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Abstract: The ultralight  dark  photon  is  an  intriguing  dark  matter  candidate.  The  interaction  between visible  and
dark  photons  is  introduced  by  the  gauge  kinetic  mixing  between  the  field  strength  tensors  of  the  Abelian  gauge
groups in the Standard Model and dark sector. Relativistic electrodynamics was generalized to quantum electromag-
netodynamics (QEMD) in the presence of both electric and magnetic charges. The photon is described by two four-
potentials  corresponding to two  gauge groups and satisfying non-trivial  commutation relations.  In this work,
we  construct  low-energy  dark  photon-photon  interactions  in  the  QEMD  framework  and  obtain  new  dark  photon-
photon kinetic mixings. Then, we derive the consequent field and Maxwell's equations. We also investigate the de-
tection strategies of dark photons as light dark matter and generic kinetic mixings at haloscope experiments.
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I.  INTRODUCTION

U(1)EM

U(1)D

The  numerous  candidates  of  dark  matter  (DM)  have
motivated  the  search  for  potential  hidden  particles  in  a
wide  range  of  mass  scales.  The  dark  photon  (DP),  also
called the hidden photon, [1, 2] is an appealing candidate
of ultralight bosonic DM [3−5] (see a recent review Ref.
[6]  and references  therein).  It  is  a  spin-one field  particle
gauged by an Abelian group in the dark sector.  The vis-
ible and dark photons interacte through the gauge kinetic
mixing  between  the  field  strength  tensors  of  Standard
Model  (SM)  electromagnetic  gauge  group  and
dark  Abelian  gauge  group  below  the  electroweak
scale 
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D AD
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ϵ ≪ 1

where  ( ) is the SM (dark) field strength and  is
the dark gauge boson with mass .  If  the SM particles
are uncharged  under  the  dark  gauge  group,  kinetic  mix-
ing  is generated by integrating new heavy particles
charged under  both gauge groups at  loop level.  The two

Aµ→
Aµ− ϵADµ

gauge fields can be rotated to get rid of the mixing. Con-
sequenlty,  the  SM  matter  current  shifts  by 

.  Based  on  quantum  electrodynamics  (QED),
the  electromagnetic  signals  from  the  source  of  dark
photon DM can be searched for in terrestrial experiments
[4, 7−17].

U(1)EM U(1)

Aµ Bµ

Aµ

U(1) U(1)A U(1)B

The  description  of  relativistic  electrodynamics  may
not be as simple as the QED theory. The magnetic mono-
pole is one of the most longstanding and mysterious top-
ics in history [18−26]. In the 1960s, J. S. Schwinger and
D.  Zwanziger  developed  generalized  electrodynamics
with monopoles in the presence of both electric and mag-
netic  charges,  called  quantum  electromagnetodynamics
(QEMD) [27−29]. The characteristic feature of QEMD is
the  substitution  of  the  gauge group by two 
gauge  groups  to  introduce  both  electric  and  magnetic
charges.  Two four-potentials  and  (instead  of  only
one  in QED) are introduced corresponding to the two

 gauge groups  and . They formally built
a  local  Lagrangian  density,  a  non-trivial  form  of  equal-
time canonical commutation relations that results in Lag-
rangian  field  equations  in  a  local  quantum  field  theory.
Zwanziger et al. also proved that this theory preserves the
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right  degrees  of  freedom for  a  physical  photon and does
not violate Lorentz invariance [30−32]. Recently, QEMD
was used to point out that more generic axion-photon in-
teractions may arise, and a few studies investigating their
theory  [32−35]  and  phenomenology  [12, 36−42]  have
been published. As a result of axion-monopole dynamics,
more anomalous axion-photon interactions and couplings
arise  in  contrary  to  the  ordinary  axion-photon  coupling.
Our  previous  work  investigated  the  new  axion-modified
Maxwell  equations  and  analytically  obtained  the  axion-
induced  electromagnetic  fields  [36]. Based  on  the  solu-
tions  we  obtained,  we  proposed  new  strategies  to  probe
the  new  couplings  of  axion  in  LC  circuit  experiments
[36], cavity experiments [39], interface haloscope experi-
ments  [38],  and  superconducting  radio  frequency  cavity
experiments  [42].  This  article  aims to extend the closely
related study to the field of DP in QEMD.

U(1) U(1)A×U(1)B

U(1)AD ×U(1)BD

In this work, we construct the dark photon-photon in-
teractions in the framework of QEMD and investigate the
relevant detection strategies of light dark photon DM. We
introduce  new heavy  fermions ψ charged  under  the  four
electromagnetic  groups, that is,  in the
visible sector and  in the dark sector. The
covariant  derivative of  the ψ fermion in  the kinetic  term
is then given by 

iψ̄γµDµψ = iψ̄γµ(∂µ− eqψAµ−ggψBµ− eqDψADµ−ggDψBDµ)ψ ,
(2)

Aµ,Bµ ADµ,BDµ

Aµ,Bµ

ADµ

ADµ BDµ

where  ( )  are  the  potentials  in  the  visible
(dark) sector multiplied by the corresponding electric and
magnetic charges. The visible photon is described by the
two  four-potentials  in  the  visible  sector,  and  the
dark photon is gauged under either QED (with only )
or  QEMD  (with  both  and )  in  the  dark  sector.
After  integrating out  the  new fermions ψ in vacuum po-
larization diagrams of the four potentials, one can obtain
the  new  kinetic  mixings  between  dark  and  visible
photons.  We  show  their  low-energy  Lagrangian  and  the
consequent  field  equations  that  are  equivalent  to  new
Maxwell's  equations  of  dark  photons.  Based  on  the  new
Maxwell's  equations,  we  also  study  the  detection
strategies through haloscope experiments to search for the
light  dark  photon  DM  in  this  framework  as  well  as  the
new kinetic mixings.

FµνF
µν
D

Some  literature  has  also  reported  the  kinetic  mixing
between two Abelian gauge theories that have both elec-
tric  and magnetic  charges [43−46].  However,  in contrast
to the ordinary kinetic mixing of the visible photon to the
dark photon  that they focused on, in this work, we
build  a  complete  low-energy Lagrangian of  two Abelian
gauge fields in both the visible and dark sectors and intro-
duce an additional  kinetic  mixing between dark and vis-
ible  photons.  The  complete  low-energy  Lagrangian  with

this  new  kinetic  mixing  and  a  two-component  DP  DM
scenario  induce  intriguing  phenomenologies  as  we  will
discuss below.

This paper is organized as follows. In Sec. II,  we in-
troduce  the  QEMD  theory  and  the  effective  Lagrangian
of dark and visible photons in the QEMD framework. In
Sec. III, we show the generic kinetic mixing terms in the
Lagrangian.  The consequent field equations and the new
Maxwell's  equations  are  then  derived  in  the  QEMD
framework.  We  discuss  the  setup  and  signal  power  of
haloscope  experiments  for  the  generic  kinetic  mixings
and dark photon DM in Sec. IV. We also show the sensit-
ivity of haloscope experiments to each kinetic mixing or
dark photon DM component.  Our conclusions are drawn
in Sec. V. 

II.  FORMALISM OF PHOTON AND DARK
PHOTON IN QEMD FRAMEWORK

In  this  section,  we  first  describe  the  QEMD  theory
and then  introduce  the  necessary  ingredients  for  con-
structing  the  extended  dark  photon-photon  interactions
based on QEMD.

Aµ Bµ U(1)
U(1)A U(1)B

To  properly  develop  relativistic  electrodynamics  in
the  presence  of  magnetic  monopole,  introducing  two
four-potentials  and  corresponding  to  two 
gauge  groups  and ,  respectively  [27−29],  is
the most reliable approach. Both the electric and magnet-
ic charges are inherently brought into the same theoretic-
al  framework.  The  general  Maxwell's  equations  in  the
presence of electric and magnetic currents are 

∂µFµν = jνe , ∂µFd µν = jνm , (3)

Fµν Fd µν =

1/2ϵµνρσFρσ ϵ0123 = +1
∂µ jµe = ∂µ jµm = 0

where  the  Hodge  dual  of  field  strength  is 
 with , and  the  currents  are  con-

served, with . The general solutions to the
above equations are 

F = ∂∧A− (n ·∂)−1(n∧ jm)d , (4)

 

Fd = ∂∧B+ (n ·∂)−1(n∧ je)d , (5)

nµ = (0, n⃗)
(n ·∂)−1 n ·∂(n ·∂)−1(x) = δ4(x)

(X∧Y)µν ≡ XµYν−XνYµ

where  is  an arbitrary space-like vector,  the in-
tegral operator  satisfies , and

 is  defined  for  any four-vectors X
and Y. The above field strength tensors satisfy 

n ·F = n · (∂∧A) , n ·Fd = n · (∂∧B) . (6)

G = (1/n2)[(n∧ (n ·G))−(n∧ (n ·Gd))d]
Fd

Using  the  identity 
for any antisymmetric tensor G, one can rewrite F and 
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only in terms of potentials 

F =
1
n2

(n∧ [n · (∂∧A)]−n∧ [n · (∂∧B)]d) , (7)

 

Fd =
1
n2

(n∧ [n · (∂∧A)]d +n∧ [n · (∂∧B)]) . (8)

After substituting them into Eq.  (3),  we obtain the Max-
well's equations 

n ·∂
n2

(n ·∂Aµ−∂µn ·A−nµ∂ ·A− ϵµνρσnν∂ρBσ) = jµe , (9)

 

n ·∂
n2

(n ·∂Bµ−∂µn ·B−nµ∂ ·B+ ϵµνρσnν∂ρAσ) = jµm . (10)

These Maxwell's equations can be realized by the loc-
al Lagrangian of a photon [29]: 

LP = −
1

2n2
[n · (∂∧A)] · [n · (∂∧B)d]

+
1

2n2
[n · (∂∧B)] · [n · (∂∧A)d]

− 1
2n2

[n · (∂∧A)]2− 1
2n2

[n · (∂∧B)]2

− je ·A− jm ·B+LG , (11)

LG = (1/2n2){[∂(n ·A)]2+ [∂(n ·B)]2}where  is a  gauge  fix-
ing term.  One  can  rewrite  it  in  terms  of  canonical  vari-
ables  and  obtain  the  non-trivial  commutation  relations
between the two four-potentials [29]: 

[
Aµ(t, x⃗),Bν(t, y⃗)

]
= iϵµνκ0nκ(n ·∂)−1(x⃗− y⃗) , (12)

 

[Aµ(t, x⃗),Aν(t, y⃗)] = [Bµ(t, x⃗),Bν(t, y⃗)]

= − i(g µ
0 nν+g ν

0 nµ)(n ·∂)−1(x⃗− y⃗) .

(13)

The right  number  of  photon  degrees  of  freedom  is  pre-
served due to the constraints from the above equations of
motion, gauge condition, and equal-time commutation re-
lations.  We  notice  the  other  important  identity  between
two antisymmetric tensors G and H 

tr(G ·H) =GµνHνµ =
2
n2

[−(n ·G)(n ·H)+ (n ·Gd)(n ·Hd)] .
(14)

The QEMD Lagrangian of  the  visible  photon is  then re-
written as
 

LP =
1
4

tr(F · (∂∧A))+
1
4

tr(Fd · (∂∧B))− je ·A− jm ·B+LG .

(15)

The  same  result  can  also  be  obtained  based  on
Schwinger's  phenomenological  source  theory  (PST)  [47,
48].  PST  introduces  a  source  function  to  express  the
particles  involved  in  a  collision.  The  vacuum  amplitude
between two types of sources yields the S matrix element.
For  the  theory  of  magnetic  charge,  based  on  PST,  Ref.
[49]  showed  the  same  photon  action  as  Eq.  (15)  in  the
QEMD theory. Similarly, the Lagrangian of massive dark
photons assumes the following form
 

LDP =−
1

2n2
[n · (∂∧AD)] · [n · (∂∧BD)d]

+
1

2n2
[n · (∂∧BD)] · [n · (∂∧AD)d]

− 1
2n2

[n · (∂∧AD)]2− 1
2n2

[n · (∂∧BD)]2

+
1
2

m2
DAµ

DADµ+
1
2

m2
DBµ

DBDµ+LGD

=
1
4

tr(FD · (∂∧AD))+
1
4

tr(Fd
D · (∂∧BD))

+
1
2

m2
DAµ

DADµ+
1
2

m2
DBµ

DBDµ+LGD , (16)

LGDwhere  denotes the gauge fixing term for DP.
nµ

nµ

qig j−q jgi

2π

Spatial  vector introduced  in  the  QEMD  theory
seems  to  violate  the  Lorentz  invariance.  This  originates
from the non-locality of the QEMD theory. Brandt, Neri,
and  Zwanziger  formally  showed  that  the  observables  of
the QEMD are the Lorentz invariant using the path-integ-
ral approach [30, 31] (see also a recent demonstration in
Ref.  [32]). They claimed that,  after  all  the  quantum cor-
rections  are  properly  accounted  for,  the  dependence  on
spatial  vector  in  the  action  factorizes  into  an  integer
linking number multiplied by the combination of charges
under  the  quantization  condition, .  This n-de-
pendent part is then given by  multiplied by an integer.
Since  the  action  contributes  to  the  generating  functional
in  the  exponential  form,  this  Lorentz-violating  part  does
not  play  any  role  in  physical  processes.  According  to
Refs. [31, 49, 50], the kinetic and current terms can be re-
written as
 

LP ⊃ −
1
2

F · (∂∧A)+
1
4

F2− je ·A− jm ·Bn , (17)

Bn(x) =
∫

dω ·Fd(x−ω) =
(n ·∂)−1n ·Fd(x)
where the redefined potential is 

. The action of the QEMD theory remains
invariant  under  the  combined  gauge  transformation  and
Lorentz transformation [30]
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F→ F, Aµ→ Aµ+∂µλ, Bn→ Bn′ = (n′ ·∂)−1n′ ·Fd , (18)

λ(x)where function  is determined by the following con-
dition: 

∂∧∂λ = {[(n′ ·∂)−1n′− (n ·∂)−1n]∧ jm}d . (19)

A→ AD B→ BD

The Lagrangian of massive DP gains two mass terms
in  addition  to  the  conventional  QEMD  Lagrangian  with
the  substitution  of  and . The  DP  Lag-
rangian can be obtained by combining two forms of Lag-
rangians 

LDP1 = −
1
2

FD · (∂∧AD)+
1
4

F2
D

− jeD ·AD− jmD ·BDn+m2
DA2

D , (20)

 

LDP2 = −
1
2

Fd
D · (∂∧BD)+

1
4

Fd 2
D

− jeD ·ADn− jmD ·BD+m2
DB2

D , (21)

LDP1 LDP2 FD AD BDn Fd
D

BD ADn LDP1 LDP2

where  ( ) is composed of , , and  ( ,
 and ). Analogous to ,  can also be proved

to  be  a  Lorentz  invariant  [49].  Thus,  the  DP Lagrangian
with  mass  terms satisfy  Lorentz  symmetry.  We omit  the
dark currents in the following calculation. 

III.  DARK PHOTON-PHOTON INTERACTIONS
AND FIELD EQUATIONS

LP

LDP

Inspired  by  the  two  potential  terms  in  either  or
,  we  can  build  the  low-energy  dark  photon-photon

kinetic mixing interactions as follows 

LDP−P =
ϵ1

2
tr(F · (∂∧AD))+

ϵ1

2
tr(Fd · (∂∧BD))

+
ϵ2

2
tr(Fd · (∂∧AD))− ϵ2

2
tr(F · (∂∧BD)) . (22)

A↔ AD B↔ BD

ϵ1

ϵ2

U(1)AD

This Lagrangian is equivalent to the one with the sub-
stitution  of  and .  They  contribute  to  the
same equations of motion. The two mixing parameters, 
and , can be obtained by integrating out the new heavy
fermion ψ in the vacuum polarization diagram of the po-
tentials in the visible and dark sectors. Suppose fermion ψ
is only charged in the  group in the dark sector, the
above Lagrangian can be simplified as 

L ′DP−P =
ϵ1

2
tr(F · (∂∧AD))+

ϵ2

2
tr(Fd · (∂∧AD)) , (23)

BD LDP−Pwhere the terms with potential  in  vanish.

LDP−P

We  next  apply  the  Euler-Lagrange  equation  to  the
above  DP-P  Lagrangian  and  then  obtain  the  field
equations of the photon as 

∂µFµν+ ϵ1∂µFµν
D − ϵ2∂µFd µν

D = jνe , (24)

 

∂µFd µν+ ϵ1∂µFd µν
D + ϵ2∂µFµν

D = jνm . (25)

The equations of motion for the dark photon are 

∂µFµν
D +m2

DAν
D+ ϵ1∂µFµν+ ϵ2∂µFd µν = 0 , (26)

 

∂µFd µν
D +m2

DBν
D+ ϵ1∂µFd µν− ϵ2∂µFµν = 0 . (27)

After  inserting  the  dark  photon  equations  into  Eqs.  (24)
and (25), we obtain the modified Maxwell's equations 

∂µFµν = ϵ1m2
DAν

D− ϵ2m2
DBν

D , (28)

 

∂µFd µν = ϵ1m2
DBν

D+ ϵ2m2
DAν

D , (29)

O(ϵ2
1,2)

AD BD O(2)

where  the  terms  are  neglected,  and  the  primary
electromagnetic  fields  driven  by  the  static  currents  and
charges have been subtracted. Note that the right-handed
sides of Eqs. (28) and (29) are the linear combinations of

 and . We perform an  transformation (
ÃD

B̃D

)
=

(
cosφ −sinφ

sinφ cosφ

)(
AD

BD

)
, (30)

cosφ = ϵ1/
√
ϵ2

1 + ϵ
2
2 sinφ = ϵ2/

√
ϵ2

1 + ϵ
2
2where  and .  The

equations then become 

∂µFµν = ϵm2
DÃν

D , (31)

 

∂µFd µν = ϵm2
DB̃ν

D , (32)

ϵ =
√
ϵ2

1 + ϵ
2
2

L ′DP−P

where  the  only  mixing  parameter  is .  The
above Maxwell's  equations  can  be  simplified  to  corres-
pond to Lagrangian  as follows: 

∂µFµν = ϵ1m2
DAν

D , (33)

 

∂µFd µν = ϵ2m2
DAν

D , (34)

ADwhere the dark sector  has only and the two equations

Chang-Jie Dai, Tong Li, Rui-Jia Zhang Chin. Phys. C 49, 053105 (2025)

053105-4



ϵ1 ϵ2rely on  and .
The modified Ampère's  law and Faraday's  law equa-

tions become 

∇⃗× B⃗ = ∂E⃗
∂t
+ j⃗eD , (35)

 

−∇⃗× E⃗ = ∂B⃗
∂t
+ j⃗mD , (36)

E Bwhere  " "  and  " "  denote  the  DP-induced  electric  and
magnetic fields, respectively. After applying the curl dif-
ferential operator to the above equations, one obtains two
second-order differential equations 

∇⃗2E⃗− ∂
2E⃗

∂t2
=
∂ j⃗eD

∂t
+ ∇⃗× j⃗mD , (37)

 

∇⃗2B⃗− ∂
2B⃗

∂t2
=
∂ j⃗mD

∂t
−∇⃗× j⃗eD , (38)

A0
D = 0 Ã0

D = B̃0
D = 0where we take  or  and only keep their

spatial  components  [4].  Next,  we consider  two cases  for
the dark currents corresponding to the above two types of
Maxwell's equations 

case I :

{
j⃗eD = ϵ1m2

DA⃗D ,

j⃗mD = ϵ2m2
DA⃗D ,

case II :

{
j⃗eD = ϵm2

D
⃗̃AD ,

j⃗mD = ϵm2
D
⃗̃BD .

(39)

AD

ÃD B̃D

The two cases also correspond to a one-component ( )
DM scenario  or  two-component  (  and ) DM scen-
arios. In these two cases, the local DM density [51, 52] is
given by 

ρ0 = 0.45 GeV cm−3 =


1
2

m2
D|A⃗D|2 case I ,

1
2

m2
D(| ⃗̃AD|2+ | ⃗̃BD|2) case II .

(40)

k⃗
∇⃗× j⃗eD = ∇⃗× j⃗mD = 0

We  adopt  the  scenario  in  Refs.  [4, 7]  to  ensure  that  the
dark  photon  field  is  along  fixed  direction . Con-
sequently, .  In case II,  we define the
ratio of two-component DM percentages as 

| ⃗̃AD|2

| ⃗̃BD|2
=

x
1− x

, (41)

0 < x < 1where . Then,  the  DP  DM  fields  can  be  ex-
pressed as follows 

case I : A⃗D =

√
2ρ0

mD
e−imDt ˆ⃗k,

case II :


⃗̃AD =

√
2ρ0 x

mD
e−imDt ˆ⃗k,

⃗̃BD =

√
2ρ0(1−x)

mD
e−imDt ˆ⃗k.

(42)

AD

ϵ1 ϵ2

ϵ
⃗̃AD

⃗̃BD

In  case  I,  the  DM density  is  composed  of  only.  The
two  second-order  differential  equations  are  governed  by
kinetic mixing parameters  and , respectively. In case
II, there is one free kinetic mixing parameter . The two
equations are induced by the two components of DM, 
and .

S L(2,Z)

S L(2,Z)

Note  that  the  Lagrangian  Eq.  (22)  satisfies 
symmetry,  which  ensures  the  theory's  consistency  under
electromagnetic dual transformations. The symmetry im-
plies that  electric  and  magnetic  charges  can  be  inter-
changed under  transformation, with the Lagrangi-
an form remaining invariant. One can rewrite the general
QEMD Lagrangian in differential notation [53]:
 

LP = − Im
¶ τ

8πn2
[n ·∂∧ (A+ iB)] · [n ·∂∧ (A− iB)]

©
−Re
¶ τ

8πn2
[n ·∂∧ (A+ iB)] · [n · (∂∧ (A− iB))d]

©
−Re
¶

(A− iB) · (J+τK)
©
,

(43)

S L(2,Z)where τ is  the  modular  group  parameter  of  the 
symmetry,
 

τ =
θ

2π
+

in0

e2
(44)

n0 = eg = 4π
A ≡ eA B ≡ eB J ≡ je/e K ≡ jme/4π
SL(2,Z)

with ,  and  we  neglect θ below.  We  redefine
, , ,  and .  Under  the
duality  transformation,  parameter τ and electro-

magnetic fields are transformed as [44]
 

τ→ τ′ =
aτ+b
cτ+d

, Im(τ)→ Im(τ′) =
Im(τ)
|cτ+d|2 , (45)

 

Aµ+ iBµ→
1

cτ∗+d
(A
′
µ+ iB

′
µ) , (46)

 

Aµ− iBµ→
1

cτ+d
(A
′
µ− iB

′
µ) , (47)

SL(2,Z) ad−bc = 1
where  integers a, b, c, and d are  the  matrix  elements  of

 transformation and satisfy . The elec-
tromagnetic tensors  and  currents  follow  the  transforma-
tions [44]
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Fµν+ iF
d
µν→

1
cτ∗+d

(F
′
µν+ iF

′ d
µν ) , (48)

 

Fµν− iF
d
µν→

1
cτ+d

(F
′
µν− iF

′ d
µν ) , (49)

 

J→ bK′+dJ′ , K→ aK′+ cJ′ . (50)

We can also rewrite our Lagrangian in Eq. (22) as 

LDP−P = −
Im(τ)

4π

¶ ϵ1

2

î
F · (∂∧AD)+F

d · (∂∧BD)
ó

+
ϵ2

2

î
F

d · (∂∧AD)+F · (∂∧BD)
ó©

. (51)

The complete equation of motion is 

Im(τ)
4π

∂µ(F + iF
d
)− Im(τ)

4π
m2

D(ϵ1+ iϵ2)(AD+ iBD) = J+τK .

(52)

SL(2,Z)Under , it then becomes 

Im(τ′)
4π

∂µ(F
′
+iF

′d
)− Im(τ′)

4π
m2

D(ϵ1+iϵ2)(A
′
D+iB

′
D) = J′+τ′K′ .

(53)
 

IV.  STRATEGY AND SENSITIVITY OF
HALOSCOPE EXPERIMENTS

⃗̃AD
⃗̃BD

ϵ
√

x→ ϵ1 ϵ
√

1− x→ ϵ2

Next, we solve the above equations in terms of the DP
DM fields and examine the detection strategies in a cav-
ity haloscope experiment [4, 54] or an LC circuit experi-
ment [7, 8] 1). Below, we take case II as an illustrative in-
vestigation and solve  the  two equations  governed by 
and .  The  results  of  case  I  can  be  easily  obtained  by
taking the substitution  or .

k⃗

k⃗

k⃗

For the direction of DP DM, we assume θ as the angle
between  the  direction  of  the  DP  field  and  the z direc-
tion  in  the  laboratory  coordinate  system  [4]. The  direc-
tion  of the DP field can be arbitrary. We must average
the  final  result  over  all  randomly  pointing  directions  for

. 

A.    Cavity haloscope
We first revisit the solution of Eq. (37) in case II for

the cavity experiment. It has exactly the same Maxwell's
equation as those induced by DP DM electrodynamics for
the conventional cavity experiment.

E⃗(t, x⃗)Electric  field  in  the  microwave  cavity  can  be

en(t) En(x⃗)
decomposed as the superposition of time-evolution func-
tions  and orthogonal modes  

E⃗(t, x⃗) =
∑

n

en(t)E⃗n(x⃗) , (54)

E⃗n(x⃗)
∇⃗2E⃗n+ω

2
nE⃗n = 0 ωn

ωD ≈ mD E⃗(t, x⃗)

en(t)

where  modes  satisfy  the  Helmholtz  equation
 with  resonant  frequency equal  to  the

frequency of  DP .  Plugging  into  Eq.  (37)
and  considering  the  losses  within  the  cavity,  we  obtain
expansion coefficient  as follows Å

d2

dt2
+
ωD

Q
d
dt
+ω2

D

ã
en(t) = − ϵm

2
D

CEn

∫
dVE⃗∗n(x⃗) ·∂t

⃗̃AD , (55)

CEn =
∫

dV |E⃗n(x⃗)|2
en(t) = en,0e−iωt en,0

where  the  normalization  coefficients  are  defined  as
 and Q denotes the quality factor. When

assuming , coefficient  is given by 

en,0 =

Å
ω2

D−ω2+ i
ωωD

Q

ã
(ω2

D−ω2)2+
ω2ω2

D

Q2

∣∣∣∣
ω≈ωD

×
Å
− ϵm

2
D

CEn

ã∫
dVE⃗∗n ·∂t

⃗̃AD

= −i
ϵQ
CEn
×
∫

dVE⃗∗n(x⃗) ·∂t
⃗̃AD .

(56)

The output power in the cavity can be obtained in terms
of the energy stored in cavity U and the quality factor 

PEDP = κ
U
Q
ωD = κ

ωD

Q
|en,0|2

2

∫
dV |E⃗n(x⃗)|2

=
κ

2
ϵ2mDQV |∂t

⃗̃AD|2GE cos2 θ , (57)

|∂t
⃗̃AD|2 = 2ρ0x

where κ is the cavity coupling factor depending on the ex-
perimental  setup, , and  the  form  factor  de-
pending on the geometry of the cavity is 

GE =
|
∫

dVE⃗∗n(x⃗) · z⃗|2

V
∫

dV |E⃗n(x⃗)|2
. (58)

⟨cos2 θ⟩ =
∫

cos2 θdΩ/
∫

dΩ =
1/3

After averaging  over  all  possible  DP  directions,  com-
pared  to  the  axion  cavity  detection,  the  form factor  here
should  be  multiplied  by 

.

TM010

z⃗

For the detection of the DP field, similar to the axion
search  in  cavity  experiments,  the  mode  has  the
largest coupling to DP with the electric field along the -
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GE ≈ 0.69
GE ≈ 0.455

axis. In this case, the theoretical value of the form factor
for an ideal  cylindrical  cavity is  and the value
for ADMX with tuning rods is  [52]. The sig-
nal power in axion cavity experiments can be derived as 

PEaxion = κ

ï
g2

aγγ
|B0|2
ma

ò
ρ0QVGE , (59)

|B0|
PEDP = PEaxion

where  denotes  the  magnitude  of  the  external  static
magnetic  field.  Taking  yields  the  following
relation: 

ϵ2mDx⟨cos2 θ⟩ = g2
aγγ
|B0|2
ma

. (60)

gaγγ

ϵ
√

x

ϵ
√

x ϵ1) mD

ϵ
√

x

ÃD B̃D

x = 1 ÃD

ÃD

The  constraints  on  the  axion-photon  coupling 
from the  existing  axion  cavity  experiments  can  be  con-
verted  to  constrain  parameter  for  DP. Figure  1
shows the sensitivity of  the cavity haloscope experiment
to  kinetic  mixing  (or  as  a  function  of .  For

,  we  show  the  converted  limits  (gray)  from  axion
cavity experiments according to Eq. (60) as well as direct
DP search  limits  (red)  from WISPDMX [9],  SRF cavity
[16],  SQuAD  [57],  and  APEX  [17].  It  is  clear  that  the
form  of  our  Maxwell's  equation  Eq.  (37)  is  exactly  the
same  as  the  one  for  DP  in  QED.  The  induced  power  in
the cavity  in  Eq.  (57)  is  also similar  to  that  in  QED [4],
except  for  the  additional  free  DM  fraction  constant x.
This  is  because  we  have  two-component  DP  DM  in  the
QEMD model  (  and )  unlike  the  QED case  where
one-component  DP  has  100%  DM  density.  In  other
words,  when ,  our  analytical  results  for  restore
the QED DP case. The spirit of the experimental setup for

 should  also  be  the  same  as  that  for  QED  DP.  Thus,

ϵ
√

x ϵ1

ϵ
√

x
∼ 0.1−30 µeV

1010

ϵ
√

x < 2×10−16

ϵ
√

x < 3.7×10−13

ϵ
√

x < 1.68×
10−15

0.22.07 µeV
ϵ
√

x < 10−13−10−12

the existing results of current DP cavity experiments can
be directly  applied  to  constrain  our  parameter  combina-
tion  in case II (or  in our case I). The above WISP-
DMX,  SRF  cavity,  SQuAD,  and  APEX  experiments
searched for  resonant  DPs  using  a  tunable  radio  fre-
quency cavity or a superconducting radio frequency cav-
ity with a high quality factor. They provide upper bounds
on  for  individual  DP  masses  in  the  range  of

.  The  SRF  cavity  with  a  remarkably  high
quality  factor  of  about  yields  the  most  stringent
bound  of  at  1.3  GHz  [16].  APEX  uses
high-performance  amplifiers  specifically  designed  for
low-temperature  environments,  achieving  an  extremely
low temperature  compared  to  other  experiments  and  ef-
fectively reducing background noise. It sets the paramet-
er  limit  as  around  7.139  GHz  at  90%
confidence  level  [17].  SQuAD employs  superconducting
qubit  technology  and  sub-standard  quantum  limit  (sub-
SQL)  detection  techniques,  further  reducing  noise  and
improving detection precision. Its background shot noise
remains  at  15.7  dB,  providing  a  limit  of 

 at 6.011 GHz [57]. WISPDMX employs four tuned
resonant modes to scan for signals, enabling a probe over
a  broader  mass  range  of  and  achieving  a
sensitivity limit of  [9].

B⃗n(x⃗) ∂t
⃗̃BD

Similarly, we  can  follow  the  same  procedure  to  ob-
tain  the  solution  of  Eq.  (38)  for  the  emission  power  of
magnetic field modes  induced by 
 

PBDP =
κ

2
ϵ2mDQV |∂t

⃗̃BD|2GB cos2 θ

= κϵ2mD(1− x)ρ0QVGB cos2 θ, (61)

 

GB =
|
∫

dVB⃗∗n(x⃗) · z⃗|2

V
∫

dV |B⃗n(x⃗)|2
. (62)

⃗̃BD

z⃗
TE011

TE111

2π TE111

Next, we discuss the feasibility of DP field  detection.
It turns out that one needs the magnetic field modes along
the -axis,  corresponding  to  the  TE  modes.  In  an  ideal
cylindrical  cavity,  the  form  factor  of  the  mode  is
canceled over the radial integral from 0 to the radius. The
higher-order  mode  exhibits  periodic  symmetry
along the direction of azimuthal angle ϕ.  This causes the
response to  dark photon to  be canceled over  the integral
from 0 to . To avoid the cancellation, taking the 
mode for illustration, we require an imperfect symmetric
field distribution over the azimuthal angle direction with-
in the  cavity.  In  the  practical  setup of  yhr  cavity  experi-
ment, tuning rods are placed within the cylindrical cavity
in to tune the mode.  For  instance,  in  the ADMX experi-
ment, two  copper  rods  are  put  inside  the  cavity  for  fre-
quency tuning. As indicated in Ref. [58], the tuning rods
rotate around  a  fixed  center  and  then  the  field  distribu-
tion  in  the  cavity  transforms  asymmetrically  over  a  full

 

ϵ
√

x (ϵ1)

gaγγ

Fig. 1.    (color online) Sensitivity of the cavity haloscope ex-
periment to kinetic mixing . For the converted results
in gray, we take the limits of axion coupling  from the Ax-
ionLimits  repository  [56].  The  direct  DP  search  limits  from
WISPDMX  [9],  SRF  cavity  [16],  SQuAD  [57].  and  APEX
[17] are also shown in red.
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TE111

GB TE111

(128/π4x′21,1)× (c2
1/c2) ≈ 0.61 c1 =

∫ x′1,1
0 dxxJ1(x)

c2 =
∫ x′1,1

0 dxxJ2
1(x) x′m,n

Jm(x)
TM010

scan cycle. Here, a reasonable modification for the 
mode  is  to  take  only  one  half  of  the  original  cylindrical
cavity. We then partially integrate the magnetic field and
calculate  the  form  factors.  Specifically,  after  integrating
the  azimuthal  angle  from  0  to π,  the  analytical  result  of
the  form  factor  corresponding  to  the  mode  is

,  where  and
 with  being  the n-th  zero  point  of

the  first  derivative  of  the  Bessel  function, .  It  is
close to the form factor of the  mode. We leave the
detailed electromagnetic simulation for a future study. 

B.    LC circuit

ẑ
(ρ,ϕ,z)

j⃗eD j⃗mD

E⃗ B⃗
ẑ · E⃗ = ẑ · B⃗ = 0 ρ = R

B⃗ E⃗

For  the  LC  circuit  experiment,  the  DP  Maxwell's
equations must  be solved with electromagnetic  shielding
[8]. We take the shield as a conducting or superconduct-
ing  hollow  cylinder  of  radius R along  the  direction  in
cylindrical  coordinates . In  our  case,  in  the  pres-
ence  of  and ,  both  the  induced  electric  field  and
magnetic  field  in  the z direction  would  respectively  be
suppressed by the electromagnetic shielding. That is,  the
observed  and  fields should  be  solved  under  bound-
ary  conditions  on  the  surface  with 
[8].  The  and  along the ϕ direction generated by the
currents then  become the  dominant  observable  fields  in-
side the shield.

j⃗eD = ϵmD
√

2ρ0xe−imDt cosθẑ j⃗mD =

ϵmD
√

2ρ0(1− x)e−imDt cosθẑ j⃗eD
⃗̃AD

The  DP  field  is  projected  to  the z direction  below;
thus,  we  have  and 

.  For  current  induced  by
, we solve the following equations

 

∇⃗2E⃗− ∂
2E⃗

∂t2
=
∂ j⃗eD

∂t
, (63)

 

∇⃗× B⃗ = ∂E⃗
∂t
+ j⃗eD . (64)

E⃗ B⃗The solutions of observables  and  become 

E⃗obs = −iϵ
√

2ρ0xcosθe−imDt
Ä

1− J0(mDρ)
J0(mDR)

ä
ẑ

≈ iϵ
√

2ρ0xcosθe−imDtm2
D(R2−ρ2)ẑ , (65)

 

B⃗obs = ϵ
√

2ρ0xcosθe−imDt J1(mDρ)
J0(mDR)

ϕ̂

≈ ϵ
√

2ρ0xcosθe−imDtmDρϕ̂ . (66)

x→ 1For ,  the  solution  in  Ref.  [8]  is  obtained.  An
ajustable  LC  circuit  is  put  inside  a  hollow  conducting
shield, and the inducting coil is wrapped around the ϕ dir-
ection  of  the  conductor  to  receive  the  driving  magnetic
field.  When  the  resonant  frequency  of  the  LC  circuit  is
tuned  to  the  DP  oscillation  frequency,  the  observable
magnetic  field  produces  a  magnetic  flux and consequent

current 

Φobs ≈ Qϵ
√

2ρ0xcosθmDV , I =
Φobs

L
, (67)

Q ∼ 106where  is the quality factor of the LC circuit, V is
the volume of the inductor, and L is the inductance of the
inducting coil. The signal power is then given by 

Psignal = ⟨I2Rs⟩ ≈
ρ0xQϵ2⟨cos2 θ⟩m3

DV2

L
≈ ρ0xQϵ2⟨cos2 θ⟩m3

DV5/3 , (68)

Rs = LmD/Q

ÃD

ϵ
√

x ϵ1

where  is  the  resistance.  The  solutions  of
electromagnetic fields  in  Eqs.  (65)  and  (66)  are  analog-
ous  to  those  of  DP  in  the  QED  case  [8],  except  for  the
DM fraction constant, x. The signal power is also similar
after  it  is  multiplied  by  an  additional x factor.  One  can
thus  arrange  the  same  setup  of  LC  circuit  experiments
here for . The existing limits of DP from QED experi-
ments  can  be  directly  applied  to  constrain  the  parameter
combination  in case II (or  in case I) of our QEMD
model.

j⃗mD
⃗̃BDThe equations for current  induced by  are

 

∇⃗2B⃗− ∂
2B⃗

∂t2
=
∂ j⃗mD

∂t
, (69)

 

−∇⃗× E⃗ = ∂B⃗
∂t
+ j⃗mD . (70)

The solution is 

B⃗obs = −iϵ
√

2ρ0(1− x)cosθe−imDt
Ä

1− J0(mDρ)
J0(mDR)

ä
ẑ

≈ iϵ
√

2ρ0(1− x)cosθe−imDtm2
D(R2−ρ2)ẑ , (71)

 

E⃗obs = − ϵ
√

2ρ0(1− x)cosθe−imDt J1(mDρ)
J0(mDR)

ϕ̂

≈ − ϵ
√

2ρ0(1− x)cosθe−imDtmDρϕ̂ . (72)

In  this  case,  a  superconducting  shield  is  placed  outside
the electromagnetic detector.  The magnetic field in the z
direction  is  suppressed  owing  to  the  superconducting
Meissner effect. A wire loop is put inside the cylindrical
hole of  the superconducting shield to conduct  the induc-
tion current [36]. The LC circuit is then connected to the
wire loop to enhance the signal power. The induction cur-
rent is 

I =
2πREobs(R)

Rs
=

2πR2ϵ
√

2ρ0(1− x)cosθmD

Rs
. (73)
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The signal power is then given by 

Psignal = ⟨I2Rs⟩ ≈
ρ0(1− x)Qϵ2⟨cos2 θ⟩mDV4/3

L
≈ ρ0(1− x)Qϵ2⟨cos2 θ⟩mDV . (74)

We  adopt  the  cryogenic  amplifier  described  in  Ref.
[59] to receive and amplify the signals. The thermal noise
present in circuits can be estimated as 

Pnoise = κBTN

…
∆ f
∆t

, (75)

κB TN

∆ f = f /Q ∆t

TN

ϵ
√

x ϵ
√

1− x

where  is the Boltzmann constant,  is the noise tem-
perature,  is  the  detector  bandwidth,  and  is
the observation time. Observation time was one week and
two  setup  benchmarks  of  volume V,  inductance L, and
temperature  were taken for both cases. An adjustable
capacitance  with  a  minimal  value  of  50  pF  was  taken,
which  maximized  frequency.  To  estimate  the  sensitivity
of  or ,  the signal-to-noise  ratio  (SNR) must
satisfy 

SNR =
Psignal

Pnoise
> 3 . (76)

ϵ
√

x (ϵ1) ϵ
√

1− x (ϵ2)
⃗̃BD

⃗̃AD

ϵ
√

x
ϵ1

1 µeV

ϵ
√

x > 1.5×10−9 ∼ 2 neV

ϵ
√

x
6×10−15 6×10−13

0.21−1.24 µeV

ϵ
√

x < 10−10

0.2 µeV

In Fig. 2, we show the sensitivity of the LC circuit to
 (red)  and  (blue). The search poten-

tial  of  is  more promising than that  of  at low fre-
quencies. Some exclusion limits for light DP DM are also
shown,  including  DM  Pathfinder  (green)  [60],  ADMX
SLIC (purple) [61],  Dark E-Field Radio Experiment (or-
ange) [62], and (gray) [63]. As previously stated, they can
be  applied  to  constrain  our  parameter  combination 
in  case  II  (or in case  I).  These  experiments  are  sensit-
ive  to  DP  masses  lower  than  approximately .  An
early  fixed-frequency  superconducting  resonator  sets  a
simple  exclusion  limit  on  for 
DPs  [60].  The  most  recent  Dark E-Field Radio  experi-
ment  can  place  a  95%  exclusion  limit  on  between

 and  over  the  mass  range  of
 [63]. The ADMX SLIC experiment uses a

superconducting LC circuit to detect low-frequency light
axions  in  strong  magnetic  fields  (ranging  from  4.5  T  to
7.0 T).  When rescaled for our DP-photon kinetic mixing
parameter,  its  exclusion  limit  gives  in  the
sub  range [61]. 

C.    Connection to cosmology
Next, we briefly discuss the connection of DP DM to

cosmology.  There  are  a  few  plausible  DP  production
mechanisms  that  may  generate  the  correct  abundance  of
DM  in  the  early  Universe.  The  most  popular  one  is  the

∂iADµ = ∂iBDµ = 0
diag(1,−a2,−a2,−a2)

a(t)

misalignment  mechanism  [64−66].  Ref.  [3]  verified  that
the  misalignment  mechanism  for  axions  also  applied  to
DP. Next, we will explore the evolution equation and en-
ergy density of QEMD DP in a cosmological context. For
simplicity,  we  focus  on  the  homogeneous  solution  of
QEMD  DP  fields  with . In  an  expand-
ing universe, we adopt the metric as ,
with  being the scale factor. We define the following
anti-symmetric tensors
 

Gαβ = FDαβ+ ϵ1Fαβ+ ϵ2Fd
αβ , Kαβ = ϵ1FDαβ− ϵ2Fd

Dαβ ,

(77)
 

Ḡαβ =Gαβ/a2(t) , K̄αβ = Kαβ/a2(t) , (78)

ϵ1 ϵ2where  and  are the two DP-photon mixing couplings.
Under these  conventions,  we  can  write  down  the  evolu-
tion equations for the QEMD DP fields in the Universe as
 

∂0G0β+3HG0β−∂iḠiβ+m2
DADβ = 0 , (79)

 

∂0Gd
0β+3HGd

0β−∂iḠd
iβ+m2

DBDβ = 0 , (80)

where H denotes  the  Hubble  parameter  and  we  neglect
the  effect  of  non-minimal  coupling(s)  to  gravity  without
changing  the  conclusion  [4].  The  corresponding  energy
density is given by
 

 

ϵ
√

x (ϵ1) ϵ
√

1− x (ϵ2)
Fig. 2.    (color online) Sensitivity of the LC circuit to kinetic
mixings  (red) and  (blue). We assume two
setup  benchmarks  for  both  cases.  Some  existing  limits  for
light DP DM are also shown, including DM Pathfinder (green)
[60], ADMX SLIC (purple) [61], Dark E-Field Radio Experi-
ment (orange) [62], and (gray) [63].
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ρ(t) = T 0
0 = −(ϵ1F0i

D − ϵ2Fd
D

0i)(∂0Ai)− (F0i
D + ϵ1F0i+ ϵ2Fd0i)

× (∂0ADi)− (ϵ1Fd
D

0i
+ ϵ2F0i

D )(∂0Bi)− (Fd
D

0i
+ ϵ1Fd0i

− ϵ2F0i)(∂0BDi)−LDP−LDP−P = −K0i(∂0Ai)

−G0i(∂0ADi)−Kd0i(∂0Bi)−Gd0i(∂0BDi)−LDP−LDP−P

= K̄0iȦi+ Ḡ0iȦDi+ K̄d
0iḂi+ Ḡd

0iḂDi−LDP−LDP−P .

(81)

BD

ρ(t) ∝ 1/a3(t)

It is easy to prove that the above results can reduce to that
of  QED DP when the B and  fields vanish.  This con-
sistency indicates that the QEMD DP model is a reason-
able extension of QED DP in cosmology. As a result, the
energy  density  of  DP  behaves  as  non-relativistic  matter
with  [4].

Another  scenario  of  DP  DM  production  is  through
quantum  fluctuations  during  inflation  [5].  Additionally,
DP  DM  can  be  produced  from  the  decay  of  topological
defects such as cosmic strings [67]. This work focuses on
the low-energy dynamics of DP and laboratory detection.
One assumes that the DM distribution around the Earth is
comprised  of  a  cold  population  of  DPs.  A  very  detailed
cosmological study of the QEMD DP is beyond the scope
of this  work,  and  we leave  a  dedicated  study for  the  fu-
ture. 

V.  CONCLUSIONS

Dark matter  and  magnetic  monopoles  are  two  long-
standing candidates of new physics beyond the SM. The
ultralight dark photon is  an intriguing bosonic dark mat-
ter.  The  interaction  between  the  visible  photon  and  dark
photon is introduced by the gauge kinetic mixing between
the  field  strength  tensors  of  the  SM  electromagnetic
gauge group and dark Abelian gauge group.  Further,  the
relativistic  electrodynamics  was  generalized  to  quantum
electromagnetodynamics  in  the  presence  of  both  electric

Aµ Bµ

U(1) U(1)A×U(1)B

and magnetic charges. In the QEMD theory, the physical
photon is described by two four-potentials  and  cor-
responding to two  gauge groups .

U(1)A×U(1)B U(1)AD ×U(1)BD

In  this  work,  we  construct  the  low-energy  dark
photon-photon  interactions  in  the  framework  of  QEMD.
We  introduce  new  heavy  fermions  charged  under

 in the visible sector and  in
the dark sector. After integrating out the new fermions in
vacuum  polarization  diagrams,  the  new  dark  photon-
photon  kinetic  mixing  interactions  can  be  obtained.  We
derive the  consequent  field  equations  and  the  new Max-
well's  equations  in  this  framework.  We  also  investigate
the  detection  strategies  of  light  dark  photon DM as  well
as the generic kinetic mixings in cavity haloscope experi-
ments and LC circuit experiments.

ÃD B̃D

ÃD

B̃D

Finally,  we  give  a  detailed  comparison  between  the
DPs  in  QEMD  and  those  in  QED.  Unlike  QED,  where
each gauge field corresponds to either a visible photon or
a  DP,  the  QEMD  framework  introduces  two  Abelian
gauge fields  in  both  the  visible  and  dark  sectors.  Con-
sequently,  the  low-energy  DP-photon  Lagrangian  in
QEMD includes  two  kinetic  mixing  interactions,  as  op-
posed to the single interaction in the conventional DP the-
ory. The  presence  of  two  gauge  fields  for  DPs  also  en-
ables  a  two-component dark  matter  scenario,  character-
ized by  and , with a single kinetic mixing paramet-
er but  different  DM  fraction  constants.  From  the  solu-
tions of the new DP Maxwell's equations, one of the two
DM  components  ( ) resembles  the  QED  DP  but  in-
cludes  an  additional  free  DM  fraction  constant, x.  The
other  DP component  ( ) is  essentially  new, and its  de-
tection  requires  entirely  new strategies  in  cavity  and  LC
circuit experiments as we proposed in this article. 
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