Chinese Physics C  Vol. 49, No. 11 (2025) 113110

Study of T — eM* M~ decays in N-B-LSSM*

Rong-Zhi Sun (FpZRE)

Shu-Min Zhao (EX##f F&)"*37

Shuang Di (Ifi#%)'**  Xing-Xing Dong (3&332)M234

'Department of Physics, Hebei University, Baoding 071002, China
Hebei Key Laboratory of High-precision Computation and Application of Quantum Field Theory, Baoding 071002, China
Hebei Research Center of the Basic Discipline for Computational Physics, Baoding 071002, China
*Departamento de Fisica and CFTP, Instituto Superior Técnico, Universidade de Lisboa, Lisboa 1049-001, Portugal

Abstract: Within the framework of the next-to-minimal supersymmetric (SUSY) extension of the Standard Model
(SM) with a local B-L gauge symmetry (N-B-LSSM), we study lepton flavor violating (LFV)T — eM™ M~ decays:
Toentn ,Tt—en" K ,and T — ¢eK"K~. Based on the latest experimental data, the influence of different sensitive

parameters on the branching ratios is considered. It can be seen from the numerical analysis that the main sensitive

parameters and LFV sources are non-diagonal elements corresponding to the initial and final leptons. This work can

provide a basis for discovering the existence of new physics (NP).
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I. INTRODUCTION

As the cornerstone of particle physics, the standard
model (SM) has achieved significant success with the de-
tection of the lightest CP-even Higgs [1—4]. Nevertheless,
SM still faces several critical limitations in explaining
fundamental phenomena. Firstly, because of the absence
of right-handed neutrinos and the presence of only
Yukawa couplings of quarks and charged leptons, SM
predicts that neutrinos are strictly massless, which dir-
ectly contradicts the neutrino oscillations revealed by the
Super-Kamioka Neutrino Detection Experiment (1998)
[5—8]. Secondly, no stable and non-electric new particles
in the SM can explain the large number of dark matter
components observed in the universe. In addition, there is
a gauge hierarchy problem in SM, wherein there is a large
difference between the weak energy scale mgw and Pla-
nck energy scale Mp. Moreover, because of the extre-
mely small neutrino mixing angle and existence of the
Glashow-Iliopoulos-Maiani (GIM) mechanism, LFV pro-
cesses in the SM are highly suppressed, well below the
detection sensitivity of the Belle II experiment. Further-
more, SM does not incorporate gravitational interaction.
The Minimal Supersymmetric Standard Model (MSSM)
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is the minimal expansion of the SUSY theory to SM
[9—11]. It can explain the hierarchy problem, ensure high-
energy scale unification of the gauge coupling constants,
and provide candidates for dark matter, partially com-
pensating for the deficiencies of SM. However, the
MSSM has not yet solved the u problem or the neutrino
mass problem.

Building on the MSSM, the N-B-LSSM extends the
gauge group to SUB3)c®SUR2),U(1)y®U(1)p_1, Where
B and L denote baryon and lepton numbers, respectively
(as first proposed in Ref. [12]). In this model, two Higgs
singlets carrying opposite B—L charges f, and g, are
introduced to trigger the spontaneous breaking of the
U(1)p_; symmetry; meanwhile, three generation right-
handed neutrinos #; acquire Majorana masses through
coupling with £, and the additional singlet § is used to
solve the u problem in the superpotential. Furthermore,
under the N-B-LSSM model, lepton number violation and
baryon number violation processes can also occur, which
help explain the matter-antimatter asymmetry in the uni-
verse. Right-handed neutrinos generate tiny masses
through the Type-l seesaw mechanism, consistent with
neutrino oscillation experiments, and neutralinos (as the
lightest MSSM particles) can exist as dark matter candid-
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ates. The superpotential includes a trilinear term AS HL,Hd,
when § acquires a vacuum expectation value (VEV) &

it induces an effective i term u = Avs/ V2, thereby natur—
ally alleviating the u problem of MSSM. The enlarged
Higgs sector extends the neutral CP-even mass matrix to
5x5, offering greater flexibility to fit the observed 125.20
+ 0.11 GeV Higgs mass and predicting additional scalar
states for future experimental exploration. Additionally,
N-B-LSSM extends the gauge symmetry by introducing
an extra U(l)z_;, gauge group and its corresponding
gauge boson B*, along with two new gauge coupling
constants gz and gyz. The associated gaugino B’, togeth-
er with the Higgsinos ¥, ¥», and S, enlarge the neut-
ralino mass matrix from 4 x4 to 8x8. The introduction
of right-handed neutrinos also doubles the dimensions of
the sneutrino mass matrix from 3x3 to 6x6, signific-
antly enriching the flavor structure. These extensions al-
low sizable LFV signals to arise even with mild flavor-
mixing parameters, thereby enhancing the model's pre-
dictive power in the LFV processes. Moreover, R-parity
is automatically conserved in N-B-LSSM owing to the
extended gauge structure, defined by the relation R, =
(=1)3B-D+25  without requiring additional assumptions.
Finally, high scale VEVs (v,, v;, and vg) alleviate the
hierarchy problem by reducing the dependence on elec-
troweak fine-tuning.

For comparison, the next-to-minimal supersymmetric
standard model (NMSSM) introduces only one addition-
al Higgs s1nglet superﬁeld S, with superpotential terms
such as AH,-H,8 and kS3  which also address the U
problem to some extent. However, it lacks neutrino mass
generation mechanisms present in N-B-LSSM. As a res-
ult, its phenomenological impact on the LFV processes
remains similar to that of MSSM. In summary, the choice
to study the LFV processes within the N-B-LSSM frame-
work is grounded in the model's multiple theoretical ad-
vantages, including the generation of neutrino masses, al-
leviation of the u problem, a more flexible Higgs sector,
automatic R-parity conservation, and a richer particle and
flavor structure. These features make N-B-LSSM a more
compelling platform for exploring LFV.

In the SM framework, the pion and kaon mesons play
a critical role as pseudo-Goldstone bosons in low-energy
quantum chromodynamics (QCD), being composed of a
quark and an antiquark. The #* meson is constituted by
an up quark () and an anti-down quark (d), while the 7~
meson is formed by a down quark (d) and an anti-up
quark (&). These two mesons belong to an isospin triplet,
embodying the effective degrees of freedom emerging
from the spontaneous breaking of chiral symmetry. By
contrast, owing to the inclusion of a strange quark, the
structure of the kaon mesons is more distinct: the K*
meson is composed of an up quark («) and an anti-strange
quark (5), while the K~ meson consists of a strange quark
(s) and an anti-up quark (&). As a consequence, the mass

of the kaon is significantly higher than that of the pion,
reflecting the effects of SU(3) flavor symmetry and its ex-
plicit breaking. In N-B-LSSM, the processes in which a ¢
lepton decays to an electron plus a meson pair (7 —
en'n, T > en"K~, T— eK"K") provide a sensitive plat-
form for probing new physics (NP) effects.

Over the past few decades, LFV has become one of
the core directions in exploring NP beyond the Standard
Model (BSM). Owing to its largest mass and rich decay
channels, 7 lepton shows unique advantages in LFV
searches. Ref. [13] investigates LFV in r decays within a
SUSY seesaw model. It reveals that scalar-mediated
T — £f,(980) and T — (K*K~ branching ratios can reach
O(1077), surpassing pseudoscalar channels 7 — £7). Mo-
reover, it links 7 — fu*u~ to these processes, thereby
identifying critical experimental targets for probing scal-
ar-mediated LFV mechanisms. Ref. [14] studies semi-
leptonic LFV r decays 7 — uPP, T — uP, T — uV in CMS-
SM-seesaw and NUHM-seesaw frameworks via full one-
loop analysis of y-, Z- and Higgs-mediated contributions.
It identifies discrepancies in predicted branching ratios
for - un, t—>uy’, and T — ukK*K-, proposing these
channels as critical tests for LFV and Higgs-sector dy-
namics, with simplified formulas to aid experimental val-
idation. Ref. [15] explores LFV 7 — ¢P(V) and 7 — 3¢
decays within the Type-III seesaw model. By constrain-
ing the parameter space via experimental limits from
leptonic Z-boson decays, the study predicts branching ra-
tios for these processes that align with current experi-
mental upper bounds. Ref. [16] investigates LFV Higgs
decays h — 7 ({ = e, u) and their connection to hadronic
t-decays (e.g., T — tnn, T — 7)), aiming to distinguish
scalar and pseudoscalar couplings in the Higgs sectors
through low-energy processes, while improving the theor-
etical description of relevant hadronic matrix elements.
Ref. [17] discusses the violation of lepton flavour univer-
sality (LFU) in B-decays by incorporating quantum cor-
rections, such as a renormalization group equation (RGE)
running from a high-energy scale A, and predicts poten-
tial signals in LFV processes like 7 —utl, v — up, 7 —
um, T — un”). Ref. [18] emphasizes that the Belle experi-
ment has set upper limits on the branching ratios of
LFV and lepton number violation (LNV) decays, and an-
ticipates Belle II to further probe these 7 LFV/LNV de-
cays in the coming decades. With a 50-fold increase in
statistics, Belle Il may reach branching ratios of O(
1077)-0(107°) predicted by NP models, revealing pos-
sible signals of BSM. Ref. [19] studies LFV decays
T PI(P=mn1n;l=u ¢e) in the U(l)y SSM. By ana-
lyzing the impact of sensitive parameters using the late-
st experimental data on 7 — Pe and 7 — Pu, the study
identifies non-diagonal elements as the primary sources
of LFV, providing a theoretical foundation for exploring
NP.

We investigate the LFV processes of 7 to electron and
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meson pairs within the framework of the N-B-LSSM
model. Under the premise of fully considering the experi-
mental limit of the 7 — ey process [20], we derive the rel-
evant Feynman diagrams and amplitudes, and conduct a
detailed numerical analysis on the branching ratio of each
process. During the analysis, the contributions of a vari-
ety of SUSY particles in the loop diagrams are con-
sidered separately, and the change trends of the various
contributions are studied in different parameter ranges.
The effects of different parameters on the branching ra-
tios are shown through graphical results, the feasible
parameter regions that satisfy the experimental limits are
identified, and the key parameters that have a greater im-
pact on the results are analyzed. The latest upper limits on
the LFV branching ratios of 7 — en*n~, 7t — exr*K~, and
T — eK*K~ at 90% confidence level (C.L.) [21] are

BR(t - en'n7) <2.3x 1078,
BR(t - en"K7) <3.7x 1078,
BR(t — ¢K*K™) <3.4%x1078. (1)

The paper is organized as follows. In Sec. II, we in-
troduce the main content of N-B-LSSM, presenting the
required mass matrices and corresponding couplings. In
Sec. III, we derive analytical formulas for the branching
ratios of the LFV processes v — en*n™, T — en"K~, and
T — eK*K™. In Sec. IV, we determine the input paramet-
ers and perform numerical analyses. In Sec. V, we sum-
marize the conclusion of this study. Finally, in Appendix
A, we gather some specific forms of Wilson coefficients
required herein.

II. MAIN CONTENT OF N-B-LSSM

N-B-LSSM extends the local gauge group of MSSM
to SUB)c®SU®2),@U(1)y®U(1)s_,. N-B-LSSM has
new superfields beyond MSSM, including right-handed
neutrinos 7, and three Higgs singlets §;, f,, and §.
Through the Type-I seesaw mechanism, the light neutri-
nos obtain a tiny mass at the tree level. Meanwhile, in the
Higgs scalar part, the neutral CP-even components from
H,, H;, x\, x>, and S are mixed to form a 5x5 mass
squared matrix. When the loop corrections of SUSY
particles are combined, the lightest CP-even Higgs mass
can be modified to 125.20 + 0.11 GeV [22, 23]. Further-
more, the sneutrinos are dispersed into CP-even sneutri-
nos and CP-odd sneutrinos, and their mass squared
matrices are both extended to 6x6.

The superpotential in the N-B-LSSM is expressed as

+ =888 +Y,aqgH, + Y, 9%,9+ Y, 9IA,. )

The explicit forms of the two Higgs doublets are as
follows:

H+
Hu = 1
— (vu+ HO+iP))
V2
1
— (vg+H)+iP}
H= V2 (vt H v iF) 3)
H,;
The three Higgs singlets are represented by
1 .
X1 = @(V,,‘F(]S?‘i‘lp(l)),
1 .
X2 = ﬁ(\/,7+¢2+ng),
1
S =—(vs+¢3 +iP}). 4
vz( s+ +iPy) )

The VEVs of the Higgs superfields H,, Hy, x1, x2»
and S are denoted by v,, vs, v,, v;, and vg, respectively.
Two angles are defined as tan8 = v, /v, and tang, = v;/v,,.

The soft SUSY breaking terms of N-B-LSSM are

T, -
_ pPMSSM Kga3 i
-Esoft = Loft - ?S +E[jT,1SHdHi+T2SX1X2
~k o~k i~k ~ 2 2 2 2

=T\ aX1VgVry + €Ty H, Vg €1 — mnl/hl - mi]l/‘,/zl

2 o~k o~

1 2% 2%
—m3|S > = m, Vi VR — 5(2MBB, 3B + Mg B'?)
+h.c..

)

The particle contents and charge assignments for N-
B-LSSM are shown in Table 1.

Table 1. Superfields in N-B-LSSM.
Superfields SUQB)c SUQ). U(l)y U(l)p-L

q 3 2 1/6 1/6
i 1 2 -1/2 -1/2
Ay 1 2 -12 0
7, 1 2 12 0
g 3 1 13 -1/6
it 3 1 -2/3 -1/6
é 1 1 1 172
% 1 1 0 12
X1 1 1 0 -1
)22 1 1 0 1
$ 1 1 0 0
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In the theory with two Abelian groups U(1l)y and
U(1)p_1, a new effect called gauge kinetic mixing occurs.

Abelian gauge groups are not broken, we can do a change
of basis using the rotation matrix R satisfying the ortho-

Even if the initial value of this mixing term is zero at gonality condition RR = 1 [24, 26, 27]:
Mgur, non-zero values can still be generated through the
evolution of RGEs. ,
The covariant derivatives of N-B-LSSM can be writ- 8- &y \pr_ [ 8 8ve and
ten as [24—27] &'y, &L 0, gs

(e )-(ik )
BIZBL BﬁL

At the tree level, three neutral gauge bosons B}, B.",
and V; undergo mixing, with their mass matrix ex-
pressed in the basis (B}, BS", V;):

’
8vB

Y
) ( Bﬂ >
’ /BL ’
8'B-L B,

(6)

D,=d,-i( Y, Y*t )( &
& BY»

B and B denote the gauge fields of U(l)y and
U(1)_1, respectively. Under the condition that the two

1 1

1
{;g%vz _818182"2 8181(81/3"'83)"2
_ggngV2 gg%Vz —ggz(gy3+g3)v2 > (®)

1 1 1
§g1(gy3+g3)v2 —ggz(gm"'gB)Vz g(gYB+gB)2V2+ %g%;fz

with v = v, +v; and & = v, +v;.
The mass eigenvalues of the matrix in Eq. (8) are determined by two mixing angles: the Weinberg angle 0y and a
newly introduced angle 6,. The latter is defined as follows:

sinza'wzl— [(gve+88)" — g1 —g31V* +4g3¢ - ©)
2 2/lgrs+8n) + 81 + &PV +8¢31(gvs +88)° 8] —&3 12 €+ 1684
The new mixing angle appears in the couplings involving Z and Z’'. The exact eigenvalues of Eq. (8) are deduced:
m =0,
my, = % (183 + 83+ (grs +80)° 12 + 488 F /18 + 83 + gy + 8P Pvi+81(gya +85) —8 - Bghr?E+16g5¢*).  (10)

In the calculation, the mass squared matrices of the neutralino, chargino, slepton, CP-even sneutrino, CP-odd sneut-
rino, up squark, and down squark are required. These mass matrices can be found in Refs. [12, 20].

Here, we show some needed couplings in this model. The Z bosons interact with sneutrinos, whose explicit form
reads as

3 3
1 ~ ;e v . v * * . v * * vl W ~
Ly = Ev{ [(gl cos By, sin By + g, cos Oy cos By, — (gyp + gp) sin 6W> ZZ,{; Z5" - gpsind)y ZZiI’gﬂ,Zféw} (i =P W Z
a=1

a=1

(11)
We also deduce the vertex of Z—x! - x}:
i : / 2 . / £ s . / £ ¢
L0 = EX? { [(gyg sin@y, — g cos By, sinfy — g, cos By cos HW)(NJ-3N,-3 - Nj4N,-4) +2gpsin QW(NjéN,-ﬁ - Nj7N,-7)] YuPL
+ [(g1c08 6}, sin by + g2 08 By 08 By, — gy Sin by )N N3 — NN ) — 285 5in Oy (NigNjo = NaN ) | v, P} X0Z. (12)
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The vertices of Z—d; —d; and Z —ii; —u; are

i J / ol : / : q ol
Lrg= gdi{ [3g2 cos By cos by, + g1 cos by, sinby —(gyp + gp) sin GW] YuPr+ [(ZgYB —gp)sindy, —2g cos by, smew]yﬂPR}de#,

L= lﬁ,-{ [gl cos By, sinby — 3g, cos Oy cos By, — (gyp + gp) sin O’W} VP + [4g1 cos@y, sinby — (4gys +gp) sin@ﬂ y#PR} u;Zy,.

6

To save space in the text, the remaining vertices can
be found in Ref. [20].

III. ANALYTICAL FORMULA

In this section, we systematically study the amp-
litudes and branching ratios of the LFV processes
Toer'n, T ertK™, and T — eK*K~ in N-B-LSSM.
To ensure a comprehensive analysis, we construct all the
relevant Feynman diagrams, including penguin-type, self-
energy-type, and box-type diagrams. Then, we give the
effective amplitudes of the processes at the quark level.

A. Penguin-type diagrams
When the external leptons are all on shell, and the re-
quired Wilson coefficients are extracted, the contribution
from the y-penguin-type diagram in Fig. 1(a) can be writ-
ten as

-Q,é 1 1S
D D hGrx) Hy H ™

(@) —
MV*I’ - k2

Fo0y S=2,7

+[L(xp, xs) — I (xp, x5)]

X lmp(m Hy HY ™ m HR e Hy ™)
+ [ (xp, xs) — L (xF, x5)]

X [mem Hy P HS ™ + (m? + m)H3 e HY )

b)) _—
Myfp -

0,e
k2
F

=0yt S=27

(13)

“°

(14)
x(ey"Prr)(qy,Prg+qy,Prq) + (L © R). (15)
1- 1+ 2
In these formulas, P = 275, Pr = 27/5, 0.= 3 and
1 m?
Qd=—§. Additionally, xi = A7l2’ where m; denotes the

mass of the corresponding particle, A represents the en-
ergy scale of NP, and k expresses the characteristic en-
ergy scale of QCD. H;%¥ and Hj ;7 are the correspond-
ing couplings of the left(right)-hand parts in the Lag-
rangian. The concrete expressions for form factors I;
(i=1....,4) are gathered here:

I( ) 1 X 2x1 —x2)xInx, —x%lnxl}
X1,X) = ,
T (x = x)?
1 [11x3=Tx1x,+2x3  6x3(Inx, —Inx;)
DL(xy,x7) = ) 3 1 ,
96A272 | (x1 —x2) (x1 = x2)
I ( ) 1 [ 1 XI(IHXQ—III)C])
X1,X) =
PRI 62 Ly - xo (x1 = x2)?
1 [3x-x 2xi(Inx;—Inx)
L4(x1,20) = 55— 3 3
32A272 L(x; — x2) (x1 = x2)

(16)

Similarly, the effective amplitude from the y-penguin-
type diagram drawn in Fig. 1(b) is as follows:

> A5 hGrxs) = mi e x) | HYHY 4 UG xs) = Do oxs ) mp (mo HY B ™ BT

+ [21L4(xp, x5) — L(xF, xs) — I3(xF, X5 )][memTHiFéHg*TF + (mz +mg)erFéHZq*TF]}(E’}’FPLT)(C_]%PLC]"“_]Y#PRC])+(L<—>R)~

(17)

The contributions from Z-penguin-type diagrams are derived in the same way as that done for the y-penguin-type

diagrams:
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a 1 e *F * GZ - - 2Fe *rF * gZ
M= Y Z{@e(xnxs,,xsgm;” H; T HPS ST H % @y Puo)@yuPug) + Hy? ' HY, ™ H? ST HE

F=) 0y S=&y

X @Y PLO)@y,Pra)) + (L & R} (18)
1 é 7 *tF\ 117G - _ z o o _
M= S N - @Is(xs,sz,xFl)[Hffz HyH) T HP X @y Puo)(@y,Pug) + HyHG R HY T HE
F=x0y* S=&7
Mg, nm e 2 *F 7 - -
X @y PLo)@yPrg)l + = 5 Ho(xs. X xR HE ™ Y™ HE X @y Puo)(@y,Prg)
Z
+ HYPH]D ™ H T X @y PLo)(@y,Prg)) + (L o R) ) (19)
The functions Is5(x;, x,,x3) and I(x;, x5, x3) are
1 21 21 X1
() = — { Ay L mhxn B 2Inxs }
167 (1 =x)(x1—x3) (1 =) —x3) (X1 —x3)(x2 — X3)
1 x;Inx; X Inx, x31nx; }
TIs(x1,%2,x3) = - . 20
TN L — ) —x3) (=)0 —x) (4 —x5)(6 — x3) 20
After detailed analysis, we conclude that the contribu- b imatelv estimated as ZZ.. = —" e B
tion from the W-v diagrams can be reasonably neg- ¢ approximately csiimated as “ix; 2v, Yx° ceause

lected under the current model and energy scale, primar-
ily for the following reason: In N-B-LSSM, the LFV pro-
cesses of the W —v diagrams originate mainly from neut-
rinos Yukawa couplings Y,. In the rotation matrix Z” in-
troduced by the diagonalization of the neutrino mass mat-

rix, the magnitude of the off-diagonal element Z,; can

r Y (xX°) e
AN /
~ [~ \ /~ ~
v(é) N v(é)

72
q q
(a)
(&

Fig. 1.

Yi(i # j) itself is extremely small (typically g 107°), and
v, < vy, the off-diagonal element is usually in the order
of 10~ or even smaller. The W —v diagram brings in a
Z},; at each vertex, and its overall contribution is Z},7Z%; ~
107'8. Based on the above consideration, we prioritize the
calculations for other diagrams, particularly those in-

Penguin-type diagrams for LFV processes 7 — ex*n~, 7 » en* K™, and 7 — eK* K~ in the N-B-LSSM.
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T X e T X (") ¢
o > > > > >
\ / \ /
N e
v, A -~ > -~ - 7 Vs Z
(&) v(e)
q q q q

T v € T v e
Y5 Z Y, Z
w w
a 1 a 1
(c) ()

Fig. 2. Self-energy-type diagrams for the LFV processest — en*n™, 7 —> en*K~, and 7 — eK*K~ in N-B-LSSM.

volving contributions from NP, while omitting further
computations for the W—v diagrams. Similarly, as with
the penguin-type diagrams, the corrections generated by We show the specific contribution form of the self-
W —v for the self-energy-type and box-type diagrams are ~ energy-type diagrams in Fig. 2. The y-self-energy-type

B. Self-energy-type diagrams

not presented to save space. diagrams give the following terms:
(@ Q,¢ 1 S*Fe pyStF S*Fe pyStF 2
M5 = m Z Z {511 (xp,xs)mo(m Hy ““Hy™ +m:Hy "“Hg™ )] +{m,[I3(xp, xs) — Ly(xF, x5)]
€ T/ F=y 0yt S=2,7
— B, x5} X [mp(m HS P HS ™ +m HY " HY)]} X 2V Put)(@y,Pug +3y,Pra) + (L & R). 1)
0,¢*

1 e o
> > AGh G melm Hy YT+ m Y HY U e es) = L xs)]

2 2 2
k*(m2 —m2) By

— L(xp,xs VX [mp(moHY T HE™ 4+ moHY )] X @y PLo)(@y,Pug + GyuPrg) + (L © R). (22)

For these formulas,

1 X1 In X1 X2 In X2
Li(x1,x) = + . 23
7(%1,%2) 1672 [ Xp—X, X —xz} 23)
Furthermore, the effective amplitudes from the Z-self-energy-type diagrams drawn in Fig. 2 can be written as
a 1 1 *Fe TF Te r7q *Fe TF e 179
MEs = G m)(mZ — m2) FZ > A= i) imm Hy T HYTHEH S moH T HT HE ]+ L )

=0 xt S=2.7
— (e x5)] + I (e, x5} X [ (m HY. 7 H ™ HECHT + m HY, T H™ HEH )]} X @Y PLo)@y,PLa)

+{ = 51 Cor oz mem Hy, " HY T HETHE 4 meHY T HYT HEHE) 4+ U Oxr ) = Lo 651+ e xs))
X [mp(m Hy ™ HS T HEHY + m HY " HY HEHE )1} X @ Put)(@y,Prg) + (L © R).

24
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1
(k2 —mZ)(m2 —m2)

*
M, s =

S0 3 {1 s oo on B T H HE 4 m B HE))

F=x0y*S=2¢y

2 La(ep, %) = I Cxp, Xs)1+ I (e, )V X Dmp(me HEHy, P HR™ HIY + m HYHY 7 HY™ HE)1 |
e J ! e 7S Fé pyStF 154 12 178 *Fe 17StF 174

x @y PLO)@yuPrg)+ { - 5 11 Cxrvs me (e H Y " HY ™ HIE o+ m B HY O H ™ HIE)

MLy (ep, %) = I Cxp, xs)1+ I (ep, )V X Dmp(me HEHy, P HR™ HEP o+ m HYHY P HY™ HE 1|

X (ey*PLt)(@yuPrg) +(L < R).

(25)

C. Box-type diagrams

The box-type diagrams contributing to the LFV pro-
cesses T entn”, Tt > en*K™, and T — eK*K™ in the N-
B-LSSM are shown in Fig. 3. Fierz rearrangement is car-
ried out in the calculation processes. Fig. 3(a)(b) repres- concrete form:

. 1 1 s4er 5 G SiaFs _
MEH; = Z Z {EIS(XFI,XFZ,XS,,XSZ)[*HLI Hy I X ey Prt)(qyuPLg)

2
F1,Fy=x0x" S1.52=¢,4

S*TF)
Ho!
— R

S*TF

: GpSiafe - _ 1 : G 17S34F
H;gleeHizquHqu 2 X(€PRT)(C]PLC])] + gIQ(prsz,x&’sz)[mFlszHLl HileeHizquHqu 2

X [(ePrT)(qPrq) — (ePrT)(GPLq) — (eP,T)(GPrq) — 3(ePLT)(GPLq) — (€0 PLT)(q0"" PLq) — (€0, PrT)(@o"" Prq)]

S*TF)

z G 1y55aF: _ _ _ _ _ _
+Hy'" HY PP HR T HT X [~ 4@y Pro)(@y,PLg) + (€PrT)(GPrq) — (@PrT)(GPLG)

— @P.T)(@Prg) + @PLT)GPL)]] + (L & R)}.

1 1 S*TF, z GvySiqF _ —
M= 3 D0 AghGran.s ) [FH T HY PHP T X @ P)(@yPea)
F1,Fy=x0x051,52=¢,§
S*rF
+H,'
L 2

T (& (& T v ¢
—_— — 5 — —_— = — — = — ——

¥ ¥ X Kt
—~ - <« - 1 —~— - - = =] | «—

q q q d U d

(a) (c)
T v e
W w
d u d

Fig. 3. Box-type diagrams for the LFV processest — ex*n~, 7 - en*K~, and 7 — eK* K~ in N-B-LSSM.

113110-8

ent the contributions from neutral fermions x°, charged
scalars &, and squark § (§=ii, d). We analyze the effect-
ive amplitudes MEZi and MEz; originating from those box
diagrams with virtual neutral fermion contributions in a

(26)
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1 ser
+§HiITF'

1
— (€0, PrT)(q@0"" PLq) — (07, PLT)(G0"" PLq)] + §HR[

e Gy SigFy  _ _ _ _ _ _ _ _
H PP H R (2P )(GPrq) + (8PrT)(GPLg) — (€PRT)(GPrq) — (8PLT)(GPLG)

AT SR SR g [Pty (GPLg)

+(@P.T)(GPrg) — @PLT)GPL) — (PrT)GPR) — 4@V POy, Prg)] | + (L & R)}. 27)

The concrete expressions for the functions Ig(xy, xs, x3,x4) and Io(x, x,,x3,x4) are defined as follows:

X nx

X Inx, x5 Inxs

I3 (x1, %2, %3,%4) =

x3Inx,

(31— x4) (6 — x4)(X3 — X3)

x1Inx;

1
16A%n? {(xl — )X —x3) (= xg) (X = X2)(X2 — X3)(X2 — Xg) " (1 = x3) (22 — x3) (X3 — X4)

X In x, x31n x;

To(x1,x2,x3,X4) =

N x4 1nxy }
(o1 — x4)(x2 — x)(x3 — x4) |

1
16A*n? {_ (1 = x2)(xy — x3)(X1 — Xx4) " (1 = x2) (2 — Xx3)(X2 — X4) - (1 = x3)(x2 — x3)(x3 — X4)

(28)

Correspondingly, Fig. 3(c) represents the contribution from charged fermions y*, neutral scalars v, and squark i.
The effective amplitude M, from the box diagram with virtual charged fermion contribution is

1 1 TF, e i dF: - 7
Mo= Y Y {Elg(xF],xpz,xsl,xsz)bHil gy e sl d gt o ey ) (dy, Prd)

Fi1,Fa=x* x* S1,S2=v,it

_ B _ _ _ 1 _ B _ _
— HY Y HP T T X @Prr)(dPLd)| + g 1o0ur, X s, 35.) [1m g, B 70 H

X [(ePg7)(dPgd) — (ePg7)(dPLd) — (2P 7)(dPrd) — 3(eP,7)(dP.d) — (60, P T)(d0* P1d) — (07, PrT)(d0* P1.d)]

+ Hy ™1 H P P AR ) [ 4oyt Pro)(dy, Pud) + (@Prr)(dPrd) — (ePrr)(dPLd)

— @P.7)(dPrd) + (@P,T)(dPLd)]] + (L & R)}.

D. Using MIA to calculate 1 —» eM* M~

In this work, we primarily adopt the mass eigenstate
method for our calculations. This method allows for a
systematic and precise treatment of particle mixing, mass
spectra, and complete one-loop contributions. It enables
us to include all physical states and their interactions
comprehensively, thus ensuring the rigor and accuracy of
our results. However, because of the involvement of mul-
tiple mixing matrices, rotation matrices, and mass eigen-
values, the resulting expressions are often complex, mak-
ing it less straightforward to identify which parameters
play the dominant role in the LFV processes. This com-
plexity can obscure physical intuition, especially regard-
ing the sensitivity of specific parameters.

Representative mass insertion diagrams for the pro-
cess T — eM*M~ in N-B-LSSM are presented in Fig. 4.
The advantage of the mass insertion approximation
(MIA) method lies in its ability to express flavor viola-
tion explicitly through mass insertions A;*(A,B = L,R) in

29)

[
the propagators. This enables us to write the LFV amp-
litudes directly in terms of the off-diagonal components
of the soft SUSY breaking slepton mass matrices m3, m}
and the trilinear coupling matrix T,, 7,. With proper ex-
pansions, this approach leads to much simpler analytical
expressions, allowing us to clearly identify the dominant
contributions to LFV at the analytical level.

As an example, Fig. 4(a) shows a typical one-loop
contribution mediated by B and the slepton mass inser-

tions between L and Lf, with the amplitude given by

_Qqe2 Ml (mz? + m‘r)
K2 A2
x @y P.o) gy PrLg + Gy Pra),

M(Z]L, I:f, B) = AERg%I(Xl,ijL,legz)

(30)

where the loop function Z(x,y,z) is given by
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ﬁ\

A}\m

A}\m

T wo i

(f)

Fig. 4. Feynman diagrams for r » eM*M~ in MIA.

1 [x(x*=3xyz+yz(y+2))Inx
167 (x=yy(x—2)°
=3x2+x(y+2)+yz
2(x=y)*(x—z2)
xylny
(x=y30-2)

I(x,y,2) =

G1)

xzlnz }
(x=2P@E-y )

To better illustrate the parameter dependence, we
consider a simplified scenario where all superpartner
masses are nearly degenerate:

M| = mZL = mZR = MSUSY' (32)

In this degenerate limit, the loop function reduces to a
constant Z(1,1,1) =
expressed as

19222 and the mass insertion can be

AiLjR = m,l.mzLél-L]R. (33)

This clearly shows that the LFV amplitude is directly
controlled by A’ including T,,,. In a similar way, the oth-
er MIA diagrams can also be analyzed, and thus, we do
not study them in detail anymore in this work. Overall,
the results depend on the off-diagonal elements of
m; ¢, T, and T,. Therefore, the simplified expressions

clearly reveal the parametric dependence of the LFV

amplitudes.

In summary, while the main body of this work is
based on the mass eigenstate method to ensure precision
and completeness, the inclusion of the MIA method
provides an intuitive and analytical perspective on the de-
pendence of the LFV processes on key parameters. This
supplementary analysis enhances the physical interpretab-
ility of the results and offers a useful framework for ex-
ploring other LFV processes in future studies.

E. Branching ratios
Once the effective amplitudes at the quark level are

determined, we can calculate the corresponding branch-
ing ratios [28]:
BR (1 — en"n7) = 19X 10752, + 1.0x 107%|Cgg

+0.13|C% p + C, 2,

2
+ 0. 17 ' [ngm + ngiL]T('(‘M)(O)

)

+1 O’[CTRR]Tedd [C;‘L;QR Teuu| -

2
+0.5[[CH, + Cilelragon

(34

For this formula,

. vem, p 16 /i[[y7(0)
(r )Te - W 27 ?( v )[CTRR]eTuu,
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[Coclre [CSRR +Csr Jreqs

1
:32
q=b,c
2

v=\V:+v2, a~ %). (35)

Herein, the non-perturbative parameter (i[],;(0)/v)=
1.6x 107* and the notation (¢¢)@V indicate that the iso-
scalar or isovector (uu +dd) combination of Wilson coef-
ficients has to be taken. Meanwhile, A§ can be found in
Ref.[20].

2
BR (1 — en*K") ~ 0.17‘0 1o+t

(36)

2
+0.16| i+ Cit|
Teds

BR (1 — eK*K") = 0.59‘ W+ Cig)

AN

Cyy = Z Z

F,Fa=x*x*S§1.52= vu

1 S*TF;
1 1
2 [Ig(xFl,xpz,xgl,xsz)H

PP

F=x0y*S= ev
SFye yyZF1Fa 17S*1F1 17329
+mp,mp,le(Xs, Xy, xp )Hg *"Hy" "2 H; " 'Hj }

1
(kR -md)
Qq

mp(meHS FeHSTF+mTHS FeHSrF)

+m HS TP HSTT HfTEHZZ‘I)]] + Z Z _%’e

F=x0 S=¢

F) 17S1F22 17S,F1d SdF
IS(XFI’prxS.,xSo)H " ]H et -

S1F28 17S2F2G 145 54F1 1 |
Hy Hp H, _*IS(XF,,XF?,XSI,XSJH

1 1
(7[ Il(XF,xs)(m mz)[

Hy " H ™ HEHI) + (m? = mD)[(xr, xs) — L(xp, Xs)]

(k2 —m?

+(1.0+0.1)- 10‘2‘ (C$2L+CVLR)

Teuu

+(0.6+0.2)- 10_3‘ (CB vie CeVdLR>Tedd’

—(4.6+0.2)-10" (C;"LL + CVLR) (CEV“LL +C vue)

~(43£1.5)-107(Cit, + Cie)  (CUL+Cile)

+(3.5+0.8)-107(Cyl, + Ce)  (Coiu+Cii)
(37)

The final Wilson coefficients CyY,, Cyiz, Cokr, Csrrs
and CrL. are obtained from the sum of these diagrams'
amplitudes. The corresponding effective operators are
(eY"PLT)(qyuPLg), (eY"PLT)(qYuPRY), (ePRT)(GPRG), (PRT)(GPLY),
(ed* Pr7)(go . Prq), respectively. For convenience, the fi-
nal Wilson coefficients are analyzed in the generic form,
which can simplify the work. Herein, C}}, is used as an
example; see Appendix A for the rest.

> 2.

F Fz_X Xosl S2=2,g

STTF1 1081 F22 17S2F1G 1752452
H,'"*H, H;*
R R L

S2Fe pyS*F 11781S° 17024 _ 1ySFae pyZFi Fs 1yS*tF) iz
[ Is(xp, xs,, x5, [Hg* “Hy " H” "1 H{™ — H"*"Hg" "2 Hy ™' H;™]

Qq HS Fe HSTF

D2

*Fe 2 e 1792
xmp(m H; " H ™ HI H™

§ 1 SFe ryS*tF
|5 11 Cernxs )R HY ™ 4 (e xs) = 1o )

X [ + m2>HS”HS*’F e mem HY " Hy 1+ (e, Xs) = B, x)limp(m HE T HY ™+ m HY P HE ™))

DI

F=y* S=v

[[ Iy (xp, x5) = mp I3 Cxp, xs)JHR O HY ™ 4[24, x5) = I (xr, s )

— Iy, x5 )L0m2 + m2)HET HS ™ 4 momc HS T ™)+ [ G, x5) = B (op, xs)1mp (me HE P HE ™ 4 m HEFHG )],

IV. NUMERICAL RESULTS

In this section, we perform a numerical analysis of
LFV processes and systematically investigate the model
parameters under current experimental constraints. To ob-
tain reasonable numerical results, several sensitive para-

(3%)

meters are explored, and the processes 7 — en*n™, T —
enK~, and T — eK*K~ are discussed in detail in three
subsections. Notably, because the experimental upper
limit on the 7 — ey process imposes the most stringent
constraints on the parameter space of N-B-LSSM, its im-
pact on LFV must be thoroughly taken into account [20].
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Furthermore, we adopt the lightest CP-even Higgs mass
myp = 125.20+0.11 GeV [21]. For the mass of the added
heavy vector boson Z’, the latest experimental constraint
is Mz > 5.1 TeV, a significantly stronger bound than pre-
vious limits [29]. Given that M, is much larger than M,
its contribution to the amplitude is negligible and thus not
calculated in this work. The lower limit on the ratio
My /gp is set to 6 TeV at 99% C.L. [30, 31]. Considering
constraints from LHC data [32—39], we set the following
parameter conditions: the slepton mass is greater than
700 GeV, the chargino mass is greater than 1100 GeV,
and the squark mass is greater than 1600 GeV, with the
experimental value of tang, being less than 1.5. In addi-
tion, the constraints of Charge and Color Breaking (CCB)
are also taken into account [40, 41]. Based on these rigor-
ous experimental requirements, we collect extensive data,
and the relationships among various parameters are
graphically illustrated. Through a systematic analysis of
these plots and the experimental upper limits on the
branching ratios, we identify a viable parameter space
that explains the LFV phenomena.

Considering the above constraints in the front para-
graph, we use the following parameters in N-B-LSSM:

tanf, = 0.9, Yx; =0.5, T, =1TeV, T, =1TeV,
T,=-25TeV, T,;=1TeV, Ty =1TeV, Ty;=-4TeV,
M;=04TeV, M,=12TeV, M, =2.5TeV?, M3, =3.1
TeV?, My, =2.2TeV?, M5, =28 TeV?, (i=1,2,3).

(39)

To simplify the numerical discussion, we employ the
parameter relationships and analyze their variations in nu-
merical analysis:

tanﬁ9 gB’ gYB9 /l’ /12’ Vs, K, MBL3 MBB’,

2 — A2 2 _ g2 2 _ a2
Mi; = Mg, Mlij_MZji’ MEij_MEji’
Tii=T., Tyi=T,, Teij=Teji, Tvij=ijia

(G,j=1,23,i#)). (40)

_ a2 2
=M, Mg;

Unless declared otherwise, the off-diagonal elements
of the used parameters are assumed to be zero.

In the framework of N-B-LSSM, LFV originates
primarily from the flavor off-diagonal structures intro-
duced by soft SUSY breaking terms, which violate lepton
flavor conservation. At the loop diagram level, these off-
diagonal parameters alter the mass eigenstates and inter-
action vertices of internal SUSY particles, thereby indu-
cing 7 — e transitions at the effective vertex. The relev-
ant parameters include: (1) the off-diagonal element

M3, in the left-handed slepton mass matrix, also appear-

ing in the CP-even and CP-odd sneutrino sectors, which
induces flavor mixing between ¢&; and 7;, significantly
contributing to both &-x° and #* —y* loop diagrams;
(1) the off-diagonal element M2, in the right-handed
slepton mass matrix, responsible for the mixing between
ér and 7;, which mainly affects the flavor structure of
¢—x" loop diagrams; (iil) the off-diagonal term M2, in
the sneutrino mass matrix, which influences the masses
and mixings of CP-even and CP-odd sneutrinos, and
plays a crucial role in #*/ — y* loop diagrams; (V) the tri-
linear coupling 7,3, which enhances the couplings
between different slepton flavors such as é; and 7%, con-
tributing to &—x° loop diagrams; and (V) the sneutrino
trilinear coupling 7,3, which affects the mass spectra and
mixings of CP-even and CP-odd sneutrinos, significantly
contributes to 7/ —y* loop diagrams, and is a key para-
meter determining the LFV transition rates. The effective
couplings in the loop diagrams are governed directly by
the aforementioned flavor-violating parameters. As such,
these parameters collectively determine both the LFV
transition mechanisms and the resulting branching ratios.
In fact, in addition to the soft-breaking parameters, given
the non-zero masses of neutrinos, the CKM-like matrix in
the lepton sector is another source of the flavor violation.
This source, however, is not important for the processes
because of the small mass splitting of neutrinos (like the
GIM mechanism).

A. Processof T - entn

In the case of parameters A, =-0.25,x=0.1,T, =
1TeV, T, =1.5TeV, M; =1.7TeV?, we draw BR (7 —
en*n™) diagrams under the influence of different paramet-
ers, as shown in Fig. 5.

Using the parameters A =0.4, tanB =25, Mzp =0.1
TeV, My =1TeV, vy =4TeV, M2, =005TeV2, M2 =
0.16 TeV2, we plot BR (r — en*n™) versus gyp in Fig.
5(a), where the blue, green, and purple curves corres-
pond to gz =0.2, 0.3, 0.4, respectively. It can be clearly
seen that for any given gz, the branching ratio decreases
monotonically with increases in gyz; meanwhile, under
the same gy condition, the larger the gp, the smaller the
branching ratio. Specifically, the top curve has success-
ively exceeded the experimental upper limits of 7 — ey
and 7 — ex*n” in the region of —0.3 < gyp <—0.22. The
middle curve exceeds the limit of 7 — ey only in the re-
gion of —0.3 < gyp < —0.24, while the bottom curve re-
mains below the existing experimental constraints
throughout the entire scanned range. gp is the U(1)z_,
gauge coupling constant. The mass matrices of several
particles (neutralino, slepton, CP-even sneutrino, CP-odd
sneutrino, up-squark, down-squark, CP-even Higgs) all
have the important parameter gz, which can improve the
NP effect. gyp is the coupling constant for gauge mixing
of U(l)y and U(1)p_, which is a new parameter beyond
MSSM and can bring new effect. The formation of this
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trend is attributed mainly to the dual role of the two coup-
ling constants on the NP effect. On one hand, both gz and
gy participate in the mass matrices and vertex structures
of various SUSY particles, which can enhance LFV ver-
tex coupling strengths. On the other hand, these two para-
meters simultaneously increase the mass of the particles
and enhance the mass suppression effect of the loop
propagator. The inhibition effect brought about by the im-
provement in mass significantly exceeds the amplitude
increase caused by the coupling enhancement, resulting
in the overall branching ratio decreasing as gz and gy
are increased. Therefore, gz and gyz can be regarded as
sensitive and critical parameters.

In the case of gyg=0.1, gg=0.3, 1=04, tanS =25,
Myg =0.1TeV, Mg =1TeV, M2=0.16TeV?, Fig. 5(b)
shows the trend of BR (7 — en*n™) changing with M7 ..
Each curve corresponds to different vg values (the blue
curve is for vg =2 TeV, the green curve is for vy =4 TeV,
and the purple curve is for v = 6 TeV). M; , is an off-di-
agonal element in the left-handed slepton mass matrix. Its

1700000 2500000

(e) M21GeV?

(color online) Influence of various parameters on BR (7 — ex*n™).

non-zero value introduces lepton flavor mixing between
the first generation (e) and the third generation (7). This
flavor mixing makes flavor conservation less stringent,
allowing LFV processes like 7 — en*n~ to occur. There-
fore, the LFV effect is enhanced as M%B increases, caus-
ing the branching ratio to rise rapidly, and the three
curves show obvious nonlinear positive growth. When
the curves for the different vy values are compared, it
emerges that a larger vy corresponds to a smaller branch-
ing ratio under the same M; . condition. vs is the VEV of
the Higgs singlet S and appears in almost all mass
matrices involving spontaneous breaking of U(1)p_,. In
one-loop diagrams, the related particles participate in the
propagation as internal propagators, which cause a signi-
ficant propagation suppression effect when their masses
increase with vg, leading to a reduction in the branching
ratio. In the numerical scan, it can be seen that the sensit-
ivity of BR (7 — en*n™) to M3, is much higher than that
of Vs .

Assuming gyp=0.1, gp=03, 1=04, tanB=25,

13
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vs =4TeV, M;,=0.05TeV?, M;=0.16TeV?, we show
BR (1t — en*n™) varying with Mpp via the blue curve
(Mg, =2TeV), green curve (Mp, =3 TeV), and purple
curve (Mg, =4TeV) in Fig. 5(c). The parameter Mpp
represents the mass of the U(1)y and U(l)_, gaugino
mixing, whereas Mjp; is the mass of the superpartner for
the gauge boson under the U(1)p_; group. Mpp and Mp,
are present in the mass matrix of the neutralino. Both of
them affect the mixing and mass structure of the neut-
ralino, thereby influencing the amplitude of the process in
the Feynman diagrams involving the neutralino. As Mpgp
increases, the branching ratios of all curves decrease
gradually. For any fixed Mpp, a larger Mp; results in a
slightly higher branching ratio. However, it can be seen
from the variation of the vertical axis in Fig. 5(c) that the
curves corresponding to the three different Mp, values
are very close to each other, and that the range of changes
in the vertical axis is relatively small. This indicates that
both parameters do have an influence on the branching
ratio; however, the overall contribution is weak and be-
longs to the secondary correction. Therefore, in the para-
meter sensitivity analysis of the process, the influence of
Mpp and My, can be regarded as a mild regulatory effect
rather than a decisive factor.

Under the conditions gyz=0.1, gz=0.3, 1=04,
MBB’ =0.1 TCV, MBL =1 TeV, Vg = 4 TCV, MI% =0.16 TeVZ,
we study the relationship between BR (r — en*n™) and
tanB in Fig. 5(d), where the curves are divided into three
cases corresponding to M7 , =0.035 TeV2 (blue curve),
MZ ., =0.025TeV? (green curve), and Mz, =0.015TeV?
(purple curve). The parameter tang is defined as the ratio
of the VEVs of the two Higgs doublets, namely
tanB =v,/v,. This parameter influences the vertex coup-
lings and particle masses by directly affecting v, and v,.
Because tanf appears in almost all the mass matrices of
Fermions, scalars, and Majoranas, it must be a highly
sensitive parameter. For each curve, the branching ratio
decreases by about 2 to 3 orders of magnitude as tang in-
creases from 5 to 55. Mﬁn denotes the flavor off-diagon-
al term between 7 and e in the slepton softbreaking mass
matrix, which essentially reflects the mixing strength
among right-handed slepton SUSY particles. A larger
M3, implies stronger lepton flavor mixing, which ampli-
fies the loop contributions, leading to an upward shift in
the overall branching ratio level. The right ends of the
blue and green curves are marked in red, indicating that
the corresponding parameter points have not exceeded the
current experimental upper limit of 7 — en*n~, and thus,
they have violated the constraint of v — ey. By contrast,
the purple curve is allowed under both experimental lim-
its because of its relatively low overall branching ratio.

Based on gyz=0.1, gg=0. 3 tanf =25, Mpp =0.1
TeV, My, = 1 TeV, v =4 TeV, M2, = 0.05 TeV2, Fig. 5(e)
illustrates the trend of BR (7 — en*n”) as M; varies, with

three curves plotted corresponding to 4=0.1 (blue cur-
ve), 1=04 (green line), and 1=0.7 (purple line). M;
represents the diagonal term in the mass matrices of
slepton as well as CP-even sneutrino and CP-old sneut-
rino, whose values affect the overall mass scale of the
new physical particles involved in the loop process. With
increases in M7, the branching ratio shows a gradual
downward trend. A higher M} signifies a greater mass of
the relevant virtual particles, resulting in the significant
suppression of the contribution of these particles in the
low-energy process. In the superpotential, the term
AS H,H, involves the coupling constant 1. For a fixed M?

a smaller 4 value corresponds to a larger branching ratio.
Although both have inhibitory effects on the branching
ratio, based on the inclination of the curves in Fig. 5(e),
BR (7 — en*n”) is more sensitive to changes in M?. This
is because the variation of the branching ratio with M?
under the same A is much greater than the difference un-
der different 1 at a fixed M;. This suggests that M? is a
more critical parameter than A in parameter constraints
and sensitivity analysis.

B. Processof T — en" K~

To better explain how variables affect the branching
ratio of (7 — en*K~), we randomly scan the parameters.
All the parameters involved are expressed in tabular
form.

Supposing the parameters in conjunction with 7, = 1
TeV, T,=1.5TeV, and M? =0.16 TeV?, the relationship
between g5 and M7 , is shown in Fig. 6. Fig. 6 is plotted
based on the parameters shown in Table 2. 4 are distrib-
uted mainly in the lower area of Fig. 6, concentrated
especially in the lower right corner. Within the range of

M}, <2x10*GeV?, # are the most densely distributed
regardless of the value of gz. ® are concentrated in the
upper left part of Fig. 6 and are particularly dense in

the region of 0.3 < g5 < 0.6, 4x10* GeV? < M7 , < 1x10°

2
13/GeV

2
L

M

¢z}
(color online) Under the premises of current limits on
LFV decays r—en*K™
space in which to scatter points is selected. € (0<

Fig. 6.
and 7 — ey, reasonable parameter

BR(t — entK™) <3x 1071, (3x107"M <BR (1 » en*K™) <
3%10719), @ 3x 10719 <BR (1 — en*K~) <3.7x 107%).
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Table 2. Scanning parameters for Fig. 6.
Parameters Min Max
A 0.05 0.4
A2 -0.3 -0.05
K 0.01 0.7
8YB -0.4 0.2
8B 0.3 0.8
tang 5 50
vs /GeV 2000 7000
Mpp |GeV 100 3000
Mpr/GeV 500 5000
M ./GeV? 0 10°
M%/GeV? 2%103 3% 10

GeV?, where there are basically no € and A, indicating
that most of the points in this parameter range corres-
pond to larger branching ratios. A are located between
the @ and @ areas. A gradually transition to the e area
toward the upper left and connect to the @ area toward
the lower right, presenting a boundary structure along the
diagonal direction. This distribution indicates that the two
parameters have a significant joint effect on BR (v —
en*K™), where the branching ratio tends to be larger for
larger M7, and smaller g;.

Next, we scatter points on 7 — er*K~ in Fig. 7 with
the parameters in Table 3. Fig. 7(a) shows the distribu-
tion of BR (r — en*K") as the parameters M7, and M3
change. It can be observed that ¢, A, and e uniformly
cover the entire scanning interval in the M7 direction, and
that the trend of change is not significant, indicating that
the impact of M7 on the branching ratio is very small.
In the direction of the horizontal axis, with the variation
of M3 ., Fig. 7(a) shows an extremely obvious color par-
tition. In the M; , <20000 GeV* interval, almost all the
data points are @, indicating that the branching ratio
is in the lowest order of magnitude when this mixing

parameter is relatively small. As M7 , increases to the
2x10* GeV? ~ 6x 10* GeV? region, A start to appear in
large numbers, while @ decrease significantly, and the
branching ratio rises rapidly to the middle order of ma-
gnitude. When M3 , > 6x10* GeV?, @ become dominant,
and ® and A basically disappear, indicating that the
branching ratio in this area is significantly enhanced and
comes close to the experimental limit. The change in
M; . is a sensitive factor determining the order-of-mag-
nitude transition in branching ratio, which is consistent
with what is reflected in Fig. 6.

Fig. 7(b) shows the change in BR (r — ex*K™) with
the parameters gy and M; .. From the spatial distribu-
tion of the points, it can be observed that when gyp takes
a negative value, especially in the range of -0.4 to 0 1,
and at the same time, M3, is relatively large (M7, >
6% 10* GeV?), e are the most concentrated, which indic-
ates that the corresponding branching ratio is highest
in this region. Conversely, the lower right corner of the
graph is occupied mainly by . In other words, the dis-
tribution of low branching ratios is densest When gyp 1S
close to the positive value (0 to 0.2) and M; , is smaller
(less than 3x 10* GeV?). Meanwhile, A are located pre-
dominantly in the middle of Fig. 7(b), roughly forming
a transition zone from the lower left to the upper right.
Overall, the influence of M3, on the branching ratio is
more direct, and changes in gyp also have an obvious se-
condary effect. With increases in M7, ,, the branching ra-
tio gradually increases. Under the same M3 ., if gyp is
smaller, @ are also more likely to appear.

Under the conditions 1=0.4, tang=25,T,=1TeV,
T,=15TeV, vg =4TeV, Mpg =0.1TeV, Mg, =1TeV
and M7 ,=0.05TeV?, we plot gz varying with M; in
Fig. 8. These parameter ranges are given in Table 4. e are
concentrated mainly in the lower left part of Fig. 8, where
g <0.5 and M; < 1.5x10° GeV?>. The points with a high
branching ratio are more densely distributed, indicating
that the parameter combination corresponding to this area

is more likely to enhance the decay rate of T — ex"K~. A

0 20000 40000 60000 80000 100000

2
(a) Mf e

Fig. 7.

0
-04 -03 -02 -01 0.0 0.1 0.2

(bgvs

(color online) Under the premises of current limits on LFV decays r — ex"K~ and 7 — ey, reasonable parameter space in

which to scatter points is selected. € (0<BR(r—ertK")<3x107'"), A (3x10"''<BR(r - en*K")<3x10710), @ (3x10710<

BR (1 — en*K™) <3.7x107%)
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Table 3. Scanning parameters for Fig. 7 and Fig. 10. Table 4. Scanning parameters for Fig. 8.
Parameters Min Max Parameters Min Max
y! 0.05 0.4 L 0.3 -0.05
X -0.3 -0.05 K 0.01 0.7
K 0.01 0.7 gve 0.4 0.2
8gve 0.4 0.2 85 0.3 0.8
8B 0.3 0.8 M;/GeV? 1x10° 3% 100
tanf 5 50 M /GeV? 2103 3% 109
vs /GeV 2000 7000
Ty13/GeV -500 500 same time, the inhibitory effect is more obvious. This dia-
T,/GeV -1500 1500 gram clearly reveals the sensitivity of the T — ex* K~ de-
2
Toi3/GeV 500 500 cay process to the two parameters 85 and M.L’ both of
which play a key role in controlling the size of the
T./GeV -2500 2500 . .
branching ratio.
Mpp |GeV 100 3000
Mp./GeV 500 5000 C. Processof r— eK*K~
M2 JGeV? 0 10° With the parameters «=0.1, gy =0.1, gg=0.3, 1=
L;3 " 0.4, 1, =-0.25, tanB =25, vg =4TeV, Mpp =0.1 TeV,
Mp/Gev 1x10° 3x10° My, =1TeV, M3, =0.05TeV?, M? =0.16 TeV?, M2 =17
2 2 . .

Mg,3/GeV 0 10° TeV?, we plot BR (t — eK*K~) schematic diagrams un-
M7 /GeV? 2x10° 3% 10° der the influence of different parameters, as shown in Fig.
9.
3.0x10° The trend of BR (7 — ¢K*K~) with respect to 7,3 is
25107 investigated in Fig. 9(a). Three lines are analyzed: a blue

O X

o 2.0x10°
>
o]
Q 1.
(\l§~l

1.0x108

(]
T L 7YX
0.3 0.4 0.5 0.6 0.7 0.8
98
Fig. 8. (color online) Under the premises of current limits on

LFV decays t—entkK~ and t— ey, reasonable parameter
space in which to scatter points is selected. € (0 <BR (r —
en*K) <4x 1071, @4x107" <BR (1 - en*K™) < 8x 10711,
® 8x 107" <BR (r —» en"K™) <3.7x 107%).

are distributed in a strip in the middle of Fig. §, with a
wide horizontal extension, indicating that this is the inter-
mediate region, where the branching ratio transitions
from high to low. Meanwhile, @ are distributed in large
numbers in the upper right corner of Fig. 8. In the area of
gs>0.6 and M} >2x10°GeV?, e and have almost
completely disappeared, and only 4 remain, indicating
that this parameter interval has a strong inhibitory effect
on LFV decay. The dividing line shows a clear diagonal
distribution, and the three regions of red, green, and blue
basically transition from the bottom left to the top right.
This shows that increasing either gz or M; alone can re-
duce BR (7 — en*K™), and if both are increased at the

line for T, = 2300 GeV, a green line for 7, =500 GeV, and
a purple line for 7, = —1500 GeV, demonstrating the sens-
itivity of the branching ratio to these parameters. All
three curves show a monotonous upward trend. As T3
changes from negative to positive, the branching ratio in-
creases. The purple line is always at the top, the green
line is in the middle, and the blue line is at the bottom.
That is to say, under the same T,;; condition, the smaller
the 7., the larger the branching ratio. The spacing
between the three lines slightly expands as 7,3 increases.
From a quantitative perspective, in the N-B-LSSM mod-
el, the mass square matrix of slepton is a 6 x 6 dimension-
al sturcture, which is determined jointly by the softbreak-
ing mass term and the trilinear coupling term of the left-
handed and right-handed three-generation lepton super-
particles. The matrix can be split into 3x3 flavor sub-
blocks, corresponding to the flavor-conserving and fla-
vor-violating components, respectively. The parameter
T.13 appears in the flavor-violating off-diagonal part of
the matrix, while 7, corresponds to the flavor-conserving
diagonal element. The flavor mixing is introduced in the
diagonalization of slepton weak interaction eigenstates
into the mass eigenstates, and the magnitude of the mix-
ing angle is related to the ratio of off-diagonal element to

T, .
a diagonal element ?13 Therefore, the larger T,y is, the

smaller 7, is, and the BR (t - eK*K™) increases.
We study the effect of the parameter 7,;3 on BR
(tr— eK*K™) based on T, =1500GeV (blue line), T, =
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1.2x107°
_ 1.195%x107°
]
X 1.19x107®
X
§ 1.185x10°°
z
= 9 ]
g 1.18x10 — T.=2300GeV
1.175x107° —— T,=500GeV
1.17x107° — T,=-1500GeV 1
-400  -200 0 200 400

(a)To13/GeV
Fig. 9.

1000 GeV (green line), and T, =500 GeV (purple line),
as shown in Fig. 9(b). T,; represents the trilinear soft
SUSY breaking term between the first and third genera-
tions in the CP-even and CP-odd sneutrino mass matrices,
which is a lepton flavor-violating parameter. The branch-
ing ratio of the three curves increases with increases in
T,13, and they intersect at 7,13 =0GeV. As T,;3 moves
away from the 0 point, the three curves gradually bifurc-
ate. In the area of T,;; <0 GeV, the purple line is higher
than the green line, which is higher than the blue line.
The smaller the T,, the larger the branching ratio. In the
region where 7,13 >0GeV, the order is reversed. The
blue line is the highest, followed by the green line, and
the purple line is the lowest. The larger the T,, the great-
er the branching ratio. This opposite sorting trend occurs
because the positive or negative sign of T,;; affects the

60000
(a) M2 IGeV?

0 20000 40000 80000 100000

L13
100000 gz

2
13/GeV

2
L

M

1.24x10°F
1.22x107%F

; 1.2x10-%f

B 1.18x10°

T e

I

= o} ]

% 1.16x10 T,=1500GeV
114x10°F —— T,=1000GeV
1.12x10F T Tve008eY

-400  -200 0 200 400

(b) Ty13/GeV

(color online) Influence of various parameters on BR (r — eK*K™): (a)T, =1 TeV, (b) T, = 1.5 TeV.

sign of the interference term when CP-even and CP-odd
sneutrinos mix, thereby influencing the specific form of
flavor mixing and changing the dependence direction of
the branching ratio on 7,.

It is worth noting that the range of the amount of rel-
ative change in the vertical axis of Fig. 9 is small. There-
fore, it can be concluded that T,, T,3, T,, and T,;3 do
have an impact on BR (7 — ¢K*K™), but it is relatively
small. This small variation shows that they are not the
main parameters that control the process.

To better study LFV and find a reasonable parameter
space for the 7 — ¢K*K~ process, we study the effects of

parameters «, A,, M? 7130 and M%, and draw the scatter dia-

grams of a certain parameter space, as shown in Fig. 10.
We scatter points according to the parameters given in
Table 3 to obtain Fig. 10(a), (b), and (c).

500000 1.0 1061.5x 1062.0x 1062.5x1063.0x106
(©M2/GeV?

Fig. 10.

color online) Under the premises of current limits on LFV decays r — ¢K*K~ and 7 — ey, reasonable parameter space in
p y p P

which to scatter points is selected. ® (0<BR(r—eK*K™)<3x107'1), A 3x107" <BR(r - eK*K™)<5x1071%), @ (5x 10719 <BR(

T eK*K™)<34x107%).
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Table 5. Scanning parameters for Fig. 11.
Parameters Min Max
Te13/GeV -500 500
Ty13/GeV -500 500

In the study of the LFV process, the B-LSSM model
has been widely investigated as an extension of the
MSSM, and the additional U(1)z_; symmetry introduced
has brought rich particle spectra and physical properties.
The N-B-LSSM model used in this paper is structurally
similar to the B-LSSM, but adds the new coupling terms
and introduces several new parameters. Besides the para-
meter A discussed in the previous subsection on 7 —
en*n, these parameters also include x and A,, which do
not exist in the traditional B-LSSM framework. There-
fore, it is of great significance to study the numerical im-
pact of these new parameters on the LFV process.

Fig. 10(a) and Fig. 10(b) show the distribution of
BR(7 — ¢K*K™) on the parameter plane (M;,, ) and
(A2, M3,,), respectively. Based on the overall distribution
of the two diagrams, it can be observed that within the
range of the selected parameters, the branching ratio in-
creases with increases in M; .. Whether in different pro-
cesses or different diagrams, increases in Mj; , always
lead to the rise of the branching ratio, demonstrating its
crucial role as a source of flavor mixing. This unified
trend further supports its dominant position in the LFV
processes. Both x (varying within the range of 0 to 0.7)
and A, (scanning between —0.3 and —0.05) have an even
distribution of data points and do not show a clear trend.
This suggests that BR (r — ¢eK*K~) exhibits a moderate
dependence on these two parameters, with the observed
effects remaining relatively mild. x is the parameter in the

1 ,a4
term gKSSS of the superpotential. x has a relation with

the Higgs tree level potential and Higgs mass matrix
through the mixing with Higgs singlet §. 1, emerges in
the term 1,8 ¢1¢, of the superpotential. Because £, and
X» are Higgs singlets, the term including A, contributes to
the CP-even Higgs mass squared matrix. The two para-
meters belong to the extended structure of the Higgs sec-
tor and do not directly appear in the vertices or intermedi-
ate state propagators of the 7 — eK*K~ process. Con-
sequently, it is difficult to significantly alter the amp-
litude of the process by changing these parameters, and
thus, the branching ratio is insensitive to them.

Fig. 10(c) illustrates the variation of BR (r — ¢eK*K")
in the two-dimensional parameter plane of M7 and M3, ..
e are located mainly in the upper left part of the image,
specifically in the area where M} is smaller and M7 , is
larger. In this region, the branching ratio is more likely to
exceed 10710, are distributed predominantly in the
middle zone, forming a transition band along the direc-
tion from bottom left to top right, showing an obvious ob-

lique structure of the color boundary. Meanwhile, 4 are
clustered in the lower right corner area, indicating that the
branching ratio is relatively small when M7 is larger and
M, is smaller. As can be seen from Fig. 10(c), the
branching ratio is significantly positively correlated with
M: ., whereas M? has a secondary but still important ef-
fect on BR (r — eK*K"), inhibiting the branching ratio.

To further investigate the effects of flavor-violating
parameters on the LFV decay 7 — ¢K*K~, we perform a
detailed analysis of the dependence of the branching ra-
tio on the trilinear couplings 7,3 and T,3. In Fig. 11, the
horizontal and vertical axes correspond to T,;3 and 7,3,
respectively. The markers indicate the predicted branch-
ing ratio BR (tr — eK*K~) under the current experimental
bounds (including BR (r — ey) and BR (r — eK*K")).
For better visualization, the points are categorized into
three regions: € (0 <BR (r —» eK*K™) <5x1071%), A (5%
107 <BR (1 — eK*K)<2x1073), and ® (2x 107" <
BR (r —» eK*K™)<3.4x107®). The red region correspon-
ds to relatively large branching ratios, though still below
the experimental upper bound.

From this figure, several important features can be
observed. In the region where 7,3 <0, for a fixed T3,
increasing 7,13 significantly suppresses the branching ra-
tio. Similarly, for a fixed T3, increasing 7,3 also leads
to a decrease in BR (7 — eK*K~). This implies that in this
region, both parameters act to suppress the LFV signal. In
the region where T,;; >0, the behavior is opposite: in-
creasing either 7,3 or T,;; leads to a larger BR (r —
eK*K~). This indicates a synergistic enhancement effect
between the two parameters in this parameter space. The
combination of these trends results in a clear diagonal
pattern across the plot. Higher BR (r —» ¢K*K~) values
are located mainly toward the outer regions of the first
and third quadrants, while lower BR (r — ¢K*K~) values
concentrate near the middle region. This indicates that the
influence of 7,5 and T,;3 depends not only on their abso-

Te13/GeV

-400 -200 0 200 400

T,13/GeV

Fig. 11.
on LFV decays r — ¢eK*K~ and 7 — ey, reasonable parameter

(color online) Under the premises of current limits

space in which to scatter points is selected. @ (0<BR(
T eKTKT)<5x10714), (5%x107¥ <BR (1 — eKtK™) < 2x
10713), @ 2x 1073 <BR (t —» ¢K*K™) <3.4x107%).
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Table 6. Scanning parameters for Fig. 12.

Parameters Min Max
Mj3/GeV? 0 10*
T.13/GeV -500 500

lute magnitudes but also significantly on their relative
signs.

From a theoretical perspective, T,;5 arises from trilin-
ear soft SUSY breaking terms in the charged slepton sec-
tor, while T,,; affects the mass matrices of both CP-even
and CP-odd sneutrinos. These parameters alter the flavor
structure and mixing of sleptons and sneutrinos, thereby
modulating the LFV transition amplitude. Depending on
their values and signs, their contributions can interfere
constructively or destructively, leading to the pattern ob-
served in the figure.

Furthermore, although the dependence of BR (r —
eK*K~) on T,i3 and T, is clearly visible in the trend, the
overall magnitude remains relatively small across most of
the scanned parameter space. In particular, the majority
of the parameter points yield BR (r — ¢K*K~) values in
the range of 107'* to 10713, significantly below the exper-
imental limit of 3.4x 1078, Only a small subset of points
(mainly near the edges of the first and third quadrants)
reach values greater than 2x107'3. This suggests that
whereas the influence of 7,;3 and T,;3 on LFV is import-
ant, reaching experimental sensitivity also requires contri-
butions from other parameters.

We include the contribution of M7 , in Figs. 12, 13
and perform a combined analysis with T,;; and T,;;. As
shown in the figures, M; , exhibits the most direct and
significant impact on the branching ratio. As this para-
meter increases from 0 GeV? to 10000 GeV?, the mark-
ers of the scattered points transition from € (0<
BR(t—=eK*K)<6x107?) to A (6x1072<BR(rt -
eK*K™)<2.3x107'), and eventually to e (2.3x107!!' <
BR (t —» eK*K™) <3.4%x107®). This indicates that BR(
T — eK*K™) increases rapidly from the order of 107'? to
107!, approaching the current experimental limit. This
behavior reflects the strong enhancement effect of M7,
on LFV processes. By contrast, the effects of T,;; and
T.i3 are relatively mild. Within the same range of M%B,
variations in either T,;; or T,;; can lead to some changes
in BR (t — ¢K*K™), but the amplitude and trend are signi-
ficantly less pronounced than those induced by M7 . In
particular, the influence of 7,;; shows a more obvious
directional tendency with a clearly sloped boundary,
while the effect of T,;; appears more gentle.

This difference arises because M7, is the off-diagon-
al element in the left-handed slepton mass matrix, serving
as a primary source of LFV. Because this parameter ap-
pears only in the mass term, its contribution to the

branching ratio is monotonic and stable. Meanwhile, T,;;

Te13/GeV

0 2000 4000 6000 8000 10000
2 2
M /GeV

Fig. 12. (color online) Under the premises of current limits
on LFV decays T — eK*K~ and 7 — ey, reasonable parameter
space in which to scatter points is selected. @ (0<BR(
T—eK*K)<6x1071%), A (6x10712<BR(r —» eK*K™) <2.3x
1071, @ 2.3x 1071 <BR (1 — eK*K™) < 3.4x107%).

Table 7. Scanning parameters for Fig. 13.

Parameters Min Max
Mj3/GeV? 0 10*
Ty13/GeV -500 500

T13/GeV

g \
,A':}’J;,» SN v A
0 2000 4000 6000 8000 10000
2
M? . IGeV

Fig. 13.
on LFV decays r — eK*K~ and 7 — ey, reasonable parameter

(color online) Under the premises of current limits

space in which to scatter points is selected. BR (7 — eK*K™)
ranges marked by @, A, e are the same as in Fig. 12.

and T,;3 act by introducing trilinear soft SUSY couplings
between the third and first generations and modifying the
off-diagonal structures of the slepton and sneutrino mass
matrices, thereby affecting particle mixings and the LFV
amplitudes. Their contributions are more indirect and
nonlinear, leading to complex interference effects, yet
generally limited in magnitude. These trends have already
been analyzed in detail in Fig. 11.

V. DISCUSSION AND CONCLUSION

In this study, we analyze the LFV processes 7 —
eM*M~ (t—en*n, T en*K , and 7 — ¢K*K") in the
extended SUSY model N-B-LSSM. This model intro-
duces right-handed neutrinos and three Higgs superfields
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21, £2, § with the local gauge group SUB3)c®SU(2),®
U(l)y®U(1)p_., so that the rotation matrices and interac-
tion vertices in the N-B-LSSM are richer than those in the
MSSM. We construct the amplitude expressions of the
corresponding processes based on the relevant Feynman
diagrams.

With the upper limits on the branching ratio of 7 — ey
taken into account, many diagrams of numerical results
are plotted after scanning large parameter spaces. The
analysis of these numerical results reveals that gz, gys,
tang, M ME13, and Mm are sensitive parameters that
have a s1gn1ﬁcant impact on the branching ratios, where-
as by comparison, A, A, x, vs, Ty, Tyiz, Te, Te13, Mpp,
Mp,, and M3 also affect the numerical results but not by

2. > -

Fi,Fo=x* x*§1,52=0,it

CVLR -

VT S 1 Fag pySaF1 S50 1 1
X H, T HS PRSP (e X XX, ) H)

2

S1TF) 73S 1F22 13S2F1d yS2dF>
19(xF1:xF29xS17sz)HL Hp'"*"Hp» "Hp™"* —

a very large degree. In general, the non-diagonal ele-
ments corresponding to the initial and final leptons are
the main sensitive parameters and LFV sources. We find
that the order of magnitude of the 7 — eM* M~ branching
ratios can reach approximately 107''—10~°. Most para-
meters can break the upper limit of the experiment and
provide new ideas for finding NP.

APPENDIX A: REQUIRED WILSON
COEFFICIENTS

In this section, we provide the concrete forms of the
corresponding required Wilson coefficients as follows:
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S1TF\ 17S1F22 17S2F1d y7S2dF> S17F) 17S1F22 17S2F1d y7S2dF>
I9(xF1,xF2sxS1’-sz)[HR H " He "H ™ + H ' HE " H " Hy

S17F) 17S1F22 17S2F1d 1S 2dF:, S17F) 17S1F22 17S2F1d 178 2dF:,
+mF1mF2(H 17T lH 1 zé’HLz 1 HLZ 2_3HRIT IHRI zeHRz 1 HRZ 2):|

DI

F1,Fa=Y x051.52=2,G

S*TF)

—H] S*rFy

S1F22 7782F2d 17539F1
HL] 2€HL2 Z‘IHLZ H 1

S*rFy

S1F22 17S2F2q 17539F1
+4H " Y HR R )|

S1F22 17S2F2q 17539F1
HRI ZEHRZ Z‘IHRZ H 1

VTF1 118\ Fae 175 2F2 175 59F1 VTF1 118\ Fae 17S2F1G 195 59F2 STTF)
—H, T HS R T g e (L HS SN ) 3y

SYTFL 118\ Fye 17S2F1q 17539F2 VT 118 Fag 1782F1G 55082
IQ(XFlssz,xprSZ)[HR H; " Hp* "H; +Hi Hp'"*"Hy HISe

Si7F} HS,FzéHstquSqul
L

S]erHSQF]qH zqFZ

(A2)

113110-20



Study of T = eM* M~ decays in the N-B-LSSM

Chin. Phys. C 49, 113110 (2025)

CSRL = Z Z Ig(XFI ,XF,,XSI,XSZ)HS]TF] HS]FﬂHizFldHizsz %IQ(XF],XFZ,XSI ,st)
Fi,Fa=x*x*S§1,52=0,it
% |:mplmFZ(HilTFlHilFZéHizpleSZdFZ +HS]TF]HS]FgEHizFltngzdﬁz)+HngFIHileéngFlaHizdfz
+HilTFlHgleeHizFldezsz] _ Z Z IS(XF],XFZ,XSI,xS2)|:HS1TF1HgleeHiZquHizqF]
Fl Fr=x0x051.52= éq
+Hy T HS PRI 4 Ig(xp, s, xs,) X [Hy T HS P ST T S e e
+H£ TFlHileEHizel?Hi;qF_l +H51’F1H51F26HR2F24HL2‘1F1 _ [mFlsz(Hi TF]HilFZEHiZquHi;qFZ
+HSITFlHgleéngquHﬁﬁsz) HslTFl HileéH;nglt?HiEqFZ +HslTFlHgleEHizFll?Hi;qFZ]] )
(A3)
cet = Z Z sz D s g (s Xy s, ’sz)HSnFl HS]erszFld pS2F2 _ Z Z Ig(x;:l  Xpy X5, Xs))
Fi,Fa=x*x*S1,82=v,i F,Fa=x° %0 $1,82= “7
|:H51 HS]erHSZquHszqFl + mp, szHSITF] HSleeHSzquHszsz]
(A4)
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