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Abstract: We investigate the optical properties of the spacetime surrounding a Sen black hole, focusing on the

black hole shadow, weak gravitational lensing, and time delay effects. Our analysis reveals that the effective charge

of the Sen black hole significantly influences these phenomena. Specifically, an increase in the effective charge leads

to a decrease in the radius of the photon sphere and a corresponding decrease in the size of the black hole shadow.

Additionally, the bending angle of light rays diminishes as the effective charge increases. Our study provides obser-

vational bounds on the effective charge based on these optical characteristics. We also examine the magnification of

source brightness using the lens equation and analyze the time delay of light in the presence of a surrounding plasma
medium. Our findings offer new insights into the impact of effective charge and plasma on the observational signa-

tures of Sen black holes.
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I. INTRODUCTION

Gravitational lensing, a notable consequence of Ein-
stein's general relativity, occurs when the curvature of
spacetime around a massive object, such as a black hole,
bends the path of light from a distant source [1]. This
phenomenon was first confirmed by Eddington's observa-
tion of light deflected by the Sun, establishing the signi-
ficance of gravitational lensing in astrophysical research
[2].

In the context of black holes, gravitational lensing be-
comes particularly fascinating owing to the extreme grav-
itational fields involved [3]. The study of weak gravita-
tional lensing by black holes — where the deflection of
light is subtle and occurs at more considerable distances

CSTR: 32044.14.ChinesePhysicsC.49055102

from the event horizon — offers valuable insights into the
properties of these enigmatic objects and their surround-
ing spacetime. Additionally, gravitational lensing has
been a crucial tool for testing theories of gravity with pre-
cision and detecting exotic objects in the universe [4—7].
Gravitational lensing is a crucial tool in astrophysics and
cosmology for testing fundamental gravity theories [8]
and detecting dark matter and dark energy [9—11]. The
study of weak lensing by black holes aids in our under-
standing of their intrinsic properties, where the deflection
angle is assumed to be small. Weak lensing has been ex-
tensively studied [12, 13] and has effectively accounted
for experimental tests of general relativity. The subtle
lensing effects observed at more considerable distances
can reveal deviations from theoretical models and poten-
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tially indicate the presence of new physics.

Theoretical studies of weak gravitational lensing by
black holes have explored how various black hole solu-
tions deflect light [14—16]. For instance, Virbhadra and
Ellis (2000) provided a detailed analysis of weak lensing
in the context of Schwarzschild black holes [17]. These
analyses underscore the potential of gravitational lensing
as a tool for probing black hole properties and testing
general relativity. In addition to classical black holes, re-
search has been extended to more complex solutions,
such as Kerr black holes, which include rotation effects.
Sereno and de Luca (2006) investigated analytical lens-
ing for Kerr black holes, highlighting how spin influ-
ences lensing signatures [18], and numerous aspects are
investigated using various models in Refs. [19-26]. Fur-
thermore, several studies have extensively analyzed the
weak gravitational lensing effects of black holes [27-35],
including those for rotating black holes [36—38].

The interplay between gravitational and plasma ef-
fects becomes particularly significant near black holes,
where the intense gravitational field is coupled with the
presence of an accretion disk or a surrounding plasma
medium. The influence of plasma on gravitational lens-
ing has been explored in various theoretical frameworks.
Perlick made significant advancements in explaining
plasma effects [39], and Bisnovatyi-Kogan and Tsupko
[40] conducted subsequent studies on topics such as the
scale of stellar-mass black holes in X-ray binaries [41].
The presence of plasma can change the observed lensing
features [42—59] and influence the size and shape of the
black hole's shadow [60—69].

Understanding these effects is crucial for interpreting
observational data, particularly with recent advances in
high-resolution imaging. Observations of black hole
shadows by the Event Horizon Telescope (EHT) [70—73]
have provided new insights into gravity in extreme condi-
tions, highlighting the increasing relevance of studying
plasma effects in gravitational lensing. Plasma effects can
alter the effective refractive index around a black hole,
impacting the size and shape of the observed shadow.
The EHT and other observational efforts have begun to
reveal the intricate details of black holes and their sur-
roundings, making the study of plasma effects in gravita-
tional lensing increasingly relevant.

An accurate understanding of these effects is essen-
tial for interpreting observational data and distinguishing
between black hole models. The primary objective of this
paper is to investigate the weak gravitational lensing and
shadow properties of the Sen black hole. Considering
plasma effects, we investigate weak gravitational lensing
and the shadow of Sen black holes. We aim to analyze
the influence of plasma on weak lensing observables for
Sen black holes. We examine the effects of plasma on the
size and shape of the black hole shadow.

The spherical Sen black hole under consideration is a

solution to the low-energy effective field equations of
heterotic string theory, and both electric and magnetic
charges characterize it. These black holes have a richer
structure than their classical counterparts, making study-
ing their gravitational lensing effects particularly interest-
ing. The unique properties of the Sen black hole, includ-
ing its dilaton and axion fields, influence the spacetime
curvature differently from Schwarzschild black holes
[74]. Recently, different types of studies have investig-
ated the Sen black hole and its rotating generalization (the
Kerr Sen black hole); see, for example, Refs. [75—81].

The remainder of this paper is organized as follows:
In Sec. II, we explore particle dynamics around the Sen
black hole in the presence of plasma using the Hamilton-
Jacobi equation. The plasma effect on weak gravitational
lensing around Sen black hole is considered in Sec. I1I. In
Sec. 1V, using the lens equation, we study the magnifica-
tion of images. Subsequently, the time delay of light
around the Sen black hole is discussed in Sec. V. Finally,
we discuss obtained results in Sec. VI. Throughout this
paper, we use geometrical units (c=1and G=1).

II. DYNAMICS AROUND A BLACK HOLE

A. Sen black hole

Here, we review and discuss Sen black hole space-
time. The Sen black hole is a solution in heterotic string
theory that describes spacetime emerging in the low-en-
ergy limit [82]. It includes the electromagnetic field A*
with the field-strength tensor F*, the second-rank anti-
symmetric tensor field B,, (also known as the Kalb-Ra-
mond field [83]), and the dilaton field ®. These compon-
ents significantly influence the spacetime geometry and
key parameters of the black hole, including the effective
charge ¢,,, which combines electromagnetic and dilaton-
ic contributions. With the combined effects of these
fields, the Sen solution exhibits a complex structure and
provides a more complete description of the black hole in
the context of string theory.

The Less black hole, also associated with the Kalb-
Ramond field, describes only the interaction between the
gravitational and Kalb-Ramond fields, excluding the in-
fluence of additional fields such as the dilaton. This
makes the Less solution less complex but more special-
ized as it does not involve all the elements of string the-
ory [83—86].

Both models include the Kalb-Ramond field.
However, the Sen black hole has a more intricate struc-
ture because of the inclusion of electromagnetic and
dilatonic effects. This makes it a more detailed and ex-
tensive solution within the framework of string theory.
The action describing the spacetime of the Sen black hole
in the string frame is presented as follows [74] (see also
[87-90] for other black hole and black p-brane solutions
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in the low-energy limit of string theory):
5= [atvzee. (M)
where the Lagrangian £ is given by

1 1
L=R=F"F,+d00,0- EHWH““ , @

with H,,, the third-rank tensor field (Kalb-Ramond
three-form), defined in terms of the tensor gauge field
and field-strength tensor of the electromagnetic field as

H,,, = 0B, +0,B, +0,B,,

1 3)
= _Z(AKFMV +AF +AF).

The general spherical symmetric metric ansatz is

ds? = —f(r)d? + f(r)"'dr* + r* (d6* + sin® 6d¢?),

The metric function derived in this configuration was de-
termined by Sen in Ref. [74] and is expressed as

fn=1-—2

r+

e 4)
M

where g, is an effective charge (including both the elec-
tric charge and an effective charge associated with the
dilation field) measured by a static observer at infinity,
which characterizes specific hair. The horizon properties
indicate that the following condition must be satisfied:
gm < V2. We easily observe that, at g,, =0, the Sen met-
ric of the black hole coincides with the Schwarzschild
metric. Here, we have introduced a new variable ¢ = ¢
for convenience.

B. Null geodesic in dyonic sen spacetime

In this subsection, we investigate the behavior of
photon motion in the vicinity of a black hole when it is
surrounded by plasma. To analyze this scenario, we can
conveniently utilize the Hamilton-Jacobi equation, which
is given by [91]

1 ~q
H(x",pa) = 58 P paDs. )

Here, x* describes the spacetime coordinates. We can use
definition of the effective metric tensor g% as [91]

g% = g%~ (- Du"v’, (6)

where ##is the four velocity of the photon, and # denotes
the refractive index of the medium. Its formula is [41]

2-1= M . 7
mea(r)*

where e and m, are the electron charge and mass, respect-

ively, and N is the number density of the electrons. The

photon frequency w(r) measured by a static observer is

determined using the gravitational redshift formula [41]

Wy

NoR ®

w(r) =

Here, wy = const is the frequency measured by the ob-
server at infinity. Light can propagate in plasma only
when its frequency is greater than that of the plasma;
therefore, the n > 0 condition must be satisfied.

The radius of a circular orbit of light around a black
hole, particularly the one that forms a photon sphere of
radius r,,, is determined by solving the following equa-
tion [92]:

2
LUAG) I ©
dr r=rpn
where
2on 2 1L w0
h(ry=r {f(r) o } (10)

By substituting Eq. (9) into Eq. (10), we can determ-
ine an algebraic equation for the photon radius r,, in the
presence of a plasma medium, which can be expressed as

2M(q—2M? +0.5Mr ;)
(q—2M?+ Mr,)*
_ wi(rph) rph(’-)p(rph)w’(rph)

= + 11
e 2 (1)

1+

Here, the prime denotes the derivative concerning the ra-
dial coordinate r. For most variants of w,(r), the roots of
the equation cannot be obtained analytically; however,
we consider a few simplified cases in the following sub-
sections.

C. Homegeneous plasma
First, we consider a homogeneous (uniform) plasma
case with w?(r) = const. Here, we can solve Eq. (11) ana-
lytically and express it as
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(12)

Fig. 1(upper panel) shows that, for homogeneous plasma,
the radius of the photon sphere decreases with increasing
parameter ¢g/M and increases with increasing plasma fre-
quency.

D. Inhomogeneous plasma

In this subsection, we study photonic spheres in the
presence of inhomogeneous plasma, where the plasma
frequency must satisfy a simple power law of the form
[42]

W =1, (13)

where zo and k>0 are free parameters. To analyze the
main features of the power-law model, we restrict
ourselves to k=1 and z, as a constant, and using Eqgs.
(11) and (13), we can obtain the radius of the photon
sphere in the analytical form for inhomogeneous plasma
as follows:

| P ¢\ 29 2
rp;,=2 _3COS(3)_W+6Q)(2)+M, (14)

Mn g 29 %
wi  3M? 3Mwi 12wf’

f——2M3+2M _M_%_ Zg %@
wi 6wy 108w 3w}
_lag g 1w 24 (15)
18 Mwj 3M 9 M2w] 27 M3’

Fig. 1(middle and lower panels) shows that, for inhomo-
geneous plasma, the photon sphere radius decreases with
increasing g/Mand k and increases with increasing ratio
20 / M w%

E. Impact of plasma medium on black hole
shadow formation
Now, we consider the radius of the shadow of the Sen
spacetime metric in the presence of a plasma medium.

The angular radius of the black hole shadow ay, is de-
termined using a geometric approach, which leads to the

- 272 ]
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Fig. 1. (color online) Relationship between the photon radi-

us of the black hole and the effective charge for various fre-
quency values in homogeneous (upper panels) and inhomo-
geneous (middle and lower panels) plasma media.

following expression [66, 85, 92, 93]:

R (r,)

1 (ro)” (16)

sinfay, =

where ry and r, indicate the positions of the observer and
radius of photon sphere, respectively. If the observer is at
a sufficiently large distance from the black hole, then the
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radius of the shadow of the black hole can be approxim-
ated as [92, 94]

(17)

1 w(rp)

Ry, = rosinay, = 2{ —"”}.

sh FoSIN gy, I"p f(rp) w(z)

This is based on the fact that A(r) — r, which follows

from Eq. (5) at spatial infinity for both plasma models.

For a black hole surrounded by a uniform plasma medi-
um, the shadow radius can be expressed analytically as

e
M I (18)

(19)

Based on Egs. (14) and (17), we derive the expressions
for the shadow radius in the scenario of inhomogeneous
plasma where zy = constand k= 1.

(20)

where

20 2q 2 p__ ¢
B=1+ . B N )
oM 3m2 M V33 @D

Eq. (20) shows that, in the absence of plasma (z, = 0) and
charge ¢ = 0, the shadow radius is identical to that of the
Schwarzschild black hole, Ry, =3 V3M. Fig. 2 shows that
the shadow radius of the Sen black hole in the presence of
both uniform and non-uniform plasma is smaller than that
in vacuum and decreases with increasing effective charge
q and k (middle and lower panels).

III. EFFECTS OF PLASMA MEDIUM ON
GRAVITATIONAL WEAK LENSING

In this section, we assess the influence of plasma sur-
rounding a black hole on light propagation, as outlined by
Synge [91]. We can investigate the gravitational influ-
ences in the weak-field approximation by employing the

5.0¢ wi e’ =0.0 *

-- a/()z/ldzz 0.3 E

4.5- R N
&)
o 4.0F .
3.5r b
~\
300 ‘ ‘ ‘ ‘ ]
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50 Zo/Mlz}()ZZ 0.0 ;
-- Z()/M(d()2= 0.3 :
----- May’=0.5 1
s 45" zofMew'=0- 1
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~ ~> o~
3'5 7\ Il Il Il \7
0.0 0.2 0.4 0.6 0.8
aM
k=2
5.0 ]
Zo/Mw02=0.0 ]
4.8¢ - = = zy/Mw?=0.3
""" zo/Mwi’=0.5 ]
S 46 ]
&
44F ]
4.2+ R
0.1 0.2 0.3 0.4 0.5 0.6
aM
Fig. 2. (color online) Relationship between the shadow radi-

us of the black hole and the effective charge for various fre-
quency values in homogeneous (upper panel) and inhomogen-
eous (middle and lower panels) plasma media.

subsequent breakdown of the spacetime surrounding a
compact object [41]:

8ap = TNap + hryﬁ > (22)

where 7,5 and h,; connote the Minkowski and perturba-

tion metrics, respectively:
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Nep = diag(-1,1,1,1),

hoyg <1, hy,—0 under x%— oo,

g(yﬁ — naﬂ _ haﬁ, ha/? — haﬂ- (23)

The phase speed of the electromagnetic wave in a plasma
is given by v = ¢/n. Eq. (7) shows that, when w, > w, the
plasma medium plays the role of a refractive medium. In
the other words, under this condition, electromagnetic
waves cannot propagate in such dense plasma. Only when
w, <w can the plasma medium exhibit reflective medi-
um effects, and in the limit w, < w (n — 1), Eq. (7) re-
duces to the vacuum case.

Now, we examine the plasma effects on the bending
angle of the light rays. For a plasma medium, the deflec-
tion angle can be expressed as [41, 66]

1/ hoow? — K,N (X'
@,-:5/ (h33+°°‘”—(x)> dz, (24)

W2 — W2 )
where b is the impact parameter, which is characterized
by the radius-vector r* = b* + 2>

Note that negative values of &, correspond to the
bending of the light ray towards the central object and

A RS
vice versa. At a large r, we have 7 > (7)2. Thus, the
black hole metric is approximated to

R, 2 R, 2
dszzds§+(———?)dter(T—r—g)drz, (25)

r r

where ds? = —dr® + dr? + r(d6? + sin” 6d>¢).

Now, we investigate the effects of plasma medium to-
gether with the gravitational field of the Sen black hole as
an application of the above-described formalism. In
Cartesian coordinates, the components #,; canbe ex-
pressed as

R, 2
hoo == -1,
r I
R, 2
hlk: (7‘_72q)nlnk9
r r
R, 2
hys = (—‘——Zq)coszx. (26)
r I

where R, =2M, cosx=z/ Vb2 +z%, and r= Vb*+72; b is
the impact parameter signifying the closest approach of
the photons to the black hole. Using the above-men-
tioned expressions in Eq. (24), we can compute the light
deflection angle with respect to b for a black hole sur-
rounded by plasma as

A ® b R.r Zq) 2 )
ah_[oo2r<6r((r r? cos X

R, 2 2 K
+a,(;_ ‘1> w ‘ azv)dz. 27)

— - r
ro rr)w-w -

A. Deflection angle in the presence of plasma

Eq. (27) shows that the expression includes the ef-
fects of gravity and plasma. Here, we rewrite the integral
form of deflection angle by separating the effects as [45]

.1 mb(d/’l33>

@r= 2[00 r\ dr dz, (28)
.1 wb( 1 dhoo)

02_2[mr l-w?/? dr dz, (29)
.1 [“b( K dN(r))

= EL r(wz—wf dr dz. (30)

Now, we calculate the integrals for the deflection
angle for the different configurations of the plasma distri-
bution.

B. Uniform plasma

First, we explore the effects of uniform plasma. We
begin by calculating the terms related to only the effects
of spacetime curvature:

A 1 Oob(dh33> Rs nq
== [ (=2 =4 2L 1
. ZL, Par )BT T (1)

Eq. (31) indicates that, when g =0, we obtain &, = R,/b.
The second one is a mixed term reflecting the spacetime
and plasma effects, which has the following form:

e L[ ),
T2 ) r\1-w?/w? dr ¢

_ R N nq
b(l-w}w?) Pl -wi/w?)’

(32)

where w} = w? = const. Eq. (32) also becomes &, = R,/b
at ¢ =0. Thus, we may obtain the expression for the de-
flection angle for the Schwarschild case &, = 2Rs/b when
g =0. Under a uniform plasma distribution, the third term
of the deflection angle specified by Eq. (30) becomes
zero. Finally, we can express the deflection angle of light
for uniform plasma around the Sen black hole as

i 1+ 1 R, 1+ 2 i 33
Ayni - = N7
wy | b | Wy | 2b? (33)
w w?
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Fig. 3.
the light rays in the presence of uniform plasma on the impact
parameter for different values of charge (upper panel) and
plasma frequency (lower panel).

(color online) Dependence of the deflection angle of

Figure 3 shows the photon deflection angle &,, as a
function of the impact parameter b for different values of
the coupling constant ¢ (upper panel) and the plasma
parameter w}/w?*(lower panel). Increasing the impact
parameter and effective charge decreases the deflection
angle. Additionally, the deflection angle can be greater in
the presence of uniform plasma than in vacuum.

C. Singular isothermal sphere

The Singular Isothermal Sphere (SIS) is the most suit-
able model for understanding the characteristics of a
photon's gravitational lens. It was primarily introduced to
explore the lens property and clusters. The SIS is a spher-
ical cloud of gas with a single feature of density up to in-
finity at its center. The density distribution of a SIS is
given by [41, 42]

2
o
v 34
272’ (34)

p(r) =

where o2 refers to a one-dimensional velocity dispersion.
The plasma concentration admits the following analytic

expression [41, 42]:

Ny =20 (35)
P

where m, is the proton mass, and k is a dimensionless
constant coefficient generally associated with the dark
matter universe. Utilizing the plasma frequency yields the
following:

2
K.o;

2=KN(r)= ——.
Ve ) 2mtkm,,r?

(36)

Now, we can calculate the deflection angle in the
presence of the plasma with the SIS distribution around
the Sen black hole using Eq. (28). Here, we have separ-
ated the deflection angle as Egs. (28)—~(30) and expressed
it as [48]

A _ A() ~(2) A(3)
as1s = grs + Agpg + Agps - 37

Because the first term does not include the plasma ef-
fects, it takes the same form as Eq. (31):

Qs =01, (38)

o 1/°°b( 1 dhoo)d
A== | | ———
872 J o r\1—w?/w? dr ¢

R, 3qR>w? 2R W} ngq

+ R
b 4t W* 3bmw? b2

o 1 ["b( K, dN(&)
QSIS__E - r\wr—w? dr dz

1K, ["bdN R W

(39

(40)
TR

~_

2 w? _m; dr

K,o?

2 e
w, = —F——
where @¢ 2k, R -

Obtaining all integrals, we have

w? b?

2R, 3nq w’R*(3qg 2R, 1
<4T;2_3bn+2>' “h)

To assimilate the influence of the SIS on the photon
trajectory, we plot the deflection angledss as a function
of the impact parameter b in Fig. 4. Interestingly, we ob-
serve that the uniform plasma and SIS medium share
common features with respect to b. Fig. 4 shows that the
deflection angle &g decreases because plasma inhomo-
geneity exerts the opposite effect, and this effect is sever-
al times stronger than the vacuum [42, 95]. We observe
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Fig. 4. (color online) Dependence of deflection angle of the
light rays in the presence of plasma with non-uniform distri-
bution on the impact parameter for different values of charge
(upper panel) and plasma frequency (lower panel).

2
w,
that @gs decreases as o2 Increases (lower panel) [42,
95], and conversely, dss decreases as ¢ increases (upper
panel). Thus, the presence of the SIS around the black
hole has a noticeable impact on the intervening massless
particles.

D. Non-singular isothermal sphere

Now, we proceed to study the motion of photons con-
sidering a non-singular isothermal sphere (NSIS), which
is a more reasonable and physical setup for the analysis.
Unlike the SIS, in this lens model, the singularity is
bounded by a finite core at the origin of the gas cloud,
whereby the density distribution is defined as

pry= T P T
27T(r2 r2) 2o P 27r2” (42)
1+—2
"

Here, the core radius is represented by r..The plasma
concentration for the NSIS using Eq. (35) becomes

gy

Ny = 27km,(r2 +r2)

(43)

We compute the plasma frequency from expressions (42)
and (43) as follows:

2 2

2 RS 2 2o oK,

e 2 2 c c 2 *
n(r*+r?) 2km,R?

(44)

In this case, the deflection angle can be calculated us-
ing decomposition expressions (28)—(30) in the follow-
ing form [48]:

&NSIS SlS +&3S1S +&HSIS (45)

where the first term can automatically be expressed as

@ =, (46)
&nsis_l/wé< 1 dhOO)
22 ) r\—w?/w? dr

_bqR?wj( L >

T 2\ ,ﬁﬂz

r.
arctanh 7‘}
bR w2 [ 1 N
W\ b2 r \/szr?

R, nq

+
b b’

A NSis 1 /wb( Ke dN(r))d
vt = —— -
3 2 ) r\W?—w? dr .

1K b dN lw? R
EOp— —d —_— 48
20 J_ rdr “= 2 w? L2+ 232 (48)

(47)

Summarizing all terms, we may obtain the expression for
the deflection angle in the following form:

R 2R, 3nq  2qR} o R} o}

MSS= TR T T A & bW
bR? W 2bgR* W
2P+ AR W

5 7.
R? a)f bR; Arctanh {\/m} ? o
brr? w? ard \/b* +r? w?’

Here, the distribution of the NSIS is associated with the
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Fig. 5. (color online) Dependence of the deflection angle of

the light rays in the presence of plasma with non-uniform dis-
tribution on the impact parameter for different values of
charge (upper panel) and plasma frequency (lower panel).

parameter w?/w?. Fig. 5 shows that the behaviour of the
impact parameter b, the charge of the black hole ¢, and
w?/w?* cannot be distinguished from a specific perspect-
ive when compared with those in the uniform plasma and
SIS case. Nevertheless, Fig. 7 is a visual juxtaposition of
Qunis Qyae, Onsis, and dssas a function of b and the charge
of the black hole. The deflection is maximum when a uni-
form plasma medium surrounds the black hole. Thus,
considering the opposite influence of inhomogeneous
plasma, the final result can be expressed in mathematical
expressions as [42, 95] Gy > Gyac > dnsis > Asis -

IV. IMPACT OF PLASMA ON GRAVITATIONAL
LENSING AND MAGNIFICATION

We now focus on observable consequences of gravit-
ational lensing, namely, the magnification of the image
source brightness in the presence of plasma performing
the angle of deflection @discussed in previous sections,
particularly for uniform plasma. Figure 8 depicts the
gravitational lensing system showing a black hole as a
lens, a source, and an observer. To determine the magni-
fication of the image sources, we can use the lens equa-

tion, which is related to the angular position of the source
p and image 6 as well as the distances from the source to
the observer D, and lens D;;and the deflection angle:

0D, =D, + Dyax. (50)

We can use the b= D,60 relation in the weak field limit.
Thus, we have the following equation:

Dds
Q. 51
Dsa 5D

B=6-

For uniform plasma, by using Eq. (33) for &, we can re-
write Eq. (51) as

Dds 1 Rs
B=06- +— | =
D.D, 0|6
W
2 Dy,
M e ) (52)
26 - Wy D;D;
(,4)2

By introducing the variable x = 9—?, we can reduce Eq.
(52) to the form

X +px+1=0, (53)
where
1, 1 1 )
=— B 1-——— |o
P3P T T £ (>4)
-
2 nqt%
= 1-
w 4D R, (55)
o
1 B2 2B
- 1= = £
w2 6 27 (56)
-
2R,D,
0. = K s. 57
e D.D, (57)

Hence, the solution of Eq. (53) is given by [96]

os ¢+2nk
3 b

x=2s"¢

(58)
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where

P (_L) 59
s = 27’ ¢ = arccos 25 (59)

The total magnification of the images is defined as the ra-
tio of solid angles of the observer to the source, which is
then summed up relative to each image. However, in the
weak field approximation, the total magnification 5y of
the images is approximated as [97] ’

=73 |(5) (%)

where 6, = x+£/3. There are three components of the
magnification of the images: two ordinary images and re-
lativistic images that appear due to the presence of the ¢
parameter.

Using the above expressions, we can obtain numeric-
al results for the total magnification. Figure 6 depicts the
relationship between total magnification and the source
position (upper panel), as well as the relative magnifica-
tions of individual images. The upper graph shows that
the total magnification decreases as the source position
angle increases. Additionally, the presence of the plasma
environment positively influences the total magnification.

k=1,2..,n (60)

V. TIME DELAY

This section introduces the theoretical framework of
our study. The time delay of light in a gravitational field
is calculated using the geodesic equation [98, 99]

1 dr>2 112 1<dr)2 1,
LY IS (A R I ()
Z(d/l tarteEa @) V=3 D)

where € = £1,0is a parameter that is 0 for a null geodesic,
and A is an affine parameter. In this context,

fn L . . .
V(r)="=—5 defines the effective potential for particles

in a spherically symmetric gravitational field, with the
impact parameter given by b = |L/E|. Focusing on photon
trajectories, we obtain

dr_g'dl_ _bzf(r) 62
o e OV ©2

Using £= /),
lows. As a particle moves along its scattering orbit from
the source position rg, the radial coordinate » decreases
over time until the particle reaches the closest approach,
r = ro, to the central black hole. Beyond this turning point
r = ry, the radial coordinate begins to increase as time ad-

the signs + can be interpreted as fol-

g/M=06
12F ‘ 8
1
" — WP =0.0
\
10¢ \\‘“ -—- al()z/(d‘zi 0.3
A
\
sk \\\‘ ----- wila=0.5 ]
.
X 6
4+
2,
Il Il Il Il \7
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£, (pas)
@M=0.6
Lof ‘ ]
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0.2 . :
~
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Fig. 6. (color online) (upper panel) Magnification as a func-

tion of source position g forqg/M = 0.6 and M/Dy =22.6-10712,
(lower panel) Magnification rate of the image source as a
function of position of source f for w3/=w?=05 and
M/Dy =22.6-10""". The black thick and red dashed curves rep-
resent the magnification rate of primary and secondary im-
ages, respectively, and the blue curves represent relativistic
images owing to the presence of the charge of the black hole

q.

1.0~

Vacuum

bIM
Fig. 7.
tion of the impact parameter b. The corresponding fixed para-

(color online) Plot of the deflection angle @, as func-

2
W, w
0
meters are — =0.5, —5 =05, 7. =3,
w w

vances. Thus, we establish the following relationships:
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dr [ B2f(r)
5 =M\ 1-—=5=<0, (63)

for a photon traveling from the initial position r=rs to
the turning point » = ry, the radial coordinate behavior is
described. Additionally,

dr_ o0 /12 B0 64
dt—f(r) 1 = >0, (64)

where we have considered that the photon moves from
the tuning point r =ry to observer position r =r,. Note
that, in gravitational lensing, when the light source is loc-
ated at r = ry and the observer at r = ry, the time delay of
light as it propagates through the gravitational field is for-
mulated as

s dr
(5T:T_T0:_ bzf(r)
" f() (1_ 72 )
ro dr
), 2oy
S0 (1— 2 )
_ i dr
f) (1_ 2 )
o dr
" F W
G (1— 2 )
RV ) )

where Ty = \/r? =13+ /r} —r} represents the time taken
for light to propagate in the absence of a gravitational
field.

For the 2002 superior conjunction of Cassini, the
spacecraft was at rp =843 AU from the Sun, and the
radar grazed near the Sun with an impact parameter
b= 1.6R,. The maximum time delay with respect to the
flat spacetime is when ry=1.6R, and rg =1.5x10%km
[100]. Figure 9 clearly shows that, with an increase in the
value of g/Mfor the Sen black hole, the time delay de-
creases.

VI. CONCLUSION

We have thoroughly examined the weak gravitational
lensing and shadow properties of Sen black holes im-
mersed in a plasma medium, highlighting the significant
impact of the black hole's effective charge on these optic-
al phenomena. Our investigation reveals several key find-
ings. The obtained results can be summarized as follows:

74 Source Image
A 4 / \/
X g - p \-—

> y
Ds
Dd B
0
7 ~
Observer
Fig. 8. Schematic view of the gravitational lensing system.
0.4496 [
0.4494 |
— 0.4492
[}
E
iS5 0.4490¢
0.4488 |
0.4486 [
0.0 0.2 0.4 0.6 0.8 1.0
/M
Fig. 9. Dependency of the geometrical time delay on the

black hole parameter ¢/M.

e We find that an increase in the effective charge of a
Sen black hole decreases the radius of the photon sphere.
This decrease in the photon sphere radius results in a
smaller size of the black hole's shadow.

e The effective charge also influences the bending
angle of light rays. Our results indicate that as the effect-
ive charge increases, the bending angle diminishes.

eIn particular, we have considered a uniform distrib-
uted plasma, singular isothermal sphere medium, and non
isothermal sphere medium.

e We also show that the deflection angle increases
with increasing plasma frequency, when the plasma is ho-
mogeneous, owing to the refractive effect of the medium,
the deflection angle decreases when the plasma is in-
homogeneous (SIS and NSIS) with increasing plasma fre-
quency.
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e An analysis of the angle of deflection of the light
beam around the Sen black hole in the plasma medium
size and NSIS models shows that the influence of the
plasma medium for the SIS model is much less than that
for the NSIS model at the same plasma frequency values.

e By applying the lens equation, we have analyzed
the magnification of source brightness, which is influ-
enced by the effective charge of the black hole. Addition-
ally, we study the time delay of light traveling in the pres-
ence of a surrounding plasma medium. Our analysis

shows that plasma can significantly alter the time delay.

Overall, our study provides new insights into the ob-
servational signatures of Sen black holes, emphasizing
the role of effective charge and plasma in shaping these
signatures. The results enhance our understanding of the
effects of these factors on weak gravitational lensing and
the black hole shadow, offering new avenues for inter-
preting astronomical observations and testing theoretical
models of black hole physics.
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