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Abstract: Shape competition and coexistence between the pear- and the tetrahedral-shape octupole deformations in
actinide nuclei is investigated by employing the realistic nuclear mean-field theory with the phenomenological, so-
called 'universal' Woods-Saxon Hamiltonian with newly adjusted parameters containing no parametric correlations.
Both types of octupole deformations exhibit significant effects in N = 132, N = 134, and N = 136 isotones. Nuclear
potential energy calculations within the multi-dimensional deformation spaces reveal that the tetrahedral deforma-
tion effects generally lead to deeper energy minima in most nuclei with N = 134 and N = 136. Interestingly, in the
nuclei 2%2Rn 132, 2§§Ra134, and 2§§Rn136, selected for the illustration of the studied effects, the influence of pear-
shape octupole deformation is comparable to that of tetrahedral octupole deformation. Consequently, the coexist-
ence of both kinds of octupole shapes is predicted by the potential energy calculations. In particular, we have repro-
duced the experimental results known for pear-shape rotational bands obtaining in this way an estimate of the qual-
ity of the modelling parametrisation. With the same Hamiltonian, we have predicted the properties of the tetrahedral
symmetry rotational bands. To facilitate the possible experiment-theory cooperation we have derived the exact spin-
parity tetrahedral-band structures by applying the standard methods of the group representation theory for the 7,
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I. INTRODUCTION

Studies of stable deformed nuclei have been a long-
standing focus in nuclear structure research and contin-
ues to attract growing attention. According to Bohr for-
mulation, the nuclear shapes can be described by employ-
ing spherical harmonic {Y,,(¢,¢)} expansion of the nucle-
ar surface X, c.f. Ref. [1]:

T R@.¢) = Roc(@)[1+ > a3, Y, (9.0)]. (1)

Ap

where the expansion coefficients a,, are usually called
'deformation parameters' or 'deformations' for short. They
are generally complex but we limit ourselves, as many
other authors do, to the real parametrisation. The radius
parameter Ry =ryA'®, where ry~ 1.2 fm, gives an ap-
proximation of the effective nuclear spherical radius in
fermi, and the auxiliary function c(a) assures that the

Received 26 February 2025; Accepted 8 May 2025; Published online 9 May 2025

CSTR: 32044.14.ChinesePhysicsC.49074110

volume encompassed by the nuclear surface is constant
and independent of deformation.

Existence of nuclear shapes resembling axial-, and re-
flection-symmetric spheroids was confirmed by the ob-
servations of the rotational band structures and the meas-
urements of their properties already in the middle of the
previous century. Nuclei with quadrupole deformations
@a-2,-0+2 together with other even-41 shape components
are symmetric under the space inversion. In contrast, nuc-
lei with deformations involving odd-multipolarities, such
as pear-shape octupole a,-;p related to the spherical har-
monic Y3, break inversion invariance, and manifest pres-
ence of low-lying negative-parity bands, Ref. [2]. The
low-lying bands with K* = 1~ or 3~ band-heads in even-
even nuclei and sizeable octupole transition probabilities
have been found in many cases, Ref. [3].

A. Pear-, and pyramid-shape deformations
It turns out that pear-like shapes occur in nuclei with
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single nucleonic levels of opposite parities and orbital
and total angular momenta that differ by 3% — lying close
to the Fermi energies. This phenomenon, resulting from
the so-called residual octupole-octupole interaction, is ob-
served among others close to proton numbers Z ~ 34, 56,
and 88 and neutron numbers N ~ 34, 56, 88, and 134,
Ref. [4]. The largest collection of Y3y-type shapes has
been seen at proton numbers Z ~ 88 and N ~ 134, Ref.
[5]. The pear-shape deformed nuclei have been studied
extensively in particular in Refs. [6—8].

Another important realisation of octupole deforma-
tions leading to deep minima on the nuclear potential en-
ergy surfaces corresponds to Y3, shape components. One
demonstrates easily employing elementary properties of
spherical harmonics that these shapes represent tetrahed-
ral symmetry. They have been studied recently using
various modelling approaches, focussing in particular on
possible tetrahedral ground states and isomeric states.
One of the most frequently used approaches involves the
so-called macroscopic-microscopic method (MMM), cf.
Refs. [9—-16] and references therein.

So far unique, experimental evidence of rotational
bands in a nucleus with tetrahedral symmetry was repor-
ted in Refs. [16] and [17]. According to theory predic-
tions, the strongest tetrahedral effects appear at the so
called tetrahedral magic numbers Z/N ~ 32, 40, 56, 64,
70, 90,136 (analogues of the well-known spherical magic
numbers), cf. Ref. [10]. A recent article using similar
methods extended the tetrahedral symmetry studies to the
super-heavy region and the results show that tetrahedral
shape is dominant also at N = 196, cf. Ref. [18]. Besides
that, tetrahedral equilibrium deformations were studied
by non-relativistic density functional theory employing
self-consistent Hartree-Fock techniques in Refs. [19-24],
and multidimensionally constrained relativistic Hartree-
Bogolyubov modelling in Refs. [25, 26]. Moreover the
covariant density functional theories were used in study-
ing the tetrahedral deformed nuclei in neutron-rich Zr iso-
topes and N = 184 isotones in Refs. [27, 28]. Other au-
thors used relativistic density functional theory on a
three-dimensional lattice space, see Refs. [29-31]. Inde-
pendently, algebraic cluster model, Ref. [32] and the lat-
tice effective field theory, Ref. [33] presented the evid-
ence of the tetrahedral symmetry in an a-cluster nucleus
160.

B. New exotic magic numbers

Recent calculations addressing exotic geometrical
symmetries around the ‘'fourfold octupole magic
numbers', cf. Ref. [34], demonstrated simultaneous pres-
ence of the four octupole multipolarities, Y, Y31, Y3, and
Y33, wherefrom the term 'fourfold' — in deformations of
actinide nuclei with neutron numbers around N = 136. To
provide more detailed information about possible forms
of the shape competition and coexistence involving octu-

pole deformations, the present article will focus on the in-
terplay between pear-shape and tetrahedral shape deform-
ations in the light actinide region. We are going to con-
struct the criteria of identification of nuclear tetrahedral
symmetry in this region of nuclei and encourage in this
way possible experimental advancement of our know-
ledge of new exotic symmetries in heavy nuclei.

II. THEORETICAL FRAMEWORK

Nuclear potential energies will be calculated using the
so-called macroscopic-microscopic method of Strutinsky,
Refs. [35-37]. Following standard today definitions and
notation, the corresponding energy can be expressed as:

Eotal = Enmacro +OE ” +0E r‘;licro' (2)

micro

The first term represents the classical macroscopic liquid-
drop model contribution, which in the present realisation
follows the Finite-Range Liquid-Drop Model (FRLDM)
including the surface energy term from Yukawa-plus-ex-
ponential finite range approach of Ref. [38]. The two mi-
croscopic terms are defined as the sums of the so-called
shell-correction, and pairing correction energies within
Strutinsky method.

A. Mean-field Woods-Saxon approach: universal
parametrisation

To calculate the shell-correction one needs the single
nucleon energies; they are calculated using realistic phe-
nomenological mean-field approach with the deformed
Woods-Saxon potential in its "universal" parametrisation.
The reader interested in the concept of universality in this
context and its evolution in the past is invited to consult
Refs. [39-51]. The adjective "universal" refers to a
unique parameter set for all nuclei in the entire nuclear
Mass Table. The corresponding parameters were recently
re-examined employing the Inverse Problem Theory
methods addressing predictive power, parametric correla-
tions and model parameter uncertainties, cf. Refs.
[52—54], whereas the numerical parameter values can be
found in Ref. [55].

The expression of the nuclear mean-field Woods-Sax-
on Hamiltonian can be considered very standard today. It
is given by:

Hys = T +Vys + V5% + [Veouoms forprotons], — (3)

where 7' represents the nucleonic kinetic energy operator
and Vs, the central Woods-Saxon potential, the latter
defined via the equation of the nuclear surface, X of Eq.
(1), as follows
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VL‘
1 +expldists (7, R%; @) /ac]’

VwsFa; Ve, re,a) =

“)

in which V¢ is the central potential depth parameter,
(in R°=r¢A'3), the central radius parameter, and a° the
central-potential ~ diffusivity = parameter.  Function
distg (7 R; @) represents the geometrical distance between
the nucleon position, 7= {x,y,z} and the nuclear surface
2. This latter function is calculated with the help of an
auxiliary one, f(6,¢) related to 7= {x,y,z} and the nucle-
ar surface X introduced in Eq. (1) as follows

f(6,9) =[P RO, ). )

One can calculate the distance function by minimizing
the above auxiliary function over € and ¢, respectively,

dlstz(f) = min(g,w}f(ﬂ, 1,0) (6)

Thus the problem can be solved numerically by finding
the solutions for the system with two nonlinear equations

9f(6.9) _ 9f(0.9) _
FY R 0 and b 0. @)

The spin-orbit potential as usual involves the gradient of
the central one

1750 (2 ~ & S0 s0 50 2ha /50 S
(sz(rip’s7a;/l r,a ):m[(vvws)/\p]'s’ (8)

where

VC

VSU _: ; VC’ 50’ N — - .
ws (s Ve, rt,a™) 1 + exp[dists (7 R*; @) /a*]

)

Above, 1% is a dimensionless spin-orbit strength scaling
factor, r*° (in R* =r*A'7?) is the spin-orbit radius, and
a* is the spin-orbit diffusivity parameter.

In principle, this definition of the phenomenological
mean-field Hamiltonian with the deformation-dependent
Woods-Saxon proton and neutron potentials explicitly in-
troduces two sets of 6 parameters each,

{VC rC aC . /lSU rSG aSU }’ (10)

[ AGEE A% Rer SRRy ALEE A hds A%

one for protons z, and one for neutrons v, respectively.

B. Mean-fields and shapes

As it is well known, nuclear interactions are of the
short-range so that the corresponding potential decreases

to zero fast in the nuclear surface area; one can demon-
strate that this dependence is approximately exponential,
cf. Eq. (4).

It follows that the shapes of the nuclear matter dens-
ity distributions and these of the mean-field potentials are
closely related and as the direct consequence, the sym-
metries of the nuclei and the symmetries of their mean
fields can be identified. This facilitates the mathematical
description of the problem since the spherical harmonics
entering definition of nuclear surfaces via Eq. (1) are par-
ticularly well adapted mathematical tools employed also
in group representation theory.

The single nucleon energies are obtained with the
help of the Schrodinger equation with the Hamiltonian of

Eq. (2)

ﬁwslﬁp =epwp7 (11)

which is solved using standard diagonalization methods
with a matrix representation of the Hamiltonian within
anisotropic Harmonic Oscillator (HO) basis. The HO
basis cut-off conditions have been adjusted in such a way
that the calculated single nucleon energies remain stable
within three decimal places even for the extreme ranges
of variations of the deformation parameters; see Ref. [55]
for details.

III. RESULTS AND DISCUSSION

In the light Actinide region, the ground-state equilib-
rium deformations contributed by quadrupole, hexadeca-
pole and octuple degrees of freedom have been discussed
in the literature both from experimental and theoretical
viewpoints. Stable octupole shapes have been observed
experimentally among others in “’Rn, and in *********Ra,
Refs. [56, 57]. As noticed earlier, the strong octupole
shell effects at N = 134 are confirmed for both the pear-
shape in Ref. [5], and the tetrahedral-shape in '**Sm, in
Ref. [16] and more recently [17].

A. Global characteristics of the octupole
shell energies

In Fig. 1 we show the nuclear shell energies, com-
posed of Strutinsky and BCS pairing correlation energies,
as functions of octupole deformations a3, and a3, for iso-
tones with N =132 and proton number varying from
Z =78 to Z =90. Comparing the shell effects induced by
a3 and asz deformations, one can notice that the octu-
pole minima in both octupole deformations with
azy ~ =0.15 and a3, ~ £0.10 are present in all studied nuc-
lei. The tetrahedral equilibrium deformation increases
with increasing proton numbers, the strongest effect oc-
curs at Z =90.

Figure 2 shows the comparison of the shell energies
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(color online) Comparison of the nuclear shell-energies with varying number of protons from Z =78 to Z =90 for fixed neut-

ron number N = 132 as functions of pear-shape octupole a3y deformation, left, and the tetrahedral octupole deformation a3;, right. To
better see the effects of the octuple deformations, all the shell energy curves are normalized to zero at the zero deformation. The nucle-
ar deformation-driving effects appear in both deformations for all nuclei, with the strongest effect at Z = 90. All other deformations are

TR RN NI S N R BRI
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Fig. 2.  (color online) Comparison similar to that in Fig. 1, but for neutron number N = 134 with proton numbers varying also from

Z =78 to Z=90. The most pronounced nuclear shell effects appear for the tetrahedral-a;, deformation for Z =90. All other deforma-

tions are set to zero.

between a3y and a3, for the isotones N = 134 — similar to
the comparison for N = 132. One significant difference is
that the energy barriers between the twin octuple minima
are larger for all nuclei with N = 134. In particular, the
tetrahedral minima are predicted to be more stable than
the pear-shape minima for all nuclei due to the higher en-
ergy barriers. Moreover, the effects of both types of oc-
tuple deformations increase when the proton number in-
creases from Z = 82 to Z = 90.

In the recent Ref. [18], it has been shown that
N =136 is the magic number for all four octuple multi-
polarities, whereas Z = 90 is identified as the proton tetra-
hedral magic number, Ref. [10]. This is supported by the
strongest tetrahedral shell effects visible in Fig. 3, which
exhibit separating energy barriers of the order of 9 MeV.
While the shell energy barriers for tetrahedral deforma-
tion are higher than for the pear-shape ones, the equilibri-
um deformations remain comparable for both families of
shapes.

To give a comparative illustration of the octupole
shell effects, we present the mesh calculations including
multi-dimensional deformation spaces {as, @3, @40} and

{an, a3, @y}, separately. Examples of the nuclear poten-
tial energies projected on (ay, @) plane and the (ay,
a3) plane are given in Fig. 4. At each point of the rect-
angle, minimisation over hexadecapole deformation ayg
is performed. Comparison shows that the pear-shape de-
formation with a3y = +0.15 and the tetrahedral one with
a3, ~ +0.15 are predicted in *'*Rn.

Ilustrations of the nuclear surfaces corresponding to
these two types of minima are presented in Fig. 5. The
corresponding equilibrium deformations exhibit compar-
able energy minima with Ef¥ =-744 MeV and
Ex2 =-7.04 MeV. Please note: The lower the energy
minimum, the stronger the nuclear stability.

Figure 6 combines the information about potential en-
ergy minima, deduced from the results like the ones
shown in Fig. 4, for both pear-, and tetrahedral-shape de-
formations. For convenience reasons, the tetrahedral min-
ima are normalized to the pear-shape minima, showing
directly the relative depth of the former. We observe that
for nuclei with N = 132 and Z = 78 — 86, the absolute en-
ergy minima are close to zero, implying the possible
shape competition between these two types of octuple
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Fig. 3. (color online) Comparison similar to that in Fig. 1, but for isotones N = 136. The shell effects for the tetrahedral-a3, deforma-
tion are stronger than the shell effects for pear-shape deformation for all nuclei, with the strongest effect at Z =90. All other deforma-

tions are set to zero.

Total Nuclear Energy
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Deformation azg
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0.9
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fd 2R 1 BPON Deformation arpg Eppin = —7.04 MV

E, = —4.75 MeV

Fig. 4. (color online) Examples of nuclear potential energy 2D maps projected from the 3D mesh energies with {a20, a3, a4} and
{az0, @32, aso}. The BCS pairing was used for the Strutinsky-type calculations. Our focus is on the difference between the (a2, @30)
and the (a0, @32) projections, in both cases minimised at each point over hexadecapole deformation a4y, here for the example of
28Rny3,. The comparison shows that both pear-shape and tetrahedral deformation minima are predicted in *'*Rn, at comparable values

of deformation parameters.

Deformations:

0 =0.120
030=0.150

Deformation:
o3 ,=0.150

jﬁ ar
RS
RS
0 A AVAVAYa Vg a AYAVLY
UL AVAYAYav v YAYAVaY,
AAVAVAVAVAVAY, A YAYAY.
WAYAYAVAVAVAVA o YAV
AVA

Fig. 5. (color online) Illustrations of the nuclear surfaces corresponding to the discussed two types of minima. Left: the pear-shape
deformation corresponding to the minimum at a;p = 0.12, @30 = 0.15 and a4 = 0.0. Right: similar for the minimum at tetrahedral deform-
ation ayo = 0.0, a3, = 0.15 and a4p = 0.0; compare with the maps in Fig. 4.

symmetries. For nuclei with N =134 and N =136, the
dominating minima correspond to tetrahedral deforma-

1 1 1 222 222
tion, with the exception of “;Ra;s4 and “ZRns6.

B. Results with 4D deformation spaces

To give a richer illustration of the predicted competi-
tion and coexistence between pear-, and tetrahedral-shape

074110-5



Jie Yang, Irene Dedes, Xin Guan et al.

Chin. Phys. C 49, 074110 (2025)

Absolute Energy Minima
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Fig. 6.  (color online) Comparison of the absolute energy

minima En, = En2 — E02, deduced from the potential energy

maps, see examples in Fig. 4, for N =132, N =134 and N = 136
isotones, respectively.

symmetries, we continue with the comparison of illustrat-
ive results of the mesh calculations including four de-
formations {asy, @z, @3, @4} simultaneously. The pro-
jections on (ax9, @30), (@2, @32), and (asg, as,) planes are
illustrated in Figs. 7-9. Comparing the potential energy
surfaces in Fig. 4 with those in Figs. 7-9, we notice that
both the axial octupole and the tetrahedral octupole min-
ima are present in the same potential energy projection,
with the octupole-a3y minima exhibiting greater softness.
The competition between these two types of symmetry is
shown on the (a3, a3 ) projection, where the separation
energy is approximately 1 MeV. Figure 8 shows the res-
ults for %22Rays4. It follows that the pear-shape deforma-
tion with a3y ~ 0.15 is associated with a quadrupole de-
formation of @,y = 0.18, which is comparable with the ex-
perimental quadrupole deformation B~ 0.19 from Ref.
[58]. Compared to this: the tetrahedral minimum at
a3 ~0.13 corresponds to vanishing quadrupole deforma-
tiOl’l, Q) X 0.0.

The potential barrier between the two types of octu-
pole minima is approximately 2 MeV, similar for
22Rayy, and 222Rn;3s compared to 1 MeV for 2*Rn. Let
us note that the theoretical quadrupole deformation for
22Rny36 is about ayy ~ 0.125 and is comparable with the
experimental quadrupole deformation B, ~0.142 from
Ref. [58]. In addition, the super-deformed minimum at
ay ~ 0.45 is predicted in all three studied nuclei and it is
about 1 MeV above the ground states of %2Ra;3, and
222Rny36 nuclei and about 1 MeV lower than the one in
2]8Rn.

C. Including the effect of rotation

Octupole collectivity is generally manifested by the
presence of low lying negative parity bands and en-
hanced Al =3 octupole transitions. A new experimental
evidence of the octupole collectivity in radioactive iso-
topes 22#?2422Rn (Z = 86) and *****Ra (Z = 88), has been
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Total Nuclear Energy MeV
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= [ | 7.0
RS 1 65
T 0.0 =
é 5.0
4.5
% -0.1 . 4.0
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E, = —4.75 MeV
Fig. 7. (color online) Results structurally similar to those in

Fig. 4, here obtained from the 4D deformation space {a20, @30,
a3z, ). Potential energy surfaces for 2j8Rnys;, projections
onto the (a0, asp) and (a2, a3) planes, two upper diagrams,
showing a competition between octupole and spherical shapes,
and (e30, a3 ) plane, bottom diagram. The latter one illus-
trates a competition between a3y and az, deformations taking
into account minimisation over (az, a49) deformations.

interpreted recently in terms of the pear-shape deforma-
tion in Ref. [8].
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Fig. 8. (color online) Results structurally similar to those in
Fig. 7 but for the case of *22Raj34. The quadrupole deforma-
tion ayp ~0.18 obtained from the {az0,a30} projection is com-
parable with the experimental deformation g, ~0.19 from Ref.
[58].

It will be instructive to introduce the issue of the
mean field rotation and the concept of the cranking mech-
anism and cranking frequency by considering first the
elementary mean-field approximation as the one repres-
ented by the Hamiltonian of Eq. (2). In the simplest form
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Fig. 9. (color online) Results structurally similar to those in
Fig. 7 but for the case of 222Rny36. Theoretical quadrupole de-
formation ayy ~ 0.125 is close to the experimental quadrupole
deformation g, ~ 0.142 from Ref. [58].

of modelling, collective rotational motion of nuclei is tra-
ditionally described by the so-called rotor Hamiltonian,
similar to the analogous classical expression, in which the
classical angular momentum components are replaced by
the corresponding quantum operators whereas the mo-
ments of inertia remain the parameters of the Hamiltoni-
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an". The easiest populated rotational bands are the ones
which are the lowest in energy — thus corresponding to
the rotation about an axis perpendicular to the symmetry,
say O,- axis, and associated with the biggest component
of the moment inertia.

The presence of collective rotation introduces formal
complication of the mean field description of the motion
since the originally stationary wave functions become
formally time dependent in the laboratory frame. It has
been noticed by Inglis that transforming the equations of
the motion to the rotating reference frame can be used to
simplify the description by profiting from the fact that for
slow rotation the spatial form of the wave functions in
both rotating and original, static reference systems can be
represented by the same time-independent mathematical
realisations. One can demonstrate that the mean-field
Hamiltonian in the rotating reference frame takes the
form:

I:IWS —>I‘AI%S Zﬁws—(?)‘}, (12)

in which Hyys is given by Eq. (2), @ = {w,,w,,w,} is the
rotational frequency vector, whereas j stands for the nuc-
leonic angular momentum operator. The new object,
Hg, is the energy operator in the rotating reference
frame traditionally called Routhian and denoted alternat-
ively by R; interested reader may consult Ref. [59] for
mathematical details and discussion.

In what follows, attempting the more realistic descrip-
tion, we are going to consider collective rotation with the
mean field of Eq. (2) supplemented with the monopole
pairing Hamiltonian. We are not going to reintroduce the
whole pairing formalism at this point, the subject presen-
ted in many publications in the past. Instead we will limit
ourselves to recalling the basic definitions and notation.
Our calculation results discussed below were obtained ac-
cording to the formalism very close to the one described
in Ref. [59] using pairing Hamiltonian (see below) which
takes a particular form of the more general two-body in-
teraction written as usual

A=) €uity+ D ) Vaprslathsl, (13)

[ a Yo

where é* and ¢ are single nucleon creation and annihila-
tion operators according to the standard definitions and
notation. The pairing Hamiltonian with the two-body in-
teraction defined as the particular case of the general one
above takes the form

1) The rotor Hamiltonian in questions has the well known form:

oo MR, KR, KR
Hrot = 5 i+ 57y b + 27 L2

1
Vapys = ZG6(YB675; G <0, (14)

where the "bar" over the symbol refers to the result of the
time-reversal operation |@) = T'|). We are going to solve
the pairing problem for the rotating nuclei in a standard
manner assuming the particle number and angular mo-
mentum constraints

(Ny=Nand{l,)=1. (15)

The corresponding cranking Hamiltonian in the rotating
reference frame (pairing Routhian analogous to the one in
Eq. (12)) takes the form

A = (6p = 4805~ 0(j)ap)Cils+ D D Vapyslilhisl,

af Yo
(16)

The so far unknown Lagrange multipliers 4 and w are as-
sociated with the constraints in Eq. (15) and are tradition-
ally referred to as Fermi energy and rotational cranking
frequency, respectively. The problem of the nucleonic
motion represented by the above Hamiltonian can be
solved after application of the well known Bogolyubov
transformation and following the so-called Hartree-Fock-
Bogolyubov Cranking (HFBC) method. Interested reader
may follow the details and illustrations in Ref. [60]
and/or Ref. [59].

D. Theory results compared with experiment

It turns out that an ideal tetrahedral symmetry rotor is
characterised by a 'spherically symmetric tensor of iner-
tia', with the effect that the cranking results do not de-
pend on the tilting axis or positioning of the cranking ax-
is with respect to the rotor, see Sec. IV in Ref. [23] for
details, or Ref. [1] for a more general discussion. It fol-
lows that the orientation of the axis with respect to a tet-
rahedral rotor can be selected arbitrarily. Interested read-
er can find a detailed discussion of the generalised
quantum rotor formalism in Refs. [61] and [62].

In the case of the octupole pear-shape symmetry we
are going to consider rotation about an axis perpendicu-
lar to the elongation axis, the latter fixed as O, and select
axis O, as the rotation axis, traditionally called 'cranking'
axis. We will introduce the symbols E,(I), R(I) and
L,(I) for the laboratory energy, Routhian and expectation
values of the y-component of angular momentum, re-
spectively.

in which I, Jy and J, are the moment of inertia components playing a role of parameters whereas I, 1} and I} are the components of the angular momentum oper-

ator /.
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It follows from the HFBC formalism, that the energy
in the laboratory system can be calculated as follows

Eqa(1) = R + hawy(DI,(D. (17)

The corresponding results were obtained by employing
HFBC method after slight adjustments of the pairing
strength constant G, cf. Eq. (14). We calculated among
others the nuclear energy as function of the cranking fre-
quency with the mean-field deformations corresponding
to the energy minima presented earlier.

Cranking calculation results illustrated in Fig. 10
were performed for theoretically predicted equilibrium
deformations with pear-shape and the tetrahedral deform-
ations for selected illustrative cases: %sRn;3,, %2Ra 3, and
222Rny36 nuclei. The results for the nucleus %¥Rny;, were
calculated at the energy minima with ay =0.15,
a9 = —0.025 and a3, = 0.13 and another one at ay, = 0.0,
ag =—0.025 with a3 ~0.13, cf. Fig. 7. Results for
222Ra 34, were obtained with @y = 0.18, @y = 0.075 and
a3 =0.15 for the pear-shape and @, = 0.0, a4 = 0.075
with a3 ~0.13 for the tetrahedral one, cf. Fig. 8. Simil-
arly, for %2Rn;3, we found the shape coexisting minima
at ap = 012, Qg0 = 0075, with a3) = 0.15 together with
Q0 = OO, Qg0 = 0.075 and a3 = 013, cf. Flg 9.

Our HFBC modelling results are composed of two
series of runs. Firstly, we calculate the total energies as
functions of rotational frequency at pear-shape potential
energy minima profiting from the fact that the corres-
ponding octupole bands are known experimentally.

The resulting comparison allows verifying to what ex-
tent our Universal Woods-Saxon Hamiltonian combined
with the associated HFBC pairing treatment can be con-
sidered realistic. This is an important element of the
project since as the next step we wish to employ the same
Hamiltonian in order to predict the analogous rotational
behaviour but this time in the competing tetrahedral min-
ima. In this way we will determine the moments of iner-
tia with which we intend to address the modelling of the
tetrahedral symmetry bands including the degeneracies
predicted by the group theory — see below. These bands
were never observed so far, so that predictions of this
kind could be helpful in proposing a possible experiment
theory collaboration.

Comparisons of the three octupole rotational bands
for 2'"*Rn, **’Ra, and **’Rn are presented in separate dia-
grams in Fig. 10. The results indicate that the calculated
pear-shape bands reproduce closely experiment.

In the case of “?Rn nucleus, at the high spin limit, we
note the presence of an up-bending, which is a reduced
form of the well-known back-bending mechanism ob-
served in many nuclei so far. Both the back-bending and
up-bending are caused by the so-called quasiparticle
alignment usually accompanying the Coriolis anti-pair-

T T
4_ -
[ +Exp: K™ =3": [ =3,...19] ]
; | — Octupole-azp band e
i [ — Tetrahedral band ]
= [ T ]
= L ]
5 2r ]
=

= r ]
Tﬂ L .
E .
e} - + ]
=t 218 ]
s s6RMN 3 ]
0_ -

NN T N T NN NN TN TN TN N N N N NN NN NN NN T N S N SN TN N T |

0.00 0.05 0.10 0.15 0.20 0.25
hw, [MeV]

T
4_ -
[ +Exp: K" =1":[I=1,...19] ]
=} =Octupole-azy band ]
ﬁ 3 —Tetrahedral band A ]
= F ]
s f ]
g ]
= i ]
g 1E ]
= [ ) ]
s ssRagg, |
0_ -

NN T N T NN NN TN TN TN N N N N NN NN NN NN T N S N SN TN N T |

0.00 0.05 0.10 0.15 0.20 0.25
hw, [MeV]

+Exp: KT=1":[I=1,...21]
—Octupole-azp band
—Tetrahedral band

222
s6R 136

Total Energy [MeV]
1V
LA B e

| T T T T T T T T T T T T T T T T O |
0.00 0.05 0.10 0.15 0.20 0.25
hw, [MeV]

Fig. 10.  (color online) Comparison of the pear-shape (red)
and the tetrahedral (blue) energy vs. rotational frequency de-
pendence with the experimental data (crosses) for 2i¥Rnis,
222Raj34 and 222Rn;3¢ nuclei. Experimental energies are taken
from Ref. [58]. The experimental bands are normalized to 0
MeV at fiw=0.0. The Hamiltonian parameters employed for
the pear-shape nuclear configurations, were used without
modifications for the tetrahedral ones. The predictions for the
tetrahedral symmetry cases were obtained at the equilibrium
deformations discussed in the preceding sections.

ing mechanism (lowering of the pairing correlations due
to increasing rotation). We did not address this aspect
since it depends on a specific quasiparticle structure
which in turn depends on the single nucleon energy spec-
tra, and such aspects depend strongly on nuclear shapes.
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Thus, these kinds of details deduced from the pear-shape
configuration will perturb the image of predictions inten-
ded for tetrahedral bands in which case we focus on the
turning tetrahedral ground-state (the lowest lying config-
uration unperturbed by any particle-hole (quasi-particle)
excitations). Since the experimental information about
tetrahedral symmetry does not exist at this time, we be-
lieve that the calculations addressing the simplest struc-
tures will be the most useful for experiment planning.

E. About identification of the predicted
tetrahedral Bands

To advance the discussion we will remind the reader
about the well-known results based on the group repres-
entation theory, which address the spin-parity rules for
rotational bands generated by quantum objects with a giv-
en particular point group symmetry, here 7, Recall that
the well-known rotational sequences for the axially sym-
metric ellipsoidal objects e.g. quadrupole deformed even-
even nucleus, here treated as a reference to compare with,
satisfy:

Ellipsoidal Ground State : I* = 0%,2*,4%, ... ;AI =2. (18)

These bands are composed of states with even spins
(AI =2) and of positive parity only and are very different
from the exotic symmetry bands, see below. In particular,
following Ref. [16], we find that the lowest tetrahedral
symmetry band in an even-even nucleus, built on the
I"=0" configuration (treated as the tetrahedral sym-
metry ground-state) is composed of states forming the so-
called A,-irreducible representation whose spins and par-
ities are given by the sequence

Tg: A I"=0%,37,4%,6%,77,87,9%,10%,... (19)

Observe that the states with spins 7=1,2, and 5 are
totally missing, whereas the states with spin I = 6,9, 10, ...
form degenerate parity doublets. Generally one can show
that tetrahedral symmetry bands are formed of the
E;=al(I+1) sequences with constant coefficient a re-
lated to the effective moment of inertia I+, a=1/Q29)r,
in which angular momentum / can be even or odd and
both parities can be present.

The bands predicted with the help of the moments of
inertia, J7, deduced form the blue curves in Fig. 10, fol-
lowing Eq. (19), are presented in Fig. 11.

By construction, these sequences follow prediction of
Eq. (19), i.e., the tetrahedral symmetry bands involve the
presence of both positive and negative parity states, the
existence of degenerate states, as well as totally missing
states, but they are related by the common moment of in-
ertia.

These illustrations define criteria for experimental
identification of tetrahedral symmetry. Let us mention in
passing that in this article, we discuss merely one irredu-
cible representation as a band sequence indicator, but the
physics in question is much richer. According to group
theory, there are 4 other irreducible representations gen-
erating different spin-parity sequences showing yet unex-
plored richness of the related phenomena.

Although Figs. 10 and 11 address information about
rotation of the pear-, and the tetrahedral-shape nuclei,
they address two different aspects. Figure 10 serves de-
termining the effective moments of inertia, which allow
learning about the slopes of the energy-vs.-cranking fre-
quency curves. This information is based on the well-
known HFBC cranking method, while Fig. 11 is con-

Predicted Tetrahedral Bands
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color online) Illustration of the tetrahedral I” = 0* bands predicted according to Eq. (19) for 218Rni3,, 222Ra;34 and 222Rn;3¢
p g q 86 88 86

nuclei; we arbitrarily limit the sequences to 7 < 10. Observe the presence of the degenerate parity doublets at spins 7 =6, 9, and 10. Iden-
tification of such bands in nature will require specifically designated experiments like the one in Ref. [17].
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structed following the general group theory based theor-
em about band structures with degeneracies. Such a con-
struction requires the knowledge of the moment of iner-
tia. The only way to test the correctness of these predic-
tions is to compare them with (future) experimental res-
ults.

IV. CONCLUSIONS

Competition between pear- and tetrahedral-shape de-
formations in actinide nuclei, for isotones with N = 132,
134, and 136, is investigated using the macroscopic-mi-
croscopic method (MMM) of Strutinsky, supplemented
with description of rotation in the presence of the paring
interactions using yet another standard approach — the
Hartree-Fock-Bogolyubov Cranking (HFBC) method.
Both types of shape degrees of freedom exhibit signific-
ant deformation-stabilising effects deduced from the total
energy minima within the deformation spaces composed
of {020,030,0’40} and {(Yzo,(l’32,a’4()}. The tetrahedral de-
formation effects generally lead to deeper energy minima
in most nuclei with N =134 and N = 136. This is due to
the fact that many nucleonic levels in the presence of tet-
rahedral symmetry are four-fold degenerate (in contrast to
double (Kramers) degeneracy of levels present in all oth-

er nuclear shapes). It follows that the average level spa-
cing is higher leading to stronger shell-corrections. In
nuclei %¥Rny3,, %2Ra;, and %2Rnis6, specifically selec-
ted for the illustrations of the present project, somewhat
exceptionally the effects of pear-shape octupole deforma-
tion are comparable to those of tetrahedral octupole de-
formation.

Potential energy surfaces projected onto the (a9, @s0),
(a20,a32), and (asp,@3;) planes for these nuclei demon-
strate the coexistence of both octupole shapes. To encour-
age the possible experimental verifications of the new
predictions presented in this article especially focussing
on the exotic (T4) symmetries, we have constructed the
precise spin-parity sequences characteristic for the tetra-
hedral bands as predicted using well-known methods of
the group representation theory.

To test the prediction capacity of our modelling meth-
ods the calculated properties of the pear-shape associated
bands were compared with the experimental data avail-
able in the literature. This comparison can be considered
satisfactory thus strengthening the conclusions encour-
aging collaboration between theory and experiment to de-
velop the studies of the exotic symmetry properties in
heavy nuclei.
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