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Radiative 9Be(n,yo+1+2+3+4+5)10Be reaction rate in the potential cluster model”
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Abstract: Within the framework of the modified potential cluster model with forbidden states, the total cross-sec-
tions of radiative n’Be capture to the ground and five low-lying excited states are calculated at energies from 107 eV

up to 5 MeV. The thermal cross-section o, = 8.35mb is in good agreement with experimental data. We considered
five resonances at the excitation energies E, from 7.371 MeV up to 10.570 MeV corresponding to the following
states with J™(E,, MeV): 37(7.371), 2%(7.542), 3*(9.4), 2*(9.56), and 37(10.570). The partial and total
9Be(n,y0+1+2+3+4+5)]08e reaction rates are calculated at temperatures from 0.001 to 10 7. Contrary to the available
data, we propose that the rise in the reaction rate near factor five at 7o >1 is mainly due to the first 37 (E; = 0.559
MeV) resonance. We foresee this contrast as arising from different model approaches.
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I. INTRODUCTION

Synthesis of "Be involves overcoming the well-
known gap with 4 = 8. Therefore, the ’Be as the seed
nucleus may be incorporated in branching chains leading
to carbon isotope production. More than 30 years have
passed since Malaney and Fowler raised the issue of "Be
production and suggested additions to the standard nucle-

*He(*H,»)"Li(n,y)*Li(a,n)'B(n,7)*B(e™)"*C(n,7)*C(n,7)"*C(n,7)>C(e") "N,

"Li(n,y)%Li(n,7)°Li(e™)’Be(n,)*Be(e ™) °B(n,7)' ' B(n, y)*B(e ") '*C.

Path (la) is the Lithium-Boron-Carbon (Li-B-C)
chain, and (1b) is the Lithium-Berillium-Boron-Carbon
(Li-Be-B-C) chain. Reaction 9Be(n,y)loBe in (1b) plays
the role of trigger for ignition of the B-C path. That is
reasonable as ''Be is a long-lived isotope (1.387><106
years) and, therefore, may play the role of seed nucleus.
One may find the balance between the (1a) and (1b) scen-
arios while all corresponding reaction rates are well-

"Li(n,y)®Li(n,y)°Li(e”)’Be(n,7)°Be(n,y)' ' Be(n,y) *Be(e ™) ?B(e ™) > C.
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ar reaction network for developing the inhomogeneous
model of Big Bang nucleosynthesis (BBN) [1]. While
discussing the role of the radioactive isotopes in the form-
ation of stable elements at the early stage of the evolu-
tion of the Universe, a set of chains has been proposed
(see the network in Fig. 1 of Ref. [2]). Later, two chains
essential for the production of neutron-rich isotopes were
suggested in [3]:

(1a)

(1b)

[
defined.

There is one more matter of concern for the
9Be(n,y)wBe process: Terasawa and coworkers raised the
issue of the critical reaction flows leading to the produc-
tion of carbon isotopes (Fig. 6 in Ref. [4]). It was pointed
out in [4] that the switch-off of the IOBe(a,y)MC reaction
in the Be-isotope chain leads to the ignition of the Li-Be-
C reaction flow:

(Ic)
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We will pay special attention to the 9Be(n,y)loBe reac-
tion in the beryllium paths (1b) and (1c). Our motlvatlon
concerns the disputed point of view on the origin of "’Be:
The current position is that "*Be cannot be produced by
thermonuclear reactions in stars [5] but is processed via
cosmlc ray spallation [6]. Meanwhile, the rate of the

Be(n,y) ’Be reaction is included in the network for calcu-
lation of the abundance of the beryllium isotopes in the
context of BB nucleosynthes1s up to CNO [7, 8].

The role of the Be(n,y) ’Be reaction in chains (1b)
and (1c) is still unclear today. The reason is that only one
modeless result on the reaction rate published by
Rauscher in 1994 [9] was included in the network calcu-
lations [7]. Nowadays, there are two more reports on the
reaction rate based on model calculations [10, 11]. Be-
low we show that these results do not confirm those of
Ref. [9]. The present paper, along with [10, 11], is inten-
dedto attract attention to the 9Be(n,y)mBe reaction and re-
consider its astrophysical status in the evolution of the
elements according to (1b) and (1¢) branching.

We propose the practical goal of reproducing the
cross-sections of nucleon-induced radiative capture reac-
tions on the 1p-shell nuclei (4<16) within the same mod-
el approach, an ad hoc modified potential cluster model
(MPCM), and finally to calculate the corresponding reac-
tion rates [12, 13] in order to complete the sequences like
(1) Recently we presented calculations on the reactions

'Li(ny)'Li [14], "B(n.y)"B [15], "'B(n.3)" "B [16], and
B(n’V0+1+2+3+4) ‘B [17].

The preliminary research on the Be(n,y) ’Be reaction
that we conducted nearly ten years ago [18] should be re-
cognized as estimative for the following reasons:

(a) The cross-sections for the capture to the ground
state (GS) and four excited states (ESs) have been calcu—
lated in the energy range of 10 meV (1 meV = 10° eV)
up to 1 MeV. Only two experimental points at 25 meV
[19] and 25 keV [20, 21] were available as benchmarks.

(b) Only one 3Ds resonance at 622 keV in ls. was
considered in [18]. Extension of the energy interval from
1 MeV to 5 MeV allows the inclusion of four more reson-
ances in the present treatment. Their effect on the cross-
sections and the reaction rates is demonstrated.

(c) The calculation procedure of the overlapping in-
tegrals is re-examined compared to [18] (see for details
Sec. VI).

(d) The reaction rate is not calculated in [18].

In the present work within the MPCM, we consider

the 9Be(n,3)()H+2+3+4+5)10Be reaction in the region of
thermal and astrophysical energies of 10 meV up to 5
MeV, considering the formatlon of "’Be in both the GS
and five ESs below n Be threshold and the five lowest
resonances. Present research on Be(n,y) ’Be also covers
new experimental data on the thermal neutron capture
cross-section [22—24]. Theoretical calculatlons are now
relevant, while the experimental study of the Be(n,y) ’Be
reaction is insufficient. Recent measurements of the total
cross-section o(E) for this reaction added two points
[10]; therefore, six points are available now above 1 MeV
[10, 20, 21].

We also compare the MPCM reaction rate with mod-
el calculations [9] and direct radiative capture model res-
ults [10, 11].

The present work is organized as follows: Section I
presents the Introduction. Section II covers calculation
methods. A classification of orbital states and interaction
potentials are given in Sec. III and Sec. IV, respectively.
Section V presents the total cross-sections, and Sec. VI
provides the reaction rates. The conclusions follow in
Sec. VIL

II. CALCULATION METHODS

We provided a detailed presentation of MPCM in [17,
25] (see references therein). Generally, the nuclear wave
function (WF) is constructed as the antisymmetrized
product of the internal cluster functions, consisting of A4,
and 4, nucleons and a relative motion function [26].
These WFs are characterized by specific quantum num-
bers, including JLS and Young's diagrams {f}, and they
determine the orbital part of WF permutation symmetry
of the relative motion of the clusters.

The MPCM is easy to use since it comes down to
solving the two-body problem, equivalent to the one-
body problem in a central field. For the scattering states,
the potentials are constructed based on the description of
the scattering phase shifts or the spectra of the final nuc-
leus, with consideration of the main low-lying reson-
ances. For a bound state (BS) of two clusters in a nucleus,
the interaction potentials are primarily constructed based
on the requirement to describe the main characteristics of
the nucleus. In this case, the potential parameters from
the known characteristics of the BS of nuclei are fixed.

The obtained continuum and discrete WFs are the
constituents for the calculation of the integral cross-sec-
tion o(NJ,Js) of the A(a,y)B reactions. The calculation
formalism for EJ and MJ transitions in the potential
cluster model is described in [12, 13]. The partial total
cross-sections of radiative capture from the initial J; state
in the continuous spectrum to the final bound J; state are
of the form
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87Ke? m J+1

o(NJ,Jf) =

Here, uis the reduced mass of particles in the initial chan-
nel, and k is the wave number of particles in the initial
channel.S| and S, are the spins of particles in the initial
channel. K and J are the wave number and total mo-
mentum of the yquantum, respectively. NJ denotes the
electric £J or magnetic MJ transitions of the J multipolar-
ity from the initial J; state in the continuous spectrum to
the final bound J; state of the nucleus.

For electric orbital EJ(L) transitions, the values of Py,
Ay, and I; are defined as [12, 13]:

PI(EJ, 7, J) =655, [(2] + DL+ 1)(2J; + 1)(2J s + 1))

L S J
X (L;0JO|L0)* { } z

Jp J Ly
(3)
70 % 14
AJEJK)=K'u <mjl+(_1) m—,) 4
Lk, Jp. d) = (er [r i) - Q)

Here, Ly,L;,J¢,J; are the orbital and total angular mo-
mentums of the particles in the initial (i) and final (f)
channels; my, my, Z;, Z, are the masses and charges of
the particles in the initial channel; and I;(k,J¢,J;) is the
integral over the initial y; and final y; relative motion ra-
dial functions and part of the £J(L) operator.

To consider the magnetic MJ(S) transitions, we use
the following expressions:

P%(MJ,Jf,J,-) =0s,5,[S(S +1D2S +1)(2J; +1)
X Q2L+ 1)2J-1D)2J+D(2Js+1)]

L J-1 Ly
x(L0J-10[L;08 s 1§ 3,
JiooJ Uy

(6)
'VIRI+1)

x{u](m”;m) A "1“)? ™

Lk, dp 0 = (cr| 7~ ey ®)

hK
Aj(MJ,K)=—K’~
mgyc

W3 (281 +1)(2S2+1) J[(2J + D]

SAGINJLK)X Y " PUNT 1, DIk, T4, 7). 2)
L;,J;

We use the following input data: particle masses in the
atomic mass unit (amu) m,= 1.00866491597 [27],
m(°Be)= 9.0121829 [28], and the constant #%/mg=
41.4686 MeV-fmz, where mp— amu. Magnetic moments
are py = p, = —1.91304272u0 and u, = u(°Be) = —1.778uy.

Selection rules for the corresponding angular mo-
mentums are provided by the Clebsch-Gordan coeffi-
cients, 6f — and 9j — symbols in (3) and (6) according to
[29]. All numerical calculations in the present study have
been performed based on our authorial software using
Simply Fortran. Most of these programs are included in
the books in their updated form [12, 13].

III. CLASSIFICATION OF ORBITAL STATES
FOR THE n’Be SYSTEM

Consider the classification of orbital states of clusters
based on Young's diagrams for the ’Be nucleus. Assum-
ing that this system consists of 8 + 1 particles, we can use
diagrams {44} and {1} for them. In this case, for ’Be, we
obtain two possible orbital symmetries, {54} + {441}.
The first is forbidden since it contains five cells in one
row, and the second is allowed. The dlagram {441} cor-
responds to the allowed states (AS) in the n *Be system.

Therefore, for the 7’ Be system, we have {441} + {1}
= {541} + {442} + {4411}. This set contains forbidden
states (FS) with the diagram {541} for the orbital angular
momentums L = 1, 2, 3,... and AS with configuration
{4411} and L = 1, 3. Orbital angular momentums L are
determined by Elliott's rule [30, 31]. Diagram {442} is
apparently an allowed one with L =0, 2,... and is relev-
ant to allowed BSs in S and D waves. We limited our
treatment to the minimum values of the orbital angular
momentum L =0, 1, 2.

The quantum numbers of ’Be are J® =3 / 2-, and for

"“Be, they are J*,T =0*,1 [32, 33]. The n "Be potentlal
refers to the Py wave corresponding to Young's dia-
grams {541} and {4411}. The first diagram is forbidden,
and the second is allowed. The dlagram {4411} matches
the GS of the '’Be nucleus in the 7’ Be channel. The other
3P; waves correspond to the allowed bound excited
states. Similar potentials are used for the continuous par-
tial waves.

We assume that there is a bound AS for the {442}
diagram in the 3S wave w1thout FS. It may correspond to
the third excited state (3 ES) with J*=1" and excita-
tion energy of 5.9599 MeV.

In the 3D wave containing a bound FS for the {541}
diagram, there is also a bound AS for {442}. It may cor-
respond to the fifth excited state (5 ES). The same clas-
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sification is done for all other partial waves. Therefore,
we unambiguously fix the structure of the forbidden and
allowed states in each partial potential for L = 0, 1, 2.
Note that the number of BSs, forbidden or allowed in any
partial potential, determines the number of WF nodes at
short distances [26]. Recall that the radial bound state
function corresponding to the minimum energy has no
node, and the BS next highest in energy has one node,
etc. [34].

IV. INTERACTION POTENTIALS FOR THE n’Be
SYSTEM

Figure 1 illustrates the spectrum of the "’Be nucleus
and guides our further calculations. It shows six BSs, ad
hoc one GS, and five ESs. Five resonances above the
threshold £y, = 6.8122 MeV are included in the considera-
tion.

To calculate the cross-sections (2), one needs to con-
struct the discrete and scattering radial functions in over-
lapping integrals 1;(Jr,J;) (5) and (8). Functions y; and
X are the numerical solutions of the radial Schrédinger
equation with the inter-cluster potentials of the Gaussian
form:

V(r,JLS) = =Vo(JLS ) exp{—y(JLS)r?}, ©)

Here, Vj is potential depth, and y is related to the poten-
tial width. The procedure of fittingVy and y for the dis-

crete and continuous states is presented in the following
sub-sections.

A. Bound-state interaction potentials

The BS parameters V and y are found unambigu-
ously by matching the binding energy, charge radius, and
AC. While the binding energy and charge radius can be
calculated with high accuracy, the most significant uncer-
tainties are due to AC. Let us start with the definition of
AC. The dimensionless constant C,, is found from the
following relation:

x1(r) = /2koCoW_yr41/2(2kor). (10)

Here, W_,+1/2 is the Whittaker function and ko is a wave
number related to the binding energy Ej, = ko>/2u. In case
n = 0, the analytical form of the Whittaker function is:

(I+n)!

(I-n)n!’ (an

1
WO,Z(Z) — e—Z/Z Zz—n
n=0

Let us present all variants for the ACs, which include
the asymptotic normalization coefficient (ANC), dimen-
sionless asymptotic constant C,,, and spectroscopic factor
S . The dimensional asymptotic constant C (in fm'm) is
related to Ay via the spectroscopic factor S r:

Es J7 [**'L,], —%— P, (GS. 4" ES) [*L, ), ——*P,(" ES.2" ES)
10.570(30)  3ID) Dl I—Es P,
9.560(20)  2'(Il) FH—25°R, E ) —Es P,

9.4 370 FEH—E>'P,
7.542(1) 27 ‘F(H—2°P, Fy—Es P,
73710 3 DD —Es P,

n°Be
6.8122
J7

6.2633(5) 2 5t ES
6.1793(7) 0, 4t ES
5.9599(6) N 3MES
5.9584(5) 2, 2wES
3.36803(3) 21 I ES

Fig. 1. (color online) Spectrum levels in MeV (c.m.) of the "Be nucleus with the indication of quantum numbers J*,T [32, 33] (arbit-

rary energy scale). J{—low index N = 1 or 2 indicates the order of appearance of the state with the same momentum J in the spectrum

of "Be. In the case of a continuous spectrum, the corresponding indication is given as a Roman numeral.
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Ao =SpxC2 (12)
Along with relation (10), the asymptotics of WF may be
written via the dimensional constant C

xL(r)=CW_,p1722kor). (13)
Comparison of relations (10) and (13) shows the follow-
ing interrelation of the asymptotic constants:

C = \/2koC,,. (14)

The available information on the spectroscopic
factors S and ACs A% for the GS of "“Be is given in
Table 1 [11, 35-46]. The relation C2 =A%./(S r2ko) is
used for the calculation of values C,,. In Table 2, we
present the data on the spectroscopic factors S pfor the
virtual decay of "“Be” in ESs: the experimental values are
from [35-39, 45, 46] and the calculated ones from [11,
40—44].

The calculated results on the binding energy E,
charge Ry, and matter radii R,, within the MPCM are
presented in Table 3.

For the potential of the GS binding energy, the value
6.812200 MeV is obtained with an accuracy of 10 ‘MeV,
the mean square charge radius equals 2.53 fm, and the
matter radius is 2.54 fm. The AC error is determined by
averaging over the interval 4 — 16 fm, where the AC re-
mains practically stable.

The potential of the first excited state (1St ES) 3P} at
an excitation energy of 3.36803(3) MeV ""Be [-3. 44417]
is obtained with J* = 2*. Here and further in brackets, the
energy relative to the threshold n’Be is pointed in MeV.
Such potential has one bound FS at {541}. Since data on
the AC of this and other ESs are absent, the parameter y
is the same as for the GS potential.

For the potential of the second excited state 82
ES)3P3at an excitation energy of 5.9584(5) MeV, Be
[-0.85381] with J™ = 2*is obtained. It also has one FS.

At an excitation energy of 5.9599(6) MeV [-0.8523],
the third excited state (3 ES) with quantum numbers
J™ =17 is reported in Ref. [32]. Such an excited state we
consider as a bound AS in the 3§, wave related to the
{422} Young's diagram.

The fourth excited state (4 ES) at an energy of
6.1793(7) MeV [-0.6329] coincides in its quantum num-
bers J*,T = 0*,1 with the GS [32]

The fifth excited state (5 ES) at an energy of

nd

Table 1. Data on the spectroscopic factors S and calculated constants C,, for the GS of ""Be (J5= 07) corresponding to A%=9.12
fm ' [35].
Reference SF Cy
Experiment
Bockelman et al., 1951 [36], Variational method 2.357 2.231
Darden et al., 1976 [37], DWBA 2.1 2.07
Harakeh et al., 1980 [38], DWBA 1.58 1.81
Lukyanov et al., 2014 [39], Optical model 1.65 1.85
Average, present calculations Sp=1.922 C,=1.990
Theory
Schmidt-Rohr ez al., 1964 [40], Born Approximation 1.67 1.89
Cohen & Kurath, 1967 [41], 1p shell model 2.3565 2.231
Anderson et al., 1974 [42], DWBA 1.21 1.54
Mughabghab, 1985 [43], Spin-spin interaction 2.1 2.07
Ogawa et al., 2000 [44], Stochastic variational method 2.24 2.14
Lee et al., 2007 [45], Shell model 2.44 2.30
Grinyer et al., 2011 [46], Shell model 2.62 2.41
Grinyer et al., 2011 [46], ab initio 2.36 2.23
Grinyer et al., 2011 [46], Variational Monte Carlo 1.93 2.01
Timofeyuk, 2013 [35], 0-p shell model 1.515 1.77
Mohr, 2019 [11], Direct capture model ~1.06 1.36
Mohr, 2019 [11], Direct capture model 1.58 1.81
Average, present calculations Sp=1.923 C,=1.980
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10

Table 2. Data on the spectroscopic factors S r for the ESs of Be'.

th

Reference 1M ES, 2} 2" ES, 2§ 3ES, 1} 4"ES, 0} S"ES, 27
Experiment

Bockelman et al., 1951 [36], Variational method 0.274 0.421 - - -
Darden et al., 1976 [37], DWBA 0.23 <1.0 - - 0.065
Harakeh ef al., 1980 [38], DWBA 0.38 <0.73 <0.14 - 0.08
Lukyanov et al., 2014 [39], Optical model 1.00 1.40 0.43 - 0.26
Average 0.471 0.888 0.285 - 0.135

Theory

Schmidt-Rohr et al., 1964 [40], Born Approximation 0.24 - - - -

Cohen & Kurath, 1967 [41], Shell model 0.1261 0.1899 - - -
Anderson et al., 1974 [42], DWBA 0.17 0.54 0.36 - 0.20

Mughabghab, 1985 [43], Spin interaction 0.23 - - 0.031 -

Ogawa et al., 2000 [44], Variational method 0.23 0.40 0.79 0.10 -
Mobhr, 2019 [11], Direct capture model 0.38 <0.73 <0.14 - 0.08

Mohr 2019 [11], Direct capture model 0.17 0.54 - - -
Average 0.2209 0.4800 0.43 0.0655 0.14

Table 3.

Potential parameters of the bound GS and ESs of the 10

. 9. . . .
Be nucleus in the n'Be channel. The excitation energies E, are taken

from [32, 33]. The binding energy E,, charge R, and matter radii R, and constant C,, are calculated using potentials with parameters

Vo and y = 0.4 fm.

No. E/MeV I [4'L], Vo/MeV Ey/MeV Rg/fm Ry/fm Cuw
1 0 of 3p) 363351572 ~6.81220 2.53 2.54 1.72(1)
2 3.36803(3) 2t 3p) 345.676475 -3.44417 254 257 1.14(1)
3 5.9584(5) 2 3p2 328.584340 ~0.85380 2.55 2.69 0.60(1)
4 5.9599(6) I 3, 33.768513 ~0.85230 256 276 1.24(1)
5 6.1793(7) 0f 3p2 326.799005 ~0.63290 2.56 272 0.53(1)
6 6.2633(50) 2 3D, 248.148914 ~0.54890 2.53 2.52 0.057(1)

6.2633(50) MeV relative to the GS [ —0.54890] with
quantum numbers 2 refers to the 3D, state [32]. We did
not consider the 5" ES earlier [18], and here, we estimate
the value of its contribution to the total n’Be capture
cross-sections.

While calculating the charge and matter radii of Be,
a ’Be nucleus radius equal to the 2.518(12) fm from Ref.
[47] was used. The neutron charge radius equals zero, and
its matter radius is the same as the proton radius
0.8775(51) fm given in the database [27]. To demon-
strate the quality of present calculations of the R, charge
and R, matter radii, we suggest compiling the experi-
mental data on these values and available model calcula-
tions in Table 4.

The summary of the spectroscopic factor Sy and C,,
for the GS of '"Be shows very close average values for
the experimental (S7" = 1.922, C;*" =1.99) and theoret-
ical (§1°°" =1.923, ™" = 1.98) ones. At the same time,

the corresponding intervals differ. In the case of experi-
ment one has: 1.58 <S§3" <2.357 and 1.85< C,," <2.23,
and the theoretical intervals are 1.06 < S 1" <2.62 and
1.36 < C™" < 2.41. The value for the asymptotic con-
stant CW for the GS of ’Be obtained in present calcula-
tions equals 1.72(1), which is within the indicated inter-
vals.

There are no data on the ANC for the excited states of

"Be. The obtained C,, in Table 3 may be assumed as the
proposed ones for the 15t — 5" ESs.

Based on the interaction potentials with parameters
from Table 3, the radial wave functions of the BSs have
been calculated as the numerical solutions of the radial
Schrodinger equation. The description of the developed
algorithm may be found in Refs. [25, 54].

The BS radial WFs are shown in Fig. 2. Their node or
nodeless behavior is the signature of the Young's dia-
gram classification relative to the number of ASs and FSs
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Table 4. Data on the R, charge and R, matter radii.

Reference States R, /fm Ry, /fm
Experiment
Ozawa et al. 2001 [48], Glauber Model 2.30+0.02 2.30+0.02
Nortershauser et al. 2009 [49], Isotopic shift GS, 0t 2.357(18) 2.357(18)
Descouvemont & Itagaki 2020 [50], Stochastic variational method 2.44+0.02 2.44+0.02
Average values 2.3657+0.02 2.3657+0.02
Theory
Liatard ez al. 1990 [51], Microscopic model 2.479+0.028 -
Ogawa et al. 2000 [44], Stochastic variational method 2.28 2.35
Wang et al. 2001 [52], Relativistic Mean Field GS, 0t 2.40 -
Timofeyuk, 2013 [35], 0-p shell model - 3.042
Ahmad et al. 2017 [53], Glauber Model 2.36+0.04 -
Average values 2.3798+0.034 2.696
Ogawa et al. 2000 [44], Stochastic variational method 1" ES, 2f 241 3.47
1.0 — T T T T — T T
- &th “Be(n,y)''Be
0.8 2,5"ES (:7) J
27,17 ES _
0.6 | 1,39 ES -
! -
[
04 1A | . .
Ty 02 e .
= o0 JL40.4"Es ——
£ ——
= - 1
02H [t - -
\ e _
04 UYL e -
1 v |
06k \'- 07, GS 25 2" Es .
-0.8 | B
210 PR TR R SR T S S R

10 12 14 16 18 20
r, fm

Fig. 2. (color online) Radial wave functions of the bound states in the n’Be channel calculated with the potentials from Table 3.

in a given partial wave. These functions are the constitu-
ents of the overlapping integrals (5) and (8).

B. Scattering-state interaction potentials

Following Fig. 1, we consider five resonance states of
n’Be at energies less than 5.0 MeV. We use the character-
istics of the energy levels to construct the scattering po-
tentials: By fitting the excitation energy E, and level
width T.., , the parameters V, and y are determined. The
results for the matched parameters of the scattering po-
tentials are given in Table 5. The calculated values of the
Es and T'c . are in good agreement with the experiment-
al data [32, 33].

Let us comment on Table 5 and its illustration in Fig.
3. In the spectrum of the "Be nucleus in the n’Be chan-

nel, there is an above-threshold J* =3~ level at the en-
ergy of 0.622(1) MeV in Ls. or 0.559(1) keV in c.m. and
width of I'c = 15.7 keV [32]. We compare it to the res-
onance 3D} in the elastic n Be scattering channel.

For the potential of the resonance 3D} scattering
wave at 559(1), the corresponding keV parameters are the
same as in [18]. The elastic scattering phase shift for this
potential is shown in Fig. 3 by a solid red curve and has a
resonance character, reaching 90(1)° at 559(1) keV. The
potential contains the bound FS related to the diagram
{541} following the above classification, and the state for
{422} is considered unbound. The width of such a reson-
ance is equal to 15(1) keV, which is in good agreement
with the results of Ref. [32].

The next J™ = 2* resonance at an excitation energy of
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Table 5. Parameters of the potentials of the resonant and nonresonant scattering states in the n’Be channel. The excitation energy of
E; (MeV) levels and their width I'. ,, (keV) are taken from experimental data [32, 33]. Resonance energies E..s (MeV) and widths I'c .
(keV) are calculated with the parameters V, and y.

No. E,, expt. Tem.» €Xpt. J 2541, Vo /MeV y/ fm’ Eles, theory Tcm., theory
1 7.371(1) 15.7(5) 3 ’Dj 457.879 0.35 0.559(1) 15(1)
+ 31
2 7.542(1) 6.3(8) 2D F, 211.667 0.11 0.730(1) 6(1)
3 9.4 291(20) 3 3F3 220.685 0.12 2.588(1) 283(1)
4 9.560(20) 141(10) 2°(In) ’F3 337.83 0.18 2.748(1) 146(1)
5 10.570(30) 200(100) 3 *D3 1953.33 1.5 3.758(1) 187(1)
6 No res. - I D, 300.0 0.35 - -
7 No res. - 1 P 206.0 0.4 - -
200 T T T T
L D, |
A - ~f _ - - o — o — -
160 P, [ e
AR -
\
140 s
120 T~ -
3—‘) - =~
= 100 -
= A e T
80 Tl
60
40
20 JJ
0 I 0Be(n,n}g]}c |
L 1 | 1 1 L 1
0 1000 2000 3000 4000 5000
LYC'JH.' kev

Fig. 3. (color online) Phase shifts of elastic n’Be scattering up to 5 MeV in c.m. Curves are the calculations with the Gauss potential

and parameters from Tables 3 and 5.

7.542(1) MeV relates to the resonance at 0.730 MeV c.m.
and width of I'.,, =6.3(8) keV. We failed to find poten-
tial parameters correctly conveying the characteristics of
such a resonance in the P wave. We found the potential
with FS for the 3F, wave, which allows us to reproduce
the J™ = 2* resonance characteristics. The elastic scatter-
ing 3F, phase shift is shown in Fig. 3 by a solid magenta
curve and illuminates a resonance behavior, reaching
90(1)° at 730(1) keV.

Consider a resonance at an excitation energy of 9.4
MeV J™ =3*. It relates to the resonance at 2.588 MeV
c.m. and a width of 291(20) keV. We consider this state a
3F3 wave. The corresponding potential contains one FS
that leads to the resonance at 2.588(1) MeV c.m. and a
width of 283(1) keV. The scattering phase shift 6 (2.588
MeV) =90(1)° (solid green curve in Fig. 3).

The next resonance is located at an excitation energy
of 9.560 (20) MeV J™ =2*. It relates to the 3F, wave
with a resonance at 2.748(20) MeV c.m. and a width of
141(10) keV. The corresponding potential contains one

FS and gives E,. = 2.748(1) MeV and I', = 146(1). The
scattering phase shift 67 (2.748 MeV) = 90(1)° (solid
blue curve in Fig. 3).

We associate the last J* =3~ resonance at an excita-
tion energy of 10.570(30) MeV with the 3D} wave with a
resonance at 3.758(30) MeV c.m. and width of 200(100)
keV. It leads to resonance at 3.758 (1) MeV c.m. and a
width I', ,, = 187 (1) keV. The scattering phase shift §p
(3.758 MeV) = 90(1)° (the solid cyan curve in Fig. 3).

The potential of the 3D, scattering wave leads to zero
scattering phase shifts since no resonances are observed
in this state. This potential contains a bound FS corres-
ponding to the {541} diagram, and the state for {422} is
not bound.

The parameters of the potentials for the nonresonant
3Py, waves are the same as for the BSs from Table 3, and
for the 3P, wave, the values are indicated in Table 5.

For the 3§ scattering wave, the parameters of inter-
action potential from Table 3 are used.

We do not consider here the resonances at 9.27 MeV
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with J*=4" [32], 10.150 MeV, and 11.800(50) MeV
with J” =4* [33]. They only lead to the E2 transitions,
which give a noticeably smaller contribution to the cross-
sections, unlike E£1 transitions.

For the resonant waves, the relation between the scat-
tering phase shift ¢ and the resonance width value T, . is
as follows:

Tem. =2(d6/dEcm) ™" (15)
Figure 3 illustrates the corresponding phase shifts cal-
culated with the potentials from Tables 3 and 5.

V. TOTAL CROSS-SECTIONS OF THE
*Be(m,Yg1142+3+4+5) Be REACTION

The partial cross-sections are calculated from (2) —
(8) and presented in Fig. 4(a). The selection rules for the
allowed transitions are provided by the vector addition of
angular momentums in Clebsch-Gordan coefficients, the
6j and 9j-symbols in expressions (3) and (6). The sum-
mary of the multiple NJ transitions is presented in Table
6. The factor P2 7(NJ,J¢,J;) in the final column shows the
algebraic weight of the corresponding amplitude in a par-
tial cross-section. Fig. 4(b) compares the present MPCM
calculations with those from [11] discussed below.

Within the constructed partial cross-section, we mark
the transitions leading to the resonances in bold. These
resonances occur via the strong E1 transition to the 1"
and 2" ESs, and they are observed in partial (n,y;) and
(n,y2) cross-sections in Fig. 4(a). The strength of the E2
transitions is much less than that of £1. The value of the
E2 cross-sections does not exceed 0.1 pb, so the reson-
ance structure does not appear within the treated energy
range.

T T T T T T
10* H;(n ,)'"BL o Connely eral., 1986 (@) 4
¥ Shibata, 1992
= Wallner, 2010
10° B~ 4 Firestone & Revay, 2016 _
~ +  Wallner er al., 2019
\'\ *  Mann-Lambarri er al., 2020
‘\\.
= 100 F N
g
10" F . Sy, :
—— Sum T '~ o '
. . ~. i
L €~ JE— 3 Eg \'\ = "';,'.l‘v'- t}
, A
10 F- - - 1MES - 4YES R LA
————— 2ES - sUES e
l(]'l L L L L I | > al = "" 1 ".'
10* 10* 1w* 1w 1t 10" 1wt 1wt 10
E(- m? keV

Fig. 4.

o, ub

(color online) Total cross-sections for the reaction of radiative n’Be capture. Experimental data: @— [19], A— [22], %—

The partial capture (n,y0) to the GS of "“Be provides
the major background for all other partial cross-sections
due to the E1 transition from the non-resonance S, scat-
tering wave not damped by the centrifugal bamer Slmll—
ar transitions can be seen for the capture to the 1° “and 2"
ESs (No. 5 and 14 in Table 6). The partial cross-sections
(n,y0) and (n,7y4) are of the same structure.

In our previous work [18], the radial matrix elements
I;(k,Jy,J;) defined in (5) and (8) were integrated only up
to 20 fm, which is insufficient when the radial functions
refer to the bound states with E, < 1 MeV These are 2™ —
5" ESs. Therefore, only GS and 1" ES 1ntegrals
I;(k,J¢,J;) are calculated correctly, and all the others (2
—5" ESs) led to marked underestimates of the total cross-
sections. Here, we have eliminated this inaccuracy and
calculated the overlapping integrals (5) and (8) up to 100
fm.

Note the results for the (n,7) and (n,y;) cross-sec-
tions do not practically differ from those obtained in [18].
Corrections inserted in the calculations of the (n,y,),
(n,y3), and (n,y4) cross-sections sometimes exceed the
results of [18] by an order of magnitude.

One more remark concerns the input of the (n,ys)
capture to the 5™ ESinto the total cross-section. It fol-
lows from Table 6 (No. 30 and 31 that despite the strong
E1 transition, there are no resonances; therefore, the role
of this partial cross-section is negligible.

The experimental data for the total n ’Be capture
cross-sections are presented in [10, 19-23]. In Ref. [22],
the experimental data for the cross-section at a thermal
energy oy = 8.27(13) mb are reported. This value differs
a little from the results of [19], where o, = 8.49(34) mb,
or [10] where o, = 8.31(52) mb. The most recent meas-
urements of the thermal cross-section give a value of
o = 9.70(57) mb [23] and o, = 9.70(53) mb [24]; they

10"

T
“Be(n.y)' Be (h)

= Wallner, 2010
¥ Shibata, 1992
*  Wallner er. g/, 2019
10° F MPCM |
=++=-Mohr, 2019 3°(7.371)
3°(10.57)

10°

10"

Crprriie PR

2°(7542) 27 (9.56)

10 10° F keV 10

e,

3

[23] at

25 meV; - [21] at 25 keV, - [10], v— [55] taken from [10]. (a) Present MPCM calculations: The black solid curve is the calculated
total cross-section with transitions to all ESs. Partial cross-sections are denoted in the field of the figure and guided in Table 6. (b)
Comparison of MPCM results and folding model [11]: The black solid curve is the same as in (a), and the red double-dotted curve is
the digitalized cross-section from Figure 1 of Ref. [11]. Arrows show the position of resonances in the initial channel.
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Table 6. Classification of partial transitions for the 9Be(n,y0+1+2+3+4+5)]0Be reaction. In column 2, the indicated initial scattering state

25+1

[

are indicated with bold. The final state is noted as [

25+1

L,]; is supplied with the number of the corresponding potential with parameters given in the indicated table. Resonance transitions
L))y P? are the algebraic factors (3) and (6).

285+1

28+1

No. [ L) NJ transitions LJ]/‘ s 3 (NJ, J f? Ji)
GS (green dot-dotted curve in Fig. 4(a))

1 38| (No. 4 Table 3) El pd 1

2 3D; (No. 6 Table 5) El pd 2

’P, (No. 7 Table 5) Ml ‘pd 5

3F, (No. 2, No. 4 Table 5) E2 P 3

1™ ES (red dashed curve in Fig. 4(a))

5 ’S, (No. 4 Table 3) El 2p, 5
6 3Dl (No. 6 Table 5) El 2p, 1/10
7 *D, (No. 6 Table 3) El 2p, 3/2
8 3D!(No. 1 Table 5) E1 Zp, 42/5
9 3D? (No. 5 Table 5) E1 2F, 42/5
10 3Pl (No. 7 Table 5) M1 2F, 5/2
11 ’P, (No. 2 Table 3) Ml 2F, 15/2
12 3F, (No. 2, No. 4 Table 5) E2 2P, 317

13 3F;(No. 3 Table 5) E2 2F, 3

2" ES (blue dash-dotted curve from Fig. 4(a))

14 3§ | (No. 4 Table 3) El R2 5
15 3Dy (No. 6 Table 5) El ’R3 1/10
16 3D, (No. 6 Table 3) El 2R3 32
17 3pl (No. 1 Table 5) E1 ’R; 42/5
18 3D2(No. 5 Table 5) El ’R; 42/5
19 ’P, (No. 7 Table 5) M1 ’R2 5
20 ’P, (No. 3 Table 3) Ml 2R3 152
21 3§, (No. 2, No. 4 Table 5) E2 ’R3 317

22 3F3(No. 3 Table 5) E2 2R3 3

3 ES (dark cyan short dotted curve in Fig. 4(a))

23 3P0 (No. 1 Table 3) El 2F, 1

24 ’P, (No. 7 Table 5) El 2F 3

25 3P2 (No. 2 Table 3) El 2F, 5

4" ES (red dotted curve in Fig 4(a))

26 3§ (No. 4 Table 3) El 2p2 1

27 ’D, (No. 6 Table 5) El 2p? 5

28 3P] (No. 7 Table 5) Ml zPé )

29 3§, (No. 2, No. 4 Table 5) E2 2p2 3

5" ES (magenta dash-dot-dotted curve in Fig. 4(a))

30 *P| (No. 7 Table 5) El D, 9/2
31 *P, (No. 2 Table 3) El ’D, 3

exceed the previous results by ~15%.

Given certain general assumptions about the interac-
. . 9 . .
tion potentials of the n Be channel in the continuous and

discrete spectrums, we describe the available experiment-
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426 keV [10, 20, 21] quite well. However, the early data
from [55] at the E,,, energies ~12—45 keV (see com-
ments in [10]) are higher than the latest results [10,
19-23].

Figure 4(a) illustrates the smooth increase of the total
cross-section with the energy decrease. Low-energy ap-
proximation of the neutron radiative capture cross-sec-
tions w1thout resonances may be found in [56]. At ener-
gies of 107 to 1 keV, the calculated cross-section shown
in Fig. 4(a) by a solid curve may be approximated as fol-
lows:

o (ub) = (16)

A
VEcm (keV)

Expression (16) refers to the S wave capture cross-sec-
tion. The value of the constant 4 = 42.01 pb- keV'” is de-
termined from one point 1n the total cross-sections at min-
imum energy, equal to 10 > keV (c.m.). The corrected cal-
ulatlon of Ik, J g, J7) mtegrals for the transitions to the
2" and 4™ ESs led to an increase in the coefficient 4 in
expressmn (16) from 40.2 pb- kev'”? [18] to 42.01
pb- keVv" by 4%.
We consider the modulus of the relative deviation
between the theoretical cross-section and its approxima-
tion by (16):

M(E) = |[0ap(E) = Ttheor(E)] /T theor (E) | (17)

in the energy range from 10" to 1 keV. Below 1 keV, the
deviation M(E) does not exceed 0.9%. For example, the
application of approximation (16) at 25.3 meV gives the
value oy, = 8.35 mb, which is within the error limits of
the results of [19, 22].

Let us comment on the only theoretical calculatlons
of the total cross-sections of Be(n,y0+1+2+3+4+5) ’Be reac-
tion performed in the folding cluster model [10,11] (see
Refs. therein for the model formalism). In Fig. 4(b) we
compare our total cross-section with calculations by
Mohr [11], as they are in nearly the same energy interval.
The results from Ref. [10] are very close to those of Mohr
[11] and were obtained using the same approach.

In [11] four low-lying resonances corresponding to
the states in Be at Ex = 7.371 MeV (J*, L, = 3, D),
7.542 MeV (2 , Py), 9.27 MeV (4, Dy), and 9.56 MeV
(2+ P,) are included. The 1%, 3 " ,and 4 provide the res-
onance structure of the total cross section in Flg 4(b) (red
double-dotted curve). In our classification, 2" resonances
are associated with F-waves but not P-waves. This identi-
fication issue may be regarded as open. However, these
2" states lead to the E2 capture cross-sections in both
cases. As mentioned above, in our calculations, the E2
resonance capture cross-section does not exceed 0.1 pb;
therefore, the results of Mohr [11] are unclear to us. We

did not consider the 4 resonance due to its minor role.

VI. REACTION RATE

The corresponding reaction rates have been calcu-
lated based on the partial and summed cross-sections 1il-
lustrated in Fig. 4(a). The present results are compared
with the data on the reaction rate of Refs. [9—11].

The reaction rate for radiative neutron capture is cal-
culated according to [57] in units of cm mol 's ';

(e

Na{ovy =3.7313- 10%u 12153 / o(E)E
0
X exp(—11.605E/To)dE. (18)

Here the reduced mass y is in amu, the temperature 7y in
10’ K, the total cross section o(F) in ub, and E in MeV.
The integration was 1mplemented over 100,000 points in
the energy range 107 t0 5:10° keV.

Figure 5 shows the calculated rate of the Be(n
y0+1+2+3r4+5) ’Be reaction with capture to the GS and all
ESs. The partial contributions of transitions to different
ESs are denoted in the figure field, and the black solid
curve shows the total rate.

The total reaction rate is approximated by the analyt-
ical expression from [10]:

5/2
2

Ny {ov) :a1(1.0+a2T9]/2 +a3T, +a4T§’/2 -i-a5T92 +agTy

+a7 /T3 exp(—ag/To).
(19)

We provide the approximation parameters )(2 = 0.001 in
Table 7. The accuracy of the calculated curve is 5%.

We demonstrate in Fig. 6 the contributions of the res-
onance cross-sections to the total reaction rate. Comparis-
on of (ov).s(black solid) and (oV)poq.res (red dashed)
shows the rising of the total reaction rate from the ~ 0.4
Ty. Their difference reaches an order of magnitude at the
maximum at ~ 4 T, Note that the non-resonance
{0 V)on - res 18 calculated with the switched-off resonance
amplitudes Nos. 4, 8,9, 12, 13, 17, 18, 21, 22, and 29 of
Table 5

Another comment concerns the present calculations
of the Be(n,y0+1+2+3+4+5) *Be reaction rate and those from
Refs. [10, 11] as well as [9]:

(1) Calculations of the total cross-sections in [10, 11]
are performed in a folding cluster model but with subdivi-
sion into the direct capture part opc and resonance part
oRr, ad hoc o = opc + o £ 2(opc- aR) cos(&R) [58, 59].
Contrariwise, in the MPCM approach, there is no such
subdivision, and consequently there are no problems with
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Fig. 5. (color online) Total and partial reaction rates of neutron capture of the ’Be nucleus.

Table 7. Reaction rate approximation parameters.

i a; i a; i a; i a;
1 1190.438 3 0.6435 5 0.00178 7 1.31549-10°
2 —0.15943 4 —0.00344 6 ~1.2853-10" 8 6.4213
10° r e —————r—]
o So r . ‘ 9 10 1
-, , [Rauscher eral, 1994 elmiF e RS
- 2 Wallner ef al., 2019 .
R i § 3r Mohr, 2019
3 A =
g 3 [
-V -
= 10 r Without Includinglresmmnces A— ]
g r ‘ /1thou Iresonanfes ) . ,.:'_‘_,--- -eio3zd]
° [ 02 04 06 08 1 el
< I,
=,
10° b i
C Rauscher et al., 1994 -
L 1 111 | 1 1 1 111 ‘ 1 1 1 1 L 1 1 I_

107!

Ty

10° 10"

Fig. 6. (color online) Comparison of the total reaction rates of radiative neutron capture of ’Be: the dark green short dashed curve is
the result of Ref. [10], the blue short dashed curve is the result of Ref. [11], and the red solid curve is the result of Ref. [9]; the black
solid curve is the total reaction rate including resonances (same as in Figure 5); and the red dashed curve is the result of present calcula-

tions without resonance amplitudes.

uncertainties coming from the interference term. Both
types of energy dependence are best viewed as continu-
ous behavior of the scattering phase shifts 3D3, 3F2, and
3F3 in Fig. 3. Within this calculating scheme, the corres-
ponding scattering functions y; are obtained and incorpor-

ated into the overlapping integrals (5) and (8). The calcu-
lations in [9] are modeless ones.

(i1) The most significant input into the cross-section at
energies higher than ~ 500 keV comes from the first 3°
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(0.559) resonance. In [10, 11], to calculate the o accord-
ing to the Breit-Wigner formula, the experimental data on
the first 3" resonance state is exploited (see, for example,
Table 2 in [11]). MPCM reproduces the parameters of
this resonance also. In Refs. [10, 11], the value of 6(0.559
MeV) = 200 pb is reported. In the present calculations,
we obtained the value of ¢(0.559 MeV) = 1200 pb. This
difference is illustrated in the corresponding reaction
rates in nearly the same proportion: The present calcula-
tions exceed the reaction rates of [10, 11] starting from ~
0.8 Ty and are higher by a factor of nearly 5 at ~ 5T

(iii)) We confirm the conclusion of Mohr [11] on the
temperature dependence of the reaction rate at the low-
range Ty contrary to the constant <ov> behavior pro-
posed in [9] (see insert in Fig. 6).

VII. CONCLUSION

The partial and total cross-sections of the 9Be(n,
y0+1+2+3+4+5)10Be reaction are calculated in the energy
range from 107 to 5 MeV in the MPCM. The expansion
of the energy range to 5 MeV allows us to consider five
3D1, 3F1, 3F5, 3F3, and 3D3% resonances and estimate
their signature in the total cross-section. A narrow reson-
ance of E, = 0.730 MeV is proposed as an *Fstate, not a
P one as in Ref. [11]. Comparing the GS partial cross-
section, the transitions to the 1% and 2" ESs contribute

significantly to the total cross-section. The role of the
(n,y3) process increases with energy. The minor role of
the (n,y4) and (n,ys) processes is demonstrated numeric-
ally.

The calculated thermal cross-section oy, = 8.35 mb is
in good agreement with experimental data of [10, 19-21],
which are ~ 10% lower than the early measurements [23,
24]. That is cause for discussions with the experimental-
ists.

The  total and  partial  rates of  the
9Be(n,yo+1+2+3+4+5)10Be reaction are calculated in the tem-
perature range of 0.001 to 10 7y and are approximated by
an analytical expression. The inclusion of resonances
shows their impact on the corresponding reaction rate of a
value higher by a factor of 4-5 at Ty >1 compared to the
results of [10, 11].

The lack of experimental data on the cross-sections
higher than 500 keV illustrates the problem of quantitat-
ively reproducing the first 0.559 MeV resonance, as it
makes the most significant contribution to the rate of the
9Be(n,y)loBe reaction. New experimental measurements
are strongly needed.

Finally, it is worth mentioning that our theoretical
rstudy of the 9Be(n,y)loBe reaction can be applied to the
isobar-analog process 9Be(p,y)loB. A comparative analys-
is of these processes within the same theoretical ap-
proach can illuminate the beryllium—boron branching un-
der discussion.
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