1

2π

∫
dp2

2π

∫
dk1

2π

∫
dk2

2π
1

(k2− k1)2Θ (|k2− k1| −ρ)2πδ (p2− p1+ k2− k1)

×
¶

f+ (k1,k2)cos
θ (p1)− θ (p2)

2

Ä
(K† (k2, p1) K (k1, p2)+K

† (p2,k1) K (p1,k2)
ä

+ f− (k1,k2) sin
θ (p1)− θ (p2)

2

Ä
K† (k2, p1) K

† (p2,k1)+K (p1,k2) K (k1, p2)
ä©

, (81c)

where 

Λ± (k) = T (k)
1±γ0

2
T † (k) , T (k) = exp

ï
−1

2
θ (k)γz

ò
.

(82)

: H2 :Demanding  that  the  piece to  bear  a  diagonal-
ized  form separately  for  the  dressed  bosonic  quarks  and
fermionic  quarks,  we  can  obtain  the  mass-gap  equations
for both types of quarks, (37) and (76). 

3.    Bogoliubov transformation, diagonalization of
Hamiltonian

1/Nc

Like in  the  preceding  subsection,  the  color  confine-
ment characteristic of QCD indicates that the bosonic col-
or-singlet compound operators A, B, C and D can not be
independent,  yet  at  lowest  order  in  can be  ex-

pressed in terms of the convolutions of the following fer-
mionic color-singlet compound operators: 

A (k1,k2)→
∫

dp
2π

K
† (p,k1) K (p,k2) ,

D (k1,k2)→
∫

dp
2π

K
† (k1, p) K (k2, p) , (83a)

 

C (k1,k2)→
∫

dp
2π

K† (k1, p) K (k2, p) ,

B (k1,k2)→
∫

dp
2π

K† (p,k1) K (p,k2) . (83b)

1/Nc

K

Making these  replacements  in  (80),  and  only  retain-
ing the leading terms in , the Hamiltonian now only
depends on the fermionic compound operators K,  and
their Hermitian conjugates:

 

: H2 :=
"

dPdq
(2π)2

Ä
Π̃+ (P−q)+ Ẽ (q)

ä
K
† (q,q−P) K (q,q−P)+

Ä
Π̃+ (P−q)+ Ẽ (q)

ä
K† (q−P,q) K (q−P,q) , (84a)

 

: H4 := − λ

8π2

∫
dP
"

dqdk
(k−q)2Θ (|k−q| −ρ)

{
f+ (q−P,k−P)cos

θ (k)− θ (q)
2

×
Ä

K
† (q,q−P) K (k,k−P)+K† (k−P,k) K (q−P,q)

ä
+ f− (q−P,k−P) sin

θ (k)− θ (q)
2

Ä
K (k,k−P) K (q−P,q)+K† (k−P,k) K

† (q,q−P)
ä}
. (84b)
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K

To  diagonalize  the  Hamiltonian,  we  invoke  the
Bogoliubov  transformation  (46), viz.,  by  expressing  the
fermionic  color-singlet  compound  operators K,  in
terms of  the  annihilation/creation operators  of  the  ''bary-
on'' and ''anti-baryon'': 

K (q−P,q) =

 
2π
|P|

∞∑
n=0

î
kn (P)Φ+n (q,P)

+ k̄†n (−P)Φ
−
n (q−P,−P)

ó
, (85a)

 

K (q,q−P) =

 
2π
|P|

∞∑
n=0

î
k̄n(−P)Φ

+

n (q−P,−P)

+ k†n (P)Φ−n (q,P)
ó
. (85b)

kn

k̄n

Φn
±

Φ
n
±

where  annihilates  the n-th  excited  ''baryon''  state  and
 annihilates  the n-th  excited  ''anti-baryon''  state.  The

Bogoliubov coefficient functions  can be interpreted as
the forward-moving/backward-moving wave functions of
the n-th  excited  ''baryon''  state,  whereas  the  Bogoliubov
coefficient  functions  can be  interpreted  as  the  for-
ward-moving/backward-moving wave functions of the n-
th ''anti-baryon'' state.

It is natural to anticipate that these ''baryon/anti-bary-
on'' annihilation and creation operators obey the standard
anti-commutation relations: 

{kn(P),k†m(P′)} = 2πδnmδ(P−P′),

{k̄n(P), k̄†m(P′)} = 2πδnmδ(P−P′), (86a)

 

{kn(P), k̄m(P′)} = {k†n(P), k̄†m(P′)} = 0. (86b)

kn(P)|Ω⟩ =
k̄n(P)|Ω⟩ = 0

The  physical  vacuum  is  defined  by 
 for any P and n. One then constructs a single

''baryon'' and ''anti-baryon'' states as 

|P0
n,P⟩ =

√
2P0

nk†n (P) |Ω⟩, |P0
n,P⟩ =

√
2P0

nk̄†n (P) |Ω⟩,
(87)

P0
n =

√
M2

n +P2 Mnwhere  with  denoting the mass of the
n-th ''baryon'' state.

Φ±n Φ
±
n

To  be  compatible  with  (86),  the  ''baryon''  and  ''anti-
baryon''  wave  functions,  and , must  obey  the  fol-
lowing orthogonality and completeness conditions:

 ∫ +∞
−∞

dp
[
Φ+n (p,P)Φ+m (p,P)+Φ−n (p,P)Φ−m (p,P)

]
= |P|δnm, (88a)

 ∫ +∞
−∞

dp
î
Φ
−
n (p−P,−P)Φ

−
m (p−P,−P)+Φ

+

n (p−P,−P)Φ
+

m (p−P,−P)
ó
= |P|δnm, (88b)

 ∫ +∞
−∞

dp
î
Φ+n (p,P)Φ

−
m (p−P,−P)+Φ−n (p,P)Φ

+

m (p−P,−P)
ó
= 0, (88c)

 

∞∑
n=0

î
Φ
+

n (p−P,−P)Φ
+

n (q−P,−P)+Φ−n (p,P)Φ−n (q,P)+
ó
= |P|δ (p−q) , (88d)

 

∞∑
n=0

[
Φ+n (p,P)Φ+n (q,P)+Φ−n (p−P,−P)Φ−n (q−P,−P)

]
= |P|δ (p−q) , (88e)

 

∞∑
n=0

î
Φ+n (p,P)Φ−n (q,P)+Φ

+

n (q−P,−P)Φ
−
n (p−P,−P)

ó
= 0. (88f)

kn k̄nSwitching to  and  basis, we anticipate that all the

non-diagonal terms in the Hamiltonian in (80) vanish, and

end up with the desired diagonalized form:
 

H = H
′
0+

∫
dP
2π

∑
n

P0
n

î
k†n(P)kn(P)

+ k̄†n(P)k̄n(P)
ó
+O(1/

√
Nc). (89)
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Φn
±

Demanding all  the non-diagonalized terms to vanish,
we find that the ''baryon'' wave functions  must satisfy
the following coupled integral equations: 

(
Π+ (P− p)+E (p)−P0

n

)
Φ+n (p,P)

=
λ

2
—
∫

dk
(k− p)2

î
f+ (k−P, p−P)cos

θ (p)− θ (k)
2

Φ+n (k,P)

+ f− (k−P, p−P) sin
θ (p)− θ (k)

2
Φ−n (k,P)

ó
,

(90a)

 (
Π+ (P− p)+E (p)+P0

n

)
Φ−n (p,P)

=
λ

2
—
∫

dk
(k− p)2

î
f+ (k−P, p−P)cos

θ (p)− θ (k)
2

Φ−n (k,P)

− f− (k−P, p−P) sin
θ (p)− θ (k)

2
Φ+n (k,P)

ó
,

(90b)

E(p)where  the  regularized  dressed  quark  energy  is
defined by [32]: 

E (p) = Ẽ (p)− λ
ρ
= mF cosθ (p)+ psinθ (p)

+
λ

2
—
∫

dk
(p− k)2 cos[θ (p)− θ (k)]. (91)

QCD2

Equations  (90)  represent  the  BSEs  for  a  ''baryon''  in
hybrid  in FMF, which constitute the main new res-
ults of this paper.

Φn
−

Φn
+

Φn(x)

When  boosted  to  the  IMF,  one  can  show  that  the
BSEs (90) reduce to its LF counterpart, (70). In the other
words,  as  the  ''baryon''  momentum  is  increasing,  the
backward-moving wave function  quickly fades away,
while the forward-moving wave function  approaches
the light-front wave function . 

V.  NUMERICAL RESULTS

The numerical recipe of solving the BSEs in 't  Hooft
model  has  been  adequately  discussed  in  literature.  We
follow the approach outlined in [19] to solve the BSEs of
the ''tetraquark''  and ''baryon''  in IMF, and follow the ap-
proach  based  on  Hermite  function  expansion  [21, 23]  to
solve the BSEs of the ''extotic'' hadrons in FMF.
√

2λ = 340 MeV
QCD4

√
2λ

The dimensionful 't Hooft coupling is usually taken to
be ,  which is  close to the value of string
tension in . For simplicity, we use  as the unit
of  the  mass  in  the  rest  of  this  section.  The renormalized
mass of bosonic quark in equal-time quantization is taken

mET
B ≡ mB,r̃ = 1.5

mLC
B ≡ mB,r = 1.69

mF = 0.749 mF = 4.19

to  be ,  which  is  equivalent  to  the  one
defined  in  LF  quantization,  1).  As  for
fermionic  quarks,  we  choose  the  strange  quark  mass  as

 and charm quark mass as  [23].
In Fig. 1, the mass spectra of ''tetraquark''  and ''bary-

on''  with  different  quark  species  are  plotted  against  the
principal  quantum number n. One  can  observe  the  tend-
ency that the squared hadron mass linearly grows with n
when the principle quantum number gets large. This pat-
tern is identical with the Regge trajectory observed in the
original 't  Hooft  model,  which is  also  somewhat  analog-
ous  to  the  Regge trajectories  observed in  the  real  world,
where the squared mass of the excited hadronic state lin-
early grows with the spin.

mLC
B

In passing we mention a technical nuisance, i.e.,  it  is
found that, when numerically solving the Shei-Tsao equa-
tion, the renormalized bosonic quark mass  can not be
chosen less than unity. As pointed out in [54], such case
may corresponds to a strongly coupled regime, where the
the LF wave function near the endpoints is no longer real-
valued.

x↔ (1− x)

x = 0,1

In Fig  2,  we plot  the  equal-time and light-front  (LF)
meson wave functions pertaining to ''tetraquark'' and ''ba-
ryon'', including  both  the  ground  states  and  the  first  ex-
cited states.  For  a  ''tetraquark''  consisting of  a  single fla-
vor  of  bosonic  quark,  the  LF  wave  functions  with
even/odd n are symmetric/antisymmetric  under  the  ex-
change  due to  the  charge  conjugation  sym-
metry. The LF wave functions always vanish in the end-
points .

χ+ Φ+

χ− Φ−

It is interesting to see how the bound-state wave func-
tions obtained in equal-time quantization evolve with the
hadron's  momentum.  As  is  evident  in Fig  2, as  the  had-
ron  momentum  increases,  the  forward-moving  wave
functions  of  ''tetraquark'', ,  and  of  ''baryon'', , rap-
idly converge to the corresponding light-cone wave func-
tions. We  have  also  numerically  verified  that,  the  back-
ward-moving wave functions,  and , do quickly fade
away with increasing hadron momentum. This finding is
identical with what is observed in the numerical study of
the original 't Hooft model [23], which is compatible with
the tenet of LaMET. 

VI.  SUMMARY

Nc→∞

In this work, we have made a comprehensive study of
the extended 't  Hooft  model, viz.,  two-dimensional  QCD
including  both  fermionic  and  bosonic  quarks  in 
limit.  We  focus  on  derivations  of  the  bound-state equa-
tions  pertaining  to  two  types  of  hadrons,  a  ''tetraquark''
composed  of  a  bosonic  quark  and  a  bosonic  antiquark,
and a  ''baryon''  composed  of  a  fermionic  quark  and  bo-

Solving bound-state equations in QCD2 with bosonic and fermionic quarks Chin. Phys. C 50, 043109 (2026)
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QCD2

sonic antiquark. Using the Hamiltonian approach, we de-
rive  these  BSEs  from the  perspectives  of  light-front  and
equal-time  quantization,  which  are  associated  with  the
IMF and FMF, respectively. We confirm the known res-
ults, such as those BSEs of ''tetraquark''  in IMF [37] and
in FMF [39]. We have paid special attention to the issue
concerning  quark  mass  renormalization.  It  is  found  that,
the  renormalized  bosonic  quark  mass  in  scalar  in
light-front  quantization  may  not  coincide  with  that  in
equal-time  quantization,  and  the  relationship  between
these two  types  of  renormalized  quark  mass  is  estab-
lished. Moreover, for the first time we also present a dia-
grammatic derivation of the ''tetraquark'' BSEs in FMF.

We  have  also  confirmed  the  BSE  of  ''baryon''  in  the
extended 't Hooft model in IMF [50]. The main new res-
ult of this work is to derive, for the first time, the BSEs of
''baryon''  in  FMF  in  the  context  of  equal-time quantiza-
tion.

We  have  also  conducted  a  comprehensive  numerical
study  of  mass  spectra  of  ''tetraquark''  and  ''baryon''.  The
Regge  trajectories  are  explicitly  demonstrated.  We  have
also  obtained  the  profiles  of  the  wave  functions  of  the
ground and first  excited states of ''tetraquark''  and ''bary-
on'',  viewed  from  different  FMFs.  We  have  numerically
verified  that,  when  the  ''tetraquark''  and  ''baryon''  are

boosted  to  IMF,  the  forward-moving  components  of  the
bound-state  wave  functions  approach  the  corresponding
light-cone  wave  functions,  and  the  backward-moving
components fade away. 

QCD2

APPENDIX A: DIAGRAMMATIC DERIVATION
OF THE BOUND-STATE EQUATION FOR SCAL-

AR  IN EQUAL-TIME QUANTIZATION

QCD2

In this  Appendix,  we employ the diagrammatic tech-
nique  to  rederive  the  bound-state  equations  of
''tetraquark''  in  scalar  in  the  context  of  equal-time
quantization. 

A1.    Feynman rules
QCD2

Az = 0
To quantize scalar  in equal-time, we adopt the

axial  gauge  and proceed  by  expanding  the  Lag-
rangian as follows: 

LsQCD2
= tr

(
∂zA0

)2
+
(
∂µϕ†

)
∂µϕ−m2ϕ†ϕ

− igs
(
∂0ϕ

†)A0ϕ+ igsϕ
†A0∂0ϕ+g2

sϕ
†A0A0ϕ. (A1)

The Feynman rules can be directly derived from (A1)

 

Fig. 1.    (color online) Mass spectra of the ''tetraquark'' and ''baryon'' with some different set of quark masses.
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QCD2

1/Nc

and  are  summarized  in Table  A1.  A  key  challenge  in
equal-time quantization  of  scalar ,  compared  to  its
spinor counterpart, lies in the presence of seagull vertices.
These  vertices  disrupt  the  rainbow-ladder  topology  even
at leading order in the  expansion.

qq̄g
The  solution  proceeds  in  a  straightforward  manner:

we decompose each seagull vertex into two  vertices,
and  reorganize  its  contribution  into  a  new  term  of  the
quark  propagator  between  these  two  vertices.  However,

qq̄g

qq̄g

this  cannot  be  done  naively,  since  the  Feynman  rule  for
the  vertex depends on the momenta of the two adja-
cent  quark  lines,  while  a  term  in  the  quark  propagator
only  accounts  for  the  momentum flowing  through it.  To
address this, we must also split the  vertex into differ-
ent  types  and distribute  the  quark  momenta  into  the  two
adjacent quark propagators separately. This process is il-
lustrated in Fig. A1. To fully absorb the seagull vertex, it
becomes  necessary  to  introduce  four  distinct  types  of

 

Fig. 2.    (color online) Profiles of the forward-moving components of the wave functions of ''tetraquark'' and ''baryons'', viewed from
different finite momentum frames. The wave functions of the ground state are shown in the left column, while those of the first excited
state are shown in the right column. The solid curves represent the corresponding light-cone wave functions.
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ϕ† (y) ,−iπ† (y) ϕ (x) , iπ (x)

(
p0
)2

p0

ω2
p ≡ (pz)2+m2− iϵ

quark propagators, which are shown in Fig. A2. In retro-
spect,  these propagators emerge quite naturally, and can,
to  some  extent,  be  associated  with  the  propagators  from

 to  within the Hamiltonian form-
alism.  The  situation  here  is  somewhat  analogous  though
not identical to the relationship between canonical quant-
ization and path integral quantization for the massive vec-
tor field. The contact term arising from the seagull vertex
cancels out the  numerator in the quark propagator,
yielding  the  correct  residue  for .  For  convenience,  we
define .

2×2
To  streamline  the  calculation,  we  express  the  four

quark propagators (Fig. A2) in the form of a  matrix: 

D(0) (p) =
i
(

p0σ1+P++ω2
pP−
)

p2−m2+ iϵ
, (A2)

P± ≡ (1±σ3)/2where the projectors  satisfy the orthogon-
ality and completeness relations: 

P2
± = P±, P±P∓ = 0, P++P− = 1, (A3)

and the algebra: 

σ1P± = P∓σ1,

(Xσ1+YP++ZP−) (Xσ1−ZP+−YP−) = X2−YZ, (A4)

X,Y,Zfor  scalar  quantities .  It  is  important  to  emphasize
that the introduction of the Pauli σ-matrices here is unre-
lated to spinors. In fact, the mass dimensions of the mat-
rix elements in (A2) are not homogeneous. However, this
particular  choice  of  matrix  multiplication  ensures  that
only terms of uniform dimension will be added within the
matrix elements.  The  modified  Feynman  rules  are  sum-
marized in Table A2. 

A2.    Dyson-Schwinger equation

−iΣ (p) Nc

D (p)

Let  the  contribution  of  the  one-particle  irreducible
(1PI)  diagrams  to  the  self-energy  correction  of  quark
propagator  be  denoted  by .  In  the  large-  limit,
the  dressed  quark  propagator  is  determined  by  the
rainbow diagrams (Fig. A3). It satisfies the following re-
cursive equations: 

 

Table  A1.    Original  Feynman  rules  for  sQCD2 in  the  axial
gauge

Building blocks Double lines Feynman rules

i
(kz)2

i
p2 −m2 + iϵ

igs√
2

(
p0 + p′0

)

ig2
s

2

 

Fig. A1.    Modification of the Feynman rules to remove the seagull vertex.

 

Fig. A2.    Modification of the quark propagators.
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D (p) =
i

p0σ1−ω2
pP+−P−−Σ (p)

, (A5a)

 

− iΣ (p) =
−ig2

s Nc

2
—
∫

d2k
(2π)2

σ1D (k)σ1

(pz− kz)2 , (A5b)

where the following expansion has been employed: 

1
X−Y

= X−1+X−1YX−1+X−1YX−1YX−1+ · · · . (A6)

Σ (p) p0Apparently  is independent of . The most gen-
eral form is 

Σ (p) = A (pz)P++B (pz)P−. (A7)

σ1

k0 k0 =∞
The  term does not appear in (A7) because we take

the principal  value of  the  integral  in (A5b) at ,
i.e., we take the average of the contour closed at the up-
per  half-plane  and  the  contour  closed  at  the  lower  half-
plane. The dressed quark propagator now becomes 

D (p) = i
p0σ1+ (1+B)P++

(
ω2

p+A
)
P−

(p0)2− (1+B)
(
ω2

p+A
) . (A8)

Introducing the following magic variables, 

E2
p ≡

ω2
p+A

1+B
, F2

p ≡ (1+B)
(
ω2

p+A
)
, (A9)

their advantage shows up immediately: 

D (p) = i
p0σ1+

Fp

Ep
P++EpFpP−(

p0−Fp
)(

p0+Fp
)

=
i
2

(
σ1+

1
Ep
P++EpP−

p0−Fp+ iϵ
+
σ1− 1

Ep
P+−EpP−

p0+Fp− iϵ

)
,

(A10)

ω2
p+A > 0

1+B > 0
where  we  have  made  assumptions  that ,

. Substituting (A10) into (95b), we find
 

A (pz)P++B (pz)P− =
λ

2
—
∫

dkz
EkP++ 1

Ek
P−

(pz− kz)2 . (A11)

P
Ep Fp

Matching the coefficients of  and utilizing (A9), we
find the equations for  and :
 

Fp =
1

Ep

Å
ω2

p+
λ

2
—
∫

dkz Ek

(pz− kz)2

ã
= Ep

Å
1+

λ

2
—
∫

dkz 1
(pz− kz)2

1
Ek

ã
. (A12)

Ep Ep

Fp Π+ (p)
(From  (A12)  one  can  identify  with  in  the

Hamiltonian approach and  with .)
Explicit  calculation  shows  that  the  numerators  of

(A10) can be decomposed into outer products of two vec-
tors:
 

σ1+
1

Ep
P++EpP−

2
= ξ (p) ξ̃ (p)σ1, (A13a)

 

σ1−
1

Ep
P+−EpP−

2
= η (p) η̃ (p)σ1, (A13b)

where
 

ξ (p) =
1√
2

(
1,Ep

)T
, ξ̃ (p) =

1√
2

(
1,1/Ep

)
,

(A14a)

 

η (p) =
1√
2

(
1,−Ep

)T
, η̃ (p) =

1√
2

(
1,−1/Ep

)
.

(A14b)

The dressed quark propagator can then be written as
 

D (p) =
iξ (p) ξ̃ (p)σ1

p0−Fp+ iϵ
+

iη (p) η̃ (p)σ1

p0+Fp− iϵ
. (A15)

 

 

2Table A2.    Modified Feynman rules for sQCD  in the axial
gauge.

Building blocks Feynman rules
i

(kz)2

i
p0σ1 −ω2

pP+ −P−

igs√
2
σ1

 

NcFig. A3.    Dressed quark propagator in the large-  limit.
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3.    Bethe-Salpeter equation
Nc qq̄ Γ (p;q)In  the  large-  limit,  The  meson-  vertex 

satisfies the following Bethe-Salpeter equation (Fig. A4): 

Γ (p;q) =
−ig2

s Nc

2
—
∫

d2k
(2π)2

1
(pz− kz)2σ1

×D (k)Γ (k;q) D (k−q)σ1. (A16)

Γ (p;q) p0 k0 is independent of , so we can perform the  in-
tegration: 

I (k;q) ≡
∫

dk0

2π
D (k)Γ (k;q) D (k−q) . (A17)

I (k;q)The  interpretation  of  at  the  matrix-element
level is 

I (k;q) =
∫

dz e−ikzz⟨Ω|Φ (0,z)Φ† (0,0) |Mn (q)⟩, (A18)

Φ (x) = (ϕ (x) , iπ (x))T Mn

D (k)
D (k−q)

where  and  is  the n-th excitation
of the bound states.  Among the four projections of 
and , only two of them give nonzero residues. We
arrive at
 

I (k;q) =
ξ (k)

[
−iξ̃ (k)σ1Γ (k;q)η (k−q)

]
η̃ (k−q)σ1

q0
n−F (k−q)−F (k)+ iϵ

+
η (k)

[
−iη̃ (k)σ1Γ (k;q)ξ (k−q)

]
ξ̃ (k−q)σ1

−q0
n−F (k−q)−F (k)+ iϵ

≡ −χ+n (kz;qz)

 
Ek−q

Ek
ξ (k) η̃ (k−q)σ1

−χ−n (kz;qz)

 
Ek−q

Ek
η (k) ξ̃ (k−q)σ1.

(A19)

From now on we drop the superscript z in spacial mo-
menta  for  simplicity.  Substituting  (A16)  into  (A19),  we
get

 

[
q0

n−F (p−q)−F (p)
]
χ+n (p;q) = −λ—

∫
dk

(p− k)2

 
EpEk−q

EkEp−q
×
î
ξ̃ (p)ξ (k) η̃ (k−q)η (p−q)χ+n (k;q)

+ ξ̃ (p)η (k) ξ̃ (k−q)η (p−q)χ−n (k;q)
ó
, (A20a)

 [
−q0

n−F (p−q)−F (p)
]
χ−n (p;q) = −λ—

∫
dk

(p− k)2

 
EpEk−q

EkEp−q
×
î
η̃ (p)η (k) ξ̃ (k−q)ξ (p−q)χ−n (k;q)

+ η̃ (p)ξ (k) η̃ (k−q)ξ (p−q)χ+n (k;q)
ó
. (A20b)

Using the fact that 

ξ̃ (p)ξ (k) = η̃ (p)η (k) =
Ep+Ek

2Ep
, (A21a)

 

ξ̃ (p)η (k) = η̃ (p)ξ (k) =
Ep−Ek

2Ep
, (A21b)

and defining 

f± (p,k) ≡ Ek ±Ep√
EpEk

, (A22a)

 

S ± (p,k;q) ≡ f± (p,k) f± (p−q,k−q) , (A22b)

the bound state equations can be written as 

[
q0

n−F (p−q)−F (p)
]
χ+n (p;q) = −λ

4
—
∫

dk
(p− k)2

×
[
S + (p,k;q)χ+n (k;q)−S − (p,k;q)χ−n (k;q)

]
,

(A23a)

 [
−q0

n−F (p−q)−F (p)
]
χ−n (p;q) = −λ

4
—
∫

dk
(p− k)2

×
[
S + (p,k;q)χ−n (k;q)−S − (p,k;q)χ+n (k;q)

]
.

(A23b)

 

qq̄ NcFig. A4.    Meson-  vertex in the large-  limit.
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F ≡ Π+These equations are equivalent to (52) with . 

QCD2

APPENDIX B: CONNECTION OF THE MASS
RENORMALIZATION SCHEMES BETWEEN

EQUAL-TIME AND LIGHT-FRONT QUANTIZA-
TION FOR SCALAR 

QCD2

Ek Π+

In this appendix, we discuss some subtle issues about
the  mass  renormalization  in  the  scalar ,  in  both
equal-time and light-front quantization. We start from the
equal-time quantization,  and examine the asymptotic  be-
havior of  and  in the large momentum limit.

Π±

k→∞
k1

mr̃ ∼ |k1| ≪ k mr̃ ≪ |k1| ∼ k

The  integrals  appearing  in  defined  in  (36)  as
 can be calculated with the method of regions [55].

There  are  two  regions  of  the  integration  variable :  1)
;  2) .  We  divide  the  integration

regions,  expand  the  integrand  according  to  the  different
scaling of each region: 

—
∫

dk1

Ü
Ek1

Ek
± Ek

Ek1

(k+ k1)2
− Ek1

Ek

1
k2

1

ê
≈ 1

k
—
∫
|k1 |<Λ

dk1

Å
± 1

Ek1

− Ek1

k2
1

ã
+—
∫
|k1 |>Λ

dk1

Ü |k1|
k
± k
|k1|

(k+ k1)2 −
1

k |k1|

ê
, (B1)

mr̃ ≪ Λ≪ k Π+where .  For ,  the  bounds  of  each  region
can be extended to the whole momentum space since the
asymptotic λ dependence of each region cancels each oth-
er: 

—
∫

dk1

Ü
Ek1

Ek
+

Ek

Ek1

(k+ k1)2
− Ek1

Ek

1
k2

1

ê
≈ 1

k

ï
—
∫

dk1

Å
1

Ek1

− Ek1

k2
1

ã
−4
ò
. (B2)

Π−For ,  the integral  is  divergent for each region,  but
the divergences  cancel  each  other  in  the  sum of  two  re-
gions: 

—
∫

dk1

Ü
Ek1

Ek
− Ek

Ek1

(k+ k1)2
− Ek1

Ek

1
k2

1

ê
≈ lim
Λ/k1→∞

1
k

ñ
—
∫ Λ
−Λ

dk1

Å
− 1

Ek1

− Ek1

k2
1

ã
−4ln

k
Λ

ô
. (B3)

k0Define  as
 

4lnk0 ≡ lim
Λ/k1→∞

—
∫ Λ
−Λ

dk1

Å
− 1

Ek1

− Ek1

k2
1

ã
+4lnΛ. (B4)

EkThe  asymptotic  behavior  of  can  be  derived  from
(41) as
 

Ek ≈ k+
1
k

Å
m2

r̃

2
−λ ln

k
k0

ã
. (B5)

Ek

k0

Ek1

Π+ k0

The  value  of  still  can  not  be  determined  solely
from (B5) since  depends recursively on the functional
form  of .  Fortunately,  however,  when  substituting
(B5) into , the  dependence cancels and we arrive at
 

Π+ (k) ≈ k+
m2

r̃

2k
+
λ

4k

ï
—
∫

dk1

Å
1

Ek1

− Ek1

k2
1

ã
−4
ò
, (B6)

k = xP

mr mr̃

By relabeling the momenta  in (52) and taking
the large P limit, one finds that (52) approaches (28). The
relation between the renormalized masses  and  can
be determined by matching the two equations:
 

m2
r̃ +

λ

2
—
∫

dk1

Å
1

Ek1

− Ek1

k2
1

ã
= m2

r . (B7)

It  is  important  to  note  that  the  relation  between  the
equal-time  renormalized  mass  and  the  light-front renor-
malized  mass  is  scheme-dependent.  Had  we  instead
chosen another equal-time renormalized mass
 

m2
r̂ = m2+

λ

2

∫
dk1

1
Ek1

, (B8)

mr̂ = mrwe would have found that .
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