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Abstract: We study the correlation functions of the BD*, B* D system, which develops a bound state of approx-
imately 40 MeV, using inputs consistent with the 7..(3875) state. Then, we address the inverse problem starting

from these correlation functions to determine the scattering observables related to the system, including the exist-

ence of the bound state and its molecular nature. The important output of the approach is the uncertainty with which

these observables can be obtained, considering errors in the B"D*, B* DY correlation functions typical of current val-

ues in correlation functions. We find that it is possible to obtain scattering lengths and effective ranges with relat-

ively high precision and the existence of a bound state. Although the pole position is obtained with errors of the or-
der of 50% of the binding energy, the molecular probability of the state is obtained with a very small error of the or-

der of 6%. All these findings serve as motivation to perform such measurements in future runs of high energy had-

ron collisions.
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I. INTRODUCTION

Femtoscopic correlation functions are emerging as a
tool for understanding the interactions of hadrons at small
relative momenta. Considerable experimental research
has already been conducted within the strange sector
[1-14] (see also review paper [15]). Incursions in the D
sector have been investigated [16], and plans to extend
studies to this sector are expected in the near future [17].
In future runs of the LHC, the ALICE collaboration will
likely also access the bottom sector.

The theoretical community is also devoting consider-
able research to the subject [18-33], and a model inde-
pendent analysis of the correlation functions was very re-

cently proposed [34-38], where instead of contrasting
theoretical models with experimental data, the inverse
path was followed. The data were used to determine the
scattering observables of coupled channels, explore the
possibility of having several bound states, and eventually
determine the nature of these bound states as molecular
states or otherwise.

In the present study, we address the BD interaction,
where a bound state was predicted for the BD system
with isospin 7 =0 in Ref. [39]. The observation of the 7.
state [40, 41] and subsequent theoretical research support
this state as a bound state of the D°D**, D*D*® channels
in 1=0 [42-53]. Two recent studies investigating 7.
from a different perspective also concluded that the 7.
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state is indeed a molecular state [54, 55]. In the first
study, the scattering length and effective range of the
D°D**, D*D* channels, as well as the shape of the
D°D°z* mass distributions, were theoretically studied
[54], concluding that T. is a molecular state of the
D°D**, D*D*® components, essentially constructing an
I =0 state. In the second study, a different path was fol-
lowed, assuming that 7.. could correspond to a non mo-
lecular, genuine, or preexisting state and be dressed by
the meson-meson components where it is observed [55].
It was found that, in principle, it would be possible to
have a T, state with negligible molecular probability, but
at the heavy cost of a small D°D** scattering length and
large effective range, which are far from the observed ex-
perimental values.

If T.. is bound, using arguments of heavy quark sym-
metry, the BD* state should also be bound, even more
than T.. because there is a general rule that the heavier
the quarks, the stronger the interaction and binding ener-
gies [56-58]. This rule is also satisfied when the exten-
sion of the local hidden gauge approach [59—62] is used
as a source of interaction, exchanging vector mesons
between the heavy meson components. In Ref. [39], dif-
ferent B D™, B*D™ pairs were found to be bound using
the same regulator for the loops as in Ref. [45], particu-
larly the BD state in 1 =0, which was found to be bound
by approximately 15-30MeV. The existence of one
bound state in the BD system is also supported by the
phase moment obained in Ref. [63].

The finding of the 7. state has been extremely useful
for placing constraints on the meson-meson interaction
and its range, as reflected in the cutoff used to regularize
the loops [64, 65]. The information and arguments on
heavy quark symmetry used in Ref. [39] consolidated
their results. With confidence in the predictions of Ref.
[39] and their inputs consistent with the information ob-
tained from T7.., we present here one work which should
stimulate experimental measurements to corroborate
these findings. First, we reproduce the results of Ref. [39]
and evaluate the correlation functions of D°B* and D*B°.
Next, assuming that these correlation functions corres-
pond to actual data, we address the inverse problem of
determining from them the value of the scattering observ-
ables, scattering length, and effective range for these two
channels; the existence of a bound state below the
threshold; the molecular probability of each of the D°B*
and D*B° components; and most importantly, the preci-

B (p1)  Bf(p3) Bf(p1)  Bpy)
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(a) (b)
Fig. 1.

sion with which we can determine these magnitudes, as-
suming reasonable error bars for the correlation function
data. This information is important to obtain an idea of
what to expect given the experimental constraints when
such experiments are performed.

II. FORMALISM

A. Interaction of the D°B*, D*B° channels

The details can be found in Ref. [39]; hence, we do
not cover them here. Light vector mesons are exchanged
between the B and D components, as shown in Fig. 1. We
can see that heavy quarks are spectators in the exchange
of light vector mesons. Furthermore, assuming m, = m,,,
the interaction for the B*D°(1), B°D*(2) channels is giv-
en by

1
Vij= =75 Cij (p1+p2)-(ps+pa);  f=93MeV, (1)

412

with Cj; the element of matrix C,

Cho = 1 1 2
ij — | 1 5

and projected over S-wave

1 (m2 _mZ )2
(Pr+p2)-(ps+ps) = 5 {35 =20y +mp) = "=
3)
The scattering matrix is then given by
T=[1-VG]''V, “4)

where G = diag(G,,G,), with G, being the BD meson loop
function regularized with a cutoff

&g wi(q)+wq)
GA(s) =
(V9 /Itil<qm 2n)* 2wi(g)wx(q)

X ] . 9’
s—[wi(@) +wr (@) +ie

)

Bp)  Bey)  B'p)  Bw)
p P w
D) D'p)  Dip)  DY(w)

Vector exchange between the D°B* and D*B® components (in brackets, the four momentum of each particle).
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where wi(q) = /G2+m?, wi(q) = /q*+M?, and m;, M,
are the masses of the D and B mesons in channel ;. With
the isospin states (B*,B°), (D*,-D°), the I =0 combina-
tion is given by

1
|BD,I=0)= 5 |B*D"+B°D"), (6)
with which we can obtain
1
<BD,I = O|V|BD,I = 0> = 5 (V]] + V22 +2V12) = 2V11, (7)

which is the result obtained in Ref. [39], with V;; given
by Egs. (1), (2), and (3). The I =1 combination is given
by

1
|BD,I=1,13=0):—%|B+D°—BOD+>. (8)

We reproduce the results of Ref. [39] using the cutoff
regularization with an extra form factor (Eq. (27) from
Ref. [39]) stemming from the S-wave projection of a vec-
tor meson exchange. However, practically identical res-
ults are obtained by ignoring this form factor and decreas-
INg Gmax. TO match the formalism of the correlation func-
tions of Ref. [30], we ignore this form factor and take
Gmax Of the order of 420 MeV, as used in Ref. [45], to ob-
tain the binding of the related T, state.

B. Scattering observables

We can evaluate the scattering length a, r, for the
B*D° and B°D* channels by recalling the relationship
between our 7 matrix and that used in quantum mechan-
ics [64]

1

T=-8xVs fO = $1\s ————, )
— =+ k2 —ik
a 2
with
1/2 2 .2
g = LS (10)
2+s
from which we easily find
1 -1
-— = (=8xsT;")|, . (11)
ai Sth,i
2
ro; = { Vs o (-87 Vs T;! +ik,»)} : (12)
Wi 0s

Sth,i

where y; is the reduced mass in channel 7, and sy, and &;
are the square of the threshold mass and the center of
mass momenta of the mesons for channel i, respectively.

C. Couplings and probabilities

We find that there is a pole, which is below the
threshold of the two channels and hence corresponds to a
bound state. The couplings are obtained from the 7 mat-
rix in the vicinity of the pole,

8i8j

T,'j = N (13)
5=Sp
where s, is the square of the mass at the pole. Thus,
g1 = lim(s—s,) Ty, (14)
s=8)p
g18;=lim(s—s,) T, (15)
so8)p

which determine the relative sign of g, with respect to g;.
Once the couplings are evaluated, we calculate the mo-
lecular probabilities of the B*D° and B°D"* channels, as in
Refs. [64, 66, 67].

0G;
P,‘ = _gIZ Js .

§=Sp

(16)

Another magnitude of relevance is the wave function at
the origin in coordinate space, given by [64]

Yi(r=0) = gGil,, - 17)

D. Correlation functions

We follow the formalism of Ref. [30] and write the
correlation functions for the two channels as

Cppo(ppo) = 1 +4760(Gmax — Ppo) /drrlez(r)
~(B+* DY 2
X {’jo(PDO 1)+ Tgepo prpo(E) G* P (r, E)‘

JUp . 2
| T B 670 B = i}
(18)
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CB“D*(pD*) =1 +4”9(Qmax _pD*) /dl’r2S 12(}’)
- " 2
x {’jO(Pm 1)+ Tpop+ pop+ (E) G )(”;E)’
U 2
+|To w0 (B) G B~ oo 1}
(19)

where p; is the momentum of the particles in the rest
frame of the pair,

_APs,mi M)

pi= Ty (20)

S 12(r) is the source function, parameterized as a Gaussi-
an normalized to 1,

Sia(r) = e IR, (1)

1
(V4rR)?
and the GO (; g) function is defined as

~i &g wi(@) +wi(q) Jo(gr)
GO(rE) = / —,
E= | rr 2en@wn(@) s—[on(@) +a@P e

where jo(gr) is the spherical Bessel function, and
E=s= /m+p?+ /M +p?.

III. INVERSE PROBLEM: MODEL INDEPEND-
ENT ANALYSIS OF THE CORRELATION
FUNCTIONS

Here, we assume that the correlation functions have
already been measured and attempt to extract the maxim-
um information available using a general framework in
which no model assumptions are made. To perform the
test, we use the correlation function with the model de-
scribed in the previous sections, assuming errors at the
order of +0.02, which are slightly larger than those ob-
tained in current measurements of correlation functions.

We begin by assuming that there is an interaction
between the coupled channels, given by

V V
V — 11 12 i (23)
Vio Va
where V;; are unknown potentials to be determined, and
the 7 matrix is given by Eq. (4), using the G function of
Eq. (5) with an unknown ¢m.x. We make no assumption

on the isospin structure of a possible bound state but as-
sume that the interaction is isospin symmetric, which im-

plies, according to Egs. (6), (7), and (8), that

1
(BD, I=0|VIBD, I =1) = 3 (Vii=Vn)=0, (24)

Vo = Vi (25)

In addition, to consider possible sources of interac-
tion originating from channels neglected in our approach,
we introduce several energy dependent terms, as dis-
cussed in Refs. [68, 69] and studied in [34-36]:

a
Vii=Vj+ — (5= Sm,1)s (26)
my
v+ B
Via=Vi+ ) (5= 5m.1)» (27)

v

where the factor m?, (with my =800 MeV) is introduced
to make «,8 dimensionless. Then, we have 4 free para-
meters for the interaction, as well as g, and R, which is
a total of 6 parameters to fit the two correlation functions.
We must be aware that there are strong correlations
between these parameters because the input used to ob-
tain the correlation functions corresponds to an interac-
tion at I=0; hence, what matters is the combination
Vi1 + V.. This means that the values we obtain for the
parameters in fits to the pseudodata are not meaningful,
and only the values of the observables obtained from
them are significant. To manage with these correlations,
we use the bootstrap or resampling method [70-72], gen-
erating random centroids of the data with a Gaussian dis-
tribution weight and performing a large number of fits to
the data with the new centroids and same errors. After
each fit, the values of the observables are evaluated, and
the average and dispersion for each are calculated.

IV. RESULTS

Next, we use the model in Section II with a cutoff
regularization of g, =420 MeV , as in the study of the
T, state in Ref. [45]. We obtain a pole at +/s =7110.41
MeV and the couplings given in Table 1. Similarly, the
probabilities obtained and the wave functions at the ori-
gin are given in Table 2, and the scattering length and ef-
fective range are shown in Table 3. As shown, the prob-
ability obtained for the sum of the two B*D° B°D* chan-
nels is of the order of 96%. The small deviation from
unity is due to the energy dependence of the original po-
tential of Egs. (1) and (3). We also observe that while
aj,ro; are real, ay,ro, are complex because the B*D°
channel is open at the threshold of the B°D* channel. The
couplings are very similar, and so are the wave functions
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Table 1. Pole position and couplings with gmax =420 MeV.
[in units of MeV]
N 8 £
(7110.41 +01) 31636.8 31631.0
Table 2. Probability #; and wave function at the origin
Wi(r =0) for channel i.

P1 P2 Y1(r=0) Yo (r=0)
0.52 0.44 -14.75 -13.61
Table 3. Scattering length a; and effective range r; for chan-

nel i. [in units of fm]
aj a r r
0.71 0.50-0.161 -0.61 1.22-1.771

at the origin, indicating an /=0 state, according to Eq.
(6). The results for the correlation functions of the two
channels are shown in Fig. 2, calculated with R = 1fm.

Next, we discuss the results obtained from the res-
ampling method fits to the data. The data with the as-
sumed errors are shown in Fig. 3. A warning should be
given: as discussed in detail in Ref. [36], the sign of V),
is undefined in the present procedure; however, we rely
on arguments of heavy quark flavor symmetry to choose
solutions with Vy; and Vy, of the same sign.

In Table 4, we show the average values and disper-
sion of the parameters obtained. As we discussed above,
they are not significative owing to the existing correla-
tions. One indication of these correlations is the relat-
ively large parameter errors. Nevertheless, the important
aspect is the value of the observables. These can be found
in Tables 5, 6, and 7.

In Table 5, we show the value of the energy at which
the bound state is found, together with the values of the
couplings. As shown, a bound state is found around

WO T
509
Q
+
m08r
07t
=
e
t‘ 0.6
o) { Data
© 0.5 « Resampling data -
—— Fit

0 50 100 150 200 250 300

p [MeV]
Fig. 3.

1 0 T T T T T T T
09
£ o8l .
= average masses 1n V,
= . .
B physical masses in G
5 07 ]
]
0.6 B
— B*D°
0.5 .. BD* ]
04 1 1 1 1 1 1 1
0 50 100 150 200 250 300 350 400
p [MeV]
Fig. 2. (color online) Correlation functions for the p+p? and

BOD* channels.

7108 MeV, compatible with the bound state obtained with
the original model within uncertainties. Interestingly, the
error obtained is of the order of 18 MeV. This is not a
small error for a binding energy of 39 MeV; however, this
is what can be achieved with the assumed precision of the
correlation data. More positively, using the data of the
correlations at the BD threshold, we are still able to pre-
dict that there is a bound state with an approximately
40 MeV binding.

The couplings g;,g, obtained are also compatible
with the original ones, and the errors are also not small.
Yet, the approximately equal values of the couplings sug-
gest that we are dealing with an / = 0 state.

It is interesting to analyze our obtained probabilities
of the states, which are shown in Table 6. We again ob-
tain numbers for the probabilities of the two channels
compatible with those obtained from the original model,
but once again, it is the precision by which they can be
obtained that is important. The uncertainties are very
small, that is, of the order of 6%. This may be surprising
in view of the formula used to obtain #; (Eq. (16)), which
is proportional to g7, and g; has large errors according to

100 F . . . . . .
__ 095}
+
Q 0.90 |
o
Qo085
O
2080 Ff

>
L 0.75

—_
S 0.70 ! Data 9
» Resampling data ]
. —— Fit
0.60 . - - - -
0 50 100 150 200 250 300

p [MeV]

0.65

(color online) Correlation functions for the p+p° (left) and pOp+ (right) channels, with 26 points in each curve with an error

of £0.02. The centroids of the red data follow the theoretical curve. In blue, we plot the centroids obtained in one of the resampling

runs, with a random Gaussian generation of the centroids of each point.
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Table 4. Values obtained for the parameters V},,V{,, @.8, gmax , and R.

! !
Vi Vi a

,B Gmax /MeV R/fm

—1537.54+918.93 —1512.32+913.55

-31.89+10.00

-165.16 +133.31 407.9+60.8 1.01+£0.04

Table 5. Average values and dispersion of the pole position Table 6. Average value and dispersion of the probability #;
and couplings. [in units of MeV] and wave function at the origin ¢;(r = 0) for channel i.

VS 81 82 P1 P> Y1(r=0) Yo (r=0)
7107.84 +17.79 34623.08 + 14300.15 34506.64 + 14304.57 0.49+0.03 0.42+0.03 -13.61+2.65 -12.61+2.423

Table 7. Average value and dispersion of the scattering length a; and effective range r; for channel i. [in units of fm]

ai az

r rn

0.72+0.03 (0.51+0.02)-(0.17+0.01)i

-0.61+0.19 (1.41+0.28)—(1.65+0.07)i

Table 5. If g7 is bigger in a fit because the state is more
bound, dG;/ds also decreases in strength and the product
becomes more stable. This is an interesting and fortunate
result of our analysis, which allows us to conclude that
the application of the inverse method from the femto-
scopic correlation functions would allow us to determine
the nature of the bound state obtained with a high accur-
acy.

As shown in Table 7, it is also rewarding to find that
we can determine the scattering lengths with good preci-
sion and the effective ranges with smaller precision but
significant values.

We should also stress that the inverse method allows
us to obtain the size of the source function with a relative
accuracy of approximately 4% (see Table 4).

V. CONCLUSIONS

We address the problem of evaluating the correlation
functions for the BD system using inputs extracted from a
successful study of the 7..(3875) state. We take two chan-
nels, B°D* and B*D°, the small mass differences between
which induce visible differences in the correlation func-
tions. The system also develops a bound state of approx-

imately 40 MeV. Once this is achieved, we address the
inverse problem of obtaining the observables associated
with this system, starting from the correlation functions,
assuming errors as in current measurements. Although we
obtain results compatible with those obtained from the
original model, an important new result is the uncertainty
by which we can obtain the observables of the system.
We obtain the size of the source with a precision of ap-
proximately 4%. We also determine that there is a bound
state using the data of the correlation functions above the
threshold of the channels, although with an uncertainty of
approximately 50% of the binding energy. However, re-
markably, we can determine the molecular nature of the
obtained state with a good precision of approximately
6%. The scattering lengths of the two channels are ob-
tained with good precision and significant values, and the
effective ranges are also obtained but with smaller preci-
sion. All these results indicate that the measurement of
these correlation functions in the future will allow us to
obtain valuable information on the BD interaction and the
bound states associated with this interaction. This study
could serve as motivation to conduct such measurements
in the future.
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