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Accretion of Vlasov gas onto a black hole in the Kalb—-Ramond field
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Abstract: We investigate the accretion of Vlasov gas onto a static, spherically symmetric black hole (BH) influ-

enced by the Kalb-Ramond (KR) field, focusing on the effects of Lorentz symmetry breaking (LSB) parameters. We

employ the Maxwell-Jiittner distribution to model the gas at infinity and derive key quantities such as the particle

current density and mass accretion rate. Our findings revealed that increasing the LSB parameter results in a de-

crease in mass accretion rate. We also present explicit formulations of the accretion rate in the high-temperature lim-

it; the result is significantly different from that of the Bumblebee model.

Keywords: Vlasov gas, Kalb-Ramond black hole, Lorentz breaking, accretion, particle current density,

mass accretion

DOI: 10.1088/1674-1137/ad8bb0

I. INTRODUCTION

The accretion of matter by a black hole (BH) is a fun-
damental concept in astrophysical studies, offering in-
sights into the origins of high-energy X-rays and p-ray
bursts. Several studies have pioneered the research in this
field [1-3]. Furthermore, Bondi used Newtonian dynam-
ics to investigate the steady spherical accretion of a gas at
rest at infinity onto a star [4]. Michel later generalized
Bondi’s work to general relativity, focusing on the accre-
tion of a perfect fluid onto a Schwarzschild BH [5]. Sub-
sequent research has examined various aspects of BH ac-
cretion models, such as the accretion rate and accretion
disk temperature [6—21].

Vlasov gas, an idealized model of a dark matter halo,
is a type of collisionless, relativistic kinetic gas [22]. For
the Vlasov gas accretion process, kinetic theory ap-
proaches (rather than hydrodynamic approximations) are
considered applicable. The key is not actually solving the
Vlasov eqution but analyzing the properties of the stead-
ily accreting gas in thermal equilibrium at infinity. Rio-
seco and Sarbach systematically examined the accretion
process of a collisionless relativistic kinetic gas onto a
Schwarzschild BH using the relativistic Liouville equa-
tion and Hamiltonian formalism method [23]. They also
derived the observed quantities, such as the particle cur-
rent density and the energy-momentum tensor, for a mod-
el with a stable spherical flow. They found that the tan-
gential pressure at the horizon was approximately an or-
der of magnitude larger than the radial pressure in the
low-temperature limit, highlighting a significant devi-
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ation from isotropic perfect fluids. Additionally, the mass
accretion rate they observed was smaller than that pre-
dicted by the Bondi—Michel model. Ciéslik and Mach
[24] extended their results to Reissner—Nordstrom BHs.
They found that the mass accretion rate and particle cur-
rent density are affected by the charge of the BH. In Refs.
[25, 26], the authors derived an exact, axially symmetric
solution for the stationary accretion of a relativistic, colli-
sionless Vlasov gas onto a moving Schwarzschild BH.
Assuming thermal equilibrium at infinity, they analytic-
ally solved the Vlasov equation and found that the mass
accretion rate varies with the velocity of the BH and the
asymptotic temperature of the gas. Recent research has
focused on the process of Vlasov gas accretion onto rotat-
ing BHs. Cieslik ef al. [27] investigated the stationary ac-
cretion of collisionless Vlasov gas onto the equatorial
plane of a Kerr BH. They found that accretion slows
down the rotation of the BH. Furthermore, in Ref. [28],
the particles distributed throughout all of space were con-
sidered, not simply those in the equatorial plane. By solv-
ing the relativistic Liouville equation within the full 3+1
dimensional framework of Kerr geometry, they derived
the particle current density, stress-energy-momentum
tensor, and unit accretion rates of mass and energy. They
too found that the accretion of Vlasov gas slows down the
rotation of the Kerr BH.

Lorentz symmetry breaking (LSB) is a compelling re-
search area in physics. In various theories (e.g., string
theory and noncommutative field theory), Lorentz sym-
metry may be violated at higher energies [29-36]. A
well-known gravity model is the Bumblebee model, in
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which LSB occurs spontaneously owing to the non-zero
vacuum expectation value (VEV) of a vector field known
as the Bumblebee field. Within this framework, Casana et
al. obtained a Schwarzschild BH solution [37]. Several
studies on the Bumblebee model followed [38—42]. Cai
and Yang [43] explored the steady spherical accretion of
a relativistic Vlasov gas onto a BH similar to that of the
Schwarzschild model within the modified gravitational
framework of Bumblebee theory. They discovered that
the LSB parameters significantly influence both the mass
accretion rate and particle current density. In the
Kalb—Ramond (KR) model, LSB occurs spontaneously
owing to the non-zero VEV of a rank-two antisymmetric
tensor field known as the KR field. Various properties of
the KR field were examined in Refs. [44—47]. Yang et al.
obtained an exact static and spherically symmetric solu-
tion for the KR field model [48]. In this study, we ex-
amined the dynamics of Vlasov gas accretion onto a stat-
ic, spherical BH within a gravitational field influenced by
the KR field.

The remainder of this paper is organized as follows.
Section II provides an overview of the KR metrics and
characterizes steady and spherically symmetric BHs. Sec-
tion III explains the fundamental equations to which the
Vlasov gas adheres within the KR framework. Section IV
describes the distribution function that governs the beha-
vior of the Vlasov gas. Section V details an analysis of
the particle current density and mass accretion rate. Fi-
nally, Section VI summarizes the findings and conclu-
sions of the study.

II. BRIEF REVIEW OF KR BH

The Einstein-Hilbert action non-minimally coupled
with a self-interacting KR field is expressed as [48, 49]

1 1 vp v
S=1e s d*x+/-g {R = gH"" Hyp = V(B By £ b?)
+EB*BR,, |, (M

where ¢ is the coupling constant between the KR field
and gravity. The strength of the KR field is defined as
Hyyp = 01uByy).

The key point is the non-vanishing VEV for the KR
field: (B,,) = b,, and b"b,, = ¥b*. The + sign in the self-
interacting potential V(B*'B,, +b*) ensures that b is a
positive constant. After vacuum condensation occurs, the
gauge invariance B,, — B,, +9d,I, of the KR field is
spontaneously broken. Because the KR field is non-min-
imally coupled to gravity, the symmetry-breaking VEV
background leads to the violation of local Lorentz sym-
metry. By analogy with the Maxwell field, the KR field
can be decomposed into a pseudo-electric and a pseudo-
magnetic field. We assume that the only nonvanishing

terms are by = —bo = E(r). As a result, the KR field
strength automatically vanishes (i.e., Hy,, = 0).

We now consider a static and spherically symmetric
BH in a gravitational field with a background KR field,
which has the form [48]

ds® = —A(r)df” + B(r)dr® + rd6* + r*sin’ 60d¢>.  (2)

The corresonding pseudo-electric field E(r) can be
written as E(r) = |b| VA(r)B(r), and we have b*b,, = —b*.
Accordingly, we assume that the VEV is located at the

minimum of the potential (i.e., V' =0). A Schwarzschild-
2M

like BH solution is A(r) B0 1=l - where M rep-
resents the Komar mass and the parameter [ = £€b%/2 is di-
mensionless, which characterizes the LSB effect caused
by the non-vanishing VEV of the KR field. The event ho-
rizon is located at r, = 2(1 — )M and is related to paramet-
er [ but differs from that of a Schwarzschild BH. In the
r — oo limit, the Riemann tensor is non-vanishing, indic-
ating that the background spacetime is not asymptotic-
ally Minkowski. Thus, we cannot eliminate the LSB ef-
fect by performing coordinate transformations.

To address the accretion problem, we use Eddington—
Finkelstein coordinates. We define a new time coordin-

ate ¢ as
T
f=t+/ {m—l}dr (3)

Then, the metric in Equation (2) adopts the form

ds® = ~A(NAr +2(1 = A(r) didr + (2= A(r)dr’ + r*dQ’.
)

The corresponding contravariant components of the
metric are

ro_ _L + 27M
ETT T
1 2M
8" =1 )
In addition,
(gtr)Z _grrgtt — 1 (6)
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III. VLASOV GAS IN STATIC AND SPHERICAL
SYMMETRY

A. Hamiltonian description

Following [23, 24], we analyzed the particle motion
using the Hamiltonian framework. The Hamiltonian for a
single free particle with rest mass m traveling along a
timelike geodesic is expressed as

., 1
H= B * (X pupy = —Emz. (7
Canonical variables (x*, p,) are related to the Hamilto-
nian, where p* =dx*/dr represents the momenta of the
particle. The equations of motion for the particle can be
expressed in Hamiltonian form as

ar _oH  dp, __oH
dr dp,  dr o ox

®)

The collisionless Vlasov gas is described in tems of a
distribution function as f = f(x*,p,) [50]. The distribu-
tion function is a constant along a geodesic; therefore, it
should satisfy the collisionless Liouville equation accord-
ing to

d
ch *(m), p(0))=0, 9
.

or equivalently,

A Of dp, Of _ OH 9f _9H 3f

= 2 =—————— ={H,f1=0, (10
dr dx» dr dp, Op,0x* Ox'Op, t#.f) (10)

where {-,-} denotes the Poisson bracket. Substituting Eq.
(7) into Eq. (10), we obtain
oy OF 1 98" Of _

8 pvaxﬂ 2pnp,6 E (9[7,1 =Vu.

(11)

For convenience, we use (x*,p,) as the phase-space
coordinates on the cotangent bundle. Although Eq. (11)
may not be the most common form of the Vlasov equa-
tion, it is adequate for our subsequent calculations. The
most common form of the Vlasov equation can be found
in [24, 50].

Some important observable quantities can be expre-
ssed as an integral over momentum space using the distri-
bution function f(x, p).The particle current density is giv-
en as

() = / pf(rp)/~detlg™ . (12)

Equation (9) can be used to show that the particle cur-
rent density satisfies the conservation equation [51]:

V,J"=0. (13)

B. Action-angle variables

For the metric in Eq. (4), the Hamiltonian of a free
particle can be expressed as

1 2 r rr 2 1 2 pi’
H= 3 g (Np; +28"(Npwp-+ 8" (Np; + = (pe e ) |
(14)

Considering that the particle travels in a static and
spherically symmetric spacetime, three quantities of mo-

2

tion (besides the Hamiltonian H = M itself) are con-

served:
E=-p, (15)
Lz:pw (16)
p2
L= 242 17
Pit Gt an

Using these three expressions, we can derive the fol-
lowing equation:

LZ
§"(NE*=2g"(NEp,+g"(Np}+ = +m’>=0.  (18)
r

Assuming that A(r) # 0, we can rewrite Equation (18)
as

(AP, (1 =AM E]* + Ui (r) = E2, (19)

where the effective potential is expressed as
L2
Upr(r) = A(r) (m2 + ﬁ> . (20)

By solving Equation (19), the expression for the radi-
al momenta can be obtained as

_(I-AM)E+ \JE*= U, 1(r)
r = A(r) 9

2

where the + sign corresponds to the direction of motion
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along a geodesic. According to Egs. (16) and (17), the lat-
itudinal momenta p, is expressed as

2 Lg
Pe _y po %

_ 2
pe=+ L°—— -
sin® @ sin?

We introduce new momenta

P0=m

1 P2
= —g"(np}-2¢"(rp:p,—g"(r)p? - = (PZ +— )

sin?@
(23)
P, =E=—p, (24)
P,=L,=p,, (25)
Pl
Py=L= pj+-——, (26)
sin“ 6@

and a generating distribution function

S =/p#dx" =—Et+LZ<p+/p,dr+/pyd9, (27)
r r r

where the geodesic line I' is parameterized by constants
E, L, L, and m. The corresponding conjugate variables
are

oS dr
0= = =_ _— 28
Q om m/r —g"E+g"p, (28)
HE _ otr
Ql — 675 — _H/Mdn (29)
OE r8"E—g"p,
oS do
= =p-L. , 30
0 oL, $ok /r Pesin® @ 30)
oS d de
Q3:7:—L\/2—r‘+L . (31)
al r2(-¢"E+g"p,) r Do

We transform the canonical coordinates (¥, p,) to the
action-angle variables (Q*,P,). The Hamiltonian can be
expressed as H = —P,/2. As the Poisson bracket is covari-
ant with respect to canonical transformations, we use
Equation (10) to derive the following:

L o p,—2=0
dp, Ox'  Ox' dp,  OP, Q" Q" OP, 2600
(32)
Therefore, the Vlasov equation adopts the form
of
300 - 0, (33)

indicating that the general form of the distribution func-
tion does not depend on Q°.

Regarding the spacetime under the assumption of stat-
ic and spherical symmetry, the distribution function can
be expressed as [23]

F&*,py) =F (Po, P1, P3). (34)

IV. THE DISTRIBUTION FUNCTION

For flat spacetime, the distribution function f describ-
ing a relativistic and nondegenerate gas in thermal equi-
librium is referred to as the the Maxwell-Jiittner distribu-
tion. This function is expressed as

FOH,py) = ad(\/=pup* —m)e™, (35)
m
where £ is related to the temperature 7 via 8 = T kg is
B

E
the Boltzmann constant, € = E(this appears again in the

next section), and a is a constant associated with the
particle number density,

Neo = 47rcxm4KzT(ﬂ), (36)

where K, is the modified Bessel distribution function of
the second kind [52].

For spherically symmetric and asymptotical metrics,
the distribution function in terms of the coordinates
(Qy. P,) is expressed as

8
f=F =ad(Py—m)e . (37

V. CALCULATIONS OF OBSERVED
QUANTITIES

A. Dimensionless variables

As mentioned previously, M represents the Komar
mass of the BH, and m denotes the mass of the traveling
particle. Following [23], we introduce several dimension-
less variables:
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LI R )
M T M T m T Mw
E L L
g=—, A=——, A =-—". (38)
m Mm Mm
From r = Mé, we obtain
1 2
A=A =——--, 39
(r)=A() -1 ¢ (39)

and the horizon of this spacetime is located at &, = 2(1 - 1).
Hence, Eq. (5) adopts the following form:

2 l l 2 1 2

t—_ (1 7_7)3 r_ __ " =z, m—_—__ 2
g (+ g AR M vy b
(40)

We can rewrite the momenta py and p, using the di-
mensionless variables

Az (1-A@)e+ /&= Ua§)

Mg=+ A2——2— mp=
¢ sinfg’ A(&)

(41)

B. Properties of the effective potential

The effective potential for the metric in Equation (4)
can be represented using the dimensionless variables as

U,(&) =A(€) <1+/;> = (%—%) (1+/;). (42)

1
In particular, Ua(é) — =7 2 ¢, indicating that
the effective potential at infinity is influenced by the LSB

effect.1 Consequently, only moving particles with

£> T—;¢an reach infinity. In this study, we investigated
particles that travel from infinity to the BH. A free
particle approaching from infinity is either reflected back
to infinity (if it possesses sufficiently high energy and an-
gular momentum) or absorbed by the BH.

The derivative dU,/d¢ is expressed as

2 /12 2
qu, A€ {630

(43)
d¢g &
If 22 > 12(1 - I), there is a local maximum at
P I S N ) BN
T -1 (1-02 a2

and a local minimum at

21 1 12
é:max:2|:1_l+ (1—1)2_/12} (45)

{_-2
m . Therefore,

At 'fmax or fmjn, we have /12 =

at é:max or é‘min s

o= (D) bogrrtes) o

By equating U, (émx) Wwith a given value of

2 .
&> —
1_l,thatls,

Useto)Emax) = €%, (47)

we obtain a critical angular momentum:

(1-10) [382(1 —D+eVI—1v92(1 —1)—8—4]
[52(1 —n- 1] \/—652(1—1)+25\E\/9gz(1—1)—8+4 .

e2(1-D-1

A(8)

(43)

1
Moving particles satisfying the conditions €2 ——

“1-1
and A < A.(¢e) are absorbed by the BH.

The description of the second category of particles is
more complex. Using Eq. (46), we calculated the posi-
tion of the photon sphere as ¢ =3—-3/. As no scattered
particles can be found below the photon sphere, the min-
imum allowed energy ¢ of a scattered particle at a given
radius ¢ is expressed as

0o, £<3-31
(1-1)(41+ V8I+1-1)

T 1 2 1
Fmin= \/<m_2) [1+W}, 3-3l<é< >
: (1-D(41+ V8I+1-1)
1= §> —

(49)

Therefore, because particles can only travel in a re-
gion where &2>U,(¢), the maximum value of the angular
momentum is

Anax(£,6) = & (50)

Scattered particles occupy the following ranges in the
phase space: iy < & < o0 and A.(g) < A < Apx(&,6).

C. Observed quantities

To facilitate the computation of the integrals over mo-
mentum in Eq. (12), we introduce a new coordinate y
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defined as

Ty = Acosy, A, = Asinfsiny. (51)
In terms of these new coordinates (g,m,4,y), the mo-

mentum can be expressed as

= MmAsinfsiny, (52)

pr=—mg, pg=MmAcosy, p,

and integral element can be expressed as

1 m’A

—————=dedmdAdy. (53)
& \/e-U 218

By substituting Eq. (53) into Eq. (12), the particle
current density can be expressed as

pﬂ"m

N

Substituting Eq. (52) into Eq. (53), we obtain J, =0
and J; =0

The particle current density is expressed as J, =
JEV 4 g - where J®™ and J denote the current
density of absorbed and scattered particles, respectively.

For convenience, we substitute /&2—U,(¢) in Eq. (54)
by defining

T,(&) = — 22 T C dedmdady. (54)

s(e,é) = = Ua(d). (55)
We then obtain
4 oo Ae 2r
¢ A
J®9) = _am dee e / da / dy —=
' 52 1/(1=) 0 0 AV 82—U/1(§)
2 A 22
=T [ et (56)
'3 1/(1-0) Sa.+ 80
4
Jabo - 4T dee / da /
& Jiao \/ U/l(

2ram?®

N (1-A@)e 1
_ = dee ﬁs 2 =,
E2AE) 1/(1=1) { }

57
Sa. + S0 2 ( )

JGscat 2am* [* dee e da 2ﬂd 2
T e o ge s/l‘ | XW

'min

dram* [ 2 =22
=—— / dgePrgtmaxTe | (58)
g Emin S/L' + S/Imax

Jiscat)

A
max /l
Z / dee / da 7"&
& U/l(

min

47ram4(1 —A(%)) /12 -2
= v "W/ dge_ﬁg Lmax — Te 59
E2A(é) Emin Sae F S 9)

In Figs. 1 and 2, the components J@ and J$ and
their sum J, are numerically indicated by the parameters
B=1 and [=0.05. Below the photon sphere, J;¥ van-
ishes for £ <3-31. Although the individual components
J and J are not smooth, the total current J, is
smooth.

The particle number is defined as

n=/—gultJ”. (60)

I
-354 | — - Jt(scal)/(am4) g
40 ! —== J (e | ]
I — J;/ (am#)
-45 —L . . . . ; ;
1 2 3 4 5 6 7 8 9 10
g
Fig. 1.  (color online) Nonvanishing components Jf"bs) Jam®,

T g, and Ji/am*. The chosen parameters are =1 and
1=0.05. The vertical dashed black line represents the location
of the photon sphere (¢ =3(1-1)).

30 T T T
— = Ja / (orm#)
254 — == JEY (omd) | |
Ji/ (am#)

Fig. 2.  (color online) Nonvanishing components & jam*,
I jam* and J./am*. The chosen parameters are g=1 and
1=0.05. The vertical dashed black line denotes the location of
the photon sphere (£ =3(1-1)).
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———— [ =-0.05
=0
\ —_—— = [=0.05
s e 1=01

g
s
4-
3.
2.
1 .
1 2 3 4 5 6 7 8 9 10
g
Fig. 3. (color online) The ratio n/n. vs. ¢ for =1 and

1=-0.05, 0, 0.05, 0.1

A sample graph of n/n., obtained for different values
of / for B =1 is plotted in Fig. 3. The figure shows that
n/n. decreases as the radius & increases. As illustrated,
decreasing / increases the number of particles absorbed
by the BH. The particle density of a BH with />0 is
lower than that of a Schwarzschild BH, while the particle
density of a BH with [ < 0 is higher than that of a Schwar-
zschild BH.

The conservation law of the particle density V,J* =0
can be written as

0
—(r*sinJ") = 0. (61)
or

The particle accretion rate 7 is defined by

i = _/(,,2 sin@J"),dV = —/J’(r)ﬁr2 singdédVde
v

N

= —4nr*J(r), (62)

where V represents the region of a BH, and S denotes the
surface of the outer horizon. The vector 2 = (1, 0, 0) is
the unit vector normal to S directed outside.

The mass of the BH grows because of particles that
are absorbed by the BH. Therefore, we define the mass
accretion rate as

M = mi = —4namr*J" = 47r2M2m5a/ LePde.  (63)
1

1=

The mass accretion rate at the high temperature limit

(B—0)is
M@B — 0)=27(1 -1’ aM*mn.,. (64)

Figure 4 displays a plot of M against j for different

130

120 [=———1=0

1104 |eaneenns 1=0.1 ]

——
-
—
o —
"

100 A

%01 _///

80

M /AM? mneo)

0l T

60

Fig. 4. (color online) Mass accretion rate M/(M*mns) vs. B
for =1 and /= -0.05, 0, 0.05, 0.1.

values of /. The figure indicates that the accretion rate M
increases as / decreases. The accretion rate of Schwarz-
schild BHs is higher than those of BHs with parameters
[>0, and vice versa.

In [43], the metric of the Bumblebee BH is expressed

as
2M 1+1
ds? = —(1-"=)d? + dr? +r°d6” + 7 sin> 6d¢°, (65)
’ M
r

where M is the mass of the black hole and / is also a con-
stant characterizing the LSB. Figure 5 and Fig. 6 present
comparisons of the mass accretion rates of the KR and
Bumblebee BHs for fixed values of /. If [ <0, the mass
accretion rate of the KR BH is higher than those of the
Schwarzchild and Bumblebee BHs. If /> 0, the mass ac-
cretion rate of the KR BH is lower than those of the
Bumblebee and Schwarzchild BHs. The mass accretion
rate at the high temperature limit (3 — 0) for the Bumble-
bee BH is [43]

130 T T
1sd |7 Kalb-Ramond BH
Schwarzschild BH
1204 [= = — Bumblebee BH
1151
8 1101
=
£ 105
3
S 1004
951
901
85
80 . . . .
0 03 0.6 0.9 12 15
B
Fig. 5. (color online) Mass accretion rate M/(M*mns) vs. B
for 1=-0.05.
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100
————— Kalb-Ramond BH
95 Schwarzschild BH
— — — Bumblebee BH
T
E
S
=
80 1
2 e .
70 . . . .
0 0.3 0.6 0.9 12 1.5
B
Fig. 6. (color online) Mass accretion rate M/(M*mns) Vvs. B
for 1=0.05.
. 1 5

which is significantly different from Eq. (64). This can
potentially be used to distinguish between KR and
Bumblebee fields.

VI. CONCLUSIONS AND DISCUSSIONS

In this study, we introduced a model for the steady,

spherically symmetric deposition of a Vlasov gas onto a
BH within the gravitational backdrop of a KR field. Us-
ing the Maxwell-Jiittner distribution as the reference state
at the boundary of the cosmos, we determined the particle
current density J, and the mass accretion rate M for vari-
ous values of the LSB parameter /. Our analysis of these
accretion rate formulations showed a significant reliance
on the model parameters: an increase in / was correlated
with a decrease in the accretion rate. Additionally, we de-
rived explicit formulations for the accretion rate within
the high temperature limit (8 — 0). We also compared the
accretion rate of a KR BH with that of a Bumblebee BH,
and found that the results were different for the same
value of /; this could be used to distinguish between KR
and Bumblebee fields.

We considered the Maxwell-Jiittner distribution as an
example of a gas distribution at infinity. In the future, we
will explore observed quantities for different distribution
functions , which may be more realistic. Furthermore, in-
vestigating the behavior of other BH archetypes using
Hamiltonian formalism would be advantageous.
Moreover, we can compute other quantities such as the
energy-momentum tensor and energy accretion rate, com-
paring the results with those of perfect fluid models. Nu-
merical methods such as Monte Carlo simulations could
also be employed to investigate the accretion process of a
Vlasov gas [53, 54].
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