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Abstract: Recently, Jia proposed a formalism to apply the variational principle to a coherent-pair condensate for a

two-body Hamiltonian. The present study extends this formalism by including three-body forces. The result is the

same as the so-called variation after particle-number projection in the BCS case, but now, the particle number is al-

ways conserved, and the time-consuming projection is avoided. Specifically, analytical formulas of the average en-

ergy are derived along with its gradient for a three-body Hamiltonian in terms of the coherent-pair structure. Gradi-

ent vanishment is required to obtain analytical expressions for the pair structure at the energy minimum. The new al-

gorithm iterates on these pair-structure expressions to minimize energy for a three-body Hamiltonian. The new code
is numerically demonstrated when applied to realistic two-body forces and random three-body forces in large model
spaces. The average energy can be minimized to practically any arbitrary precision.
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I. INTRODUCTION

Recently, Jia proposed a formalism [1, 2] to apply the
variational principle directly to a coherent-pair condens-
ate (VDPC) in the BCS case. The result is the same as the
so-called variation after particle-number projection in the
BCS case, but now, the particle number is always con-
served, and the time-consuming projection is avoided.
Refs. [1, 2] show that the VDPC+BCS algorithm easily
computes with realistic interactions in large model spaces
on a laptop. Currently, the VDPC+BCS formulas are de-
rived under the assumption of a two-body Hamiltonian.

However, three-body forces sometimes play an im-
portant role in nuclear physics. Realistic nuclear-nuclear
(NN) interactions were discovered by reproducing experi-
mental NN phase shifts in microscopic many-body ap-
proaches. Nonrelativistic microscopic techniques based
on realistic two-body NN interactions are widely known
to miss the empirical saturation point of nuclear matter,
demanding the use of three-body forces. Reproducing the
experimental binding energies of light (A =3, 4) nuclei
needs three-body forces as well [3—8]. In recent years,
various microscopic approaches, such as the Brueckner-
Hartree-Fock (BHF) and extended BHF approaches
[9—15], relativistic Dirac-BHF (DBHF) theory [16—23],
in-medium 7-matrix and Green function methods
[24-35], and many-body variational approaches [36—41],

have been used to investigate the equation of state (EOS)
and single particle (s.p.) properties of asymmetric nucle-
ar matter. To some extent, almost all microscopic meth-
ods are able to duplicate the empirical value of symmetry
energy at the empirical saturation density. However, at
large densities, the density dependence of symmetry en-
ergy anticipated by various methods and/or distinct NN
interactions was found to be substantially different
[42—44]. Moreover, when calculating the EOS of pure
neutron matter, which is required for the estimation of
critical parameters such as the symmetry energy and, in
general, for the description of neutron-rich matter in neut-
ron stars, the differences and uncertainties increase
[45—49]. Neglecting three-body forces between nucleons
in the dense medium is thought to be the cause of these
deficits. Variational and BHF computations that take
three-body forces into account produce a realistic descrip-
tion of cold nuclear matter, accurately matching the sym-
metric EOS saturation point [36, 37, 50-54].

This work extends the VDPC+BCS formalism by in-
cluding three-body forces. Specifically, analytical formu-
las of the average energy were derived along with its
gradient for a three-body Hamiltonian in terms of the co-
herent-pair structure v,.Gradient vanishment was re-
quired to obtain analytical expressions for the pair struc-
ture v, at the energy minimum. Asymptotic behaviors of
v, away from (above or below) the Fermi surface were
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examined. The new algorithm iterates on these v, expres-
sions to minimize energy for a three-body Hamiltonian. A
computer code was developed (published together with
this manuscript) to implement the algorithm. The new
code is numerically demonstrated in application to realist-
ic two-body forces and random three-body forces in large
model spaces. The average energy can be minimized to
practically any arbitrary precision. In the future, it is
planned to use realistic three-body forces and study their
effect on the coherent-pair condensate.

Previous studies closely related to this work can be
pointed out. For instance, there are studies on the projec-
tion of BCS wave functions onto good particle numbers
before [55—59] or after [60, 61] energy variation. Like-
wise, there are studies on the projection of HFB wave-
function (see Refs. [62— 66] before such variation and
Refs. [60, 61] after such variation). We can also mention
the generalized seniority method [67—72], which breaks
either BCS or HFB pairs to approximate the shell-model.

The paper is organized as follows. The formalism for
the condensate of coherent pairs is revisited in Sec. II.
The analytical equation for the average energy is derived
in Sec. III. Then, the energy gradient as well as v, at the
energy minimum are derived, and the asymptotic behavi-
or of v, away from the Fermi surface is explored in Sec.
IV. Section V describes the computer algorithm. In Sec-
tion VI, the proposed algorithm is applied to a semireal-
istic example. Finally, this work is summarized in Sec.
VIL

II. COHERENT-PAIR CONDENSATE

The formalism for the condensate of coherent pairs,
whose state is zero generalized seniority [73], is briefly
reviewed in this section. For simplicity, only one type of
nucleus is considered. The time-reversal self-consistent
symmetry [61, 74] is assumed in this work. The single-
particle state |@) is hypothesized to present Kramers de-
generacy with its time-reversed partner |@) (|@) = —|a)).
No additional symmetries are postulated in this study oth-
er than the two previously mentioned.

The 2N-particle system in ground state could be re-
garded as a condensate with N-pairs of particles,

1 "
= ——(PHV0), 1
o) \/X_N( )710) (D
where
xn = (0[P (PHN|0) 2

is the normalization. The coherent pair-creation operator is

P’ = Zvaala; = ZV(YPZ, ©)
@

ac®

| =

where
Pl =alal =P} 4)

creates one pair of particles on |a) and |@)orbits. In Eq.
(3), O is a set that selects one from each of all degenerate
pairs |@) and |@), respectively (for example, it only se-
lects those single-particle levels with a positive magnetic
quantum number m). In Eq. (3), the summation index «
and @ € ® sum over single-particle and pair indices, re-
spectively. The single-particle state |¢y) is time even by
assumptions, which implies that the pair structure v, (3)
is real.

The many-pair density matrix is introduced in Refs.
[67, 68] as

[yiva 7. LN

— N—
..., 33, 5,.., :<0|P pPYl P)’z e 'P%

xpwlpaz...PQI,P;P;...P;
i pt pt(phyN-
x P} P ... P} (PHN71|0). 5)

The pair indices ajaz...e,, BiB2...By, Yiv2...y, are all
distinct. Owing to the Pauli principle, if there are duplic-
ated P operators, or duplicated P' operators, Eq. (5) van-
ishes. Moreover, ai@;...a, and Bi5,...5, must have no
common index (the common ones have been transferred
to  yiy2...y,). Physically, P, ...P, together with
P; P]; Pauli block the [y;y;...y,] paired-orbitals from
the space, which is explained as follows.

Reference [68] introduced Pauli-blocked normaliza-
tions as a special case of Eq. (5§) when p=¢=0,

Xl[gm-»-%] = t[?/nyz.-.y,],N

= (0PN Py, Py,...P, P P} ...P] (PHV|0).  (6)
By substituting Eq. (3) into (P")" and polynomially ex-
panding, those terms with P; P;...P; vanish owing to
the Pauli principle. In other words, the [P, P,,...P,]
paired-orbitals are Pauli blocked. Ref. [68] provides the
relationship between the many-pair density matrix (5) and
the normalizations (6),

ﬂ?’!%---?’r]’M —W
0B~ (M= p—q)' 2

XVo,Va, -+ Va,VB, VB, --- VB,

[a@s...a,B\ BB,y 172 Y] (7)

XXM—p—q

We could compute normalizations (2) and (6) using
recursive relations [75],
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v =N v, @®)
ac®
v =X = N2 o)A, )

lefl _ |

with initial values yq = Xgl] =X -=1. Given that
[a]

X, 1s known, y; can be computed by Eq. (8), and then
)(E“] by Eq. (9). Similarly, all yy and ,\{E\(/I] can be derived.
It is crucial to note that if the £ index is Pauli-blocked
(Pg # P,) according to Eqs. (8) and (9), they are still val-

id, and ,\/E\[,"B 1 can be obtained. Similarly, ,\(E\',]ﬁ e

can be eas-
ily obtained by Pauli blocking indices f and y from the
very beginning, and )(E\‘,”ﬁw] by Pauli blocking 8, v, and u.
To increase the computation speed, a simpler formula
was used to compute XE\‘,'B V(P # Pg):

2N = 02 = [0 =Py, (10)
Note that if the y (or y together with u) index is Pauli-
blocked according to Eq. (10), it is still valid.

To provide a physical explanation, the relationship
between the average occupation number and the normal-
izations is expressed as follows:

X

ng = {dnlAglpn) = 1—-—, (11)
XN

where
(12)

n +
g = aydg.

Equation (11) is valid if the £ index is Pauli-blocked
(P,B * Pw)

X[aﬁ]
(@ aley’) = 1=, (13)
XN
where
gy = (P" —vPHV|0) (14)
N Bt p

1
&
is the pair condensate with 4 and 3 blocked.

III. AVERAGE ENERGY

The antisymmetrized three-body Hamiltonian is

! P
H= Z ea/ga:gaﬁ + I Z Vaﬁwaaaﬁaya#
op afyu

1 g
+% Z Waﬁwnga;aﬁayaﬂanag. (15)

apyuns
According to the ordering of aByun{, one could obtain

Vnﬂyu = —(a|Vlyw) and Wrzﬂyyr]( = —(aBy|Wl|und). H is as-
sumed to be time-even (€p= s> Vapyu = Vagjao
Wagyune = Weipzpa) and €up, Vapyus Wopyune are assumed to
be real. There is no additional assumption.

Given that the one-body and two-body parts of the av-
erage energy were already derived in the original
VDPC+BCS algorithm, in this study the three-body part

of the average energy W = (pn|Wlgy) is described in the
canonical basis (3), where W = 3 ¥ 05, Waﬁwnga;a;a;
ayaya; . Only three types contribute to the three-body part
of the average energy W (P, # Pg, P, # P, and Pg # P,):

P P, P, Py
o i t ot
Ay Aoy Goly g, @y Gy Aza  a, ,and a,agaa,aga,.

H/-——/\ﬂ/-—/v%/_/v SN— e ——
common common common different common common common

The term "common" means that the creation and annihila-
tion operators have common indices. There are only three
types because indices a, f, y and y, #, ¢ must differ in
time-reversed pairs [67].

The first type is

type 1 = (0[P agaj,a;a(-,aaaﬁ(ﬂ)’v 10)
= (0|PVaal a,as(PTN|0)

= xn =X =04y P (16)

In the first step, PL creates |a) and |@) simultaneously,
which could be derived from Eq. (4). Therefore, |a) and
|&) are either both occupied or both empty in (PT)V|0). As
a result, ajalaza,(PHVI0) = afaealas(PHNI0) = tuis
(PHN|0) = Ag (PHYNI0) = ala (PYV0). The second step
uses a;aZaaaﬁ =1 —aaaz —aﬁa; +a5aaaZaT, which could
be derived by basic anticommutation relation. Thus, us-
ing definition (6), one could derive the result. Eq. (16)
can also be derived by directly exchanging the order of
creation and annihilation operators using the basic anti-
commutation relation from the very beginning, and even-
tually, by combining terms, it can be simplified to Eq.
(16). Using Eq. (9) andyy —x'"' = N2(ve)%(\#! [Pauli
blocking the £ index (Pg # P, ) in Eq. (9)], and factoriz-
ing out N(v,)?, the following expression is obtained:

type 1 = N2a) (! —xi})-

Then, by using ! Bl — (v —1)2(Vﬁ)2/\/£\7_ﬁ;

No1 ~XNo [Pauli
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blocking the f§ index (Pg # Py ), replacing N by N—1, and
exchanging a and f in Eq. (9)], the final expression is de-
rived:

type 1 = N2(N = 12 (mop)*x 070 (17)

The secog_d type satisfies aia;af}aﬁaﬁay = a;P;Pﬁay =

PP}, —a,PpP}a} according to the basic anticommutation
relation. Equations (5), (7), and (9) imply

type 2 = (0|P" ] a}alagaga,(P|0) = )i - [” N+l
= szav )(}f,w{ —szavﬁ)(%’ﬁrj
= N*(N = 1)vaup(0) x5 . (18)
The third type satisfies a)a'ala,aga, = 1 —aqa), — saga’—
i Tt i g e ’ Tt Tﬁ g

ayty + Ao apaydy + aaayayaa + aﬁayaiaﬁ
cording to the basic anticommutation relation. Thus,
definition (6) implies

Aaapayayaga, AC-

type 3 = (0P aaaﬁayayaﬁaa(P*)Nm)

=y XN ngl + ngﬁ] _ /\/][\7//] + XE\(JW] + X[ﬁyl Xg\t/lﬁﬂ
= N2 (N = 1> ovp) 2\ = N2V = 12 (vavp) A )

= N2(N = 12(N = 2)2(vavpvy ) 27,

(19)
The expectation value of W is
P, %P,
@NIWIgN) = D 2Vsaaaap(@nlayalalasaaaslon)
B3O
dif oy
> 2V, enlalalalagagayien)
a,B,y€®
dif oy
+ Z 3 Vaﬂwﬁw + Vagyysa)
., ye@
X (¢nlajajalayaganlgn). (20)

The term "difoBy" means P,# Pz, P,#P,, and
Pg # P,(no two are the same). The first term of Eq. (20)
collects 72 equal contributions, which not only cancels
the factor 1/36 in W but also yields the factor 2. These 72
equal contributions are further explained next. It is not

too difficult to find Vﬁa/d/&(yﬁ = —Vﬁm;(yﬁa and
a;aT aTa(,aaalg = —a;aTaTaaaﬁaa Then, the following ex-

P,#P; |

pression is obtained: Za,ﬁe@ %Vﬁa&aaﬁ@;\;lagala;a&aa

P,#P,
aglény = Zaﬁe(ﬁ 316 Vﬁaaaﬂa(‘pNW aaaT aaaﬁaa|¢N> Each

term in these two summations is distinct because they do
not follow the same order, as in 211112 #211121. Thus,
in terms of the last 3 indices, any permutation of the set
{a, a, B} contributes. Besides, based on the time-even as-
sumption introduced before, the following expression is
obtained: Vgyaaap = Vsaaas- Given that aZ(PT)N |0y =
aé(P*)N |0 (both block the pair indices o from (PT)V|0)),
obtained that (¢N|a aal aaaaaﬁ|¢N) =
<¢N|a;a§a;§aaa@aﬁ|¢m. In conclusion, all orderings of the
permutations that contribute are

it is

Baa aaf +
S——
Plaap) Plaap)

Baa aap.
S——
PlaaB)  Pladp)

The symbol P{aapB} denotes all permutations of the set
{a, @, B}. Thus, the total number of permutations that
contribute are PjxP3j+P3xP3=2xPjxP}=72, where

= 3! is the number of permutations. The second term
of Eq. (20) collects 72 equal contributions as well, which
are

yaa BBy +
S——
Plady}  PiBBy}

yaa BB .
W’J\VJ

Plaay}l  PiBBy)

The third term is slightly more complicated and will be
thoroughly described next.

The expressions  Vigyyse = Vagszga and  Vagyypa =
Vogysie have already been derived. However, in general,
Vagyypa 1s not equal to Vig,,ps. Therefore, the discussion
is split into two cases: no tilde and two tildes. In the case
"no tilde",  Vigyypa =—Vopyyap=Vapypar = —Vopypya =
Vapyays =—Vapyapy; only these 6 permutations contribute.
If other orderings of the first three indices and last three
indices are set, such as Vgq,yp,, then indices a and f are
exchanged (they are both subscripts of the summation,
belong to the same space, and are commutative), leading
to Vopyyap, 1.€., one of the six previous permutations.
Evidently, these six permutations have their time-re-
versed partner, i.e., Vazyiza = —Vagrag = Vagypar = —Vapipra
= Vagyasg = —Vapyapy» SO there are 2x6=12 in total,
which makes the factor 1/3. There is an alternative for-
mula to calculate this number, 72+6=12. If a, f, and y
are assumed not to be commutative, there are 72 permuta-
tions. However, because they are commutative, we need
to divide by P2, which is the number of all permutations
of {a, B, y}. In the case "two tildes", given that there are 2
commutative indices f and 7, the total number of the per-
mutations that contribute are 72+P§ =36, which cancels
the factor 3—16

Substituting Egs. (17), (18), and (19) into Eq. (20),
the following expression is obtained:
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P,#Pg

Z Gaa,ﬁ(vavﬁ)z/\/g\(;ﬁ%
,Be®

. 2(N-1)2
(G Widn) :NU;—)(

dif afy

+ Z Gaﬁ yv(yvﬁ(vy) X[aﬁﬂ
a,B,yc®

(N _ 2)2 dif aBy
3

[aﬁﬂ

aﬁy(vavﬁvy) X (21)

a,B,yc®
where

Gapy = Vyaappy + Vyaapsy = 2Vyaappy (22)

Fopy = Vapyypa + Vapyysa + Vapyyga + Vapyrpa- (23)

Note that Gaﬁ,y = G/go/‘y = G@/g,y = Ga/g’};, Fo,/gy = Fgo{a/gy} =

Faﬁy, Ga/(r,y - meya Gaﬁa - GQB,B mea = 0, and
dif oy dif ofy dif oy
Za B.y€O Vapyypa = Za B,ye® Vaﬁwﬁa Z(x B,ye® Vapyipa-

By appending the three-body result (21) to the two-
body expression, which is Eq. (25) of Ref. [1], the fol-
lowing average energy is obtained:

NZ
(@NIHIGNY =—| > eau+Gaa)va) Xy,
X ac®
P,#P,
+ Z GapvaVexy.,
,BcO®
P, %P,
+(N- 1>2( D Aaparp iy
@,[c®
P,#P,
+ Z Gaa,ﬂ(vavﬁy/\/}[\(/lfﬂz
a,Be®
dif afy
+ Z Gaﬁ,yvnvﬁ(vy)zXE\(/Yﬁ;]
a,B,y€®

dif aBy
N-2 2
( )

Fa//i’y (Vo VpVy )ZXE\L;’B%’] ):| s (24)
a,B,yc®

where
Gop = Vapps (25)

Aa/ﬁ = Vaﬁ,&l + V"B~“ (26)
The average energy is expressed by normalizations in Eq.
(24), which is used in coding.

For a physical explanation, another equivalent expres-

sion can be obtained based on occupation numbers. Tak-
ing Egs. (9) and (11) into (21), the following equation is
obtained:

Pa#Pp

@NIWIN) = D Guag(dnlitalon )@y ligldly! )

a,Be®

dif oy

+ D, Gy
a.,B,y€®

(1 —(@nlialén))

x (Bl aglp o\ 1, 7))

dif afy

+3 2 Fop(onlhaln )Xoy liglel!,)
a,ByG@

x () |, 1P 27)

IV. GRADIENT OF ENERGY

The average energy gradient expressed by the pair
structure v, (3) is derived in this section. In addition, the
analytical formula v, at energy minimum is presented.
Finally, the asymptotic behavior of v, away from (above
or below) the Fermi surface is described.

Equation (21) expresses the three-body part W of the
average energy in terms of (Pauli-blocked) normaliza-
tions yy. To derive the gradient of W, the gradient of
xnis first introduced. Under infinitesimal change of v,,
6vy, the variation of yy [1] is

Sy = —cm — X' 6v, (28a)

= 2N2 v x ) 6V, (28b)
The last step uses Eq. (9).

If the § index (Ps # P, ) is Pauli blocked in Eqgs. (28a)
and (28b) from the very beginning, the derivation re-

can be obtained. Note that
By

mains valid, so 6)(1[51

0. Similarly, oy’ could be easily obtained

Sxyy /6ve =
by Pauli blocking indices f and y from the very begin-
ning and 6)%”‘] by Pauli blocking B, 7, and . Substitut-
ing Syn (28a), 6)( , and 6)("”” into Eq. (21), applying
simple calculus, and then collecting similar terms, the en-
ergy gradient is obtained:
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aw _9(@xWign)

6va v,
ANA(N - 1)2 [
=" —[ aﬁyvﬁ(vy) XN 2
XN £7e0
XN o] lely _ 77
W(<¢ |W|¢ )= W) . (29a)

It is necessary to derive an equivalent expression to
Eq. (29a) by substituting another form of dyy, i.c., Eq.
(28b), into Eq. (21),

dif apy
oW 2N2[ 2 (apy]
(N-1) Gaﬁ yVB(Vy) XN_ %/
e XN ﬁ;@)
+vaxi! (fo+ (@ IWIgl ) —W)], (29b)
where
Py#P, Xaﬁ]
fo=(N=1) 3" (Goap+Gpaa) (vp) s
Ee) XnZ1
dif aBy X[aﬁﬂ
F(N=1DPN=2) )" Fopyvpm) ==
B.ye® N-1
dif afy o
+(N— 1)2 Z Gﬁy,avﬁvy?[T_]z (30)
By€® AN-1
Py#P,
= Z aaﬁ+Gﬁﬁa)<¢N 1|nﬁ|¢ »
LO®
dif oy
+ Z Faﬁy<¢N 1|nﬂ|¢N 1><¢[aﬁ]|Ay|¢[aﬁ]>
Bye®
dif apy
+ ) Gpat N sk (1 - NN
B,ye®
(€2

fo 1s the three-body part of single-pair energy, similar to
the three-body part of common HF single-particle energy.

By appending the three-body results (29a) and (29b)
to the two-body expressions, which are Egs. (31) and (32)
of Ref. [1], the average energy gradient is obtained:

dif aBy
NN =172 > Gapyvpry )y
B.ye®

X

+—(<¢N |Hlply') - E)] (32a)

> Ps#Pa
[Z G V X[UZBJ

JiEC)
dif aBy
FN=12 " Gapyrpry iy
B,yc®

+vax N (do+ fo+ (SN IHIBY! >—E)]. (32b)

The gradient of E is perpendicular to # because the
overall norm of v, does not affect E, which is

This identity is used for checking codes.
The three-body part of the HF single-particle energy
is as follows:

1
3
65,) = 5 Z Vaﬁ)’)’ﬁfl

B.yeSD
dif aBy
1 1
= D (0aVagaasa + 5 5 Vospppa | * 5 D, Ve
BeSD B.yeSD
dtfaﬁy
=0q Z Gaaﬁ"‘ Z Gﬁ[ga-i-— Z Fa,ﬁy
pesp pes s
1 B.yeSD
= D" Fapy, (33)
B,ye®

where B € SD means the f orbit occupied in the HF Slater
determinant (ng = 1), and

1, if @ €SD,
Oy =
0, else.

The HF single-particle energy, which includes three-body
forces, is
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BeSD ﬁ v€SD
Co= €t ) Aapts Z Fopy- (34)
BeO ,Bye@

The Fermi energy er = (ej0. +€10.)/2, Where e, and e,
are the HF single-particle energy e, of the highest occu-
pied orbit and lowest empty orbit. If n,(11) is set to 1 for
occupied orbits and 0 for empty orbits, which is equival-
ent to setting v, (3) to a very large number and 0, respect-
ively, the pair condensate (1) reduces to the HF Slater de-
terminant. In this case, f, = ZeS), where eff) is the three-
body part of the HF single-particle energy e, .

At energy minimum, the gradients given by (32a) and
(32b) vanish, which implies

(@ 1HIpY) - E

Vo VA /)(Ef,l ] (35a)
_A / [(Y]

- L (35b)

da + fa + <¢N71 |H|¢N71 > -E
where
P,#P, dif aBy
Ao = Z GopvpxP) +(N - 1) Z GapyvpV xS -

pe® Biye®

(36)

Numerically, (35a) is usually chosen when e, < e (here
< means that the o orbit is well below the Fermi
surface), and (35b) is usually selected when e, > ef.
When e, < er, physical arguments imply (¢[‘”|H|¢[‘”)
E~2ep—e,) and dy+ fo+ (g IWel®) y-W~0. To
avoid the numerical sign problem resulting from the sub-
traction of two very close numbers, (35a) is chosen.
When e, > er, physical arguments imply (¢[“]|H|¢["]>
E~0 and da+f<r+<¢1v—1|W|¢N-1> W ~2(eq—er), SO
(35Db) is selected.

The asymptotic behavior of v, away from (above or
below) the Fermi surface is also implied by the foregoing
analysis,

2 —e, .
M, if e, < ef, (37a)
—N2A /XE\(/I]
Va % [a]
_A d
Al S (37b)
2(eq—er)’

For a physical explanation, equivalent expressions to Eq.
(35a) and (35b) can be derived in terms of occupation
numbers:

el -
L G
-B,
—Ca —, (38b)
T dot fo+ @ IHIGYT ) - E
where
PP,
= Gaﬁ—<¢l‘”|nﬁ|¢‘“’>
PO
dif afy
) Gaﬁy—<¢N gl NN D, (39)
Bye®
P,#P,
0= D Gapyp(1 =@\ liglgly! )
PG
dif afy
+ D Gapyyp(1= (O] liglgly! D)@V o)), (40)
B,ye®

and equivalent expressions to Eq. (37a) and (37b) can
also be derived in terms of occupation numbers:

2(er—eq)

B if e, < ep, (41a)
Vg & c
W_ZF), if €y > €ef. (41b)

The exact [Egs. (35a) and (35b)] and asymptotic [Egs.
(37a) and (37b)] expressions for v, are used to minimize
the energy in the algorithm.

V. COMPUTER ALGORITHM

In Sec. II, |¢y) was expressed using v, (Egs. (1) and
(3)). In Sec. III, normalizations were expressed using v,
(Egs. (8), (9), and (10)) and the average energy E (24)
was expressed using normalizations and v,. In Sec. 1V,
we presented the gradient of energy expressed by v,
(Egs. (32a) and (32b)) and the expression of v, when the
gradient equals zero (Egs. (35a) and (35b)). We also de-
rived the asymptotic expression of v, when the a orbit
away from (above or below) the Fermi surface and the
gradient equal zero (Egs. (37a) and (37b)).

Ultimately, the objetive is to minimize the average
energy E to arbitrary precision using these equations. The
initial value of v, is inconsequential because all initial v
will converge to the same final ¥ that minimize the en-
ergy. The Euclidean norm of # does not affect E, so the
degrees of freedom of v are Q- 1(the dimension of the
single-particle space is D = 2Q, where € is the number of
vacancies for Kramers pairs). In practice, when using ma-
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chine precision, the largest dimension of the single-
particle space D is approximately 40, for which the nu-
merical sign problem will not occur. Considering the lim-
itations of CPU and memory in laptops, 120 effective di-
gits were set in this study (using Mathematica function
SetPrecision [120]), and D =2Q =240 was set for the
model space to compute the final E. The complete al-
gorithm includes three consecutive steps:

Step 1. Sort the single-particle basis states |a) by their
HF energy e, (35) and occupy the lowest 2N basis states.
Given that this study is VDPC+BCS rather than VDPC+
HFB, the HF equation was solved without mixing the
basis states. This step is not needed if the input single-
particle basis is already the HF basis.

Step 2. Select, around ep, the first single-particle
valence space (VS1) of dimension D =2Q =40 (20 above
the Fermi surface and 20 below the Fermi surface, so the
number of particles 2N =20). This model space is half-
filled. The single-particle basis states below VSI1 are
totally filled, forming an inert core that effectively cor-
rects the VSI1 single-particle energy using its HF mean
field. Within VSI1, the MATLAB function fininunc was
used to find the minimum of the unconstrained multivari-
able function to minimize E. The resultant v, of VS1 is
called v". Step 2 only uses double precision.

Step 3. Select, around er, the second valence space
(VS2) of dimension D = 2Q = 240. If |a) belongs to VSI,
initialize v, of VS2 to bev’. Otherwise, if e, <er
(eq > er), initialize v, of VS2 to be a very large (small)
number so that n, ~ 1 (n, ~0). The analytical formulas
(35a) and (35b) allows iterating on v, until the average
energy E converges to a desired precision (more itera-
tions provide more precision; usually 10 iterations suf-
fice). The resultant v, of VS2 is the final result, which
finishes the algorithm. Step 3 uses a 120 precision to
compute normalizations [according to Egs. (8)—(10)] and
E [Eq. (24)] to overcome the sign problem, and double
precision to compute JE/dv, [according to Egs. (32a)
and (32b)] and v, [Egs. (35a) and (35b)], which will not
give rise to the sign problem, because Egs. (8)—(10) lose
relatively more precision.

VI. A SEMIREALISTIC EXAMPLE

In this section, we demonstrate the algorithm in a
semirealistic example of the rare-earth nucleus !3%Gd,
considering only the neutron degree of freedom (2N =
94). The single-particle levels are Nilsson levels (at quad-
rupole deformation B8 =0.349, which is the experimental
value). The two-body interaction is the low-momentum
NN interaction Vjgy—x, which is derived from the free-
space N3LO potential [76].

The program published by Hjorth-Jensen [77] was
used to calculate (in the absence of Coulomb, charge
symmetry breaking, or charge-independent breaking) the

two-body matrix elements of Vi, in the spherical har-
monic oscillator basis up to (and including) the N =14
major shell with a standard momentum cutoff 2.1 fm'!
(N =2n,+1 is the major-shell quantum number). The
Nilsson model is then diagonalized on this spherical
N < 14 basis, and the eigenenergies €,, and eigen wave
functions transform the spherical two-body matrix ele-
ments into matrix elements on the Nilsson basis, as used
in the Hamiltonian (15).

This example is comprehensively covered in the ori-
ginal VDPC+BCS algorithm [1]. Let us further discuss
the three-body interaction. Random G.s, and Fog,
matrices were employed; the formulas provided next de-
scribe how the G5, and F.p, matrices are generated.
The G,p, matrix is generated from the G,z matrix,
and Gp,y = coef X[Gqp+err X rand X mean(Gyp)l, where
"coef" is an adjustable three-body strength and "err" is
the degree of dispersion. The function rand provides a
single uniformly distributed random number in the inter-
val (-0.5,0.5) and mean(G,.s) computes the mean over all
elements of the G, matrix. Similarly, the F,z, matrix is
generated from the A, matrix, and Fug, = coefXx
[Aop +err xrand x mean(Aqp)]. Note that Gog, = Ggay,
Faﬁy = FP{a/fy}: Gaa,y = Faaya and Gaﬁ,a = G[lﬁ,ﬁ =Fyoa = 0.
Therefore, not all elements of the G5, and F,s, matrices
are independent; only some independent elements are
generated, and consequently non-independent elements
are also automatically generated. The three-body strength
was set to 0.01 and the degree of dispersion to 1 to make
the total three-body part of average energy W equal to
—154.09 MeV, which is approximately 0.2 times as large
as the total two-body part of average energy V, which is

Convergence of Energy

102
10" F, 1
100 F '-._. ]

10l ., 1

o
.......

E(iter)—E(final) (MeV)

0 20 40 60 80 100
Iterations

Fig. 1. Convergence of energy in Step 2 using double preci-
sion. The horizontal axis represents the number of iterations.
The vertical axis shows the energy at each iteration E(iter), re-
lative to the final converged energy E(final). The total time
cost of all iterations was 2.118 s using a laptop (Intel Core i7-
8550U @ 1.80 GHz, 32.0 GB RAM, no parallel computing).

044104-8



Extending the VDPC+BCS formalism by including three-body forces

Chin. Phys. C 47, 044104 (2023)

Energy and Time

10'f i 1100
! ——energy, double
- - —energy, 120 digits 190
107 i e time, double )
’," ----- time, 120 digits ~" 180
4015 i
% 10 i 146
= i
1 _: ! 160 —
F 10 s / £
& { 150 o
1] i E
N 10 i la0 E
et i
=5 { 130
120
s 110
10-55 Lo L L L L L L
0 20 40 60 80 100 120
Iterations
Fig. 2.  (color online) Energy and time using two types of

precision: double and 120 effective digits. The solid and
dashed lines correspond to the left vertical axis and show the
energy at each iteration E(iter), relative to the final converged
energy E(final). The dotted and dash-dot lines correspond to
the right vertical axis, showing the accumulated computer
time cost after each iteration.

equal to —911.93 MeV. The G.5, and F,p, matrices also
satisfy the trend that the absolute values of the matrix ele-
ments are larger when the o and f orbits are closer.

Figure 1 shows how E converges in Step 2 as the
number of iteration increases. The dimension of the mod-
el in this case was D =2Q =40 (20 above the Fermi sur-
face and 20 below the Fermi surface), as previously ex-
plained. The energy error decreases on the semi-log plot.
After approximately 90 iterations, the error was less than
10~7 MeV. The total time cost of all iterations was 2.118
s using double precision.

Figure 2 shows how E converges in Step 3. The low-
est 240 single-particle orbits (94 below the Fermi surface
and 240-94 = 146 above the Fermi surface) were selec-
ted, considering that the level density in the upper layer is
relatively small. Therefore, the number of single-particle
orbits above the Fermi surface was slightly larger. Its di-
mension D =2Q =240 was the largest dimension set in
this study because of the limited computing resources
available. The computer code was run twice using double
precision and 120 precision, respectively. The legend
"120 digits" denotes the use of 120 precision everywhere,
whereas the legend "double" denotes the use of 120 ef-
fective digits only when necessary (to overcome the sign
problem), switching to double precision for higher speed.
Comparing these two executions, "120 digits" was signi-
ficantly slower than "double", but it converged to higher
precision.

In practical terms, the energy E can be minimized to
any arbitrary precision. The energy error decreased lin-
early on the semi-log plot for the "120 digits" execution,
as shown in Fig. 2, so E converged exponentially with
the number of iterations. After 120 iterations, the error

Average Time Cost of One Iteration

10°

O double

* 120 digits
——linear fit of double _ -
- - -linear fit of 120 digits LK

Time (s)

100 L L L L L L L
120 140 160 180 200 220 240
Dimension
Fig. 3. (color online) Average computing time cost of one it-

eration in different model spaces. The horizontal axis repres-
ents the dimension of each model space, whereas the vertical
axis represents the time cost of one iteration (averaged over 20
iterations). The circle symbols represent iterations using
double precision, while the asterisk symbols represent itera-
tions using 120 effective digits. The solid and dashed lines
represent their linear fits, respectively.

was less than 107°° MeV. It is not difficult to conclude
that if the precision used in Step 3 (greater than 120) is
increased and more iterations are carried out, the preci-
sion of the convergent energy will increase as well. For
the "double" execution, the best precision achievable was
approximately 10-2*MeV, reached near the 55th iteration.
This execution produced the same result as that of the
"120 digits" execution until this point (the two energy
curves are indistinguishable). After this point, the preci-
sion of the "double" execution fluctuated and no im-
provement was achieved. To summarize, the "double" ex-
ecution is preferred because it runs much faster and the
precision of 10723 MeV is sufficient in nuclear physics.

The cost of computing time per iteration is primarily
determined by the dimension of the single-particle model
space. For the "double" run, T ~ (D/82.5)>38, as shown in
Fig. 3, where T is the average time of one iteration (aver-
aged over 20 iterations) in unit of second and D =2Q is
the dimension. For the "120 digits" run, T ~ (D/61.0)*'!.
All the numerical computations were completed on a
laptop having a one quad-core CPU (Intel Core 17-8550U
@ 1.80 GHz), dual 16.0 GB memory (32.0 GB in total,
operating at 2400 MHz). A single core was employed in
all computations (i.e., no parallel computing was set). All
the time costs given in the text or plotted in the figures
represent actual time costs on this laptop.

A complete execution is shown in Fig. 4. The exact
energy E(exact) is the energy after 120 iterations using
random three-body forces with 120 precision when the
dimension is equal to 240 (the maximum dimension,
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; A Complete Run Asymptotic v, Expression
WE % o 45 10" ¢ ORI 1
X « |relative error| X
o O O
X 40 X Mg X
oo ©
o ® O ol . |
o 435 10 X 0.8
1% X K x *,
> ‘.
3 « 430 o X .
< 2107 ¢ . - " 10.6
=z los @ o * kd
E X X energy error »2 g - §
%10t L [} 8 -
= O time kS < .. .
i x 1*F S 102F ¢ e 104
:5 X 115 [N . X
= . .
2L -3 L . x B
10 « 1o 10 0.2
X
N X<
o 10 ‘ ‘ 0
103 0 102 107 10° 10° 10?
stepl step2 step3:
fter! iter2 iter3 iterd iter5 iter6 iter7 iter8 iterd iter10 exact v

Fig. 4. Energy and time in a complete run. The horizontal
axis represents the three steps listed in Sec. V, where Step 3 is
divided into 10 iterations. The cross symbols correspond to
the left axis and show the energy error after each step or itera-
tion, relative to the exact energy E(exact) (converged energy
in D =240 model space). The circle symbols correspond to the
right axis and show the time cost spent by each step or itera-
tion, in unit of second.

Energy and Time

10's 4200
* energy, D = 120
0 = = =energy, D = 160
107 = energy, D = 200 4180
¥ ssesencnergy, D = 240
- O time, D = 120
107"k x  time, D = 160 * 1160
) #*  time, D = 200 x
— -2 L time, D = 240
=10 {140
]
2 103¢
g N 4120
g 10t &
& . 1100 2
Lr‘l 10°F Z
ER A T 1%
2
& o7k * 160
108E " * 140
109k % O o © 120
10-10 5 ? L L L L L L L L L L L L L L L 0
12 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19

Iterations
Fig. 5. (color online) Energy and time in different model
spaces. The solid, dashed, dash-dot, and dotted lines corres-
pond to the left vertical axis, and show the energy errors. The
circle, cross, asterisk, and triangle symbols correspond to the
right vertical axis, and show the accumulated time cost after
each iteration.

maximum precision, and maximum number of iterations
employed in a single program execution in this study).
This energy is the smallest energy considered in this
work; it is more precise than 107° MeV (see Fig. 2) and
is regarded as the physically real energy of this system.
Step 1 was HF and incurred negligible time. The energy
error after step 2 was approximately 8 MeV, which
means that the VS1 energy minimum was higher than the
VS2 energy minimum by approximately 8 MeV (the di-
mension of VS1 was D =40 whereas that of VS2 was

Fig. 6. (color online) Error of the asymptotic v, as a func-
tion of the exact value of v,. The relative error is given by
RE = (V*YmPelic jyexacty _ 1 The horizontal axis represents the
exact v,. The dot symbols correspond to the left vertical axis
and show |RE|. The cross symbols correspond to the right ver-
tical axis and represent the exact occupation number n, .

) Average Time Cost of One lIteration
10 T T T : :

O exact vy

/\ asymptotic v,
linear fit of exact v,

————— linear fit of asymptotic v,

10° ]
@
(0]
£
|_ -
A
ol WA i
10 ___.A— ______
SIS
______ Lo
Lo
10-1 L L L L L L L
120 140 160 180 200 220 240
Dimension

Fig. 7. (color online) Average computing time cost of one it-
eration in different model spaces. The horizontal axis repres-
ents the dimension of each model space, whereas the vertical
axis represents the time cost of one iteration (averaged over 20
iterations). The circle symbols represent iterations according
to the exact v, expressions (35a) and (35b), while the triangle
symbols represent iterations according to the asymptotic v,
expressions (37a) and (37b). The solid and dash-dot lines rep-
resent their linear fit, respectively.

D = 240), because the randomly generated G5, and Fogs,
did not decrease as |e, —e,| (or |e, —eg|) increased. After
the three steps, the energy error was reduced to approx-
imately 2 keV in less than 7 min. Figure 5 plots the en-
ergy convergence pattern in different model spaces. The
energy error curves are linear on a semi-log plot, so the
energy converges exponentially with increasing number
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Iterations
Fig. 8. Partial convergence criteria in one program execu-

tion. The horizontal axis represents the number of iterations
whereas the vertical axis represents the numerical value of
each expression. The pentagram and horizontal line symbols
represent the maximum numerical values of (32a) and (32b),
respectively. The circle (vertical line) symbols represent the
maximum numerical value of the difference between (35a)
and (35b) in the current iteration and exact v, in the previous
iteration. The point symbols represent the maximum numeric-
al value of the difference between (35a) and (35b).

of iterations. As the dimension of model space increased,
the rate of convergence did not slow down significantly.
For a specified dimension, the cumulative time cost in-
creased linearly with the number of iterations. Therefore,
the time cost was approximately the same for each itera-
tion. Note also that increasing the dimension of the mod-
el space by 40 approximately doubles the time cost of a
single iteration.

The asymptotic expressions (37a) and (37b) faith-
fully reproduce the exact values of v, (35a) and (35b)
away from the Fermi surface. Figure 6 compares them at
the energy minimum in the D =240 model space. Near
the Fermi surface (i.e., the vicinity of v, = 1), the asymp-
totic expressions (37a) and (37b) are not applicable, so
the largest absolute value of relative error |RE|~ 1 ap-
pears here. Going away from the Fermi surface, |[RE| be-
comes gradually smaller. Of these 120 different values of
Va, 82.5% have |RE| < 10% and 36.7% have |RE| < 1%.
Figure 7 shows that the average computing time cost per
one iteration of both exact v, and asymptotic v, in-
creases approximately linearly with the dimension on the
log-log plot. For the exact v, run, the circle symbols and
solid line are exactly the same as the ones for the
"double" run displayed in Fig. 3, so T ~ (D/82.5)*3%. For
the asymptotic v, run, T ~(D/198)>!?; it was a much
faster execution.

Figure 8 illustrates a portion of the convergence cri-
teria in this program, using 120 precision and D =240

Different Three-body Strength and/or Degree of Dispersion
X : : : :

O coef =0.01, err =1
x coef =0.05, err =1 [
----- coef =0 |
e coef =—0.01, err =1
A coef =0.01Z, err = 1|
. R ——coef =0.01, err =2
E A

100 RS
1021
104+

10} ST S Y 1
Tou S R N Vi

.

10-12 L

E(iter)—E(final) (MeV)

10—14 L
10-16 L

10-18 L

10-20 L I
0 10 20 30 40 50

Iterations

Fig. 9. Convergence of energy using different three-body
Hamiltonians in the D =240 model space. The six curves cor-
respond to six executions using different three-body strength
coef and/or degree of dispersion err. For each execution, its
curve shows the energy at every iteration E(iter), relative to
the final converged energy E(final) in this execution. Z is a
coefficient whose value ranges between 0.1 and 1 and de-
creases sharply as y moves away from o and S.

model space. After convergence, all five criteria in the
figure should be equal to zero. Here "equal to zero"
means a non-specific, acceptable error. It can be seen that
all five criteria decreased linearly in the semi-log plot as
the number of iterations increased. After 20 iterations, all
the convergence criteria were reduced by at least four or-
ders of magnitude. There are three additional criteria not
shown in the figure; max[(ﬁf/@va)(a) - (aE/av(,)(,,)],

> va(af/c')va)(a), and 3 va(BE/Bva)(b) are always zero
‘cﬁ%ng 200 iterations, witich further proves that the en-
ergy truly converges.

We ran the extended VDPC+BCS code six times,
each running through the first and second steps. The
second step was iterated 51 times. These six times used
different three-body strength and/or degree of dispersion,
as shown in Fig. 9. The dash-dotted line coef =0 corres-
ponds to no three-body interaction, only one-body, and
two-body interactions. The values represented by the
circle symbol are used in all previous figures and are also
described in the first paragraph of this section. It can be
seen from the figure that after the three-body force is ad-
ded, the energy converges faster, and when other condi-
tions remain unchanged, the greater the three-body
strength, the faster the energy convergence, and the posit-
ive or negative nature of the three-body force will not af-
fect the convergence speed. By comparing the solid line
and circle symbol, we can conclude that the degree of dis-
persion does not affect the convergence speed. The tri-
angle symbol means that after a more realistic simulation
of the three-body force (the three-body force matrix ele-
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ments rapidly become smaller as a, £, and y get away
from each other), the energy convergence curve will be
closer to the curve of only one-body and two-body inter-
actions, but it will converge faster, and the accuracy will
be higher after the same number of iterations. By using
different random three-body force matrices G.p, and
Fopy, it is shown that the three-body force is correctly ad-
ded in this study, regardless of the three-body force used,
and including the real three-body force. Indeed, it can be
correct and quickly converge to any arbitrary precision.

VII. CONCLUSIONS

This study extends the VDPC+BCS formalism by in-
cluding three-body forces. In particular, the average en-
ergy and its gradient are derived for a three-body
Hamiltonian in terms of the coherent-pair structure v, .
The gradient is vanished to obtain the analytical expres-
sion of v, at the energy minimum. The extended
VDPC+BCS algorithm iterates on these v, expressions to
minimize the average energy for a three-body Hamiltoni-
an, until arbitrary precision. Asymptotic expressions of
v, away from (above or below) the Fermi surface are also
provided. They are highly accurate, as shown in Fig. 6,
and can be numerically evaluated quickly, as shown in-

Fig. 7.

The new code is demonstrated using a numerical ex-
ample with realistic two-body and random three-body
forces in large model spaces. Figure 4 shows a complete
numerical example execution. In the given model space,
the average energy E can be minimized to any arbitrary
precision, as shown in Fig. 2. The pattern of energy con-
vergence and real computer time cost are presented in
Fig. 5. The numerical sign problem emerges in some
areas of the code if double-precision floating-point num-
bers are used globally. In these parts, higher precision
(120 effective digits) was employed to solve this issue.
Numerical expressions of the computing time cost per it-
eration are also provided using the dimension of the
single-particle model space, as shown in Fig. 3. The new
code is published together with this manuscript.

In the future, realistic three-body forces will be em-
ployed to study their effect on the coherent-pair condens-
ate. Possible changes of various pairing phenomena will
also be studied.
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