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Abstract: This paper investigates conserved net-baryon multiplicity fluctuations near the spinodal decomposition

region based on the stochastic diffusion equation, model B. The convex anomaly in the spinodal region induces the
unstable mode, and the correlation function dominates at the harder mode. The unstable mode results in oscillating

behavior of second-order multiplicity fluctuations with increasing spatial interval. This oscillating behavior of multi-

plicity fluctuations with respect to acceptance may indicate the existence of the convex anomaly of spinodal decom-

position.
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I. INTRODUCTION

The exploration of the Quantum Chromodynamics
(QCD) phase structure is one of the important frontiers in
both theoretical and experimental research of strongly in-
teracting matter. Simulations of the lattice QCD have re-
vealed a crossover transition from the quark-gluon
plasma phase (QGP) to the hadronic phase at the vanish-
ing baryon chemical potential (up) [1—4]. Extensive stud-
ies based on the effective theories of QCD conjectured a
first-order phase transition at large up, together with a
critical point between them [5—8].

The characteristic feature of the phase transition is the
large fluctuations and divergence of variables. After be-
ing created in relativistic heavy-ion collisions, the QGP
fireball is driven across the QCD phase transition region,
and several final observables potentially preserve the
non-trivial behavior induced by phase transition. Non-
monotonic behavior of net-proton multiplicity fluctu-
ations with respect to the colliding energy is believed to
be one of the most important signatures of QCD phase
transition in relativistic heavy-ion collisions [9, 10]. The
Beam Energy Scan (BES) program at RHIC has been
dedicated to searching for the QCD critical point, and the
preliminary non-monotonic behavior of net-proton fluctu-
ations has been observed in the first phase of the pro-
gram (BES-I) [11, 12]. However, the statistic of net-pro-
ton fluctuations is insufficient to conclude the observa-
tion of non-monotonic behavior at BES-I, and research-
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ers are anticipating the higher statistic measurement at the
second phase of the BES program (BES-II).

In addition, the theoretical modeling requires further
improvement for a better description of the fireball sys-
tem near the QCD phase transition region. The QGP fire-
ball created in relativistic heavy-ion experiments is a
complex system, in which the critical fluctuations signi-
ficantly deviate from the ones at an ideal and equilibrium
context. In particular, the finite time effects induced by
the expanding fireball have been revealed to significantly
modify the critical fluctuations. For example, the mag-
nitude of the fluctuations is suppressed [13, 14], the sign
can be reversed [15], and the largest fluctuations do not
necessarily correspond to the trajectory closest to the crit-
ical point [16]. Consequently, several dynamical models
have been built to incorporate the dynamics of the critic-
al effects (see e.g., Refs. [17-22] for recent reviews).
Typically, the dynamics of the critical fluctuations are
considered an additional degree of freedom and couples
with the conventional dynamical model (e.g., relativistic
hydrodynamics), such as the dynamics of the order para-
meter field in non-equilibrium chiral hydrodynamics
[23—25] and the slow mode in the hydro+ [26]. In partic-
ular, the dynamics of the conserved net-baryon density
have been investigated [27—31] and the non-monotonic
behavior of multiplicity fluctuations was observed with
respect to the detector acceptance window [29—31].

However, researches on the dynamics of the fluctu-
ations near the first-order phase transition side is relat-
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ively deficient [20] owing to its complexity. The charac-
teristic property of the system near the first-order phase
transition is the existence of the unstable mode, which
may result in nucleation or spinodal decomposition. In re-
lativistic heavy-ion collisions, the spinodal decomposi-
tion has been investigated within the framework of dis-
sipative hydrodynamics using an approximate equation of
state for the coexistence region [32—36]. In these works,
the unstable mode in the coexistence region was studied,
with the increasing density moments as the consequence.
In contrast, the acceptance dependence of the net-proton
fluctuations is feasible in heavy-ion experiments [37].
With the fluctuations within a specific detector accept-
ance window (e.g., Ay), the collision energy dependence
of the multiplicity fluctuations scans different regions of
the QCD phase diagram. From another perspective, vary-
ing the acceptance window (e.g., Ay) at specific collision
energy +/syy enables us to study the multiplicity fluctu-
ations with an increasing particle number involved. For
example, Refs. [38, 39] studied the multiplicity fluctu-
ations of protons with an increasing detector acceptance
window (transverse momentum pry range and rapidity
range Ay) near the critical point and observed the accept-
ance dependence as a consequence of the long-range cor-
relation. However, the multiplicity fluctuation with re-
spect to the acceptance at the first-order phase transition
side has not been addressed yet. This paper focuses on the
consequence of the unstable mode in the spinodal decom-
position region on the acceptance dependence of the mul-
tiplicity fluctuations. We find that the unstable mode res-
ults in the correlation function dominating at a much
harder mode compared with the ones outside the spinod-
al decomposition. This effect selects the harder mode
and exhibits oscillating behavior with increasing accept-
ance.

II. CONSERVED NET-BARYON DENSITY NEAR
THE SPINODAL DECOMPOSITION REGION

Describing the dynamics near the QCD phase trans-
ition requires the dynamics of the relevant degree of free-
dom. Relativistic hydrodynamics considers the dynamics
of several slow degrees of freedom and achieves ex-
traordinary success in relativistic heavy-ion collisions.
Unstable mode analysis near the spinodal decomposition
region has been performed [32—-36] within the frame-
work of relativistic hydrodynamics, with the equation of
state constructed by performing a suitable spline between
two idealized systems (either a gas of pions and interact-
ing nucleons or a bag of gluons and quarks). In this
framework, the thermal noise has not been considered,
but it is essential for the region near the critical point of
the coexistence side. As several relevant degrees of free-
dom exist in fluctuating hydrodynamics near the coexist-
ence region, this is challenging for a comprehensive study

both theoretically and numerically.

As an alternative framework to study the dynamics
near the QCD phase transition, model B evolves the con-
served quantities only near the critical point and is much
easier to implement. Near the QCD phase transition, the
order parameter field (chiral condensate o = gg—(Gq)) is
a slow mode and couples with other slow hydrodynamic
modes, such as the conserved baryon number density 7,
as well as densities of energy e and momentum n' [40,
41]. Additionally, the baryon density mode evolves much
slower than the ¢ mode and plays a more important role
near the phase transition [40]. This enables us to study
only the dynamics of np as an approximation, which is
the so-called model B. On the crossover side of the QCD
critical point, several phenomenological studies with the
conserved quantity in heavy-ion collisions have been im-
plemented [27-31] and the multiplicity fluctuations with
respect to the increasing acceptance have been investig-
ated [29—31]. Therefore, this work focuses on the exten-
sion of this model to the system near the critical point on
the coexistence side and theoretically studies the corres-
ponding multiplicity fluctuations with increasing system
size.

The coupling between order parameter field o and np
transmits the effects of phase transition to the baryon
number density field, and the conventional Landau-Gin-
zburg free energy can be considered a good approxima-
tion of the effective potential of net-baryon density:

4 u K
F[nB] :/dx|:§n%+1n‘;+ Z(Vng)z . (1)

where K is the coefficient of surface tension. As one type
of first-order phase transition, spinodal decomposition is
an important mechanism for phase separation in many
areas of physics. One of the characteristic properties of
the spinodal decomposition is that the corresponding ef-
fective potential exhibits a convex anomaly, v <0 and
u > 0 in this case [42]. The small deviation from uniform-
ity in this convex anomaly region is amplified and even-
tually results in phase separation.

To study the phenomenological consequence of the
spinodal decomposition in relativistic heavy-ion colli-
sions, the coefficients in Eq. (1) must be specified from
the QCD theory. The pressure P can be obtained from the
effective potential (1); therefore, the coefficients in Eq.
(1) can be expressed in terms of various orders of baryon
number susceptibility, as performed in Refs. [30, 31].
However, the surface tension K is essential near the first-
order phase transition (which we see later) and the know-
ledge of K (as well as other coefficients) is insufficient to
make a conclusive comparison with experiments. This
work focuses on the theoretical consequence of unstable
spinodal decomposition on the multiplicity fluctuations
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without specifying parameters of strongly interacting
matter. A more comprehensive and realistic analysis is
left for future research.

The basic theory of spinodal decomposition is the
Cahn-Hilliard equation [43], which has been widely stud-
ied in metallurgy. The dynamics of conserved net-baryon
density np(t,x) at space-time (z,x) near the phase trans-
ition can be described [27, 28]:

or
Omnp(t,x) =V (DV% + {(t,x)) , 2)

where the noise term employed in this work is white
noise and its moments have the relations

{¢(,x) =0,
L), x)y =2DT6(x—x')o(t—1").

3)

The coefficient of the second moment of /(¢, x) is determ-
ined by the fluctuation-dissipation relation. The notation
(---) represents the averaging over the noise configura-
tion. D denotes as the diffusion coefficient, and T is the
temperature.

The diffusion equation in Eq. (2) with non-linear ef-
fective potential cannot be solved analytically. Neverthe-
less, it still can be analyzed by assuming the small per-
turbations 71z near the minima of free energy ny, 5:

nB(t’ X) = nmin,B(Z) + ﬁB(t’ X), (4)

and the evolution of 715 takes the form

Oty = DOWV?iig + 3un?

minpV i —KViiig)+ VL. (5)
This equation of 7iz has a formal solution in Fourier .-
space:

-~ t =,
Tip(t, k) = Fip(to, k)e 0t 4. / Ak ke PR, (6)

fo

with the initial condition 7(#,k) at 7=1,. The notation
D(to,1,k) = [, d'DI(v+3ung;, p)k* + Kk'] is used for con-
venience. We can observe that the mean value of perturb-
ation for the conserved quantity (iiz(z,k)) decays expo-
nentially from the initial fluctuations (iig(t,k)), without
contribution from the noise, as shown in Eq. (3). In the
limit of the zero mode k =0, corresponding to the entire
system, the fluctuations are constant as a function of time,
which is the characteristic of the dynamics of the con-
served quantity (model B).

III. CORRELATION FUNCTION OF THE
CONSERVED NET-BARYON DENSITY NEAR
THE SPINODAL DECOMPOSITION

The initial condition is required to obtain the two-
point correlation function. We can assume that the sys-
tem is thermalized and the correlation is expressed as [29]

(Fip(to, x1)iip(to, x2)) = x(t0)0(x) — x2). 7

With the initial condition of the correlation function and
performing the averaging over the noise configuration,
the correlation function in Fourier space can be obtained
as

(At k)1, ko)) = 276 (ky + ko) {x(m)a‘mm>+ﬁ<’°v’*2”

t
_/ dt/klkzzDTe—[D(t’,t,kl)+D(t’,t,k2)]}.
fo
(8)

Typically, the system is assumed to be homogeneous,
namely, the correlation function {(7ip(t,x;)7ip(t,x2)) only
depends on the distance x; — x,, not on the abstract value
(x; +x2)/2. Therefore, 6(k; +k,) appearsin the correla-
tion function.

As in the case of perturbation (7iz(z,k)}, the correlation

C(t, k) =2 {X(to)ef[[_)(f(],t,k)+[_)(f(),t,*k)]

t
n / dt’k22 DT e—[D(z’,t,k)+D(t’,t,—k)J}

fp

decays exponentially from the initial value y(z).
However, the second moment of noise in Eq. (2) is non-
zero and contributes to the two-point correlation function
C(t,k) (the second term of Eq. (8)). Because of the noise
contribution, the correlation C(t,k) tends to develop a
stronger correlation at larger mode £. Outside the spinod-
al region (v >0), D(ty,t,k) is always positive (the diffu-
sion coefficient D, surface tension coefficient K and
fourth order coupling constant u are typically positive),
and the correlation function decays rapidly for the hard
mode k& and dominates at the small mode %. In contrast,
D(ty,1,k) could be negative in the spinodal region (v < 0)
owing to the convex anomaly, and the correlation func-
tion significantly enhances at the hard mode £, if the sur-
face tension K is neglected. The correlation function ac-
cumulates as a function of time and diverges eventually,
i.e., it becomes unstable. Therefore, the surface tension is
essential for the stability of the system near the phase
transition. The effects of surface tension have been ad-
dressed in Refs. [32—34, 36] and introduced as a gradient
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term in the equation of state to describe the finite range of
interaction. In other words, the surface tension K stabil-
izes the system, but the negative contribution of v in the
spinodal region results in the largest C(z,k) at the harder
mode k, comparing outside spinodal region (v > 0). For
the illustration, the correlation function C(r =1,k) in k-
space is shown in Fig. 1 with D=1, y(f) =1/2,
T=1,t=0,t=1,u=0.1,ny,5=1, and K=1. As
shown in Fig. 1, the correlation function has the largest
values at the harder mode & for v < 0 than for v > 0.

To illustrate the effects of the unstable mode on the
multiplicity fluctuations acceptance Ax, we must trans-
form the correlation function in Fourier space Eq. (8) in-
to the coordinate space. After performing the spatial in-
tegration with interval (—Ax/2,Ax/2), the correlation
function becomes

Ax/2

dkdk, . .

Cy(Ax) = / dx;dx, / (AT AD)
—Ax/2 (2m)?

dk
= / a2 [k, AX)C(2,k),

©

where the function f(k,Ax) is defined as
f(k,Ax) = 4% sin(kAx) — %[COS(]CAX) -1].  (10)

The function f(k,Ax) results from the inverse Fourier
transformation and spatial integration with a finite range.
In the slow mode limit (small k), the function f(k,Ax) is
simply a quadratic function of Ax: f(k,Ax)~5Ax?,
whereas f(k,Ax) is a trigonometric function in the limit

Ax .
of large k: f(k,Ax) z47x sin(kAx). As shown in Fig. 2,

the function f(k,Ax) for small k£ behaves as a quadratic
function with increasing Ax. In contrast, the function has
oscillating behavior with larger k. This is consistent with

25 1
v=-1.5 1
20 v= 1
R S D A Rk - v=1
x 15 1
)
o 10 1
5 4
0 | | | [ | -\—.\ B | 1
-3 -2 -1 0 1 2 3
k
Fig. 1.  (color online) Correlation function of net-baryon

density in Fourier space for the system in the spinodal region
(v=-1.5) and outside the spinodal region (v =0 and v=1).

sor ... - f(k=0.1,A%)+0.2 7

6ol f(k=1,Ax) .

f(k,AX)

Fig. 2.
transform as a function of spatial integration interval Ax (see
Eq. (10) for the definition of f(k,Ax)). The blue dotted dashed
curve corresponds to 0.2f(k,Ax) with the slow mode k=0.1,
and the red solid one represents the harder mode & = 1.

(color online) Function related to the inverse Fourier

the conventional picture that the harder mode varies with
smaller wavelengths. In this case, the criteria of the exist-
ence of oscillating behavior are determined by the negat-
ive second order derivative of f(k,Ax) with respect to Ax:
" (k,Ax) = 10cos(kAx) — 4kAxsin(kAx) < 0. As shown in
Fig. 3, the curvature f”(k,Ax) is positive at a small spa-
tial interval Ax for the slow mode k = 0.1, i.e., no oscillat-
ing behavior of f(k,Ax). In contrast, for the hard mode
(k=1 in Fig. 3), the second term —4ksin(kAx) plays a
more important role (oscillating behavior appears), and
f”(k,Ax) can be negative with small spatial interval Ax.
As emphasized, the unstable mode in the spinodal de-
composition region (v < 0) derives the correlation func-
tion in Fourier space C(z,k) dominates at large k, whereas
C(t,k) rapidly decays at large k£ outside the spinodal re-
gion. Owing to the property of f(k,A), we naturally ex-
pect that the correlation function C,(Ax) exhibits oscillat-
ing behavior with increasing system size Ax in the
spinodal region, which does not exist outside the spinod-
al region. As an illustration, the correlation function with
increasing system size Ax is shown in Fig. 4. Note that

"(k,AX)

0 2 4 6 8 10
Ax

Fig. 3. (color online) Similar with Fig. 2, but for the second

derivative of f(k,Ax) with respect to Ax: f”(k,Ax).
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25/
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0.5/

0.0f

Ax
Fig. 4.  (color online) Correlation function of net-baryon
density with increasing spatial integration interval Ax for the
system in the spinodal region (v=-1.5) and outside the

spinodal region (v=0 and v=1).

the values of v in Fig. 4 are selected for illustrative pur-
poses. The oscillating behavior continuously smears to
the ones of v = 0 with decreasing absolute value of negat-
ive v. The oscillating behavior of C,(Ax) for v <0 indic-
ates the existence of an unstable mode induced by spinod-
al decomposition, which is difficult to achieve outside the
spinodal region (v > 0) at a small Ax.

In this work, Ax refers to the interval of spatial integ-
ration. Such analysis can also be performed in the relativ-
istic frame (7, x,y,n7), where the integration is performed
in the space-time rapidity space #. For the system with
large collision energy, the space-time rapidity # equals
the momentum rapidity y because of the boost-invariance.
A detector with a wider momentum rapidity window Ay
approximately corresponds to the integration of the sys-
tem with a larger system size. This so-called acceptance
dependence with non-monotonic behavior of multiplicity

fluctuations has been studied near the critical point on the
crossover side [29-31]. As addressed in this paper, the
acceptance dependence with oscillating behavior of
second-order multiplicity fluctuations is observed near
the first-order phase transition side.

IV. CONCLUSION AND DISCUSSION

Based on the conserved dynamics near the phase
transition, model B, this work studies the conserved net-
baryon multiplicity fluctuations near the spinodal decom-
position region. We find that the convex anomaly in-
duces an unstable mode in the Fourier space, and the cor-
relation function dominates at harder mode, comparing
the one outside the spinodal region. As a result, this prop-
erty picks up the higher mode with oscillating behavior at
finite spatial interval. Such oscillating behavior of net-ba-
ryon multiplicity fluctuations with increasing detector ac-
ceptance could be the possible signature of the convex
anomaly of spinodal decomposition.

Note that this work focused on studying the possible
consequence of the unstable mode in spinodal decompos-
ition with respect to the acceptance. A more comprehens-
ive and phenomenological investigation is required in
heavy-ion experiments in a more realistic context. An es-
sential aspect to evaluate is which mode of the correla-
tion function dominates the realistic setup and estimate
the possibility of the survival of the unstable mode. For
instance, the QGP fireball created in relativistic heavy-
ion collisions is a rapidly expanding system, which de-
rives the system passing through the spinodal decomposi-
tion. Such finite time effects have not been considered in
this work, which is important for future research to ad-
dress the possible existence of such a signature of spinod-
al decomposition.
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