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Abstract: In this paper, we explore the quasinormal modes (QNMs) of a black hole surrounded by a fluid of strings
within the framework of Rastall gravity. We analyze the behavior of scalar, electromagnetic, and gravitational pertur-

bations, focusing on the influences of black hole charge Q and angular momentum / on the quasinormal frequencies.

Our numerical results reveal a significant dependence on parameter ¢. These trends are consistent across different
types of perturbations, emphasizing the relationship between black hole parameters and QNM behavior.

Keywords: Black hole, quasinormal modes, Rastall gravity

DOI: 10.1088/1674-1137/ad9453

I. INTRODUCTION

General relativity has withstood extensive scrutiny
since its predictions were first confirmed in 1919, particu-
larly through phenomena like the deflection of light by
the Sun. Recent evidence from gravitational wave obser-
vations by LIGO and Virgo further supports its robust-
ness [1-3]. However, general relativity does not account
for dark matter and energy or the cosmic acceleration [4,
5], and it is not renormalizable [6]. These limitations mo-
tivate the exploration of modified theories, of which
Rastall gravity is one [7]. Rastall proposed a modifica-
tion to the energy-momentum conservation law, suggest-
ing that its divergence could be proportional to the gradi-
ent of the Ricci scalar [7]. This leads to a non-minimal
coupling of matter with spacetime geometry, recovering
standard conservation in flat spacetime. Numerous stud-
ies have suggested that Rastall gravity is a viable alternat-
ive, with applications in astrophysics and cosmology
[8—15]. Notably, solutions involving black holes surroun-
ded by a cloud of strings have been explored, revealing
interesting properties, such as critical rotation parameters
for extremal black holes [16] and the stability of certain
gravastar models [17]. The concept of a string cloud as a
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source of gravitational fields dates back to Letelier, who
developed solutions to the Einstein equations for various
symmetries [18, 19]. This laid the groundwork for later
studies that incorporated pressure effects [20] and aniso-
tropic fluids [21-23]. The potential of Rastall gravity to
modify spacetime properties makes it a compelling area
for further investigation, especially in conjunction with
models involving strings.

Recent interest in Rastall gravity has surged, driven
by its ability to reconcile certain astrophysical observa-
tions, such as the dynamics of dark energy and cosmic ac-
celeration, without invoking dark matter [24]. Its field
equations can describe a variety of interesting solutions,
including those of black holes surrounded by fluids or
exotic matter, thus broadening our understanding of grav-
itational interactions. Notably, Rastall gravity can yield
unique behaviors not present in general relativity, such as
alterations in the quasinormal modes (QNMs) of black
holes and novel stability conditions. The theory also ex-
hibits compatibility with certain cosmological models,
presenting potential explanations for observed cosmic
phenomena [24, 25]. Given these compelling features,
Rastall gravity stands as a fruitful area of research, espe-
cially regarding its implications for black hole physics
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and the nature of gravitational interactions in the uni-
verse.

QNMs are essential characteristics of dissipative sys-
tems, particularly in black holes, where anything that
crosses the event horizon cannot escape. QNMs domin-
ate the ringdown phase of gravitational waves from bin-
ary black hole mergers [26]. Unlike those of normal
modes, the eigenfunctions of QNMs do not form a com-
plete set and are not normalizable [27]. QNMs exhibit
complex frequencies, with real parts representing vibra-
tion frequencies and imaginary parts indicating decay time
scales. Studying QNMs is crucial for inferring the mass
and angular momentum of black holes, as well as testing
the no-hair theorem [28—30]. In horizonless compact ob-
jects, QNMs may reveal echoes in the ringdown signal,
providing evidence for their existence [31—33]. Addition-
ally, QNMs can constrain modified gravity theories
[34—42] and have been found to be unstable under small
potential perturbations [43, 44]. They also help assess the
stability of the background spacetime under perturba-
tions [45, 46]. Researchers have explored the impacts of
different parameters on QNM behavior and stability in
various black hole spacetimes, including those under the
influence of magnetic fields, regular black holes, high-di-
mensional noncommutative black holes, and noncommut-
ative black holes coupled to Einstein's tensor [47—50].

In this paper, we focus on the black hole surrounded
by a fluid of strings in Rastall gravity, as presented in
Ref. [51]. We investigate the QNMs of the Rastall black
hole under three distinct types of perturbations of scalar,
electromagnetic, and gravitational fields. We analyze the
effects of the black hole parameters on the quasinormal
frequencies, revealing how these parameters influence the
stability and decay properties of perturbations. The re-
mainder of this paper is organized as follows. First, we
review the solutions of a black hole surrounded by a flu-
id of strings in Rastall gravity in Section II. Then, Sec-
tions III and IV give the pertubation equations of three
fields and detail our numerical methods for calculating
the QNMs. Section V presents the figures of QNMs and
discusses our results. Finally, we provide concluding re-
marks in Section VI.

II. SOLUTION

Considering the modification to the theory of general
relativity made by Peter Rastall [7]

T, =pBR,. (1)

where f is a constant and R is the Ricci scalar, the field
equation reads as

1
R, = 5 0.R = k(T ~B5,R). )

In the limit as 1 — 0, k = 87Gy, where Gy represents the
Newtonian gravitational constant, and the field equations
reduce to GR field equations.

In four-dimensional spacetime, the energy-momentum
tensor 7, of perfect fluid reads as [51]

T, = (q+pV=h) Z(H_ﬁi‘

) +qg", 3)

where parameters g and p represent the pressure and
density of the fluid of strings, respectively.

Then, the solution of a black hole surrounded by a
fluid of strings in four-dimensional Rastall gravity is [51]

ds® = —f(r)dr’ + ﬁ dr 477 (d0° +sin0dg™),  (4)

where

2M 2
f=1-2.2
rooor
eLr 'log(Ar), forA=2,

- L\ 24 Q)
SA(A —2)"! (7) . forA#2,
r

where 4 and L are positive constants, and Q represents the
electric charge. ¢ = £1 gives the sign of the energy dens-
ity of the fluid of strings, and 4 is defined as

_a-2kB(1 +a) ©
T 1-2kB(1+a)’
where o is a dimensionless constant.

The horizons give us the relationship between black
hole mass M and radius r;,

1 2
M= —r,+ %
2 r;
1
EsLlog(/lrh), forA=2,

(M

1 L\
—reAA-2)"! (—) , forA#2.
2 ry

Black hole temperature 7" can be obtained by the follow-

ing relation: T = £ which results in

B 1 1 0
T= i <7h - 7/31 —V(Vh)) > 3

where y(r) = L/r; for A=2 and ¥(r)=er;'(;:)** for
A#2.
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Fig. 2. (color online) Plots of the Hawking temperature as a

function of the event horizon radius r, for different values of A
and ¢. We chose values M=A1=L=1.

Figure 1 shows how varying Q affects the existence
of the event horizon, allowing us to give the effective
range of Q. For example, the black dotted line marks the
extremal value of Q (Q.. ), where the two horizons of the
black hole merge. Figure 2 shows the curves of Hawking
temperature as a function of event horizon radius r, for
different values of 4 and ¢. As the Hawking temperature
tends to zero, we can obtain the extreme value of the ho-
rizon radius and charge. For example, A =2, e = +1, ex-
treme radius 7y =1.792, and extreme charge Qe =
1.191 can be calculated by the following equations:
f(r;)=0and T(r;) =0. Similarly, when A =2, e = -1, we
get P =0.6874 and Q. =1.077. A=1, e=-1 corres-
pond to rpe = 1.0 and Q. = V2.

III. PERTURBATION EQUATIONS

In this section, we examine the linear perturbation
equations for the scalar, electromagnetic, and gravitation-
al fields in the background of a black hole surrounded by
a fluid of strings in Rastall gravity. For clarity, we con-
sider each type of perturbed field independently, assum-
ing that perturbing one field does not affect the back-
ground of the other two fields.

A. Scalar perturbations

We consider the evolution of a free massless scalar
field; the equation for a scalar in the background of this

(b)A=2,e=-1

(c)A=1e=-1

(color online) Graph of f(r)as a function of r for different values of Q. We chose values M =1=L=1.

black hole is given by

1
— 39, (V—gg"d,9) =0. 9
= (V=88"0.¢) ©)
To perform a separation of variables, we introduce radial
function ¢,(r) and spherical harmonics Y,,,(6, ) as

QO(I, r, 9’ ¢) = Z (103'r(r) Ylm(g’ ¢)e_iwt‘ (10)

Im

By substituting Eq. (10) into Eq. (9), the radial perturbed
equation can be written in the Schrodinger wavelike form

cf(z ") 4 [P = V)] () =0, (11)

where "tortoise coordinate" r, is defined as

dr
dr,. =
T f(r) (12)

The effective potentials of the scalar field are given by

(I+1) f’(r)
9. e

Vi(r) = f( )(

where [=0,1,2,--- are the multipole numbers.

B. Electromagnetic perturbations

The equation for electromagnetic perturbation in the
background of this black hole can be written as

v_ 0, (V=88"8"Fps) =0, (14)

where F,, =0,A,—-0,4,, and A, is the field-strength
tensor of the perturbed electromagnetic field, which can
be decomposed as
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0
0

Qoe(r)aYl,m
‘Pe(r) aYl,m
sinf 0¢

—@.(r)sin@

Atr0.0)=> e
Im

I.m

00

hl (r) Yl,m
I’lz(l") Yl,m

+ Z e it Yy
Im h%(r) 69

(15)

Due to the spherical symmetry of the background metric,
the perturbation equations separate polar and axial contri-
butions. Furthermore, the axial and polar parts have equal
contributions to the final result [52, 53]. Therefore, we
only need to focus on the axial part.

By substituting Eq. (15) into Eq. (14), the perturba-
tion equation for the radial functiong,(r)can be written in

the Schrodinger wavelike form using tortoise coordinate
r*

d?e.(r.)

where the effective potentials of the electromagnetic field
are given by

Ve(r) =

£0iG+D an

The EM modes exist for [ > 1.

C. Gravitational perturbations

We consider the first-order gravitational perturbed
fields around the background quantities

Buv = 8ur + My (18)
where £, is the perturbation. The separation of perturba-
tions for the gravitational field is more complicated. This
decomposition divides the tensor-vector perturbations in-
to "axial (A)" modes, which gain a factor of (—1)*' un-
der parity inversion, and "polar (P)" modes, which gain a
factor of (-1)'.

Under the Regge—Wheeler gauge [54], we expand the
metric perturbations using tensor spherical harmonics.
For the axial part (odd parity), which involves two modes

) + [wz_ve(r)] ‘pe(r*):()’ (16) .
dr; hy and hy, the perturbed metric is expressed as
i ho(r)d,Y1m . ]
0 - M ho(r)sinf0,Y,,
sinf
hi (P, Y m .
. 0 M@0 Yy o sinéa,y,,
hy => e sin6 (19)
Lm _ hO(r)ag; Yl,m _ hl (r)atp Yl,m O O
sind sinf
_ho(}’) sin 909 Yl,m ]’ll (r) sin 969 Y[,m 0 0 |

For polar perturbations (even parity) with four modes
(Ho,H,,H,,K), we have

Hy(r)f(r) H(r) 0 0
H,(r)
. H 0
hyvzz e ot 1(7’) f(l") Y],m_
T 0 0 rK@r) 0
0 0 0 2sin®0K(r)
(20)

Note that we can chose m =0 in the later calculation for
simplicity, as the perturbation equations are independent
of the value of m [54].

For the Schwarzschild black hole, Ref. [55] showed
that the odd and even parities share the same QNM spec-
trum, though this may not be true for other black holes. In

this paper, we simplify our analysis by focusing on the
odd parity. By substituting the decomposition into Ein-
stein's equations and performing some algebraic manipu-
lations, the perturbation equations for odd parity can be
consolidated into a single equation for variable ¢,, which
can be written as

_ S

Pg = Thl(r)- (21)

By substituting Eq. (21) and Eq. (19) into the equations
of motion Eq. (2), after some algebraic calculations and
simplification, we can obtain the following master per-

turbation equations in the Schrodinger wavelike form us-
ing tortoise coordinate r,
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d2g,(r)

ﬁ—ig + [ = Vo] ¢(r) = 0, (22)
where the effective potentials of gravitational field are
given by

[+ f'()

r2 r

ACEV o). e

The gravitational modes exist for [ > 2.

IV. QUASINORMAL MODES

In recent years, a new method known as the asymp-
totic iteration method (AIM) [56] has been developed,
which demonstrates greater efficiency in certain cases.
This method was previously utilized to solve eigenvalue
problems as a semi-analytic technique for second-order
homogeneous linear differential equations. Some of the
current authors have successfully shown that AIM is both
efficient and accurate for calculating QNMs.

It is noteworthy that these three types of perturba-
tions—scalar, electromagnetic, and gravitational—exhib-
it a similar mathematical structure, allowing them to be
transformed into a Schrodinger-like form [30]. This in-
herent similarity in the formulation justifies the use of the
same numerical technique, AIM, for their analysis. By
employing the AIM across these different perturbations,
we can maintain consistency in our calculations while ef-
fectively leveraging the advantages of this method in
solving the corresponding second-order differential equa-
tions.

We are going to employ the improved asymptotic it-
eration method [56] to solve the perturbation equations of
Egs. (11), (16), and (22) numerically. To achieve this, we
take the scalar perturbation of Eq. (11) for example and
rewrite itinterms of u=1-r,/r

7 f’(u) 2 ’ riwz
e+ ( OE u) Pl {(1 W) f)y

R G L)
A-w?fw) (A-u)f)

} @s(u) =0, (24)

such that the range of u satisfies 0 <u < 1. The boundary
conditions are pure ingoing waves (p, ~ e, r, — —00)
at the black hole horizon and pure outgoing waves
(5 ~ €™, r, — +00) at the spatial infinity.

To propose an ansatz for Eq. (24), we examine the be-
havior of function ¢ () at horizon (u = 0) and at bound-
ary u=1. Near horizon (z=0), we have f(0)=~ uf’(0).
Thus, Eq. (24) reduces to

2,2

hop =0 (25)

1
@ (u)+ ;w@(u) +

The solution of this equation can be written as

ir,w

s 0~C - C §’ = 5
os(u—0) e+ Cut, € 70)

(26)

where we have to set C, = 0 to respect the ingoing condi-
tion at the black hole horizon.

At infinity (u = 1), the asymptotic form of Eq. (24)
can be written as

2,2

7 2 ’ r+w
@y (u) - m%(”) + (1—714)4%(”) =0, (27)

which has the solution

ir,w

@s(u— 1)~ Diet+Dyel, £ = -
—u

(28)

To impose the outgoing boundary condition, we should
set D; =0.

Now, using the above solutions at the horizon and in-
finity, we can define the general ansatz for Eq. (24) as

oy (u) = u ey (u). 29

Substituting Eq. (29) into Eq. (24), we have

X" = Aoy + so(u)y, (30)

where

2ir,w B f'(u) B 2(r,w+u—1)

W= 1m0 T W T A

€2

and

(I- M)“MZJI” (w?f(0)?
+u(u=1)*f @) f'©O) (I + Duf’(0)

+ f'(u) (ir+(u —D*w—uf ) (ir,w+u- 1)) )

+r.f @) (row (~u(f/0)+2) +u? +1)°

+i(u+ D=1 f(0)]. (32)

so(u) = [— ”iuzwzf'(o)2

Now, we get functions 4, and s, for the scalar perturba-
tions, and Eq. (30) can be solved numerically by using
the improved AIM. Following the same procedure de-
scribed above, we can also obtain functions A, and s, for
the electromagnetic and gravitational field perturbations:
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2ir,w B f'(u) _ 2(ir,w+u-1)

uf’(0)  fu) (I-w?
1
(I —w*u? f(u) f(0)*
+(u=1uf @) f'©0) (I + uf'(0)
+irw (=17 —uf'(0)) f'(w))
+rwf@?(ro (=17 -uf©0)’
Fi(u+ D(—171(0)], (34)

Ao(u) = (33)

solu) = |- F 0y

and

2irw  f'w) 2(rw+u-1)

uf’ ) f(w (1-w? ~

Ao(u) = (35)

1
(I —w*u? f(u)* f(0)*
+r.wf(u)? (r+w (—u (f(O)+2)+u’ + 1)2
+i(u+ D=1y f(0)) + [uf'(o)((u—l)zf"(u)
+U(I+ 1)+ f'(w) (uf’(O)(—ir+w+ 3u-3)

so(u) = {— riuzwzf’(O)2

+iry - 17w)] @- 1)2uf<u>f'<0>} ,
(36)

respectively. In the following, we will calculate the QNM
frequencies and study the influences of different model
parameters on the real and imaginary parts of the QNMs
around Rastall solutions for the scalar, electromagnetic,
and gravitational field perturbations.

V. NUMERICAL RESULTS

In this section, we show the numerical results of the
QNMs for the scalar, electromagnetic, and gravitational
fields in the background of a black hole surrounded by a
fluid of strings in Rastall gravity.

As noted in previous studies [47, 57, 58], when ap-
proaching extremal black holes, the event horizons de-
generate, altering the singularity structure and rendering
methods like AIM ineffective. To avoid this issue, we ad-
justed the range of the charge Q in this study, ensuring
that it does not approach the extremal limit too closely. In
Sec. II, we set M=A=L=1. For A=2,e=+1, extremal
charge Q.. equals 1.191. Therefore, we chose Q € [0,1.1]
(in Figs. 3(a),(b), (c)). Similarly, for A=2,e=-1, ex-
tremal charge Q. equals 1.077, so we chose Q € [0,1] (in
Figs. 3(d),(e), and(f)). For A =1,e=-1, extremal charge
Qex equals V2 and Q € [0,1.2] (in Figs. 4(a),(b), (c)).

Let us begin by examining the imaginary part of the
QNMs illustrated in Fig. 3, which show the behaviors of

real and imaginary parts of the Ist branch black hole
solution's QNMs under scalar perturbations. When we in-
crease charge Q of the background configuration, we no-
tice that the absolute value of the imaginary part of the
quasinormal frequency |w;| decreases for £ =1 (in Figs.
3(a),(b), (c)) and increases for € =—1 (in Figs. 3(d),(e),
(f)). Additionally, when the charge of the black hole Q
and other parameters of the black hole are fixed, a larger
value of angular momentum / results in a smaller |wy].
Specifically, for & =1, the absolute value of the imagin-
ary part decreases as the black hole charge increases. This
indicates that the perturbations outside the black hole take
a longer time to decay, meaning the perturbation remains
active for an extended period before vanishing com-
pletely. From a holographic perspective, this implies that
the dual system takes longer to return to equilibrium. For
g=-1, the behavior of |w,;| is indeed different, which
suggests that the perturbations outside the black hole dis-
sipate more rapidly as the black hole charge grows, con-
trary to the £ =1 case. This shows that the parameter &
has a significant influence on the stability and decay
properties of the black hole.

Let us now examine the behavior of the real part of
the quasinormal frequency |wg|, as depicted in the Fig. 3.
For £ =1, as shown in Figs. 3(a),(b) (c), the real part of
quasinormal frequency |wg| increases as black hole
charge Q increases. The arrows pointing from right to left
indicate that when Q increases from 0 to 1, |wg| gradu-
ally increases. This trend holds across different values of
angular momentum /, meaning that as the black hole be-
comes more charged, the scalar perturbations gain en-
ergy, leading to higher oscillation frequencies. Further-
more, for fixed Q, the real part |wg|increases with increas-
ing angular momentum /, implying that perturbations
with larger angular momentum have more energy, regard-
less of charge Q. For £ =-1, the behavior is similar to
that for e = 1.

We have discussed the QNM behaviors of scalar per-
turbations in the 1st branch black hole solution in detail.
Similar results werefound for the second branch solu-
tions as well as for electromagnetic and gravitational per-
turbations, as exhibited in Figs. 4—8. The behaviors of
their QNMs align closely with the analysis presented
earlier. Therefore, we do not repeat the detailed explana-
tion here for these cases, as their characteristics exhibit
similar trends across the different types of perturbations.

VI. CLOSING REMARKS

For black holes surrounded by a fluid of strings in
four-dimensional Rastall gravity, we considered their
scalar, electromagnetic, and gravitational perturbations.
We applied the AIM to numerically compute the three
perturbations and investigate the influence of black hole
charge O, angular momentum /, and model parameters ¢
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on the quasinormal frequencies.

Specifically, for scalar perturbations and e=1, we
found that the absolute value of the imaginary part |w;|
decreases with increasing Q, indicating that the perturba-
tions decay more slowly as the charge grows. Conversely,
for e = -1, |w,| increases with Q, suggesting that the per-
turbations dissipate more quickly. For the real part of
quasinormal frequency |wg|, we observed a general trend

of increasing frequency with both increasing black hole
charge Q and angular momentum /. This indicates that the
perturbations gain energy as the black hole becomes more
charged or as the angular momentum of the perturbation
increases, leading to higher oscillation frequencies. Im-
portantly, these behaviors were consistent across both
branches of black hole solutions and for all types of per-
turbations studied—scalar, electromagnetic, and gravita-
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tional fields.

Overall, our study emphasizes the intricate relation-
ship between black hole parameters and the behavior of
QNMs, offering insights into the stability and dynamics
of black holes in the context of Rastall gravity. Future re-
search could further explore the implications of these res-

ults for holographic dualities and the broader implica-
tions for black hole thermodynamics.
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