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Impact of nonextensivity on the transport coefficients of strongly
interacting QCD matter”
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Abstract: Tsallis nonextensive statistics is applied to study the transport coefficients of strongly interacting matter
within the Polyakov chiral SU(3) quark mean field model (PCQMF). Nonextensivity is introduced within the
PCQMEF model through a dimensionless parameter g to examine the viscous properties, such as shear viscosity ()
and bulk viscosity ({p), and conductive properties, such as electrical conductivity (o) and thermal conductivity ().
Additionally, some key thermodynamic quantities relevant to the transport coefficients, such as the speed of sound
(cgq) and specific heat at constant volume (c¢,4), are calculated. The temperature dependence of the transport coeffi-
cients is explored through a kinetic theory approach with the relaxation time approximation. The results are com-
pared to those of the extensive case where ¢ approaches 1. The nonextensive ¢ parameter is found to have a signific-
ant effect on all transport coefficients. We find that the nonextensive behaviour of the medium enhances specific
shear viscosity 7/s,, as well as conductive coefficients o;/T and k/T2. In contrast, the normalized bulk viscosity
{p/sq is found to decrease as the nonextensivity of the medium increases. We also studied the transport coefficients
for finite values of chemical potentials. The magnitudes of 7, o, and « increase at lower temperatures, while (j, is

found to decrease for systems with non-zero chemical potential.
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I. INTRODUCTION

Relativistic heavy-ion collision experiments offer a
distinct opportunity to reproduce the extreme state of
matter that existed at the universe's beginning, known as
quark-gluon plasma (QGP). Experiments conducted at fa-
cilities like the Large Hadron Collider (LHC) at the
European Organization for Nuclear Research (CERN)
[1-3] and the Relativistic Heavy lon Collider (RHIC) at
Brookhaven National Laboratory (BNL) [4—7] have
provided substantial evidence for the creation of QGP,
which has significantly advanced the exploration and un-
derstanding of the strongly interacting matter properties
under extreme temperature conditions. Additionally, the
Beam Energy Scan (BES) initiative at RHIC [8, 9], along
with current research programs at the Facility for Anti-
proton and Ion Research (FAIR) [10, 11] and the Nuclo-
tron-based Ion Collider Facility (NICA) [12, 13], are
working to explore the characteristics of baryon-rich nuc-
lear matter.

The role of transport coefficients is crucial for de-
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scribing the evolution of the bulk matter created in re-
lativistic heavy-ion collisions. These coefficients provide
insights into how much a system deviates from ideal hy-
drodynamics and reveal important information about flu-
id dynamics and critical phenomena [14—18]. Extracting
these coefficients accurately from experimental data and
evaluating them using various theoretical approaches is
currently a prominent area of research. The shear viscos-
ity () of hot quantum chromodynamics (QCD) matter
has garnered significant interest, primarily because of the
surprisingly small value of the ratio of shear viscosity to
entropy density, 7/s,=1/4x, which may resemble a
nearly perfect fluid [19]. This finding has led to specula-
tion about the existence of a strongly interacting quark-
gluon plasma (sQGP). However, the bulk viscosity to en-
tropy density ratio, {;/s,, has been suggested to increase
near the critical temperature 7. [20—22]. The decreasing
value of 5/s, and increasing value of ¢,/s, near T, was
found to be consistent with the lattice calculations [23,
24]. The electrical conductivity o, is important for ex-
plaining the enhancement of low-mass dimuons [25] and
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serves as an essential input for magnetohydrodynamic
simulations [26, 27]. Another key transport coefficient for
hydrodynamic evolution at finite chemical potential is
thermal conductivity x, which was explored in Refs.
[28—31]. These collective findings emphasize that trans-
port coefficients play an important role in measuring the
properties of strongly interacting relativistic QCD matter
and understanding its phase transitions [15].

In recent years, transport coefficients have been ex-
tensively studied using a variety of effective QCD
[32—37] and hadronic models [38—45]. However, these
models employ a Boltzmann-Gibbs (BG) statistics-based
approach, which is valid only for systems with strong dy-
namical correlations, a homogeneous and infinite heat
bath, long-range interactions, and microscopic memory
effects [46—50]. However, in the initial stages of heavy
ion collision experiments, these conditions are rarely met.
Hence, some quantities develop power-law-tailed distri-
butions and become nonextensive. To address these is-
sues, Tsallis proposed nonextensive statistics as a gener-
alization of the BG statistics by introducing a dimension-
less parameter g to account for all potential variables that
violate the assumptions of the standard BG statistics [46].
In this framework, Tsallis proposed a generalized non-ad-
ditive entropy

_ I_Zzw:lpz“]

P (1)

Sq

where w is the number of microstates, P; is the probabil-
ity distribution with "7, P; =1, and g is a positive real
number called the nonextensive g-parameter. Assuming
equiprobability (P; = 1/w), the Tsallis entropy in Eq. (1)
reduces to [46, 51]

wl=1—1

l-g

Sq =

=In,w, )

where the g-logarithm is defined as [52]

In,(x)= ~——, (3)

with corresponding g-exponential expressed as

exp,(x) = [1+(1 —¢g)x]"2. “)
The non-additivity of the entropy s, follows from the
non-additivity of the g-logarithm [46]; considering two

independent systems A4 and B with Py, = P4Pg, the gen-
eralized entropy of the system takes the form

5g(A+B) = 5,(A) + 5,(B)+ (1 — @)s,(A)s,(B),  (5)

where |1 —g| quantifies the degree of non-equilibration,
i.e., how far the system is away from equilibrium. For
g > 1, it describes intrinsic fluctuations of temperature in
the system [53, 54]. In Ref. [55], it was observed that
temperature fluctuations are measured by the divergence
of ¢ from unity, while the Boltzmann limit (¢ = 1) does
not show any temperature fluctuation. Thus, utilizing the
nonextensive Tsallis statistics within the dynamical mod-
el is highly advantageous for examining the transport
coefficients, as they are not well-defined during the ini-
tial stage of heavy-ion collisions when the system is in
non-equilibrium. In the present work, we attempt to see
possible deviations from standard BG statistics for the
values of ¢ > 1, as these values have been seen in numer-
ous phenomenological investigations of high-energy
heavy ion collisions [55-57]. In the limit g — 1, the
nonextensive entropy reduces to the usual BG entropy,
i.e., S,-1 = Spg. The g-parameter is incorporated into the
specific dynamical formulas of the model and enables a
straightforward phenomenological test against possible
deviations from the BG framework.

Tsallis nonextensive statistics has become increas-
ingly important in recent years due to its ability to fit
transverse momentum distributions across a broad range
of collision energies, as demonstrated by the STAR [58],
PHENIX [59], ALICE [60], and CMS [61] collabora-
tions. In light of this, nonextensivity has been incorpor-
ated into many theoretical models to study the properties
of QCD matter. These include a generalized Quantum
Hydrodynamics (¢—QHD) model [62], nonextensive ver-
sion of the Nambu-Jona-Lasinio (¢g—NJL) model [63],
nonextensive version of the MIT bag (¢—MIT) model
[64], generalized linear sigma model (¢g—LSM) [65], and
nonextensive Polyakov chiral SU(3) quark mean field
(¢—PCQMF) model [66]. Recently, the g—PNJL model
was employed to study the transport coefficients [67],
critical exponents [68], and fluctuations in the baryon
number [69]. Nonextensivity has also been incorporated
within the relaxation time approximation of kinetic the-
ory to study the viscous [70] and conductive coefficients
[71] of hot and dense magnetized QCD matter. Further-
more, the bulk properties of protoneutron stars [72] and
the thermodynamics of a black hole [73] have also been
explored using nonextensive statistics.

In the present study, we aim to utilize the g-PCQMF
to investigate the transport coefficients of strongly inter-
acting QCD matter at finite temperatures and chemical
potentials. We study the temperature variations of the
transport coefficients using the expressions obtained from
kinetic theory and relaxation time approximation at zero
and finite values of chemical potentials. Additionally, we
include the presence of quark back reaction by replacing
the usual Polyakov loop potential with the QCD glue po-
tential [74, 75]. This is done by substituting the pure
gauge temperature Ty, with the glue potential temperat-
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ure Ty The remainder of this paper is organized as fol-
lows: In Sec. II, we give a brief introduction of the
nonextensive version of the g-PCQMF model. Sec. III
discusses the expressions of the transport coefficients.
The impact of the g-parameter on the transport coeffi-
cients of strongly interacting QCD matter is discussed in
Sec. IV. Finally, a brief summary and our conclusions are
presented in Sec. V.

II. ¢-PCQMF MODEL

The thermodynamic potential density of the g-exten-
ded Polyakov chiral SU(3) quark mean field model in the
mean field approximation is defined as [66]

Qq = 7/[((1), (I), T) - -EM - (Vvac

—yiksT [~ _
(2;3 /0 Ek{IngF, +IngFl},  (6)

i=u,d,s

where Ly = Lss+ Lyy+ Lsp 1s the meson interaction
term. In this model, the attractive part of the interactions
between quarks is represented by scalar meson fields o, ¢,
and o0, while the repulsive part is represented by vector
fields p,w, and @. The Polyakov loop fields ® and ® are
included in the model to study deconfinement phase
transition. Additionally, the model incorporates broken
scale invariance by introducing a scalar dilaton field y
[76—78]. For the scalar meson, the self-interaction term
Lss 1s expressed in terms of the scalar fields as

.£22= —2](0/\/ (0' +§ +62)+k1 (O'2+§ +52)

0_4
+k, (—+—+30262+§4> +kyx (o
2

1 X d 4, ( 62)( )i
_4XIX+3XIH<( oo ()(3> '

1
where oy =—f, and {o = @(fn —2fk) correspond to the

(7

vacuum values of the ¢ and { fields, where f, = 93 MeV
and fx = 115 MeV are the pion and kaon decay constants,
respectively. The value of d = 6/33 is chosen to produce
the correct trace anomaly for three flavours and three col-
ours of quarks [79]. The vector meson self-interaction
term is given by

1)(2 2 2 22 2,2
LVV: E)?%(mww +mpp +m¢¢)

+g4 (w4 +60W P +p* + 2¢4) , ®)

where m,= 1020 MeV is the ¢ meson mass, and

m, =m, = 783 MeV is the mass of w and p mesons. Fi-
nally, the spontaneous symmetry-breaking term Lgp is
written as [80]

Lon= —j‘(; 2 frr+ (N2 f n\;;‘) (. ®

The term U(®,®,T) in Eq. (6) is the Polyakov loop
effective potential, which is given in logarithmic form by
[81, 82]

UD,D)  aT)- )
R P +bH(T)In[1 - 6DO

+4(D* +0%) - 3(D0)Y], (10)

where

a(T) = a0+a|(§)+a2(77:) b(T) = (%)3 (11)

with ao = 1.81, a, = —2.47, a> = 15.2, and b; = —1.75 [83].
Incorporating the effects of the backreaction of quarks
leads to substituting the Polyakov loop potential with the
QCD glue potential [74]. Denoting the Polyakov loop po-
tential in Eq. (10) as Uyy, the improved glue Polyakov
loop potential Uy, can be written as [75]

7’{glue((Ds (i)7 Tglue) — (L{YM(CD’ (B» TYM)
Tglue TYM ’

(12)

T ue
with T=T™ [1+0.57 glu‘il 2 and T, = T{™ on the
right-hand side (RHS) of the g- (10). In the present
work, we take T/M = T2 =200 MeV. In the last term of
Eq. (6), v; = 2 is the spin degeneracy factor, and

F; =1+exp,(-3E")+3®exp, (-E") +3Dexp, (-2E"),
(13)

F; =1+exp,(-3E")+3®exp, (-E") +3Pexp, (-2E"),
(14)

where E~ =(E!(k)—u;*)/ksT and E* = (Ef(k)+u*)/ksT,
and E; (k)= y/m* +k? represents the effective energy of
quarks. The in-medium quark chemical potential u; can
be written in terms of quark chemical potential y; as
wit = pi—gL,w—g,p—gp. Here, g, g, and g are the
coupling coefficients between vector meson fields and
various quarks. The in-medium mass of quarks
m;* = —gho —g.l — 56+ Am;, where g, g, and g§ repres-
ent the coupling constants between scalar meson fields
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and various quarks, Am,, =0, and Am, =29 MeV. The
term V,,. in Eq. (6) is subtracted to get zero vacuum en-
ergy. The temperature dependence of the scalar and vec-
tor fields is obtained by minimizing the thermodynamic
potential density in Eq. (6) with respect to these fields,
ie.,

0, _0Q, 09, 09, 0

do A 95 Oy Ow

0Q, 09, 9, 09

=== — = — =0, 1
op op 0D D 0 (15)

The resulting coupled equations are provided in the Ap-
pendix. The vector density p,; and scalar density p;; in
the g—PCQMF model are defined as

= [ SE (rw-fuw). ao
pq,l 71 c (271')3 q,i q,i ’
and
&Ek m; -
Py =y, () + Fu®). ()

27 E; (k)

respectively, with g-modified Fermi-distribution func-
tions for quarks and antiquarks

@expi(-E£7) + 20 expl(—=2E7) +expi(-3E")

Joi(k) = ——= = —,
[1+ 3CDequ(—E )+ 3<I)equ(—2E )+ equ(—3E )]4
(18)
s 0 Dexpl(—E*) + 2D expi(—2E") +expl(-3E")
Jailk)= [1+3®exp,(—E*)+3Pexp,(—2E*) +exp,(-3E+)]e’
(19)
respectively.

Note that as ¢ approaches 1, the standard Fermi-distri-
bution functions are restored, leading us back to the con-
ventional (extensive) PCQMF model. Additionally, as
temperature, T — 0, the g-dependent thermodynamic po-

tential density Q, defined in Eq. (6) also returns to its
standard (extensive) form defined in Ref. [83], as long as
g > 1. This implies that the nonextensive effects are more
prominent in heavy-ion collision experiments where the
temperature reaches a few orders of MeV and the value
of g remains greater than 1 [84—86].

The parameters of the model used in the present study
are summarized in Table 1. These are adjusted to accur-
ately reproduce the vacuum masses of z, K, o, {, and y
and the average masses of # and n' [79]. The relations of
the baryon, isospin, and strangeness chemical potential
are defined as

3

/JB = E(Hu +ﬂd)a (20)
1

= E(/Ju_,ud)s (21
1

Hs = E(;uu +pa —2uy), (22)

respectively. Here, u,, uqs, and yu, represent the chemical
potentials of up, down, and strange quarks, respectively.

III. TRANSPORT COEFFICIENTS

Transport coefficients for a system in the hydro-
dynamic regime can be determined using the Kubo form-
alism [87, 88], assuming that the relaxation time is short-
er than the system's lifetime. The expressions for the
transport coefficients obtained using this formalism are
identical to those derived within a quasiparticle approach
in kinetic theory using the relaxation time approximation
(RTA) [89, 90]. In kinetic theory, the transport coeffi-
cients are derived using the Boltzmann transport equa-
tion, which can be written in the relaxation time approx-
imation (RTA) as

ko, f; = CLf], (23)

where C[f] is the collision integral. To study the trans-

Table 1. Parameters used in the present work [79].
ko ki ko k3 k4 & gv g4 d po/fm3
4.94 2.12 —10.16 —5.38 —-0.06 4.76 6 37.5 0.18 0.15
oo MeV Zo/MeV xo/MeV mz/MeV fr/MeV mg/MeV fx/MeV my,/MeV mg/MeV my,/MeV
-93 —96.87 254.6 139 93 496 115 783 1020 783
g gl g & 8 8 g5 gd g g
3.36 3.36 0 0 0 4.76 3.36 -3.36 0 3.86
gl g 8 25 85 g g 7
3.86 0 0 0 5.46 3.86 —3.86 0
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port coefficients, we are interested in small departures of
the distribution function from the equilibrium,

SRk = f(RED)— fi(RK 1), (24)

where f; is the local equilibrium distribution of quarks,
and f, is the non-equilibrium distribution function. Un-
der nonextensive statistics, the equilibrium distributions
are modified to their g—modified versions. This results in
a g—generalized transport equation known as the nonex-
tensive Boltzmann transport equation (NEBE) [91],

kyayfq,i = Cq[f]s (25)

where C,[f] is the g—deformed collision term. In Ref.
[92], the authors demonstrated that it is valid to employ
conventional methods for calculating transport coeftfi-
cients, beginning with NEBE. These computations yield
relations for all transport coefficients that are formally
analogous to those derived from the conventional
Boltzmann-Gibbs distributions. The expressions of vari-
ous transport coefficients used in the present work are
presented below [88, 93, 94]:

15T Z / Qny "~

n= fqz(l fqz)+fqz(1 fqz
i=u,d,s
(26)
3
B [ (e
.12
+C;qm,T dT} [ﬁg,i(l_ﬁz,i)‘}'f:],i(l_ﬂ,i)] , (27)
X [fq,i(l —fq,i) + foi(1= fol, (28)
d3k
3T21 ) Ry 1~ )
+(E} +h)2f_q,i(1 —]Fq,i)l
(29)

Notably, f,; and f,,; are not the standard Fermi-distri-
bution functions but rather the g-version of the Fermi-dis-
tribution functions, given by Egs. (18) and (19), respect-

2 is the speed of sound at constant entropy

ively. ¢,
defined as ¢, = (9p,/ 564)_% = 84/Cvq, and c¢,, is the specif-

ic heat at constant volume deﬁned as c,, = (0¢,/0T),.
The pressure is given by p, = , while the energy
density and entropy density are deﬂned as €, =Q,+
Sicwastipi+Ts, and s, =-0Q,/dT, respectively. The
heat function i, = (¢, + p,)/p, diverges at u =0, where p,
diverges. The relaxation time 7 is a measure of the times-
cale over which the distribution function relaxes back to
equilibrium and is defined as [95]

1
" 51Tz log(L)[1+0.12Q2N, + D]’

(30)

where «a; is the temperature and chemical potential-de-
pendent strong coupling constant given by [96, 97]

6

(33-2Nplog [ \/T+(£)
3153 19N, log (2log £ /1+(5)?)
(33—2Nf)2 10g<r€ \/@) 5

as(T,p) =

(€2))

with Ay =70 MeV [97].

IV. RESULTS AND DISCUSSION

In this section, we discuss the impact of the nonex-
tensive g parameter on the thermodynamic quantities and
transport coefficients of strongly interacting QCD matter
within the g—PCQMF model presented in Sec. II. The ¢-
PCQMF model incorporates the influence of the ¢ para-
meter through the thermodynamic potential density, Q,
This modification of the potential density results in modi-
fication of the scalar density, p;;, and vector density, p,,
of constituent quarks. In turn, these densities modify the
scalar (o, {, 9, x), vector (w, p, ¢), and Polyakov loop
fields (@, ®), which are determined by solving the inter-
connected system of non-linear equations given in the
Appendix.

Let us start by examining how the nonextensive g
parameter impacts the scalar fields ¢ and {. Figure 1 dis-
plays the changes in the scalar fields ¢ and {, with re-
spect to temperature 7 while keeping the baryon chemic-
al potentials up fixed at 0 and 600 MeV, respectively.
The values of ¢ used are 1, 1.05, and 1.10. It is evident
that the magnitudes of ¢ and { fall as the temperature of
the medium rises. The decrease in amplitude of scalar
fields may indicate the restoration of chiral symmetry at
elevated temperatures. As the temperature rises, the
Fermi distribution function described by Egs. (18) and
(19) decreases, leading to a reduction in the magnitude of
the scalar fields. As the value of ¢ becomes greater than
1, at a certain temperature 7, the scalar fields ¢ and { ex-
perience a decrease in magnitude. For example, at zero
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o (MeV)

¢ (MeV)

T (MeV)

o (MeV)

¢ (MeV)

pug = 600 MeV

(b)

T (MeV)

‘ —q=1-—-q=105 ——q=1.10 ‘

Fig. 1.

(color online) Scalar fields o and ¢ plotted as a function of temperature T for the values of nonextensivity parameter ¢ = 1,

1.05, and 1.10 at baryon chemical potential g =0 MeV [in (a) and (c)], and baryon chemical potential uz = 600 MeV, isospin chemical
potential y; = —30 MeV, and strangeness chemical potential ps = 125 MeV [in (b) and (d)].

baryon chemical potential and temperature 7 = 200 MeV,
the magnitude of the ¢ ({) field decreases from 38.97
MeV (72.49 MeV) at g=1 to 34.49 MeV (67.27 MeV)
and 30.34 MeV (61 MeV) at the values of g= 1.05 and
1.10, respectively. This indicates that the restoration of
chiral symmetry at higher temperatures is faster for sys-
tems with a higher degree of nonextensivity, i.e., higher
q. Additionally, in Figs. 1(b) and (d), temperature vari-
ations of the scalar fields ¢ and { are shown at a finite
value of the baryon chemical potential uz =600 MeV,
isospin chemical potential u; = -30 MeV, and strange-
ness chemical potential ug =125 MeV for ¢ = 1, 1.05,
and 1.10. At low temperatures, when the baryon chemic-
al potential increases from zero to a non-zero value, we
notice a drop in the magnitude of the scalar fields. At
temperature 7 = 120 MeV and ¢ = 1, as the baryon chem-
ical potential is increased from 0 to 600 MeV, the mag-
nitude of the ¢ ({) field decreases from 93.1 MeV (98.2
MeV) to 76.73 MeV (92.51 MeV). Again, increasing the
degree of nonextensivity, the magnitudes of o (¢) de-
crease to 70.22 MeV (90.11 MeV) and 64.46 MeV (87.75

MeV) for g = 1.05 and 1.10, respectively. Ultimately, we
can deduce that the chiral symmetry restoration shifts to
lower temperatures as the value of baryon chemical po-
tential becomes finite.

The order parameters used to investigate deconfine-
ment in the mean-field approximation are the Polyakov
loop fields, denoted as ® and ®. Temperature variations
in the magnitudes of ® and ® provide insights into the
deconfinement phase transition. Figure 2 shows the
Polyakov fields ® and ® as a function of temperature 7,
with baryon chemical potential set at uz =0 and 600
MeV, for g=1, 1.05, and 1.10. At zero baryon chemical
potential, in Figs. 2(a) and (c), we observe that the values
of ® and ® are almost zero at lower temperatures, sug-
gesting the presence of confined quarks within hadrons.
As the temperature increases, quarks transition from be-
ing confined to deconfined, and the values of ® and @
become non-zero. Like scalar fields, we observe that as
nonextensivity grows (with greater values of ¢), the in-
creases in ® and @ occur earlier. This suggests a reduc-
tion in the temperature at which deconfinement occurs for
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T (MeV)

11 = 600 MeV

. 100 150 200 250 300
T (MeV)

—q=1-—-q=105 ——q=110 |

Fig. 2.

(color online) Polyakov fields @ and ® plotted as a function of temperature 7 for the values of nonextensivity parameter g = 1,

1.05, and 1.10, at baryon chemical potential ug =0 MeV [in (a) and (c)], and baryon chemical potential z5 = 600 MeV, isospin chemic-

al potential ; = —30 MeV, and strangeness chemical potential ps = 125 MeV [in (b) and (d)].

values of g greater than 1. For a finite baryon chemical
potential of up =600 MeV (Figs. 2(b) and 2(d)), the
Polyakov fields, ® and ®, have non-zero values even at
lower temperatures. This may imply that quarks become
deconfined at lower temperatures for non-zero values of
baryon chemical potential. In conclusion, increasing
nonextensivity or baryon chemical potential results in
shifting the deconfinement temperature to lower values.
Next, we discuss the impact of the g parameter on the
in-medium masses of quarks. Figure 3 shows the temper-
ature variations of effective masses of quarks m’,m};, and
m’* at baryon chemical potentials uz =0 and 600 MeV for
g=1, 1.05. and 1.10. The in-medium effective quark
masses are dependent on the in-medium scalar fields. As
shown in Fig. 1, the magnitudes of the scalar fields ¢ and
{ decrease as the temperature of the medium increases.
This results in a decrease in the effective quark masses
with an increase in temperature. This may be attributed to
the transition of quarks from within the confined state of
hadrons to a state of deconfined QGP at higher temperat-
ures. For a given temperature, we observe that increasing
the nonextensivity (g > 1) results in a decrease in the ef-

fective quark masses. Again, this may be indicative that
the chiral symmetry restoration is shifted to lower tem-
peratures with increasing nonextensivity in the system, as
shown in Fig. 1. For the case of finite baryon chemical
potential of up =600 MeV (Figs. 3(b), (d), and (f)), we
find that the quark masses are reduced even at lower tem-
perature values. Also, due to a finite value of isospin
chemical potential y; = —30 MeV, there is a minor differ-
ence in the effective masses of u and d quarks. For ex-
ample, at 7 =200 MeV and ¢ =1, we find the effective
mass of the u quark to be m; = 123 MeV, while m} ~ 119
MeV. For values of g greater than 1, we observe these
values to decrease more sharply, indicating a quicker res-
toration of chiral symmetry for systems with a higher de-
gree of nonextensivity.

Figure 4 shows the changes in scaled thermodynamic
quantities €,/T*, p,/T*,s,/T°, and (¢,—3p,)/T*as temper-
ature T varies. The results are shown for both zero and fi-
nite values of baryon chemical potential at ¢ = 1,1.05, and
1.10. All of these quantities remain insignificant at low
temperatures, but they increase when the system ap-
proaches the transition point. At high temperatures, the
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up =600 MeV

0 ' ' ' O ' ' '
100 150 200 250 300 100 150 200 250 300
T (MeV) T (MeV)
| ——q=1--q=105 ——q=110 |

Fig. 3.

(color online) Effective quark masses m;;,m;, and m; plotted as a function of temperature T for the values of nonextensivity

parameter ¢ = 1, 1.05, and 1.10 at baryon chemical potential uz =0 MeV [in (a), (c), and (e)], and baryon chemical potential up = 600
MeV, isospin chemical potential x; = —30 MeV, and strangeness chemical potential us = 125 MeV [in (b), (d), and (f)].

interaction among quarks weakens, causing the thermo-
dynamic properties to approach the ideal gas limit or
Stefann-Boltzmann (SB) limit [83, 98]. Notably, for
g =1, all of them stay under their respective SB limit at
high temperatures. However, when ¢ > 1, we find that
these thermodynamic quantities grow rapidly and go bey-
ond their respective SB limits at higher temperatures. A
similar impact of nonextensivity was observed on the
thermodynamic quantities in the PNJL model [67]. This
is a consequence of using Tsallis statistics in the model;
when T — oo, the g—modified potential density Q, does

not converge to its standard value Q. This means that for
systems with g > 1, the thermodynamic quantities at the
high T limit are pushed beyond their corresponding SB
limit and approach a new Tsallis limit. For a non-zero
value of baryon chemical potential (uz = 600 MeV), we
see from Figs. 4(b), (d), (f), (h) that the thermodynamic
quantities start to have non-zero values even at lower
temperatures. Again, increasing ¢ from 1 to 1.10 results
in an increase in the magnitude of these quantities, simil-
ar to the case of vanishing baryon chemical potential.

In Fig. 5, we plot the scaled specific heat ¢,,/T° and
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Fig. 4. (color online) Scaled pressure density p,/T*, scaled energy density €,/T*, scaled entropy density s,/T>, and trace anomaly

(€;—3pg)/T* as a function of temperature T for the values of nonextensivity parameter ¢ = 1, 1.05, and 1.10 at uz =0 MeV [in (a), (¢),
(e), and (g)], and pp =600 MeV, y; = -30 MeV, us = 125 MeV [in (b), (d), (f), and (h)].
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speed of sound ¢, as a function of temperature T at bary-
on chemical potentials pp=0 and 600 MeV for
g=1,1.05, and 1.10. For the case of vanishing ug, we
find that ¢,,/T° exhibits a similar pattern to the other ther-
modynamic quantities. For ¢ = 1, it increases sharply near
the transition temperature and reaches its SB limit at
higher temperatures. For ¢ >1, we observe that ¢, /T?
surpasses its SB limit and reaches a higher Tsallis limit at
high 7. In Fig. 5(d), we observe that for non-zero ug, the
increase in ¢,,/T° occurs at much lower temperatures be-
fore saturating to a constant value at higher temperatures.
For the speed of sound, ch, we find that it reaches a min-
imum near the transition temperature and then increases
to reach its SB limit at high 7. We observe that the dip
becomes less prominent, and its position is shifted to-
wards lower temperatures as ¢ > 1. Additionally, for a
fixed 7, its value increases with increasing g. However,
unlike the thermodynamic quantities discussed so far, ¢},
remains within the SB limit for all values of ¢ studied in
the present work. This happens as ¢}, = s,/c,q, and both
s, and ¢,, exhibit comparable increases at high temperat-
ure. This results in ¢}, always remaining under the SB
limit. In addition, we find that the dip in ¢}, vanishes

when the baryon chemical potential is increased to
up =600 MeV, as shown in Fig. 5(b).

In Figs. 6(a) and (b), we show the dependence of the
speed of sound squared c;, and scaled specific heat c,, /T’
on the baryon chemical potential up for g = 1, 1.05, and
1.10 and temperatures 7 =90 and 150 MeV. The plots
are shown for zero values of strangeness chemical poten-
tial p, isospin chemical potential y;, and vector coup-
ling constant g,. For ¢=1 and 7 =90 MeV, we observe
that ¢}, starts from a low value at smaller u; and shows a
dip before rising as up increases. The dip in ¢, may in-
dicate the position of a pseudo-critical temperature for
chiral phase transition in the T —up phase diagram [99].
We find that as the value of ¢ is increased to 1.05 and
1.10, the dip shifts to lower values of up. This may signi-
fy a shift in the chiral transition to lower chemical poten-
tials for nonextensive systems. An increase in the value
of temperature also shifts the dip in ¢}, to lower values of
up. A similar behaviour is also observed for the scaled
specific heat c,,/T* in Fig. 6(b). For T =90 MeV, we find
that ¢,,/T° starts from a low value and increases with in-
creasing baryon chemical potential before showing a peak
at higher up. Increasing the value of ¢ shifts the position

0.35 0.35
03} 03}
0.25 0.25
s 02 - 02
o “ o =
© 015 © 015
0.1 0.1
0.05 0.05 | .
0.0 1 1 1 0.0 1 1 1
100 150 200 250 300 100 150 200 250 300
100 r T T 100 r T .

0 1 1 1 0 1 1 1
100 150 200 250 300 100 150 200 250 300
T (MeV) T (MeV)
| —q=1-——-q=105 ——q=110

Fig. 5.

(color online) Speed of sound squared ch and scaled specific heat ¢,,/T> as a function of temperature 7 for ¢ = 1, 1.05, and

1.10 at up =0 MeV [in (a) and (¢)], and up = 600 MeV, u; = =30 MeV, and us = 125 MeV [in (b) and (d)].
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Fig. 6. (color online) Speed of sound squared c2, and scaled specific heat c,,/T* as a function of baryon chemical potential up for ¢ =

1, 1.05, and 1.10 at temperatures 7 = 90 and 150 MeV.

of the peak to lower up. At a higher temperature of
T = 150 MeV, the peak in ¢,/T? disappears.

Let us now begin the discussion of the viscous trans-
port coefficients of the QCD matter. Shear viscosity 7
and bulk viscosity ¢, serve as important parameters to de-
scribe the hydrodynamical evolution of the QCD medi-
um, thereby impacting phenomenological observables
such as correlation functions and elliptical flow [16, 100].
In Figs. 7(a) and (b), we present the temperature depend-
ence of the shear viscosity to entropy ratio n/s, in the
g—-PCQMF model for the values of ¢ = 1, 1.05, and 1.10.
The results are shown for baryon chemical potentials
up =0 and 600 MeV. At vanishing baryon chemical po-
tential, 77/, approaches the KSS bound (1/47) and shows
a minimum near the transition temperature, increasing
slowly thereafter. For temperatures below the transition
temperature, 77/s, grows and diverges as T — 0. This is
similar to the findings observed for the PNJL model [35,
93]. Beyond the transition temperature, 7/s, grows
slowly and exhibits similarities to a fluid experiencing a
phase change from liquid to gas [101]. Regarding the im-
pact of the g parameter on 7/s,, we find that its reaction
to ¢ increases with temperature. The effective constituent
quark mass decreases with temperature, leading to an in-
crease in the value of n/s, at high temperatures. This de-
crease in the effective quark masses is greater for sys-
tems with higher nonextensivity, i.e., ¢ > 1, resulting in
an enhanced value of 7/s,. This is similar to the observa-
tions for the g—PNJL model [67], where # is increased
for values of ¢>1. In Ref. [70], n/s, was found to
slightly increase due to the nonextensive behaviour of the
medium. Also, we find that the magnitudes of the min-
ima in n/s, increase for higher g values. We observe that
the qualitative nature of 7/s, remains the same, and the

magnitudes of the minima increase for the value of bary-
on chemical potential pz =600 MeV. The effect of in-
creasing ¢ remains the same as in the case of vanishing
chemical potential.

Figures 7(c) and (d) show the bulk viscosity to en-
tropy density ratio ¢,/s, as a function of temperature 7'
with baryon chemical potential fixed at pz =0 and 600
MeV for g = 1, 1.05, and 1.10. The bulk viscosity is an
important parameter, especially due to its connection to
the conformal symmetry of the system [102]. At low tem-
peratures, (,/s, islarge due to the comparative mag-
nitudes of ¢, and s,. For uz =0 MeV, we note that /s,
shows a slight peak close to the transition temperature
and then slowly decreases to zero at higher temperatures.
This vanishing value of ¢,/s, can be explained by the sig-
nificant increase in s, relative to ¢,, suggesting that the
system achieves conformal symmetry at high temperat-
ures. The PNJL model [103] and PLSM model [37] also
show a similar trend for ¢,/s,. Increasing the nonextens-
ivity (¢ > 1), we find that the peak in ¢,/s, disappears as
it gradually goes to zero at high 7. Additionally, unlike
n/s,, we find that the normalized bulk viscosity ¢,/s, de-
creases as the nonextensivity of the medium increases.
This is similar to the findings in Ref. [70]. The decreas-
ing value of ¢,/s, indicates that the system gets closer to
the conformal limit as the degree of nonextensivity of the
medium is increased. Furthermore, at a finite baryon
chemical potential of ppz =600 MeV, we observe that
{»/s, shows no peak, and its magnitude decreases, as
shown in Fig. 7(d). In addition, we observe that increas-
ing the value of ¢ results in a slight increase in /s, at
lower temperatures and a slight decrease at higher tem-
peratures.

Now, we discuss the conductive transport coeffi-
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Fig. 7.

(color online) Specific shear viscosity /s, and normalized bulk viscosity /s, as a function of temperature 7 for g = 1, 1.05,

and 1.10 at ug =0 MeV [in (a) and (¢)] and up = 600 MeV, y; = -30 MeV, and us = 125 MeV [in (b) and (d)].

cients, namely, the electrical conductivity o,; and thermal
conductivity x in the g—PCQMF model. In Fig. 8, we
show the temperature variation of o;/T for both zero as
well as finite value of baryon chemical potential at g = 1,
1.05, and 1.10. The electrical conductivity o, serves as a
vital tool to understand the electromagnetic interactions
in QCD matter. For uz=0 MeV, we find thato,, in-
creases with temperature 7. This can be attributed to the
deconfinement of quarks at high 7, allowing them to
move around easily and enhance electrical conductivity.
The NJL model [88] and PNJL model [93] showed simil-
ar findings for o,;/T. Regarding the impact of nonextens-
ivity ¢ on o;/T, we observe that increasing ¢ results in
increased electrical conductivity, even at lower temperat-
ures. The electrical conductivity, o, is found to increase
with the introduction of nonextensivity in the kinetic the-
ory approach [71] and in the ¢g—PNJL model [67]. This
may be due to a decrease in the effective quark mass for
the system with higher nonextensivity (¢ > 1). Another
reason could be the tendency of the quarks to become de-
confined at lower temperatures for nonextensive systems,
as demonstrated in Fig. 2. Increasing the baryon chemic-

al potential up to 600 MeV results in an increased mag-
nitude of o,/T at lower temperatures. We find that o,/T
increases with increasing degree of nonextensivity
(g > 1), similar to the case of uz =0 MeV.

We also computed the thermal conductivity /T2,
which is associated with the heat flow of the QGP. In Fig.
9, we plot x/T? as a function of T for uz =600 MeV,
ur =-30 MeV, us =125 MeV, at g=1, 1.05, and 1.10.
According to Eq. (29), «/T? diverges at uz =0 MeV due
to the diverging nature of the heat function / at vanishing
chemical potential. As the temperature of the system in-
creases, the value of / increases, leading to an efficient
transmission of heat within the QGP, thereby enhancing
thermal conductivity. Regarding the impact of the g-para-
meter, we find that similar to other transport coefficients,
k/T? increases for g > 1, with a more noticeable influ-
ence in the high-7 region. Again, this is similar to the ob-
servations in Ref. [71].

Finally, we show the baryon chemical potential de-
pendence of the transport coefficients in Fig. 10 for dif-
ferent values of ¢ at temperatures T = 150 and 200 MeV
and g = =g, =0. In Fig. 10(a), we see that n/s, in-
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(color online) Normalized electrical conductivity o;/T as a function of temperature 7 for ¢ = 1, 1.05, and 1.10 at ug =0 MeV

[in subplot (a)], and up = 600 MeV, u; = -30 MeV, and ug = 125 MeV [in subplot (b)].
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Fig. 9. (color online) Variation of normalized thermal con-
ductivity «/T? with temperature T for ¢ = 1, 1.05, and 1.10 at
up =600 MeV, y; =-30 MeV, and us = 125 MeV.

creases with increasing uz. The value of 7/s, is found to
increase with increasing nonextensivity in the system
(higher ¢ values). A contrasting behaviour is observed in
&y/s4, which is found to decrease with increasing pg and
g, as shown in Fig. 10(b). Also, we find that increasing
the temperature results in lower values of ¢,/s,, suggest-
ing conformal symmetry restoration. Regarding the elec-
trical conductivity o,/T in Fig. 10(c), we find that it
starts from a low value and increases with uz. Mean-
while, the thermal conductivity «/T? is observed to start
from a higher value at small up and decrease with in-
creasing up, as shown in Fig. 10(d). The high value of

k/T? at small up is due to its diverging nature at uz =0,
as pointed out earlier. Regarding the impact of nonextens-
ivity, we observe that both electrical and thermal con-
ductivity increases for higher ¢ values, and the influence
is more prominent at lower .

V. SUMMARY AND CONCLUSION

In this study, we used the g-PCQMF model for three
quark flavours (u,d,s) to calculate the transport coeffi-
cients, such as the shear # and bulk viscosity ¢, and elec-
trical o, and thermal conductivity x as a function of tem-
perature 7. We evaluated the transport coefficients for
both zero and finite baryon chemical potential (up = 600
MeV), taking into account the finite values of isospin
(u;=-30 MeV) and strangeness chemical potentials
(us =125 MeV). The value of the nonextensivity para-
meter ¢ used were 1, 1.05, and 1.10. To examine the
transport coefficients while taking into account the
nonextensivity, we computed the g-dependent thermody-
namic quantities, such as pressure density p,/T*, energy
density ¢,/T*, entropy density s,/T°, trace anomaly
(¢,—3p,)/T*, speed of sound squared c;,, and specific
heat ¢,,/T®. We found that at higher temperatures, all
thermodynamic quantities except c;, approach the g—de-
pendent Tsallis limit instead of their usual SB limit. Due
to an unexpected cancellation, the high-temperature limit
of ¢3, remains unaffected. We also found that the effect-
ive quark masses decrease as the nonextensivity of the
system increases, possibly due to the shift of chiral sym-
metry restoration to lower temperatures. For vanishing
baryon chemical potential, the temperature variation of
the ratio of shear viscosity to entropy density 5/s,ap-
proaches the KSS bound and a minimum near the trans-
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Fig. 10.  (color online) Specific shear viscosity n/s,, normalized bulk viscosity ¢/s,, normalized electrical conductivity o;/T, and
normalized thermal conductivity «/T? as a function of baryon chemical potential up for g =1, 1.05, and 1.10 at 7 = 90 and 150 MeV.

ition temperature, rising thereafter. Meanwhile, the bulk
viscosity to entropy ratio ,/s, exhibits a small peak near
the transition temperature and vanishes at higher temper-
atures. Furthermore, we found that both the electrical
conductivity o, and thermal conductivity x increase
monotonically with temperature. Regarding the impact of
the nonextensive g-parameter, we found that the trans-
port coefficients n/s,, 0./T, and «/T*> are enhanced,
while ¢,/s, is diminished for systems with ¢ > 1. The im-
pact of nonextensivity on the transport coefficients was
found to be more prominent in the high 7 range. In addi-
tion, we also studied all the transport coefficients at finite

oQ,

B0
,0m,
do

X

1%

2
>mw -

_ (&
Xo

=ko*o =4k (07 + 7 +6%) 0 =2k (07 +30°6%) — 2ksx 0l — §X4

2
om ;
) me G =S il =0
i=u,d

values of chemical potentials. We found that increasing
the chemical potentials leads to a larger magnitude of the
transport coefficients at lower temperatures, possibly ow-
ing to the early restoration of chiral symmetry for sys-
tems with finite density. In the future, we will aim to util-
ize the g—PCQMF model to study the transport coeffi-
cient in a magnetized nonextensive QCD medium.

APPENDIX

The coupled equations are obtained by minimizing
thermodynamic potential density, Q,, with respect to the
various fields of the g-PCQMF model and are given as
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