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Abstract: Compact binary systems lose orbital energy and momentum because of gravitational radiation. Based on

the mass and mass-current multipole moments of the binary system with the spin vector defined by Bohé et al.

[Class. Quantum Grav. 30, 075017 (2013)], we calculate the loss rates of energy, angular momentum and linear mo-

mentum induced by the next-to-leading spin-orbit effects. For the case of circular orbit, the formulations the these

losses are formulated in terms of orbital frequency.
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I. INTRODUCTION

Compact binary systems such as black hole-black
hole pairs, black hole-dense star (neutron star, white
dwarf, or others) pairs, or double dense stars, are the best
candidates for gravitational-wave sources, which have
been detected by LIGO/VIRGO [1-4]. They are also ex-
pected to be detected by the space-based gravitational-
wave detectors such as LISA, TianQin, and Taiji in the
near future [5-9].

Gravitational radiation leads to a loss of orbital energy,
angular momentum, and linear momentum of the compact
binary systems. The analytic calculations for the gravita-
tional losses can only be realized via post-Newtonian (PN)
approximations, which have been extensively studied in
the literature. The references where these results were first
presented are summarized in the following tables.

Table 1 presents the references for the loss rates of
the non-spinning binary system's energy FE, angular mo-
mentum J, and linear momentum P to different PN or-
ders including the tail contributions.

For the case of the spinning binary systems, the situ-
ation is somewhat more complicated as the definitions of
the spin vector and supplementary spin condition (SSC)
are not unique. Although they describe the same physical
phenomena, the formulations of the gravitational loss rates
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are dependent on these definitions. Table 2 provides the
reference for the formulations of gravitational loss rates of
the spinning binary system's energy, angular momentum,
and linear momentum induced by the spin-orbit (SO)
coupling based on the spin vector defined by Barker and
O'Connell [23] under the SSC given by Pirani [24].

Table 3 presents the references for the formulations of
the gravitational losses of the spinning binary system's
energy, angular momentum, and linear momentum due to
SO contributions and spin-spin (SS) contributions based
on the spin vector defined by Faye, Blanchet and Buon-
anno [26] under Tulczyjew's SSC [27]. Table 4 provides
the references for the case of the spin vector defined by
Bohé et al. [28].

In this work, we utilize the 2.5PN dynamic equation
of the center-of-mass and 1PN precession equations of
the spin vector given by Bohé ef al. [28] and the mass
moment given by Marsat et al. [29], to calculate the grav-
itational loss of the spinning binary systems induced by
the next-to-leading SO coupling effects.

The remainder of this paper is organized as follows.
Section II introduces the 2.5PN acceleration for the relat-
ive motion of the spinning binary systems, which is used
in later derivations. In Section III we provide the formu-
las for calculating gravitational losses. In Section IV, we
derive the gravitational losses induced by the next-to-
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Table 1. References for the gravitational loss rates of the non-spinning binary systems in the Newtonian and post-Newtonian 1PN,
2PN, 2.5PN, 3PN and 3.5PN approximations. The superscript "-" denotes the time derivative.

gravitational loss rates circular orbit general orbit
En Peters [10] Peters [10]
EpN Will & Wagoner [11] Will & Wagoner [11]
Eopn Blanchet, Damour & Iyer [12] Will & Wiseman [13]
E> stail Blanchet [14] Arun et al. [15]
E3pn Blanchet, Iyer & Joguet [16] Arun et al. [15]
E3 5tail Blanchet [17] N/A
IN, JipN Junker & Schifer [18] Junker & Schifer [18]
Jopn Gopakumar & Iyer [19] Gopakumar & Iyer [19]
Jo.50il> JapN Arun et al. [20] Arun et al. [20]
Py Junker & Schafer [18] Junker & Schafer [18]
Pipn, Popn Racine, Buonanno & Kidder [21] Racine, Buonanno & Kidder [21]
P 501 Kastha [22] Kastha [22]

Table 2. Reference for the gravitational loss rates of the spinning binary systems with the spin vector defined by Barker and O'Con-

nell under Pirani's SSC.

gravitational loss rates circular orbit general orbit
Kidder [25] Kidder [25]

E\ 550, J1.5505 P1sso

Table 3. References for the gravitational loss rates of the spinning binary system based on the spin vector defined by Faye, Blanchet
and Buonanno under Tulczyjew's SSC.

gravitational loss rates circular orbit general orbit
E1550 Same as Kidder [25] Same as Kidder [25]
E> 550 Blanchet, Buonanno & Faye [30] Blanchet, Buonanno & Faye [30]
J1s50 Same as Kidder [25] Same as Kidder [25]
J2550 This work This work
Py sso Same as Kidder [25] Same as Kidder [25]
Esss, Jass, Pisso, Pass Racine, Buonanno & Kidder [21] Racine, Buonanno & Kidder [21]

Table 4. References for the gravitational loss rates of the spinning binary systems based on the spin vector defined by Bohé et al. un-

der Tulczyjew's SSC.

gravitational loss rates circular orbit general orbit
Elss0 Same as Kidder [25] Same as Kidder [25]
E> 550 Marsat et al. [29] This work
E3s0uil, £3.550, E4s0uil Marsat et al. [29] N/A
Enss, Eass Boh¢é et al. [31] Bohé et al. [31]
J1550 Same as Kidder [25] Same as Kidder [25]
J2550 This work This work
Py ss0 Same as Kidder [25] Same as Kidder [25]
P 550 This work This work

leading spin-orbit coupling effects. For completeness and  tor defined by Faye, Blanchet and Buonanno [26] . Sec-
to enable comparisons, we present in Appendic B the tion V provides these loss rates for the circular orbit,
2.5PN angular momentum loss in terms of the spin vec- which are further summarized in Section VI. In this art-
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icle, small Greek alphabet represents 0, 1, 2, 3, and small
letter represents 1, 2, 3.

II. MOTION FOR THE BINARY SYSTEM IN THE
2.5PN APPROXIMATION

Assuming the spinning compact binary has masses
M, and M,, the position vectors of the bodies are X; and
X,, with corresponding velocities V; and V, and spins of
the two bodies S; and S,, respectively. The precession

where M =M;+M, denotes the total mass of the system,
SM=M,-M, , and n=MM,/M*. S=S,+S, denotes the
total spin. A=M(S,/M,—S,/M;). V=V,-V, is the binary
system's relative velocity. n=R/R is the unit vector, with
R=X,-X, denoting the separation vector between the
two bodies and R=|R|. We also need the 2.5PN accelera-
tion of the spinning binary system's relative motion,
which can be written as [25, 28]

equations of the spinning binary systems can be written dv
as [28] i Ay+Apn+Aisso+Apn+Aasso 3)
S GM 7 36M
o ﬁn{v[i(nsn Eﬁ(n-A)] where
7 36M
—n[S(V-$)+S—(V-A)} (1) GM
p 2 M A== @)
dA  GM (, (36M 35
2o lylZ -_z A
3 = ol 53 (G5 es)] o 2 M
. s s Apn = —ﬁ{n[(l+3n)V —(4"‘27])7
[ V)= (5-5n) (V-8 @ 3 _
—nR] = 22-mRV} . (5)
G om om . om
Ayss0 = =3 {6n[2(0xV)-S + —(nxV)-A] = [1(VX8) +3=—(VxA)| +3R(3nxS + —nxA) } , (6)
cR3 m m m
_ GM 3 (GM)? , 15 L3 U | GM _,
Ay == T {n[1(12+29n) o G =AYV (1 =3pRY —ZnG = An)VAR — Sn(13~ 4= =V
GM . 1. GM .
—(2+257+ 2772)71%2] -3k [n(15+ 4V - (4 + 415+ 817) = —3n(3+ i)} (7

G GM 3 i , GM 45 ., 3 s
Azsso = ﬁ{[(24+19;7)7+5(1 +10mR* = 147V?| (VXS) - [(28+29n)7+7n12 + =15V | R(nxs)
1 GM 3 i 1 6M 1 GM S 3 OM .,
+ [5(24+ 190) ==+ 51+ 6mR* =TV ]ﬁ(VxA)— b(24+31n)T +15pR + 2 (1-8n)V ] 7 Rnxa)
M . 1 M . oM
-n [(44 + 33;,)G— +30nR? - 24r,v2] (nxV)-S—n [7(48 + 37n)G— +157R? - 12nv2] == (nxV)-A
R 2 R M
21 3 M .
- [7(1 —))(nxV)-S+ 5(3—4rl)ﬁ(n><V)-A}RV} ,
3

where the Tulczyjew's SSC has been employed, R = n-V. mentum, and linear momentum due to the gravitational-

wave radiation can be expressed in terms of the symmet-
III. FORMULAS FOR CALCULATING THE

GRAVITATIONAL LOSSES

ric and tracefree (STF)-multipole moments as follows
[32]:
The losses in an isolated system's energy, angular mo-
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dE _ gi’: {<l>z(z-2>w(zma+l> (1)2”“” 411 +2) <1+1>(z+1>} o
- 10— DRI+ 1! (- DI+ DI+ DN ’
dJ; G« 20-2) (I+1)(1+2) UG 1\20-1 4P(1+2) O WD
== S R AN T - : , 10
dt CS ;{(C-) (l_l)l|(2l+1)”611q PAI-1 £ qA1- +( ) (l—1)(l+1)!(21+1)!!Equij[_]qu[_] } ( )
dpr; _ gi {(1)20—2) 2(1+2)(1+3) & h (1)20—1) (I+3) @y )
- 1A+ 1)1+ 3N A=A I+ DIQI+3)1 A
1\20-2) 8(1+2) (1) @+
(E) (l—l)(l+1)'(21+l)” JP‘I PAllj‘[All} > (11)
where E, J; and P; are the orbital energy, angular mo- Following the calculation method in [18], all possible
mentum, and hnear momentum of the system. 7,, and  values for the parameter / in Egs. (9)—(11) were con-
J4, are the STF radiative mass and current multipole mo- dE dJ;
ments, respectively. A; denotes a multi-index length /, i.e. sidered to ensure the accuracy of 3~ dr and o o the

. . .. dpP;
A=aar-a, Wlhere a; with 1<i</ takes indices 1,2,3. 2.5PN order, and that of g to the 1.5PN order, as fol-
0 1)
I7=d'T/dt and T=d'T/dt. lows:

dE_ Grl®® 11600 11 ® & 11 @ 1 1 6 O
dr CS[

5K kit 245jkljkl+ > 189fklmfklm jklmjklm 49072-[klmn-[klmn] ) (12)

o, G

22 3 132 @ & 116G & 11 ® &®» 1 1 4) G
W = smls I lat a s Indu G g

T o ga+— O =T T g gmjpklquklm}’ (13)

dpP. G 2®WOB® 14®63®d 16 ® @ 1 1 6 & 11 @ @
ditj— [63I,klfk1+ 263jjkljkl+45€qu pquk+?@Ijklmfklm+§ﬁfqufpkqukl}~ (14)

The non-spin mass and mass-current multipole moments for the binary system can be written as [13,33]

1 GMq 1
Ty=pR*{1+ —[f(1—3 )v2—7(5 8 )—] —[ﬁ(zozl 5947y - 488377)
NS

1 GM? 1
—3(355“90677—337772)( 2) ~ e (131~ 907n+1273n) +ﬂ(253—1835n+3545n )V]}nq_p

GM 5 .
+,1R2{m(1 n)+7[@(742 3351 — 98512 )—+E(41 337n+733n2)v2+@(1—5n+5n2)R2]}v<,-j>

. GM
2 2 2 2
—uRR {—702(1—37;”:4 [—63(13—101n+209n W +—756(1085—4057n—1463n e }}nq«vp,
(15)

oM 15

Y 28(1 - 2n)RR? €pq<iVisNpVy s (16)

3 GM 1
Tij= sz—{1+ [4(9+1017)7+%(13—68)7)V2]}6pq<,~nj>n,,Vq p—
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oM 1 oM 1 .
3 3
Ty =R {-1+ [ (5-13 )7—7(5—1977)V e +u= s 5 (1= 2R nay Vi
oM 1
—#ﬁ*(l 27])R3”<1 k> (17)
gy—ijk = /«l(l - 377)RS6pq<injk>npVq 5 (18)
NS
ukl (1 - 377)R Nejjki> » (19)
NS
where n; and V; denote component i of n and V. u=nM The spin mass and mass-current multipole moments
is the reduced mass of the binary system. n. =ngnj. for the binary system using the spin vector defined by
denotes the STF of the tensors, as in [18]. Bohé¢ et al. can be written as [29]

86 4 46 GM
Iy= ’7{ (VXS)any+ 35 (VXA anys = 3 (0% S)Vj = (nxA><,V,>}+ ”{[—(33 +1250)= =
26 2 1 GM 1 ,10M
+ 5, =30V |V xS$)an. + [5(1 +16m)= = + 5026 - 116n)V ]ﬁ(vm)qnp
1 GM 4 1 GM
——(22+10n)— — —(1 - 2 Vet |- — =
+| 3224109~ (1 3V (mx8) Vs + | 57 (56+34n) =2
1 oM 4 . 4 M
+ ﬁ(_4+ 3677)‘/2} ﬁ("XA)<iVj> - ﬁ(l - 3T7)R(VXS)<IVJ> - ﬁ(l —STI)RW(VX A)<,'Vj>

oM [ﬁu +12n)(nxV)-S

3 1 oM
+ [7(1 =3 (X V)-S+ 59 =40m) - (nxV)- AlVaV + — |51

2 oM GM 1 : 1 M
+57 (4= 13~ S (nx V)-Alnan,s + e [i(l7+61n)R(nxS)<in,->+ 5 @1+34mR—0 (nxA)zinjs |
GM[ 1 2 oM
o [—5(6— 10n)(n-S)—§(3—2n)ﬁ(n-A)] (nxV)ans} . (20)

3Ry Ry 26M_, 106MGM , 1 GM
:{ij— —§7n<,- > —{[—?WV + — 7 M R ]n<,S]>+[ (29—1437])‘/ +%(61—71)7:|n<iAj>
1 r._6M 1.1 6M 1
o [33W(V-S) +(33-155)(V-A)| n Vs + -k [3—V<,-S »+B=16mVaA;] - m [(11-47n)(n-A)
oM 1 GM

U S)| VeV == [29—(n 8)+8=31n)(n-A) s}, 1)

R 96M
Ty = Tsn {- 537 (VXS)anne - (3 — 1) (VXA) g + ;oM (nXS)<ln] Vis +3(1=3m)(nxA) Vs | (22)

S

R oM

%jk = ? [2n<i_,-Sk> + 2ﬁn<ijAk>} . (23)

The STF tensors used in our derivations are provided in the Appendix A.
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IV. GRAVITATIONAL LOSSES INDUCED BY d . . . . .
i Ex+Epn+Eisso+ Expn+ Ezss0 (24)
THE NEXT-TO-LEADING SPIN-ORBIT d
COUPLING EFFECTS ao o S (
o : — =JIn+Jin+Jisso+ SN+ J2s50 5 25)
Substituting Egs. (15)—(23) into Egs. (12)~(14) and dr — TN IR TALSO TR 280
utilizing Egs. (4)—(8) the time derivative of velocity was
i ibuti dpP . . . .
calculated. By keqplng Fhe resu}ts as contributions of the B Pyt Pysso+ Piow + P sso . (26)
next-to-leading spin-orbit coupling effects, we can obtain dt
the loss rates of the orbital energy, angular momentum,
and linear momentum, as follows: where
. 8 G3M2 2 5 >
En=-1s=spi [12v2 - 1182, 27)
. 2 G*M*? . . GM
Epn= —— K [(785 —825n)V* —2(1487 — 1392n)V?R* + 3(687 — 620n)R* — 160(17 — ) —— V?
105 ¢’R* R
GM GM)?
+8(367-157)= RE+16(1-4n )( )], (28)
: 8 G*My? > JGM ) GM ) 51 6M
Eisso =15 gps | |T8K 8= —8OV? [ (nxV)-S + [4== ~43V2 + SIR*| =~ (nxV)-A} . (29)
Epn = — L G My {{18(1692 — 5497+ 443057)V® — 24(253 — 10261 + 56 2)(G1‘/I)3 - 54(1719-10278
PNT 70835 R 7 7 TR )R 7

. GM M
+62921)VAR? + 108(4987 — 851315 + 2165772)7V2R2 3(106319 + 97987 + 5376 )( )

. . GM
+54(2018 — 152075+ 7572n*) V2R* - 12(33510 - 60971757 + 14290;72)—1?4 —36(4446 — 5237+ 13937]2)7V4

M
— 18(2501 — 202347 + 84045)R® + (281473 + 818281 + 43687 )( i v},

(30)

. 2 G3M,u G>M?
Esss0 = =105 cOR> {{(3776+1560n)

GM GM ,
+ (15220~ 89677) — = V2 ~ (12892 - 20241) =~ K — (4828 ~ 72407 V*

. . GM
+ (14076 - 200163) V2R - (8976 — 12576m)R* | (nxV)-S + | (10774 - 19887) =~ V?

2212

GM . . G
— (14654 — 4796;7)71?2 — (2603 —4160n)V* + (9456 — 14484n)V>R* — (548 — 9521)

1 6M
— (7941 - 1070477)R4] ﬁ(nxV}A} ,

(€2))
: 8 G*My? s m AGM
In=—2 " (nxV){2v2-3R +27}, (32)
. 2 GE*M . . GM
Jion= — — i (nxV) [(307—54877)v4—6(74—2771;)v21e2+15(19—727;)1%4—4(58+95n)—v2
105 (’R? R
G 2
+2(372+19777)—R2 2(745-2 )( )], (33)
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4 G*i? GM . GM 1 0M
Ji550 = 75 g (WXVI{[163 75+ 11V~ 195K | (nxV)-S + [T1=7 + 5TV — 105K <2 (nxV)-A }
G2 2 GM , . GM .
TS v{ [12(n S) +5—(n A)} TR+ [50— +T71V2 - 108R2] (V-S)

GM . o 1 OM 4 Gy GM , ,(GM) | GM ., ) )
+[277+35v ~SAR (VA + e n{ [417 5V -4 45T R (e S) + [ 165K ~ 132V

GM- . GM)? GM .. 6M GM 16M .
- 54—} R(V-S)+ [ (G 24—1/2 27—R2] = (n-A) - [25— +60V2 - 75R2} —RV-A)}
R R M R M

4 G*2 G2M2 GM GM . ) )
L {s [ —917V2—71V4+877R2+240V2R2—165R4]

15 c3R3
2 M? M . ) )
A [ZL 49G— v e3svt—asMp gy 75R4} } ,
R R
(34)
Jopn = — L%(nx V) [(340724+ 1409221 + 2772 2)(GM r (49140 — 2053807 + 1222201%)R°
PNT 79835 OR? 7 TR 7 7
2 6 2 (GM)2 52
+(23985 ~ 1111957+ 11604617)V° + (151848 4518367 + 825667°) 5~ R* ~ (200808 — 3725827
2 GM 25 (GM)
+872557) " 4 1 (96525 — 4537350 + 4233602 V2R* — (191718 — 183222 + 617041 %
+ (196677 — 1944275 + 229591 ) M 22 (60642 - 341631 1 +4221992)V* R
+(1485— 44197+ 361987 )TV], (35)

2 2
3?5 (’ZORi (nx V){(n xV)-S [(60751 + 4021;7)( M

. GM ., M
+(5276 + 180007;)T V2 — (8640 +4995n) V>R — (23799 + 1935377)718} + ﬁ(n xV)-A

— (3996 — 125017)V* + (11340 — 10710p)R*

Josso =

2142

G*M
X [(30042+ 1376n) =,

GM GM
+(6030+6041n) == V? ~ (17850 + 4164n) = = K ~ (1638 = 7335m)V"*
(GM )

. . G
2 D2 4
— (8820 + 111607 V2R? + (11970 +2205m)R*] } + + 315 10Rgn{(n S)[(6360+744n)

( )2 V2 (GM)*
R2

~ (4013 + 138877) M 2 _ 35306+ 174217) +(61380 +49561) R? - (3024 — 5040n)V*

+(12429+5 16677)71? +(5645 + 1254;7)7\/ + (26460 — 441005 V*R* — (26460 — 4410077)V2R4]

2 2 3
(GM) R2—(17o94+2194n)(GM) — (720420 )( M)

M
+2(n-A) [(30942 +50821)
M
GM
+(5058~24Tn) == V* ~ (18615 + 13381]) Mgy (7263 - 9:7) — (3024 - 201677)V6

. . . GM
+(26460 — 17640 V*R? — (26460 — 17640n)V2R4] +(V-S)R[(51034 + 57420) =~ V2

GM . . GM)?
— (84174 + 86107;)TR2 — (17190 — 8460n)V>R* — (3681 — 18324n)V* + (37556 + 693877)( 27 )

(GM)*
R2

. . GM
+(22365 - 34020)R* | + (V- A)R[ (14634 + 3748) +(29595 +52187) =~ V?
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GM . .
~ (41397 +7176n)~ = R = (5913 =701 1)V ~ (5850 - 6210m) V>R’ + (16065 - 16065)R*| }
1 (GMY?
315 10R3 R
. . GM
+ (3024 — 5040m)V* — (26460 — 441007) V2R? + (26460 — 44100m)R* | - (V- $)[ (20890 + 1061 )= V?

(GM)’
R2

GM
V{( S)R[(3118+10176n) V2 — (27946 + 12221 +(1902—812477)7R2

GM . .
+(33212+4178n) — (47262 + 100027;)71%2 — (2247 - 10974n)V* — (22752 — 20448n) V>R?

1 oM., GM . . GM
+(25965 - 389T0nR* | + 5 R 4)x (5313 - 2496;7)TR2 — (26460 — 17640n) V2R + (885 + 38470) =~ %

. GM)* M GM
+ (26460 — 17640m)R* — (13896 + 1 13617)( 2 L (3024 - 201 6;7)V4] -V [(10995 +66221) =~ V2
GM)? GM . )
+(14970 + 1552;7)( ) _ (20661 + 601277)7R2 — (663 —6147n)V* — (19908 — 4122n)V*R?
1 G2 GM
4 4
+(24345 — 13545p)R ] } + 375 oo {s [(14731 +149167) ==V

2 M 2
— (75236 + 641077)( ) 2+ (72764 + 16587])( ) V2

GM _,. GM)’
— (80308 + 2832677)7 V2R? — (6360 + 744n) ( 3 )
+(73329 + 16746;,)71?4 — (2247 —109745)V® — (19071 —2124n)V*R? + (43155 —47430n) V> R* — (22365 — 34020;7)R6]

M 3 2 GM)?* , GM .
( ) +(36228+205077)( M) 2 _ (35844 + 5998 R2) R+ (34089 + 11577n) ~~R*

M

+o A [(720 —4201)
GM . .

+(6915+ 898377)7 V4 — (38772 + 1777677)T V2R2 — (663 —61471)V® — (13995 + 28897) V*R?

+(30195 - 19755p) V2R* - (16065 — 16065m)R° |},

(36)
: 8 G*M*? i " , GMy . , GM .
Py= e — 4> {V 38R - 50V —87}+Rn[55V +127—45R]}, (37)
) 8 G*Mu? (. .
Pysso =13 CSRﬁ‘ {4R(VXA) -2V (nxA) - (nxV) [3BR(n-A) +2(V-A)| } | (38)
: 1 GM2 L (GM)2 ., GM _,
Pin= ~grz e (1=4n)! x{v[32(189+17n) ~12(2663 ~ 1394n)R* + 36(907 ~ 1620) =V
+120(392 = 257n) V2R? — 444(25 — 281])V4—12(2699+10n) ]+Rn[4(12301—1168n)—R2
4 2 D2 (GM)2 4
+24(851 = T79n)V* ~ 242834 — IBTT)V7R? ~ 12(590 — dp) 57— + 24(1843 — 10367)R
GM _,
~ 124385~ 9567) =~V 1}, (39)
: 4 GPMP s , GM~ .M GM i ,
Pisso = %W(nxV){[ZISSZR ~ 19536V +21667]Rﬁ(n~5)+ [—2727—4857R +3314v]
M GM . . GM
XR=(V-S)+ [ 4902+ 29197) 7= + (6264 - 3706277)R2 — (5172 -35448) V2| R(n- A) + | - (572 647m)
3M/,12

. GM .
— (4281 85567)R* + (2024 - 5621 V2| (V- A) | + nR{[31807—17964R2+17592V2}

945 R’
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oM GM .
=7 @xV)- S} +[(1509-545 )= +(9492 = 359347V - (9396 - 355 4R (nx V) A

4 GMy’ 2 2] OM 52 2
015 aops V- [1985V +2176— BO43R?| = (nx V) - S + [ (3822~ 1436 1)R? — (3968 ~ 15017m)V
4 G*My? ) ,
— (697 - 2503n)—](n><V) A}+945 o { —R[608——5709R +5431V}(V><S)

. . GM .
- [(3585 +4506n)71e2 +(10287 —9810n)R* + (1417 - 34841,)7v2 +(10287 —9810n) V*R?

. . M
+(1322 - 9687)V*| (X A) - R (5677 — 158687) V> — (8355 — 180481)R> — (6478 — 1847,)%] (VXA)
(GM )2]

GM . ) GM
+ [1812——R> - 6300R* — 664 ——V?* + T491V>R? — 1469V* + 72 —(nxS) (40)
R R

In the above results, the loss rate of the system's en- ling effects to the system's energy and angular mo-
ergy is given by Egs. (27)—(30) obtained from [13]. The mentum are the 1.5PN SO coupling contribution, where-
Newtonian and 1PN contributions to the loss rate of the as the leading spin-orbit coupling effects to the system's
system's angular momentum, are expressed by Eqs. (32) linear momentum is the 0.5PN SO coupling contribution.
and (33) and the Newtonian contribution to the linear mo-
mentum loss rate in Eq. (37) were obtained from [18].
The 2PN contributions to the loss rate of the system's an- V. LOSS RATES OF GRAVITATIONAL RADI-
gular momentum and 1PN contributions the linear mo- ATION IN THE CASE OF CIRCULAR ORBIT
mentum loss rate in Eqs. (35) and (39), were obtained
from [20, 21]. The 1.5PN SO contributions to the loss
rates of the energy and angular momentum in Egs. (29)
and (34), as well as the 0.5PN SO contribution to the lin-
ear momentum loss rate in Eq. (38), were obtained from
[25]. Here, we include them for completeness.

The core results of this work are the loss rates of the
system's energy and angular momentum induced by the
2.5PN SO coupling effects, expressed by Egs. (31) and
(36), and the loss rate of the linear momentum induced by = (GM w )2/3 (41)
the 1.5PN SO coupling effect, as in Eq. (40). Note that all e ’
these losses can be regarded as the next-to-leading spin-

When the binary systems lose their orbital energy, an-
gular momentum, and linear momentum due to gravita-
tional-wave radiation, their orbit shrinks and their eccent-
ricity decreases. In the final stage of binary inspiral, their
orbit can be approximated as circular [25, 34]. In this
case, we have R=0. Following [16], we introduced the
PN parameter

orbit coupling effects, since the leading spin-orbit coup- with @ being the orbital frequency
|
GM 41 GM~\32,_1-S _6MIA GM~si2r,45 27 \ IS
2
- {1 (3 m+ <02R) (6+Z77+'7) ( 2R) < M2 3?@) (czR) [(2 2 )Mz
27 13 oM I-A
" (7‘7’7) Tt @
where I=nxA with A=V/V denoting the unit vector for the angular momentum. Then, we obtain
dE 32c s 5 1247 35 44711 9271 65 , 2 1S 56MIA
i 1= — T = 2 it
e B e T R G e v R Tu G( T a )
9 272 \IS 6M 13 43 \IA
2 |(Z gl )=
x G[(Z R A ST vl “43)

ﬂ——gMczx% 2{1_ (1247 3517> <44711 9271 65 2>_x%5< lS+6M51 A)

dr 336 12 9072 504 18
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119 272 \IS M 13 43 \LA1y, 32 5 5,0 s, 121 mS  S6M nA
-GG a3 Qe )il - SMe (P G+ 55 Gas)
2387 2057 \ nS /545 5725 \6M nA 2, 37 48 oM AA
_ 5/2 i i o _ = 2. 5.2 3/2 -0 o
2 9% 126 ’7>GM2+<42 e ) M GMZ]}n 5 Mexin {x <24GM2+ M GM2>
L2425 1387 \ AS 2227 439 \6M AA
_ 39 VoM 1. 44
< o4 1008n>GM2+( 336 +224"> M GM2H (“44)
AP 464t 452 1139 7 LA 4706M 1S 67 206 \ LA
ar _ 46ac lam2fp (22, 222 N L 12 _ [0 oM L 3212
a C105gr Td=Am { (87 Y ) 2w9GeM” [87 MGM2+(58 29 ”)GMz]x }
464ct 14 A (1096M A-S 25 57 \ 1A
= 1=4ami2 1= bttty ey Pndaniy P
o5t T4 29GM2+[116 v e \11e ssn)GMz]x}

VI. SUMMARY

Based on the spin vector defined by Bohé et al. and
under Tulczyjew's SSC, we calculated the loss rates for
the binary system's energy, angular momentum, and lin-
ear momentum induced by the next-to-leading spin-orbit
coupling effects in the case of the general orbit. For com-
parison, we also adopted the spin vector defined by Faye,
Blanchet, and Buonanno to calculate the loss rate of the
angular momentum to the same PN order. For the case of
the circular orbit, these gravitational losses were formu-
lated in terms of the orbital frequency. The results are
useful in determining the time change of the orbital para-

(45)

meters for the general motion when the spin vector
defined by Bohé et al. is adopted.

APPENDIX A: THE STF TENSORS USED IN THE
DERIVATIONS

For the readers' convenience, we provide the STF
tensors used in the derivations of the compact binary sys-
tems' gravitational losses.

1 1
AiBj. = E(AiBj +BAj) - §5i_jAaBa > (AD)

1 1
A<,-BjCk> = E(AiBjCk + AinCj +AJ'B,'Ck +AjBkCi +AkB,~Cj +AkBjCi) - B [(6,']'Ck + 6jkC,' + 6iij)AaBa

+(0:jBy + 0 4 Bi + 04 B))AC* + (6;;Ar + 0 kA, + 04 A ) B,C] (A2)

1
A<ijkl> = A,'AjAkAl — ?AaAa(éijAkAl + 5ikAjAl + 6[1AjAk + 5jkA,'A1 + (Sle,'Ak + 6k1AiAj)

1
+ gAaAaAbAh(éiﬁkz +0ulji+0yd i) ,

1 1
€ap<iA s B,Cp, = E(fabiAj + € jA)B.Cp, — g(sijeabkAkBaCb ,

(A3)

(A4)

1 1
€av<iA jBi>CyDy, = {g(eabiAjBk + €iAr B+ €upjAi By + €4 jAr Bi + € Ai B + €A iB;) — 15 [(6ijBk + 6B + 6 i B €A

+(0ijAr + 0iAj + 6 3 A €ai By + (O €apk + Oi€apj + 5jk6ahi)AlBl]} C.D, .

(AS5)
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APPENDIX B: THE ANGULAR MOMENTUM
LOSS INDUCED BY THE 2.5PN SO EFFECTS IN
TERMS OF THE SPIN VECTOR DEFINED BY
FAYE, BLANCHET AND BUONANNO

A new definition for the spin vector was provided by
Faye, Blanchet and Buonanno who calculated the energy
loss of the spinning binary systems to the 2.5PN order
[26]. Later, Racine, Buonanno & Kidder calculated the
linear momentum loss to the 1.5PN order [21] using the
same definition. For the angular momentum loss, we
checked whether the result to the 1.5PN order is the same
as that for the spin vector defined by Barker and O'Con-

_ L@
315 ¢1OR?

J2sso =

(nx V){(nxV)-5[(1746 - 10800 V* - (106022 + 242427))

nell [23], which is given by Kidder [25]. Note that among
the different SSCs, the results are the same to the 1.5PN
order.

For completeness and to enable comparisons with the
angular momentum loss formulated in terms of the spin
vector defined by Boh¢ et al. [28], here we derive the an-
gular momentum loss in terms of the spin vector defined
by Faye, Blanchet and Buonanno to the 2.5PN order.

The spins of the binary system were assumed to be S,

4 5u. Let §=8,+5; and A=M(22-3L) 44 obain th
and S,. Let S=S,+S; an M, M,/ to obtain the
angular momentum loss induced by the 2.5PN SO effect

for the general orbit, which can be written as

M 2 .
(G ) — (87570 - 163170n)R*

. 1 oM
— (20458 — 732677)7V2 +(76320— 121770 V2R* + (60612 — 33348;,)71%2] + o (xV)

N GM . GM G*M
A[(40326 - 393007) 7= R* = (16194~ 150621) == V* = (48876 + 13480m) 5

G
+ (1674 — 6822)V* + (30240 — 49320n) V2R? — (34650 — 7119on)R4]}+ K

GM)?
X [(5064+3792n)( o y —(65118—10118477)

(GM)* _,
R? k

+ (62988 — 5160n)

GM . .
X = V' + (35280~ 70560m) V' R* - (35280~ 70560n) v2R4]
( )2 V2 (GM

_ e

— (15270 - 3170n)

(2280 —2940n)

GM GM
X V2R + (18009 — 4644977)7R4 -

. GM GM
+(V-5)R[ (46570 - 4842) == V? ~ (78072~ 88681) -

(G )2

— (26289 —89172n)V* + (36434 — 1780n)
(GM )’

+(4095+49455n)1'e4]} 305 R

— (31185 - 126630n)R’ |

V{( SR [(25576 640027;)

VZRZ

202

2,,2

315 10R3 n{(ng)
M,

(36782 —12850m)

— (4032 - 806477)V6 +(48123 - 10191677)—1'34 +(13769 — 163147)

(M)

(n A) (25290 + 5346n)

+(8034 — 75677])7V4 — (31143 - 44670n)

(4032 —403217)V® + (35280 — 352801,) V*R> — (35280 — 35280n)V2R4]

R*+ (57510 —2194201)VR*

M. .
+o, VDR [(12192+760n)

+(24123 + 61077)— V2 — (30939 + 156077)—R2 — (14265 - 4099577)V4 +(15390-935105)V*R?

2
— (29974 — 116677)( M

GM . ‘ N
— (23046 — 8032877)—R2 + (4032 — 8064n)V* — (35280 — 70560n) V>R* + (35280 — 7056077)R4] —(V-8)

x [(18730+ 5047;)—v2 +(33386 - 75161)

(G )2

GM
— (47052 - 1864277)7

R? - (8637 - 30144n)V*

5 o GM .
+ (15066 — 89982y) V2R? — (6345 — 541 son)R4] S CRY (6567 - 418920) =~ R

. GM
+ (35280 —35280n)V2R* — (11859 — 33338;7)71/2

— (4032 -3032m)V*]

M~ GM
—(V-A)[(18075—9882n)——R* —
+ = (V- 8)[(18075 - 98820)

— (35280 — 35280)R* + (12492 + 1772)

(GM)?
2

GM)? GM
(14088 — 395677)(1T) — (8835 +400n)7v2
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+(3885 - 15759m)V* + (4462 +45918n) V2R — (13815 + 255 15R* | | +

315 TR3 {S (3901 + 316147])—V4

(G )2 (G )3 6
—(73736-52187) — (5064 +3792n) +(54591 + 379327;) — (8637 —30144n)V'
MY? . .
— (54796 + 5370677) Mo, (74456 — 1988277)( Vyry (41355 - 17915477)V4R2 — (63855 —273600n)V2R*
M 3 M)?
+(31385— 12663on)R6] + —A[(2280 29407])( ) +(33564 — 689077)( )y
M)? . .
— (29196 + 4570'7)( = Ry (22857 + 2010977)71%4 +(1233+ 1575177)7\/4 — (26724 +238361)
GM . . . .
X 7VZR2 — (3885 157591)V® + (9603 — 869131) V*R* — (1575 — 1190257) V>R* — (4095 + 49455n)R6] } . (B1)
For the case of the circular orbit, we have
32 M*n? {{(95 239 ) (31 109 ) } {(4471 5911 ) N
== = I oI lAll+ | ———+=—nn-
Tosso= 5 G YU\ 28 T 63 5+57 16~ 28 |\ 2a TS
383 1175 )6M } {(5323 149 > s (229 1221 )6M } }
= A T h a8+ A-AlAy . B2
" ( 2 6 S LN AN T 48 T 204 (B2)
. GM&o .2 )
where the parameter X = ( a3 )™ was obtained from [30].
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