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Abstract: We consider Einstein-Weyl gravity with a minimally coupled scalar field in four dimensional spacetime.

Using the minimal geometric deformation (MGD) approach, we split the highly nonlinear coupled field equations in-

to two subsystems that describe the background geometry and scalar field source, respectively. By considering the

Schwarzschild-AdS metric as background geometry, we derive analytical approximate solutions of the scalar field
and deformation metric functions using the homotopy analysis method (HAM), providing their analytical approxim-
ations to fourth order. Moreover, we discuss the accuracy of the analytical approximations, showing they are suffi-

ciently accurate throughout the exterior spacetime.
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I. INTRODUCTION

Despite the comprehensive and highly precise experi-
mental testing of general relativity (GR) thus far, it is re-
cognized as a non-renormalizable quantum field theory
from a theoretical perspective. One potential solution to
this challenge involves introducing higher-order correc-
tions that gain significance at higher energy [1]. In four
dimensional spacetime, the most general higher derivat-
ive theory of gravity is Einstein gravity with an addition-
al second order in the curvature term, which has the fol-
lowing form [2, 3]:

T= / d*x V=g (YR = BCypyr C**” + 6R?) , (1)

where the parameters y, 5, and J are constants, R is the
Ricci scalar, and C,,, is the Weyl tensor. In gravitation-
al theory, black holes hold a pivotal position as the most
fundamental objects and are also believed to provide an
important window to the quantum nature of gravity. In
pure Einstein-Weyl gravity, non-Schwarzschild black

hole (NSBH) solutions have been obtained in four dimen-
sional [3—5] and higher dimensional [6] spacetime, even
generalizations of AdS [7, 8] and charged solutions [9,
10]. In addition, Refs. [11—13] discuss the Hawking radi-
ation in the vicinity of NSBHs and the quasinormal
modes under test scalar field perturbation.

In recent years, a novel and straightforward approach
known as gravitational decoupling [14] has emerged as a
promising method for separating gravitational sources
within the framework of GR. The minimal geometric de-
formation (MGD) technique [15] is an important method
in the theory of gravitational decoupling. Originally intro-
duced within the context of the Randall-Sundrum brane-
world [16, 17], the MGD technique has been success-
fully employed to generate brane-world [18—20] config-
urations from initial solutions based on general relativist-
ic perfect fluids. Building upon its initial application, this
technique offers the potential to obtain static and spheric-
ally symmetric solutions with more realistic sources than
the ideal perfect fluid model and has been further exten-
ded to construct physically meaningful interior stellar
solutions [21-23]. In Ref. [24], the MGD technique was
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also used to calculate the deformation of black hole solu-
tions under different conditions in a asymptotically flat
Schwarzschild black hole system. Notably, recent studies
have demonstrated the applicability of gravitational de-
coupling in alternative theories of gravity, such as f(R,T)
gravity, Gauss-Bonnet gravity, f(G) gravity, and Rastall
gravity [25—29]. In addition to static spacetime, the MGD
technique has also found excellent applications in rotat-
ing spacetime [30], and in de-Sitter spacetime, this tech-
nique has been used for the deformation of black hole
solutions [31]. These advancements highlight the versatil-
ity and wide-ranging implications of the MGD technique
in various gravitational theories.

Inspired by these, we focus on black hole solutions in
Einstein-Weyl gravity with a minimally coupled scalar
field. Using the MGD technique, we start with a seed
metric for a vacuum solution in Einstein-Weyl gravity
and construct black hole solutions with more complex
forms of the energy momentum tensor for the scalar field.
However, obtaining new black hole solutions is difficult
in general owing to the complicated nonlinear field equa-
tions for metric functions and scalar fields. The homo-
topy analysis method (HAM) proposed by Liao [32—34]
has gained significant traction in the past decade as a
powerful tool for studying a wide range of mathematical
and physical problems [35—40]. However, in the context
of gravitational theories, the application and research of
the HAM remain noticeably scarce [41—43]. Here, we ad-
opt the HAM to derive analytical approximate solutions
for hairy black holes in Einstein-Weyl-scalar gravity.

This paper is organized as follows. In Sec. 11, we dis-
cuss AdS black holes in Einstein-Weyl-scalar gravity and
derive the corresponding field equations using the MGD
technique. In Sec. III, we briefly introduce the HAM and
then derive the analytical approximate solutions for hairy
black holes. Finally, the paper concludes with a discus-
sion on the results obtained in Sec. IV.

II. EINSTEIN-WEYL ADS BLACK HOLES WITH
A MINIMALLY COUPLED SCALAR FIELD

We take a minimally coupled scalar field ¢ as the
source, such that the action for AdS black holes in Ein-
stein-Weyl-scalar gravity is given by

1
I= /d4x \/__g(R -2A _IBCypva'CﬂpV(r - Eaﬂ(paﬂqﬁ - V(¢)),
2
where A is the cosmological constant, and V' the potential

function. The corresponding field equations with respect
to the field variables g, and ¢ are obtained as

1
Eyy = Ry = 5 8uR = Aguy —4BBy = 9, 3)

av
o9 =34 =0 (4)

where O¢ = g"¢.,,, Tffv is the energy momentum tensor
of scalar field ¢,

1
Th = Vut Vs = 58wV Ve = V(@)gw  (5)

and B, denotes the trace-free Bach tensor with
o l o
B, =(VFPV7 + ERP )Crpvor- (6)

Now, we assume the static and spherically symmetric
metric

d 2
ds® = —h(rdi? + g(—’) +2d6 +sin?6dg?).  (7)
r

Substituting the above metric ansatz into the field
Egs. (3) and (4), we can obtain highly nonlinear and
coupled field equations. In general, deriving black hole
solutions for the functions 4(r) and £(r) is difficult owing
to the complicated forms of Egs. (3) and (4).

To address this challenge, Ovalle et al. [14, 15]
presented the so-called MGD method, which states that
the metric function &£(r) can be separated into

&) = f(n) +aur), ®)

which leads to a new form of the gravitational field equa-
tion (3),

E_,uv +aE~;4v = T;fv (9)
Here, a is a decoupling constant, and the function f(r)

corresponds to the vacuum solution of the field equation
of Einstein-Weyl-AdS gravity,

E,, =0, to find {h(r), f(r)}. (10)
Then, we can obtain

Fh{rf' i +2f(rh” + 20) | + 412 (rf' + f =1
+2A7) =2 fh'* =0, (11)
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oy P2 fh? +2r fhi +4(f — 1+ 2Ar9)h? Schwarzschild AdS black hole solutions (h(r) = f(r)) and
2rfh(ri —2h) non-Schwarzschild ~ AdS  black  hole  solutions
3hf? h—fh—rfh —Ar*h (h(r) # f()).

7 Fh—2rfl +8A 3fCh—rit) In addition, the function u(r) denotes the contribu-
3p0r 0 ) 4 tions from the energy-momentum tensor T}, of the scalar

A LU e\ field ¢ and satisfies the quasi-gravitational field equation

B[ = 2h) i quasi-gravitati i quati
PR3 =32 fhi? = 8(f — D3 ~

- 2212 (rlt — 2h) =0. (12) By = Ty (13)
Fortunately, Lin et al. [44] presented two groups of With the scalar field Eq. (4) and quasi-gravitational

black hole solutions for the functions f(r) and h(r), the field Eq. (13), we can obtain
—hrf' " = fri' ¢'* — 4 fhe? — aurh’ ¢’ — dahud’* — ahry ¢'* + 2hrV’
2rhe’ (f + ap) ’

¢ (r) =

(14)

w(r) =( — 2P PBN PN P+ 120 P AP P =32 fRP BNl ¥ + 12 fRP a Ak
+ 622 B + 6 £ afubh’* r* — 12 fha® B f/ 13 = 122 haBuf 13 r
+64n* P BAY A + 48K P AP + 12 R QP AP = 32 fP P BA R
— 152 Q*BUP f2 02 — 18 fR2 aBuf W r* + 12 f2 R auh* r* = 32 f2 W aBAuh*r*
+3F212 B W r + 108 21 ¢t + 108 2 h* aug®r* + 64 fh* A urt
— 168 fh*aAur® + 216 F2H*V(r)rt — 14413 BN /0 ¥ = 36 FR auf’ W
— 144 I3 aBAuf I r* + 6 3 haBh> 1/ r* + 6 f2ha? Bub ' v + 18 F2h*aBf W' r*
+12f R Q?Buf WU i + 36 F2 3 a1/ r* + 96 F2 R aBAR 1/ ¥ + 96 Fh3 o BAuh 1/ r*
—30/2ha®BuPh>r® =30 2 haBuh’®rP = 24 fh* Bl F W2 = 24 P2 W2 aBuf > r
— 12203 a?BW 1 + 288h* P BAYE f 1P — 144 fhtauf P + 288 fh*aBAuf'r
+60fR3a? 10 P = 12130210 P + 323 P BACH P + 321 & BALPH P
=302 B fPH P =18 Fh3aBuf ' P + 60 21 auh' > — 12 f R auh’
+32121° aBAul’ P + 32 f P aBAul’ P + 24 3P aBh W P + 24 F2 W o Bub* i
+ 1442 ap' r* =192 2 aBAp’ P — 192 h* &P BAup' P + 24 i3 PBuf I ' v
+48fh a1 — 48h* P r? + 64 fRA P B — 64R P BN + 1200 2Bl P
+ 108 fhtaBufr? + 36 2Bl r* + 36 £ h*aBuh’*r? + 12 f2h* o Bu* r?
+48 2t aur® + 24 fht aur? + 64 £ h* aBAur® — 64 fht aBAur? + 24 f13 o Bul f 1 r?
+ 2B I P+ 24 2 aBuf W + T2 f WP aBuf W r* = 122 W aBf 1 1P
—96fh*a*Buf i r* =243 W3 aB 1’ r* — 48 fAhPaBh W r* = 24 213 P Bul’ ' ¥
— 4813 P Bul 1 1 + 144 fh* &P B fr — 1440* 2B f'r + 144 2 h* aBuf'r
— 144 fh* aBuf’r— 48 21 & Bulh r+ 48 f 1 o Bul ' r — 48 31 apuh’ r
+48 21 aBuh’r — 96 2 h* aBu’ r+ 96 F2h* aBu’ r — 96 2 h* & Bup r + 96 fh* o Bupd r
+96 2 h*a?Bu® — 96 fh* o Bu® + 48h* o Bu® + 96 3 h* aBu — 96 f2h* afu
+96fh*apy) [ (1277 f2h3(f +ap)(~2h + i )?) (15)
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and

V(r)=

ar*h’ wf —fu)+h (2a,u (2rf’ —fr2¢’2 +4Ar2—2) -2fr (Z(y,u’ +fr¢’2))

Clearly, it is still a challenging task to find exact solu-
tions for the deformation function u(r), scalar field ¢(r),
and potential V(¢) from the nonlinear differential equa-
tions (14), (15), and (16) because the field equations (14),
(15), and (16) also refer to the metric functions A(r) and
f(r). For simplicity, we can adopt the Schwarzschild AdS

2M A
metric [h(r) =f(n=1- - grz] as the seed solution
to derive solutions for scalarized AdS black holes.

Moreover, we employ the HAM to analytically derive
these solutions in the next section.

III. ANALYTICAL APPROXIMATE
SOLUTIONS

In this section, we apply the HAM to derive analytic-
al approximate solutions for the deformation function
w(r), scalar field ¢(r), and potential V(¢).

Consider an n-nonlinear differential equation system,
where y;(¢) is the solution of the nonlinear operator N; as
a function of ¢,

Nilyi(®] =0, i=12,.,n, (17)
with an unknown function y;(r) and a variable ¢. Then, the

zero-order deformation equation can be written as

(1 =g)Li(t; q) = yio(D)] = qghi Hi(Ni[$i(t; @)]. (13)
The HAM involves constructing a topological homotopy
that incorporates a linear auxiliary operator L and nonlin-
ear operator ;. By introducing an embedding parameter
q €[0,1], the solution of the entire equation undergoes a
continuous transformation from the solution y;o(¢) of the
chosen linear auxiliary operator L to the solution y;(¢) of
the nonlinear equation N; as g varies from 0 to 1. To en-
sure the convergence of the solution, an auxiliary func-
tion H;(r) and convergence control parameter h; are intro-
duced into the homotopy equation (18). By carefully se-
lecting an appropriate auxiliary function H;(r) and con-
vergence control parameter /;, the solution can converge
more rapidly, enhancing the efficiency of the method.

To decompose the nonlinear problem into a series of
linear subproblems, we perform Taylor expansions of
¢i(t;q) with respect to ¢ around g =0

3:(5:0) = Yo+ 3 Yim(DG"-

m=1

(19)

8 fhr? : (16)

Here, the coefficient y;,(7) of the m-th order of ¢ is

1 9"it.9)

20
m!  dq™ (20)

yim(t) =

When ¢ =1, it is the expansion of the solution of the
nonlinear Eq. (17),

¥i0) = 35 1) = Yo+ 3 Yim D).

m=1

2

The expansion of the solutions of the nonlinear equa-
tions can be found as long as y;,(?) is solved. To achieve
this, the operation for the zero order deformation equa-
tion (Eq. (18)) is as follows: First, substitute the expan-
sion (Eq. (19)) into Eq. (18). Second, take the m-th deriv-
ative of ¢ on (Eq. (18)) both sides. Third, after calculat-
ing the derivatives, set ¢ =0. Then, the so-called higher
order deformation equation (mth-order deformation equa-
tion) is obtained, which is given by

Lyim®) = xmYim-10] = hi HiORi (Vim-1), (22)

where the term R;,, on the right-hand side with respect to
the nonlinear operator is

L 0™ INIY o Yim(DG™]

Rim im—1) = =0> 23
)= oo = =0 (23)
and the constant
0,m<1
Xm = (24)
1,m>1

In Eq. (23), the highest term on the right-hand side
can only reach up to the y;,—; term. Therefore, according
to Eq. (22), yim(?) is related to yim-1, allowing us to de-
termine y;,(¢#) of any desired order using this relationship.
In the calculation, we take a finite order to ensure that the
error is sufficiently small, a finite M-order approxima-
tion,

M
WO =300+ 3 yin(0), (25)
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where yM(t) is the M-th order approximate solution of the
original Eq. (17).

The HAM offers significant flexibility in choosing the
linear auxiliary operator L, initial guess yio(?), auxiliary
function H;(f), and convergence control parameter #h;,
which makes it adaptable to a wide range of nonlinear
problems. However, owing to this freedom of choice, it is
essential to have a theoretical foundation to determine
these quantities more appropriately. Further guidance and

theoretical considerations for selecting these quantities
can be found in Refs. [45, 46].

Next, we use the HAM to obtain analytical approxim-
ate solutions for hairy black holes in Einstein-Weyl-AdS
gravity. To achieve this, we perform a coordinate trans-

. T .
formation z = —, such that the region of r — co becomes

a finite value zr= 0. Then, substituting the potential func-
tion Eq. (16) into Egs. (14) and (15), the field equations
under this coordinate transformation become

(2= 1) [Ar +22(Ar§ = 3)+ Arfz] [(c= (AR + 2(Arg = 3) + Arfz) + (=30 (<2Ar3 + 2 (Arf = 3) + 42" (2)

+42(~ArZ + (A3 = 3) +32)2¢ (D)7 (2) + (4N F + 62°(Ar2 = 3)% + 262 (A1 = 3) = 2Are 3 (Are = 3)
+4Ar3E + 2420 (2)7) + 6az’ () (N1 + 2 (—~(Ard = 3)%) = 627 (Arg = 3) + Ar32’ B — Ard) + 3ArdZ

+ (A = 3) = Arfr+32)¢ (22 — 122%)| + 6au(d) | -
+27Ar32 + 10A2r3® — 60Ar3ZS +36Ar37

2+ 28A2réz2

—20A%r32
—36A%r}

302BO(ATE = 3)* 28 + 68(Arg —3)% " + 164(Arg —3)*2° — 12(3A*r§

A3rS+ A3
+60Argz’ —36Argz!
+2(H(Arg =3) = Argz+32)’¢ (209" (2) + 22} (2(Arg —3) +2)
5 (~Arg + 2 (Mg —3) + 3226 () — 2727 +902° - 10877 +362°| =0,

—9A? rg ot
+12A%752

(26)

—2TA3r§ + 81A%rS — 9T ArS +48)7°

—8(17A%r§

+27Ar3 +16)2% — 112A% 3 (ArE = 3)z — 64A%rdHu(z)*28
x (120> rSp" (2)z" -

— 64BA iz +5768A ! -

—102A%r§ + 153Ar5 — 18)z* = 208Ar3(Arg - 3)2° — 12Ar BA’r§

—18A%r]

- (z—Da((Arg

-3)2 + Aréz + Arg),u(z)

108aBA%riu (2)z2 + 324aBAriu’ ()22 = 324aBu” (2)z"> — 8BA* 157! + 968A3 r§z!?
—4328A%r3z12 + 8648Ar3z"2 — 648822 + 84BN riu ()72 — 504aBAr3L” ()21 + 756081 (2)z"?

17288Ar3z" + 17288z + 192aB8A 1 (2)7"!

—576aBu" (2)2" = 1768A%r§z'0 + 10568Ar3z'0 — 15848210 — 12a8A3 r§u” (2)2"°

+ 72BN rju” (2)2'° — 108aBAr L (2)2'0 + 144aBu” (2)7'° + 408A*rSZ
-3608A°%r5°
o (22 + 144aBArdu” (2)2° + 1528A3 187

—48aBA?

+27A%rS7°

—3N3 37
+10808A%r3z” — 81Arg” — 13688Ar37° +86487°
— 9N K52 —912BA*r 2

+ 81roz9

+54Ar3® + 13688Ar3 7% — 8132 — 28887 — 48aBArdu” (2)2° + 2568A%rls’

+36Arjz" —7688Ar3z" — 10815z +6aB(5(Arg —

+63Ar3 —24)27 —48Ar3(ArE = 3)z— 40Ard) ()2 +40BA*rS8 +3A3 S8 —2408A3rS7

—18A2r§z° +3608A2r320 + 27 Argz® +2888Ar32° +108r32° + 1288A° 52>
— 144Ary + 120° 157

+64BA%r

~36A%r57
=36A* 1S + T2A%r§Z — 6r5((Arg —3)2 + 327

3320 +36(Arg - 3)%2* + 76(Arg - 3)2

- 2(7A3rg —42A%r}

—384B8A%r3z> + 108ArgZ

—-Arg)}

X ¢/ (22 = 12A°r) + (Arg = 3)2° + 327 = Ard)? [3aB(a(Ar] - 3) + 224 (2)°2" — 2a(—24(92° - 2427 + 182

—4)B2° +3(72BAZ° — 128BAZ* +48BAZ> + (9 —968A)z> + T(168A — 3)z — 328A + 12)r3z*
+ A(=72BAZ" +64BAZ° +6(328A - 3)z* = T(168A - 3)2> + 272 - 30)riz>

+A%(8BAZL + (3-328A)°

—92° + 6)r (2) + 2(z = DA = 3)2* + Ardz+ Ar})

# (B (Arg = 3)2 +322 = Arg)/ (2)* - 22°aB(a(Arg - 3) + 2% (2)] =

125102-5
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where the prime (+) denotes the differentiation of the
function with respect to z. In the two above equations, we
use the Schwarzschild AdS metric as our seed solution,
which is h(r) = f(r =1- ZTM - %rz, and M = %0(3 —-AR),
where ry represents the event horizon of the Schwarz-
schild AdS black hole. Note that both Eqgs. (26) and (27)
are second-order derivative equations with respect to ¢(z)
and u(z). Then, we apply the HAM to the two nonlinear
equations Egs. (26) and (27) to obtain the analytical ap-
proximate solutions of ¢(z) and u(z).

In the homotopy equation, the auxiliary function can
be coded into the initial guess solution, that is, H;(z) on
the right side of the zero-order deformation equation (Eq.
(18)) can be moved to the left side, as described in Ref.
[45]. Therefore, without loss of generality, we set the
auxiliary function H;(z) = 1,i = 1,2. The initial approxim-
ations are taken as

$0(z) = O*z (28)

Ho(z) = 2(1-2) 29

where the constant O represents the scalar charge on the
event horizon z=1 (r = ry).

Because both differential equations are second order,
the auxiliary linear operators (whose construction meth-
od is shown in Refs. [45, 46]) are given by

_ 0%z

Lltizg] = =55, i=12. (30)

The following boundary conditions are employed dur-
ing the solution process of the nonlinear equations using
the HAM:

$(0) =0, ¢(1) = Q; €2))

p(0)= 0= u(1). (32)

The selected initial approximations Egs. (28) and (29)
are required to satisfy the boundary conditions for the
system of differential equations above.

The nonlinear operators N; are provided by Egs. (26)
and (27). The initial approximations Egs. (28) and (29)
are substituted into the mth-order deformation equation
Eq. (22). Then, by solving each y;,(z) of Eq. (22) with the
boundary conditions, we can obtain the M-order analytic-
al approximate solution (y¥(z)) Eq. (25). Here, we per-
form the fourth-order approximation (M =4) for both
functions. Therefore, letting QO=1, a=1, g=1/2,
A=-6/100, ro=1 and fixing the convergence control

parameters h; = hy = h, the solutions are related to z and
h, which are shown in Egs. (Al) and (A2) of the ap-
pendix.

To select an optimal value of 4, we substitute Egs.
(A1) and (A2) into the left side of the nonlinear equa-
tions (26) and (27) and define

Aeqi = Ni[¢(2), u(2)]l, (33)

Aegr = N2 [¢(2), u(2)]], (34)

which represent the deviations between the analytical ap-
proximate solutions and the exact solutions. Obviously,
when the two functions Aeg; (i = 1,2) are as close to zero
as possible in z€[0,1], the obtained approximate solu-
tions are as close to the analytical solutions as possible.
Here, we use the averaged square residual error function
(detailed in Ref. [33]) to determine the optimal value 4,
which represents the total deviation between the approx-
imate and exact solutions,

1< 2
B =o~ k}; {(Nl (62, ), i 1))

2
+ (Nal (e ). s 1)) } (35)
with
w=kAz=ky, k=0,1,2,....S. (36)

Hereafter, a value of S =40 is used for the purpose of
optimization. Then, we plot the logarithm of the aver-
aged square residual error function In E(h) as the undeter-
mined parameter s changes.

Considering different values of a, Fig. 1 shows the
logarithm of the square residual In[E(h)] as a function of
h. The lowest point of the curve represents the minimum
value of the averaged square residual error. Therefore, we
can mathematically determine the optimal value of /4 by
setting

h* = min{E(h)}. 37)

Substituting Eqgs. (Al) and (A2) into Egs. (35) and
(37), the optimal value of / can be identified. We obtain
h*=-4866 for a=1, h*=-7.131 for a=1/2,
h*=-6.242 for a@=2/3, and h*=-5.536 for a=4/5.
After reverting back to the radial coordinate r, the analyt-
ical approximate solutions of Einstein-Weyl-AdS-scalar
gravity are determined.
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In E(h)

=/

-12-10 -8 -6 -4 -2 0 2

10 -8 -6 -4 -2 0 2 10 -8 -6 -4 -2 0 2
(c)a=2/3 (D) =4/5
Fig. 1. (color online) Plot of the logarithm of the square residual In[E(h)] as a function of /4 for different values of a with fixed
0=1,8=1/2, A=-6/100, and ro = 1.

h

Taking Q=1,a=1,8=1/2, A=-6/100, and ro =1, ror has the minimum value E(k)=0.001011. Then, the
we have h* = —4.866, and the averaged square residual er- analytical approximate solutions are obtained as
|

1
¢(r) =—5 (1.39206r68 +0.000745152r°7 —0.0119691r% +0.0144891% — 0.44635r%* +0.615164r%
r

—2.72805r%2 - 3.92652/%" +12.6285r°0 — 137.351/°° + 366.534r°8 —216.3r" — 226.609r°¢ + 471.467r
+368.197°% —3813.817 +26514.1r°% = 116346.1°" +379609.7°° — 1.07828 x 10°7* +2.11948 x 10°/*
—2.29864 x 10%7*7 +1.02257 x 10°746 — 1.50333 x 10°/*° +1.18351 x 107 r** —5.41334 x 107 /*
+2.04949 x 10%/*? - 6.48124 x 1087* +1.71142x 10°r*° = 3.73141 x 10°7*? + 6.11124 x 10”8
—6.49917x10°77 +4.46297 x 10°r° —9.7344 x 10°*° + 4.79214 x 10"/ — 173721 x 10" /3*
+5.18957 x 10" 32 — 1.34733 x 1012/°1 +2.99473 x 10'2/°° — 5.46302 x 10'%/?° +7.45301 x 10'%r?®
—5.96958 x 10277 —5.30202 x 10" /%0 + 6.88219 x 10'2/%° —4.01186 x 10'%r** = 7.91257 x 10'/*
+1.57059 x 1013772 = 1.02945 x 10321 —8.17116 x 10'17?° +7.00387 x 10'%r1° —9.69189 x 10'2 /18
+1.4822x 1013717 —2.10735 x 1013716 +2.32064 x 10'3#15 — 1.80509 x 10'37'* +4.34315 x 10'%/13
+1.43146 1013712 = 2.67435 x 103,11 +2.36935 x 10131 - 9.32602 x 10'%/° — 3.52587 x 10'%/8
+7.54084 x 10217 —5.2478 x 10'2/° +2.07873 x 10'2/° - 4.51641 x 10" r* +2.26116 x 10'°/°
+1.3875%10'9/2 - 3.34599 x 107 + 2.40752 x 108) (38)
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1
pu(r) =—; (0.873958r73 —1.00002r7% +0.000718144r"" —0.00143588r7° +0.0351733r%°
r

—0.0891202r% +1.06933r%7 — 3.30994r% +19.7923r% — 66.3907r%* +209.652r%
—602.712r%* +1053.06r%! — 1095.22r% + 870.997°° — 497.753r°% + 120.428,°7
—1396.33r°° + 11019.1°% — 48659.1r°* + 160275.r°% — 462283.1° + 1.0942 x 10°/°!
—2.06221x 10°/°° +3.48541 x 10%/* - 5.87153 x 10°7*8 +9.74318 x 10+
—1.78659 x 107 + 4.44373 x 107 % — 1.26768 x 103/** +3.33937 x 10%/*
—7.61599 x 108/*% +1.43689 x 10°r*! —2.19665 x 10°7*° + 3.13804 x 10°r%
—5.93324x 1078 +1.49292 x 10'°7 —3.84801 x 10'°70 +9.43637 x 10'°/°

—2.17726 x 10" ** +4.58949 x 10" /33 —8.52325 x 10" 2 + 1.33135 x 10'2/3!

—1.65726x 10'2/°° + 1.64475 x 10'2r% — 171411 x 10'2?% +2.86199 x 10'2 1%

~5.52305x 10277 +9.20825 x 10'/% — 1.43825x 1013/%* +2.31343 x 10'3/%

—3.51017x 1013/%% +4.28285 x 10'*7*' —3.28237x 10320 —=7.70712 x 10"?"?

+7.98116x 1013718 —1.59981 x 10717 +1.99413 x 10'471® — 1.49078 x 104713

+1.23135x 101271 +1.81712 x 10713 - 2.85882 x 104712 +2.28652 x 107!

—4.72387x 101371 — 1.19066 x 10'*7° + 1.60953 x 10418 —9.44017 x 10'3/7

1.17265 x 103/% +2.62055 x 10137° —2.41191 x 103 /* + 1.11424 x 101372

—3.09446 x 10'21% +4.94441 x 10" r — 3.52851 x 1010) (39)

The scalar field and deformation function are plotted
in Fig. 2, where we can see that ¢(rp) = 1, u(rp) = 0. Both
functions disappear for large 7; hence, the behavior of the
generated solution is similar to the seed Schwarzschild-
AdS metric. The metric function g, = f(r) + au(r) for the
generated metric is shown in Fig. 3. For comparison, we
also include the corresponding Schwarzschild-AdS met-

. . 2M A .

ric function f(r)=1-="——-=r as a blue dashed line.
3 2M A

Because the metric function h(r)=1--"— - grz is un-

changed in the MGD method, the generazed solution has
the same metric function A(r) with the seed Schwarz-
schild-AdS metric.

The potential function V() can be determined by sub-
stituting ¢(r) of Eq. (38) and w(r) of Eq. (39) into Eq.
(16), which is depicted in Fig. 4. We find that the poten-
tial disappears at infinity as expected.

It is also interesting to check the accuracy of the ana-
lytical approximate solutions. Taking different values of
a, two curves in Fig. 5 show the deviations (Egs. (33) and
(34)) of the analytical approximate solutions from the ex-
act solutions in the entire spacetime outside the event ho-
rizon (z€[0,1]). We find that analytical approximate
solutions with larger values of o are more accurate than
those with smaller a.

IV. CONCLUSIONS AND DISCUSSIONS

In this study, we investigate Einstein-Weyl gravity
with a minimally coupled scalar field in four dimensional
spacetime. From the corresponding field equations, we
introduce geometric deformation to the radial metric
component using the MGD approach, which splits the
highly nonlinear and coupled field equations into two
subsystems. One subsystem describes the background
geometry, whereas the other incorporates the scalar field
source. Taking the Schwarzschild-AdS metric as the seed
solution, we substitute this into the deformed equations to
obtain a simplified system for the deformation and scalar
field. The HAM is then utilized to derive fourth order
analytical approximations satisfying appropriate bound-
ary conditions. An optimal convergence control paramet-
er is determined mathematically by minimizing the aver-
aged residual error. We discuss the accuracy of these ap-
proximations over the entire exterior spacetime.

The results demonstrate the efficacy of combining the
MGD and HAM techniques for generating new solutions
in modified gravity theories. The analytical approxima-
tions provide valuable physical insights and can be used
to study the thermodynamic and dynamical properties of
these black holes. This approach, which can obtain hairy
black hole solutions in higher-order gravity theories,
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Fig. 3. (color online) Metric function (g,-)~' for the Schwar-
zschild-AdS metric (blue dashed line), and the generated solu-

tion (red solid line) with 0=1, a=1, g=1/2,
A =-6/100,rg = 1, and h* = —4.866.
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(color online) Scalar field ¢(r) and deformation function u(r) with Q=1, =1, B=1/2, A=-6/100, ry = 1, and h* = —4.866.
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Fig. 4. (color online) Potential function V(r) with

O=1,a=1,8=1/2, A=-6/100, o= 1, and /* = —4.866.
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(b)a = 2/3

(color online) Absolute errors of the analytic approximate solutions from the two field equations, taking Q=1,58=1/2,

A =-6/100, ry = 1, which represent the deviations of the analytical approximate solutions from the exact solutions.

provides a useful addition and extension to numerical
methods to find such solutions. The demonstrated accur-
acy and flexibility of the method offer promise for the
handling of more complex scenarios and exploring other
gravitational models.

APPENDIX

Choosing Q=1, =1, B=1/2, A=-6/100, ro=1
and the convergence control parameters h; = hy = h, the
solutions are related to z and 4, and the fourth-order ap-
proximation (M = 4) solutions can be written as
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B(z, h) =429410.h*7%° = 5.96797 x 10°h*2%® +2.47478 x 107 h* 27 + 4.03304 x 107 h*2%°
—8.05555x 1031*2%° +3.70766 x 10°1*z%* - 9.36008 x 107 h*7% +1.345 x 10'4%752
—6.2888 x 10°h*7°1 — 1.66341 x 104470 + 4.22602 x 10'°4*7°° — 4.77001 x 10'04*7°8
+2.55318 x 10'%1*2%7 +7.74652 x 10°1*2°0 — 3.21959 x 109442 + 4.13913 x 10'°4%7%*
~3.75871x 10"%1*2% +2.64368 x 10'°%*7°% — 1.72866 x 10'°h*77" + 8642.82437"
+1.24922 x 10"°1*7°° —92007.1° 770 — 1.45737 x 10°h*z* + 252862.1° 7
—1.83613x 10'4%z* +779721.13* +2.80118 x 10'°4%2*7 —7.24849 x 1051 7
—1.41084 x 10"7*2% +2.22141 x 10"h*7*° - 7.16285 x 10°1*2* —3.51403 x 10" h*z*
+1.22797x 10"7* 2% +2.21412 x 10"h37* - 9.40884 x 1081*2** +2.33255 x 107Kz
—1.06619x 10"4*2*2 = 7.0111 x 107 h3z*? +1.33109 x 10'°4*z*! +8.55189 x 1073 z*!
—9.75874 x 10°1*z* —7.20154 x 10" 1*7*° + 5.34953 x 10°h*7%° +3.92437 x 10" 1?7
—2.39996 x 10°1*7°% + 1.54129 x 107 h37% +9.12389 x 1081* 737 — 6.43894 x 107 h3ZY
—2.9778 x 108h*7%° +5.87428 x 107 h*2%® +8.30197 x 107 h*73° — 1.19406 x 107 33
—1.88269 x 107h*z3* = 7.12623 x 10°832** +3.64151 x 10°4%23 - 2.1015 x 10713233
+111.56h%7%% — 1.34855 x 10°h*232 + 4.9845 x 107 h* 2% — 826.039h°232 +999632.h* 2!
—4.81757x10"132*" +1308.09h%23! = 611717.1*7°° +2.94099 x 107 1> 7*°
+5286.381°7°0 + 284748177 — 134729 x 107 h*z> — 23893.7h22%° — 109144 .h*7*8
+5.1009 x 10083728 +33274.21°2%8 + 34695.7h* 72 - 1.61135 x 1013 7%
—6810.16h%2>" —9054.921*7%0 + 420846.h°7%° — 23958.5h°%0 + 2081.04h* 7
—90010.7h37% +12562.7h*z> —433.8814*2%* +10791.4h3z** - 705.319h% %
+79.9335h%7%3 +333.978132% +42918.5h%7% +24.8109h* 22 + 1707.58h3 7%
—89356.7h%2%2 — 43.5262h* 7?1 — 2275 4032 +79470.4h°2*" +23.4605h* %
+1234.530372%° — 40087.722%° - 8.13607h*z"? — 420.612h%7'° + 14177.9127"°
+2.343911*718 1+ 126.8221%7'8 — 4352.02h%2'% - 0.463647h%*:'7 - 26.47221° 7"
+1001.934%7'7 +0.02658134%7'° +2.931881°7'® — 147.4314%7'° +0.008412684* 7"
—0.151642A%215 + 17.30441°7"% + 13.0983hz"° - 0.0038958h*7!* +0.03890524%7*
+11.612h%7'* —41.7552h7"* - 0.00374658h*z'3 — 0.2200387°7'3 - 5.036324% 13
+26.8412h2'3 —0.00104267h%7'% — 0.0742851h%7'2 = 0.991202h%7'% + 41.2667hz"?
+0.00300242k% 7' +0.182205h% 7 + 3.53299h%2'! - 62.1018hz'! —0.001035724%71°
—0.06359551°7'% — 1.19629h%7° 4 23.7919h7'° + 0.0000978294%7° + 0.006402641°7°
+0.136406h%7° — 2.07182hz° — 0.0000333836A*z® — 0.002926224% 7% — 0.0657469h%78
+0.552441hz% —0.0000132256h%7" —0.000224176h%7” +0.00295546h%7" +0.578798hz
+4.30107 x 107%h*z% +0.0001397664z° +0.00120322h%z5 — 0.123379hz°
—1.95624 x 107°1*z° —0.000018467/1°7° +0.0008533954°7 +0.09609244hz
+2.61877x 107" h*z* +0.000014648 113 z* + 0.0002626924%z* — 0.002016hz*
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—4.94209x 10781*7* = 2.90316 x 10771323 + 0.00002694154% 7> + 0.002592h7°
+1.3468 x 10~81*72 +7.53332 x 107372 + 0.0000135099/4%7% — 0.00010368hz>
—0.000025954h*z — 0.00183426/h°z — 0.0274575h%*2 — 0.173738hz + 2 (A1)

u(z,h) =—6.29352x 10"h*z* + 8.81894 x 1081*77% = 5.51933 x 10°A*77% + 1.98737 x 10'Op*7"!
—4.30193%x 10"4*770 +4.67406 x 10'°*7%° +2.09156 x 10'°4*%® — 1.68377 x 10" 17"
+2.87079 x 10" 1*7%6 —2.12369 x 101 /%255 — 8.42558 x 10101*:%* + 4.07827 x 10" 1*7%3
—5.09905 x 10" h*7%% +3.24105 x 10" 4%z +2.19626 x 1071250 — 2.65898 x 101 1*7>°
+3.55676 x 10" h*2% —2.85345 x 101 A*2%7 + 1.42353 x 10" h*770 — 808252.437%
—1.37448 x 10"h%7% + 8.68926 x 10°32% — 5.85532 x 10'0h*27* —4.01824 x 107K
+7.64102x 10'4%7%% +9.98154 x 1071373 — 6.26333 x 101014272 — 1.23228 x 1084377
+4.12606 x 10'°4%7°" —1.10655 x 107 h*7°1 —2.55896 x 10'°4%7°0 + 3.08246 x 103430
+1.63154x 10"1*2% - 5.28697 x 108/#°7* - 9.7685 x 10°h*2*® +4.01497 x 1081 z*
+5.11175x 10°1* 2% +3.42747 x 10"h32¥7 - 3.15194 x 10°h*2* — 4.60404 x 10843 7*
+3.06129 x 10°1*2% +6.21299 x 103732% — 3.05832 x 10°h*z** — 4.98284 x 108137+
+2.42041 x 10°h*7% +2.22845 x 108424 - 1.51102 x 10°1*7* + 4.47977 x 10" 3+
+7.7788 x 1081%2*1 —1.98092 x 1087°2*! —3.41553 x 108*2*0 +2.27667 x 10313*
+1.30126x 10%1*2% — 1.85797 x 1084°7%° - 4.34428 x 107 h*7% +1.22579 x 108/° 7%
—4807.411°7% +1.26814 x 10"h*7%7 - 6.78578 x 107 1*z*7 + 36009.64%7%"

—3.22284 x 10°0*230 +3.57908 x 10713730 — 107667.h°7°¢ + 844519.1% %

—2.30964 x 10" 132 + 144354 .h%7% —366114.1h*>* +1.72808 x 107 37> — 12858 212>
+222798.1% 7% = 1.14385 x 10713733 = 251171.1°2%% = 121992.1% 2% + 6.09981 x 1073732
+405863.h%772 +55607.2h* 2> —2.69317 x 10°4°2>" —318568.1%2°" —21581.3h%7°
+1.01577 x 10°132%0 +99966.7h%7°° + 7062.34h* 2> — 328266.h°%° + 112145127
—1913.72h% 7% +93668.61° 7% —253421.h%2%% + 415.958h* %7 — 24418 9h37%
+282811.h%2%7 — 58.3501h%7%% + 5534.84h°7%° — 219658.h°7%° — 10.29094% 7%
—1700.1141°2% +139170.1%2% +22.80014*2%* + 1278.12h° ** — 81413 .61
—17.4212h%7% — 885.91171%2%3 + 42312.9h° 7% + 8.18139h% %2 + 415.1891° 7%

— 17696.9h%7%2 — 2.92464h*7*" — 148.893h°%' +6113.61h°2*" +0.859906/*7%°
+45.7754132%° — 1856.9h%7%° — 20.7656h*° — 0.170264h*z" — 9.838644°7"°
+439.606h%2" +87.979hz" +0.0142505h*7'8 + 1.36456n°2!8 — 7723014778
—119.517hz"8 —0.0009395441*'7 —0.198901432'7 + 6.62721h%2"7 +12.1008hz"7
+0.00398293/%2'% + 0.194368h°76 + 5.9997h%7'6 + 127.343hz' — 0.0002930954% 715
+0.0196677h%7'% +0.227395h°7"5 — 178.389hz"> — 0.00672851 4%z — 0.384228K% 7'
—6.82685h%7'* +200.178hz'* +0.00706819h*z'3 + 0362624173 + 6.14854h%713
—194.263hz'3 —0.00356212h%712 —0.1439911°7!2 — 1.86424h%2'% + 117.789hz'?
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+0.001225144%7' +0.04386147°2'! +0.478400h%7'! — 41.6543hz'" —0.000413594h*7'°
—0.01717494°2'° = 0.2303094°2'% + 12.88214z'% +0.0001002394*7° +0.00227872h%7°
—0.00174385h%7° — 4.11834hz° — 0.0000229442h%z8 — 0.00104187h%z% — 0.0155285h%78
+0.626678hz® +4.89632 x 10-%h*z7 +0.00006750294%7" — 0.00145586h%7" —0.227873hz’

—7.4797 x 107" 1*z° - 0.0000380442/°z° — 0.000632556477° +0.0160514hz°

+1.51157x 1077 h*2° +1.29466 x 1071 z° — 0.0000696617h%z° — 0.00758056hz
—1.68373 x 10781*z* —9.41731 x 107" h3z* - 0.0000168844h%z* +0.00023328hz*
+2.96525 x 107 z* +1.74190 x 10781%7% — 1.61648 x 107%42* — 0.0001555247

—4.04039 x 107 192*7% = 2.25999 x 1078 h32% = 4.05296 x 1077 h?2* +3.1104 x 10~0hZ?

— 72 =0.00001860014%z — 0.000305045/z — 0.000671488h%z + 0.0277148hz + 2

(A2)
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