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Abstract: Quasars serve as important cosmological probes; constructing accurate luminosity relations for them is
essential for their use in cosmology. If the coefficients of such luminosity relations vary with redshift, they could in-
troduce biases into cosmological constraints derived from quasars. In this paper, we conduct a detailed analysis of
the redshift variation in the X-ray and ultraviolet (UV) luminosity (Lx-Lyy ) relations of quasars. For the standard
Lx-Lyy relation, we show that the relation coefficients exhibit a strong and linear correlation with redshift that is
not attributable to the selection effect. Additionally, we examine two three-dimensional, redshift-evolving Lx-Lyv
relations and show that the inclusion of a redshift-dependent term does not eliminate the impact of redshift evolution,
given that the relation coefficients continue to evolve with redshift. Finally, we construct a new Lx-Lyy relation in
which the redshift evolution of the relation coefficients is nearly eliminated. By calibrating the luminosity relations
using Hubble parameter measurements, we demonstrate that quasars based on the proposed relation yield effective
constraints on cosmological parameters that are consistent with results from Planck CMB data, unlike constraints de-

rived from the standard relation.
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I. INTRODUCTION

Quasars (quasi-stellar objects) are extremely lumin-
ous and persistent sources powered by gas spiraling at
high velocity into supermassive black holes. Their im-
mense luminosity, often thousands of times greater than
that of the Milky Way, makes them visible across vast
cosmological distances. The maximum observed redshift
of quasars fulfills z>7 [1-4]. To date, more than half a
million quasars have been identified. Quasars serve as re-
liable cosmological probes, offering a valuable tool for
filling the redshift desert in observational data. Con-
sequently, they have been widely utilized to investigate
the nature of dark energy, explore the potential origins of
the Hubble constant (H,) tension, test the cosmic dis-
tance duality relation [5], and other purposes.

In quasar cosmology, establishing a robust luminos-
ity relation is essential for determining quasar distances.
Several empirical relations have been proposed, includ-
ing the anticorrelation between ultraviolet (UV) emission
lines and luminosity [6, 7], luminosity-mass relation in
super-Eddington accreting quasars [8], relation between
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luminosity and X-ray variability [9], radius-luminosity re-
lationship [10—12], redshift-angular size relation [13—18],
and nonlinear relation between X-ray luminosity (Lx) and
UV luminosity (Lyy) [19-22]. The Lx-Lyy relation has
gained particular prominence in constructing the Hubble
diagram of quasars, extending to redshifts as high as
z~7.5 [23-31]. The cosmological distance can be de-
rived from the Hubble diagram. Initially, the results fit
the cosmological constant plus the cold dark matter
(ACDM) model well and match distances inferred from
type-Ia supernova (SN Ia) [21]. However, several groups
found recently that the distance modulus/redshift relation
of quasars derived from the Ly-Lyy relation has an appar-
ent deviation from the prediction of the ACDM model
[23, 32—35]. This deviation raises concerns about the ac-
curacy of the Lyx-Lyy relation and suggests that it may
evolve with redshift [36].

The potential redshift evolution of the Lyx-Lyy rela-
tion has been explored in prior studies [37, 38] although
these analyses present limitations. For example, Wang et
al. [37] divided a quasar sample into low-redshift
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(z < 1.4) and high-redshift z> 1.4 subsets and found that
the relation coefficients for the two subsamples differ by
more than 20. Similarly, Li et al. [38] split a quasar
sample with z <2.261 into two parts with approximately
the same data number ({z) = 1.16) and found similar devi-
ations between the relation coefficients. While it is now
recognized that the relation coefficients vary across red-
shift ranges, their precise evolutionary behavior remains
unclear.

Recently, a three-dimensional and redshift evolution-
ary Lx-Lyy relation has been constructed in [39]; it is
based on a redshift-dependent correction to the luminosit-
ies of quasars. Additionally, Wang et al. [37] applied the
statistical tool copula [40] to construct another three-di-
mensional and redshift evolutionary Lyx-Lyy relation.
Subsequent analyses have indicated [41, 42] that the cop-
ula-based relation outperforms both the standard Lyx-Lyy
relation and the relation given in [39]. However, whether
these generalized relations fully eliminate redshift vari-
ations in the relation coefficients requires further scru-
tiny.

Thus, in this study, we systematically tested the red-
shift dependence of both two- and three-dimensional Ly-
Lyy relations. The paper is organized as follows. In Sec.
II, we examine the redshift variation of the standard Lyx-
Lyyrelation. In Sec. 111, we investigate whether the selec-
tion effect results in the redshift variation of the Lx-Lyy
relation. In Sec. IV, we analyze two three-dimensional
Lx-Lyy relations. We propose a new Lx-Lyy relation in
Sec. V. Finally, in Sec. VI, we summarize our findings.

II. Ly-Lyy RELATION

The standard Lx-Lyy relation describes a non-linear
relationship between the X-ray and UV luminosities of
quasars [19—22]; it takes the form

log Lx = B+vylogLyy, )

where Ly and Lyy are the luminosities (in erg s~ Hz™') at
2 keV and 2500 A, respectively, and § and y are two rela-
tion coefficients. Converting luminosity to flux, we ob-
tain

log Fx =B +ylog Fyy + (y — 1)log(4ndy), 2

Lyy
Fy = —%_ Foy = -2 .
where Fx dnd? and Fuv drd? are the fluxes of the X

ray and UV, respectively, and d; is the luminosity dis-
tance, which depends on cosmological models.

Thus, given a cosmological model, the values of rela-
tion coefficients and the intrinsic dispersion of quasars
can be determined from the observed quasar data. In this

study, we chose the cosmological model to be a spatially
flat ACDM model with Hy =70km s~ Mpc™' and Q. =
0.3, where Q, is the present dimensionless matter dens-
ity parameter.

The data sample of quasars used in our analysis con-
sists of 2421 X-ray and UV flux measurements, spanning
a redshift range from z=0.009 to 7.541 [26]. These
sources were carefully selected from an initial sample of
21,785 data points based on several criteria for the X-ray
and ultraviolet bands, including signal-to-noise ratio, host
galaxy contamination in the ultraviolet band, X-ray ab-
sorption, and Eddington bias. These criteria were chosen
to minimize observational biases. Using the maximum
likelihood estimation method [43], we obtained 8 = 6.298+
0.228 and y = 0.665+0.007 as well as an intrinsic disper-
sion ¢ = 0.230 +0.004 from the 2421 quasar data points.

To test whether the Ly-Lyy relation varies with cos-
mological redshift, we separated the 2421 quasars into
four groups based on their redshift and calculated the
mean redshift for each group. The four groups, which
have almost equal data numbers and cover the redshift
range from low to high values, are described as follows:

® Group 1 — 606 quasars, 0.009 < z < 0.844, (z) = 0.586
e Group 2 — 605 quasars, 0.844 < 7 < 1.298, (z) = 1.064
e Group 3 — 605 quasars, 1.298 <z < 1.892, () = 1.578
e Group 4 — 605 quasars, 1.892 <7 <7.541, (z) =2.561

Then, we compared the data in each group with Eq. (1)
and checked whether the values of § and y evolve with
redshift. Utilizing the maximum likelihood estimation
method [43] to fit each group of quasars, we obtained (8 =
6.831+0.640, y = 0.646 £0.021) for Group 1, (8 =8.832+
0.724, y = 0.581 £0.024) for Group 2, (8 = 8.482+0.691,
v=0.594+0.022) for Group 3, and (8=9.177+0.492,
v=0.574+0.016) for Group 4. The corresponding results
are shown in Fig. 1. Note that as (z) increases, f in-
creases approximately linearly, and y decreases linearly.
This means that £ and y are strongly correlated/anticorrel-
ated with (z). We used a linear function to fit -(z) and y-
(z), obtaining

B=(6.877+£0.702) + (0.948 + 0.383) x z 3)

and

v =1(0.642+£0.024) + (-0.028 £ 0.013) X z. @)

These results show that parameters § and y tend to
evolve with redshift, given that the slopes of these rela-
tionships deviate from zero by more than 20~ confidence
level (CL).

To minimize the impact of grouping strategies on the
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Fig. 1.
mean redshift of quasars. Each data point with 1o error bars

(color online) Values of f and y as a function of the

represents a group of quasars (1, 2, 3, and 4). The solid line
represents a linear fit.

redshift evolution trends in the luminosity relation coeffi-
cients, we also divided the quasar sample into four groups
with equal redshift intervals:

e Group 1 —460 quasars, 0.009 <0.750, (z) = 0.520
e Group 2 — 959 quasars, 0.750 < 1.500, (z) = 1.095
e Group 3 — 644 quasars, 1.500 < 2.250, (z) = 1.817
e Group 4 — 263 quasars, 2.250 < 3.000, (z) = 2.529

We excluded quasars with redshifts exceeding 3 given
that only 95 data points fall within this range. We used
the maximum likelihood estimation method to fit each
group of data separately, obtaining (8=6.450+0.718,
y=0.659+0.024) for Group 1, (8=8.165+0.532,
y=0.603+0.018) for Group 2, (B=10.104+0.595,
y=0.542+0.019) for Group 3, (8=8.703+0.837,
v =0.590+0.027) for Group 4. The corresponding linear
relations for 8 —(z) and y—(z) are expressed as follows:

B =(6.391+0.754) + (1.482 +0.492) x 5)

and

y = (0.657 +0.026) + (=0.044 £ 0.017) X z. (6)

Clearly, the slopes of these relations remain significantly
different from zero at more than 26 CL, consistent with
the results expressed by Eqgs. (3), (4). Therefore, employ-
ing different grouping strategies does not change the red-
shift evolution trends of the parameters £ and .

III. SELECTION EFFECT

To check whether the evolutions of f and y with red-
shift originate from the selection effect in the measure-
ment process, we followed the method in [44] to gener-
ate a sample of quasars by using Monte-Carlo simula-
tions. Given that the observed quasars provide only X-ray
and UV fluxes (i.e., log Fyy and logFx), we first calcu-
lated their luminosities as log Lyv(log Lx) =
log Fyv(log Fx) +log4nd,(z)* in the framework of a flat
ACDM model with Hy=70km s~ Mpc™! and Q. =0.3.
Using the real sample of 2421 quasars, we then modeled
the distributions of redshift, log Lyy, and measurement er-
rors oyy of quasars, respectively. It has previously been
demonstrated that the quasar redshift follows a Gamma

aa—1,-bz
distribution [37] described by f(z)= “T@ with

a=23.036 and b =2.098. Therefore, we used this Gamma
distribution to generate the redshifts for mock quasars.
Additionally, the distribution of oyy was modeled as a

1
Lognormal distribution given by f(ouv)= V—ix

a P 2ns oyy
exp {—Og?%}, with u=-4342 and s=0.566;
this distribution was derived directly from the real quasar
data employing the Python package scipy.stats. The dis-
tribution of logLyy is Gaussian, with a mean value of
30.428 and a standard deviation of 0.658, also derived
from real data. Although observational limitations (e.g.,
flux detection thresholds or Eddington bias) could intro-
duce deviations from the Gaussian assumptions for the
UV luminosity, we verified the validity of this assump-
tion through a statistical distribution test, specifically the
Cramér-von Mises test [45, 46]. Then, we sampled the
mock datasets of (z, logLyy, oyv) from these distribu-
tions. Note that we assumed no correlations between the
distributions, meaning that they are mutually independ-
ent. We then introduced a UV luminosity cutoff by re-
moving mock data with logLyy <logLyymn, Where
10g Lyy min = 10g Fyy min +log4nd; (z)?, with  1og Fuy min =
—28.759 being the minimum observable flux. For each
triplet (z, logLyy, oyy), we sampled logLyx from the

1
probability distribution function f(logLx)= X
) V2no
{ (logLx — B —ylog Lyy)
Xp | —
2072
persion ¢ and coefficients f and y were fixed to

}, where the intrinsic dis-
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o =0.230, B=6.298, and y = 0.665, according to the cal-
culations presented in the previous section. The mock ob-
served error ox was also sampled by assuming a Lognor-
mal distribution with mean and standard deviation of
—3.159 and 0.769, respectively, obtained from real data.
After imposing an X-ray luminosity limit, analogous to
the UV cutoff, by using logFxmn = —32.706, we ulti-
mately obtained the simulated quasar data set (z, log Lyv,
ouv, logLx, ox).

We could then generate 2421 simulated quasars fol-
lowing the above simulation process, as shown in Fig. 2.
Dividing the simulated data into four groups with approx-
imately the same number of data in each group, we could
estimate the values of § and y for each group and derive
the B—(z) and y—(z) relations, similar to the previous
section. By repeating this process 1000 times, we derived
1000 slope pairs (dB/dz and dy/dz) from linear fits of the
coefficients. The distributions of dB/dz and dy/dz are
presented as a contour plot in Fig. 3, in which the results
from the real data are represented by dashed lines. Note
that the values of d8/dz and dy/dz from the real data de-
viate from those from the mock data at more than 1o CL.
Clearly, the simulated data do not support the redshift
evolution of the Lx-Lyy relation given that both dg/dz
and dy/dz are consistent with zero within 1o~ CL.

To further investigate the relation between the selec-
tion effect and the redshift evolutions of f and y, we in-
troduced a redshift-dependent correction term (1+2z)* to
adjust the luminosity [39], e.2., Leorrected = Loserved /(1 +2)¥.
We then applied the Efron-Petrosian (EP) method [47] to
determine the value of the parameter k. This analysis was
performed using a publicly available Mathematica code:
Selection biases and redshift evolution in relation to cos-
mology V. If the values of k derived from real data are sig-
nificantly larger than those from mock data, it indicates
that the selection effect alone cannot fully account for the
redshift evolutions of S and y. We obtained
kyy = 3.632705% and kx =2.689+0.053 for real data and
kyy =0.1069%7 and kx = 0.460+0.087 for mock data.
Clearly, the values of kyy and kx obtained from real data
are substantially larger than those from mock data, mean-
ing that the evolutions of f and y with redshift derived
from real data cannot be attributed solely to the selection
effects. This result is compatible with those presented in
Fig. 3.

IV. REDSHIFT-EVOLUTIONARY Lx-Lyy
RELATIONS

Let us now consider two redshift evolutionary Lx-
Lyy relations expressed in the unified form:

1) https://notebookarchive.org/2023-05-8b2lbrh

075101-4

33

32

31

logLyy

30

29

28

28

27

logLx

26

25
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log Lx = B+7ylog Lyy +aln(a+7) @)

with a =1 and a = 5, respectively. Here, a is a new para-
meter characterizing the redshift-dependent property of
the relation, and @ =0 corresponds to the case of the
standard relation. When a = 1, this relation is obtained by
assuming that the luminosities of quasars are corrected by
a redshift-dependent function (1 +z)®, as in [39]. Substi-
tuting the corrected luminosities, namely, Leoyected:uv =
LUv/(l + Z)kUV and Lcorremedjx = Lx/(l + Z)kx 5 intO Eq (1)
yields the relation shown in Eq. (7) for a=1. For a =35,
the relation is constructed using the Gaussian copula, as
in [37]. Copula is a powerful tool used to describe the
correlations among Lyy, Ly, and z. Assuming that both
log Lyy and log Ly follow Gaussian distributions and the
redshift of quasars also follows a Gaussian distribution in
the z. space, with z, =In(a+z), we constructed the rela-
tion expressed by Eq. (7). Wang et al. found that setting
a =5 provides an optimal fit after comparing results for
different values of a [37].

Next, we checked whether S, y, and a evolve with
redshift. Using the observed data of quasars, we calcu-
lated their values for each group; the corresponding res-
ults are shown in Fig. 4. Note that the relation coeffi-
cients vary noticeably with redshift even when the red-
shift evolutionary relations are considered. The evolution-
ary trends of §§ and y are notably similar to those shown in
Fig. 1, where the standard Lx-Lyy relation is considered.
Thus, we conclude that the redshift evolutionary Ly-Lyy
relations constructed in [37, 39] are not effective in elim-
inating the redshift evolution of the relation coefficients.

V. ANEW Lyx-Lyv RELATION

We have established that the standard and two red-
shift evolutionary Lx-Lyy relations evolve with redshift.
In this section, we aim to construct a new Lx-Lyy rela-
tion that eliminates the redshift evolution effect. As
shown in Fig. 1, coefficients f and y depend linearly on
redshift, which motivates us to propose the following re-
lation:

log Lx = B(1 +Bz) + y(1 +72)log Lyv. (8

where 8 and ¥ are new parameters introduced to account
for any potential redshift evolution in the coefficients.
This functional form is similar to the one proposed in
[38]. We used real data to constrain £, y, B, and ¥ in the
ACDM model with Qo = 0.3. The results of our analysis
are shown in Fig. 5. Note that coefficients 8 and ¥ exhib-
it significant deviations from zero, exceeding 30 CL, in-
dicating that the quasar data strongly support the redshift
evolutionary relation.

We then proceeded to constrain the values of the

121 3§

[
o
(S

114

10+

0.0 0.5 1.0 1.5 2.0 2.5

[NV
o
(S

0.501

0.45-

0.0 0.5 1.0 15 2.0 2.5

o
vl =

1.54

1.0

0.01 /'/-

—-0.51

00 05 10 15 2.0 255
z
Fig. 4. (color online) Values of f, y, and a as functions of
the mean redshift of quasars based on the redshift evolution-
ary Lx-Lyy relation (Eq. (7)). Each data point with 1o error
bar represents a group of quasars (1, 2, 3, and 4). The blue and
orange points represent different choices for a. The lines with
shaded regions represent the linear fit with 1o uncertainty.

coefficients from four subsamples of quasars featuring
approximately the same data number. We obtained

B =(6.473+1.552) +(0.705 £ 0.948) x z, )
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¥) for the new Lx-Lyy relation (Eq. (8)) from 2421 quasar
data points in the framework of the ACDM model with
Q0 = 0.3. The title in each subplot shows the mean value with
1o uncertainty.

v =(0.657+0.054) +(-0.024 £ 0.032) X z (10)

after applying a linear fit. These coefficients exhibit weak
dependence on redshift, as indicated by the slope values
of (dB/dz and dy/dz), both of which are consistent with
zero at 1o CL. Next, given that the new Lx-Lyy relation
introduces two additional parameters compared to the
standard one, we further constrained the values of £ and y
by fixing B = 0.133*3932 and ¥ = —0.047 +0.011, which are
given by all quasars in the framework of the ACDM
model. The resulting fits yield the following expressions:

£ =1(6.499+0.730) + (0.672 £ 0.445) X z,, (11)

y = (0.656 +0.025) + (=0.023 £ 0.015) X z. (12)

Clearly, § and y evolve very weakly with redshift given
that slopes dB/dz and dy/dz are consistent with zero with-
in 1.50 CL.

These results show that the new Lx-Lyy relation ef-
fectively eliminates the redshift evolution effect on the
relation coefficients. This new formulation provides a
more stable and redshift-independent framework for
modeling the Ly-Lyy relation in quasars.

To investigate the effect of this new relation on the
constraints of cosmological parameters, we fit the flat
ACDM and flat wCDM models using quasars with the

standard Lx-Lyy relation and with the newly proposed re-
lation in Eq. (8), respectively. We used Hubble paramet-
er measurements to calibrate the luminosity relations of
quasars. We also used the Gaussian Process (GP) method
[48—51] to reconstruct the H(z) function from 32 observa-
tional data points spanning a redshift range of
0.07 <2< 1.965 [52]. The reconstructed result is shown in
the upper panel of Fig. 6. From this reconstructed H(z),
we derived the luminosity distance d;(z) via the relation
di(x)=(1+2) fo 1/H(z')d7'; the result is shown in the
lower panel of Fig. 6. Using the luminosity distance
d;(z), we determined the values of the coefficients of the
Lx-Lyy relations from 1892 quasars within the low-red-
shift range (z < 1.965). We obtained 8=6.916+0.28, and
v=0.645+0.009 at 10 CL for the standard relation, and
B=721+081, y=0.631+0.027, B=0.1877%" and
¥ =-0.060*5932 at 1o CL for the relation proposed in this
paper. Extrapolating these results from the low-redshift
quasars to the full dataset of 2421 quasars, we con-
strained the free parameters of the ACDM and wCDM
models from 2421 quasars.

The cosmological constraints are shown in Fig. 7. For
the ACDM model, we obtained Hy = 55.8*1"l kms™ Mpc~!
and only a lower bound expressed as Q,,, > 0.914 using
the standard Lyx-Lyy relation. In contrast, using the new
relation yields effective constraints: Hy=70.2+3.3
kms'Mpc™' and Q,=0.34470%3. The resulting H,

Gaussian Process Reconstruction of H(z) with 1o CL

250
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N
iy
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z
175001 — Derived d;(2)
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15000
12500
3 10000
5
7500
5000
2500
0
000 025 050 075 100 125 150 1.75  2.00
z
Fig. 6. (color online) Reconstructed H(z) from 32 Hubble

parameter measurements and luminosity distance di(z) de-
rived from this H(z). The shadows denote 1o uncertainty.
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Lx-Lyy relations, respectively.

value is consistent with measurements from Planck 2018
(Hy=67.4+0.5kms™' Mpc™") [53] and from nearby type-
Ia supernovae calibrated with Cepheids (Hy = 73.04 +1.04
km s~ Mpc™') [54].

For the wCDM model, quasars with the standard rela-
tion provide weak constraints, yielding Hy=56.7"3}
km s~ Mpc™!, Q,0>0.883, and w<-1.45. By employ-
ing the new relation, we achieved significantly improved
constraints: Hy =71.2739 km s™ Mpc™', Q, = 0.3807298,
and w=-1.33702. These results align with those from
the Planck 2018 CMB data within 2¢ CL [53]. Our find-
ings clearly show that quasars standardized by the pro-
posed relation yield robust and effective cosmological
constraints, unlike those standardized by the convention-
al relation.

VI. CONCLUSIONS

Quasars play a crucial role as cosmological probes;
constructing accurate luminosity relations for them is es-
sential for their use in cosmology. In this study, we thor-
oughly tested the redshift variation of the widely used
Lx-Lyy relation in quasars. Our analysis reveals a strong
linear dependence of the relation coefficients on redshift.
Specifically, quasars at higher redshifts favor larger val-

I Standard
s New

60 70 80
Ho Qmo w

0.2 0.4 0.6 0.8 -2 -1

(color online) Constraints on the ACDM and wCDM models from full 2421 quasars standardized with the standard and new

ues of f and smaller values of y compared to those at
lower redshifts. These results are consistent with previ-
ous findings [37, 38], where quasars were divided into
high- and low-redshift subsamples. Importantly, this cor-
relation is not due to the selection effect. For two three-
dimensional and redshift-evolving Ly-Lyy relations, we
observed that the relation coefficients continue to evolve
with redshift. This indicates that the redshift-dependent
terms in these evolutionary relations are not sufficient to
eliminate the effect of redshift evolution in the coeffi-
cients. Finally, we propose a new Lx-Lyy relation that
contains four coefficients and found that, in this new rela-
tion, the relation coefficients evolve very weakly with
redshift. This new relation suggests that the redshift evol-
ution effect can be effectively minimized. Using the
Hubble parameter measurements to calibrate the newly
proposed relation of quasars, we demonstrate that quas-
ars effectively constrain the ACDM and wCDM models.
The resulting cosmological constraints are consistent with
those derived from Planck CMB observations. Our res-
ults indicate that this new Lyx-Lyy relation allows quasars
to be regarded as more reliable cosmological indicators.
The elimination of redshift dependence in the relation
could provide a more reliable framework for using quas-
ars in cosmological applications.
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