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Abstract: This paper examines traversable wormhole models in the f(R) theories of gravity by applying the Kar-

markar condition. For this purpose, we consider spherically symmetric space-time to examine the structure of worm-

holes. First, we investigate wormholes and their geometry using the redshift function under various conditions. Sub-
sequently, we discuss the embedding diagram of the upper and lower universe using radial coordinates in two and
three-dimensional Euclidean affine space. Three exclusive models are considered for the f(R) theories of gravity,
and the radial and tangential pressures are observed. Furthermore, by taking a definite shape function, we observe
the behavior of energy conditions. We determine that energy conditions are violated, and their violation is generic

and represents the presence of exotic matter. According to Einstein's field theory, the existence of wormholes is pre-

dicated on the occurrence of rare material. Hence, we conclude that our study is more realistic and stable.
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I. INTRODUCTION

Wormhole gravity is a fascinating topic of research in
cosmology. The concept of the wormhole was first pro-
posed in 1916 by physicists Albert Einstein and Nathan
Rosen, although it had not yet been discovered. They in-
vestigated the strange equations that are now known to
define the unfathomable regions of space known as black
holes and wondered what they truly represented. The
main goals of this paper are to describe how wormholes
develop and discuss different forms of wormholes. The
current state of knowledge on wormholes in our universe
is as follows: Einstein's general theory of relativity dra-
matically altered our understanding of fundamental phys-
ics concepts, such as space and time. However, it also left
us with several profound mysteries. One example is black
holes, which were only unequivocally discovered in the
last few years. Another is the concept of "wormholes,"
which are bridges linking various places in space-time
that, in principle, provide shortcuts for space travelers.
Wormholes remain theoretical; however, experts believe
that they may soon be discovered. New research has
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provided fascinating paths forward in recent years.
Formation of wormholes:

(i) Einstein-Rosen Bridge: In 1935, Rosen and FEin-
stein used the general theory of relativity to propose the
idea of existing "bridges" through space-time, known as
Einstein-Rosen Bridges [1], by which two different loca-
tions in space-time are connected, creating a route that
may decrease the time and distance of travel. Wormholes
are the solutions of Einstein's field equations in which
gravity acts like "tunnels," which is more intriguing.
When two large materials are placed in two parallel
worlds, a wormhole forms. The resistance from brane
tension opposes the gravitational attraction between ob-
jects and contains negative density and a large negative
pressure. Branes are then deformed, and a wormhole is
created as a result of the sufficiently strong interaction
[2]. Some cosmological concerns, such as dark energy,
dark matter, and cosmic expansion, are used to describe
the phenomena that appear to be explained by modified
gravity theories. In this respect, various hypotheses pro-
posed by certain academics claim to disclose the mystery
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underlying the expanding cosmos. Einstein's gravity the-
ories, such as the special theory of relativity [3] and gen-
eral theory of relativity, are based on the fundamental
idea that in all inertial frames of reference, the rules of
physics remain constant. Ellis [4] introduced another
word for wormhole, referring to it as a "Drainhole," and
"Geon" is the name given by Wheeler [5], who also pre-
dicted a form of wormhole that offers twofold space.
Nonstatic Lorentzian wormholes conformally related to
static wormhole geometries were found to exist for a fi-
nite (arbitrarily large) or half-infinite interval of time,
with the required energy-momentum tensor satisfying the
weak energy condition, as discussed by Kar [6]. Morris
and Thorne [7] were the first to suggest that people may
be able to travel via wormhole tunnels. They established
the basic concept of traversable wormholes by applying
the GR principle to static axially symmetric wormholes.
Morris et al. [8] claim to have examined how the exist-
ence of exotic matter influences the development of
wormhole formation. Exotic matter is a type of dark en-
ergy that has a repellent effect. Dark energy, according to
recent research, is the biggest factor in the universe's rap-
id expansion.

(i1) Schwarzschild wormholes: The Schwarzschild
wormhole was the first identified form of wormhole solu-
tion. It would appear as an infinite expanse hole in the
spherically symmetric metric, but would collapse too rap-
idly for anything to pass through it. Only strange materi-
als with negative energy density were considered con-
ceivable, which may be used to create wormholes that
can be traversed in both directions [9]. Some wormholes
could be "traversable," allowing humans to pass through
them.

(iii) Lorentzian traversable wormholes: Lorentzian
traversable phenomena could allow extraordinarily fast
travel in both directions, from one planet to the next. The
notion of traversable wormholes was first demonstrated
by Ellis in 1973 [10] using the general theory of relativ-
ity and independently studied by Bronnikov [11]. Exotic
matter is used in the formation of traversable Lorentz
wormholes, which violates energy conditions. There are
other types of wormholes described in [12]

(i) Schwarzschild and Kerr phenomena (Horizons of
Events),

(it) Morris-Thorne phenomena (Horizon-free),

(iii) Reissner-Nordstrom phenomena (Charged with
electricity).

Investigating traversable wormhole solutions using
wormhole shape functions (WSFs) is a fascinating area of

research. Godani and Samanta [13] used a well defined
WSF to examine the modeling of traversable wormholes.
Furthermore, WSFs can be computed using the Kar-
markar condition (KMc). According to Karmarkar [14], a
static and spherical shape is oriented so that each line ele-
ment can be of class one. Shamir and Fayyaz [15] con-
structed a WSF by employing the KMc for static travers-
able wormhole geometry. Tello-Ortiz and Contreras [16]
employed the class I approach to obtain wormhole solu-
tions in the framework of general relativity in two differ-
ent ways. First, they proposed a suitable red-shift func-
tionto find its associated shape function and then im-
posed the well known MorrisThorne shape function to
obtain the corresponding red-shift. Mustafa et al. [17] ob-
tained wormhole solutions from the KMc in the f(Q)
gravity formalism, in which Q is a nonmetricity scalar.
Rahaman et al. [18] obtained a new wormhole solution
inspired by noncommutative geometry with the addition-
al condition of allowing conformal Killing vectors. Ditta
et al. [19] studied traversable wormhole solutions in the
extended teleparallel theory of gravity with matter coup-
ling using the KMc. Wang and Mustafa [20] examined
embedded wormhole solutions in the modified f(R,T)
theory of gravity, where T denotes the trace of the en-
ergy-momentum tensor, and R is the Ricci scalar.

Inspired by literature, in this paper, our aim is to in-
vestigate wormhole solutions in f(R,¢,y) theory via the
KMc, where R represents the Ricci scalar, ¢ is the scalar
potential function, and y is a kinetic term of ¢. This the-
ory is interesting because of the combination of the mat-
ter term, metric potential, and kinetic term, respectively.
Recently, Malik and collaborators [21] investigated the
behavior of anisotropic compact stars in generalized mod-
ified gravity and concluded that the behavior of compact
star candidates is regular in f(R,¢,y) gravity for the con-
sidered parameter. Malik [22] investigated the behavior
of charged compact stars in the modified f(R,¢) theory of
gravity using the Krori and Barua technique and ex-
amined the physical properties of stellar structure. Malik
et al. [23] investigated cylindrically symmetric solutions
in a well known modified theory known as the f(R,¢,x)
theory of gravity and also examined two well-known
LeviCivita and cosmic string solutions. Malik et al. [24]
examined the behavior of anisotropic stellar structures in
the background of f(R) modified gravity using three dif-
ferent stars, such as LMC X-4, Cen X-3, and EXO 1785-
248. Cylindrically symmetric solutions in the back-
ground of the f(R,$) theory of gravity have been dis-
cussed by Malik [25], who also investigated null energy
conditions for the existence of cylindrical wormbholes.
Several fascinating studies have been performed on the
modified f(R) theories of gravity [26-29].

The structure of this paper is as follows. Section II ex-
plains the formation of a traversable wormhole solution
function using the KMec. Section III describes the geo-
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metry of the embedding process. In section IV, we invest-
igate the basic formalism of the f(R) modified theories of
gravity and develop field equations. Three widely used
f(R) gravity models and energy conditions are investig-
ated in section V. In the final section, we provide a sum-
mary of the study.

II. CONSTRUCTION OF TRAVERSABLE WORM-
HOLE SOLUTION FUNCTION BY USING
KARMARKAR CONDITION

Embedding theorems have their origin in classical
geometry. Both hyperbolic and elliptic non-Euclidean
geometry have an intrinsic constant curvature and can be
visualized as the surface of a pseudo or ordinary sphere,
respectively, in Euclidean three-space. Embedding theor-
ems have a long history in the general theory of relativity,
largely aided by Campbell's theorem [30]. The resulting
five-dimensional theory explains the origin of matter.
More precisely, vacuum field equations in five dimen-
sions yield the usual Einstein field equations with matter,
known as induced-matter theory [31-32]. The main mo-
tivation for introducing a fifth dimension is unification;
with this, our understanding of physics in four dimen-
sions is greatly improved. Another important factor is that
the extra dimension can be either spacelike or timelike.
As a result, particle-wave duality can, in principle, be
solved because five-dimensional dynamics has two
modes depending on whether the extra dimension is
spacelike or timelike [33]. Therefore, the five-dimension-
al relativity theory could ultimately lead to a unification
of general relativity and quantum field theory.

The above discussion has shown that embedding the-
ory based on Campbell's theorem is an effective mathem-
atical model. Before applying this model to wormbholes,
we must introduce a refinement. Induced-matter theory is
actually a non-compactified Kaluza-Klein theory of grav-
ity. Matter is induced by a mechanism that locally em-
beds four-dimensional spacetime in a Ricci-flat five-di-
mensional manifold [34]. This process requires only one
extra dimension. Going beyond a single extra dimension
requires the concept of embedding class: recall that n-di-
mensional Riemannian space is said to be of embedding
class m if m+n is the lowest dimension of flat space in
which the given space can be embedded. It is well known
that the interior Schwarzschild solution and Friedmann
universe are of class one, whereas the exterior Schwarz-
schild solution is a Riemannian metric of class two. Be-
cause of the similarity, we can assume that wormhole
spacetime is also of class two and can therefore be em-
bedded in six-dimensional flat spacetime. However, it
turns out that a line element of class two can be reduced
to a line element of class one, thereby making the analys-
is tractable. This mathematical model has proved to be
extremely useful in the study of compact stellar objects

[35-40]. Moreover, a metric of class two can be reduced
to a metric of class one and can therefore be embedded in
five-dimensional flat spacetime,

dS? = ~(dz")? + (PP + (2P + @ + (@), (1)

. . . . t
using the coordinate transformations z' = VAe®/ 2Sth,

2 = VAe 2Coshi, Z3 = rsinfcosg, z* = rsinfsing, and
7> = rCosf. The resulting spacetime is usually referred to
as anti-de Sitter space and is characterized by a negative
cosmological constant. This is another important math-
ematical model that has been used in the study of many
aspects of nuclear and condensed-matter physics, in par-
ticular the AdS/CFT correspondence (anti-de Sitter/com-
formal field theory correspondence) [41]. This theory has
found its way into the study of entanglement, conjec-
tured to be equivalent to the existence of another type of
wormhole, the Einstein-Rosen bridge. We consider the
spherically symmetric line element with Schwarzschild
dimensions (coordinates) (¢, r, 6, ¢).

ds? = —e"dr? +POdr? + 2d6* + sin®0dg?. (2)

According to the above line element, the non vanishing
covariant Riemannian curvature components are

Ri212 =Ro121, Ri221 =R2112,  Riz13 = R3131,
Ri331 = R3113,  R2323 = R332,  R2332 = R3003,
Ris14 = Ra141,  Rania = Risa1, Rz = Roga,

Rizo4 = Roasr, Razsz = R3gzq, Razza =Raaaz. (3)

Now, the Karmarkar relation is defined as

R1212R3434 + R1201R4334

4)

Rig14 =
Ry323

The covariant Riemannian curvature defined in Eq.
(3) satisfies the above relation. Inserting the values into
Eq. (4), we get

1 1 1
Za’e + _a/Zea_Za/b/eb

2 4
l(rb’) lra'e"‘b sin?@| + l(rb’) lm’e“"’ sin @
2 2 2 2

= S

—ebr2sin? 6+ r2sin% 0

In our current analysis, a=a(r) and b= b(r). After
simplification, we obtain the following expression:

2 _ 2a'b’

ab -2d" -a —» Where el £1.
e
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As a result, the solution to the above differential
equation is
e’ = 1+A4e“a”,

(6)

where A is an integrating constant. Now, we consider the
Morris-Thorne metric to construct the WSF

1
ds* = —e“d* + ——dr? +r7d6” + sin*0dg”. ()
1—-
p
Comparing Eq. (2) and (7), we get
= —. 8)
1—-=
p

For this study, we consider a red shift function a(r)
[14, 42-51], expressed as

2

a(r) = -

©

where { is an arbitrary constant. Using Eqgs. (6), (8), and
(9), we obtain the following WSF:

»

- (10)
r+4A%e

ery=r—

According to Morris-Throne, the shape function must
satisfy the throat conditions, which are

1. At the throat: e(r) =r at r = ry.

e(r)—re'(r)

>0 must be fulfilled at
€(r)

2. The condition

r=ry.

3. e(r) must obey €'(r) < 1.

4. For the maintenance of the asymptotical flatness of

. e(r)
space time geometry, - —0atr— .

Here, ry is the throat radius, and r is the radial coordinate,
where rg <r<oo. When we evaluate Eq. (10) at the
throat, e(rg)—ro =0, we obtain trivial solutions at r = ry.
We can add an arbitrary free parameter C to Eq. (10) to
manage this issue.

»

-, =7t an
A +4A e

ery=r—

Applying condition (1), that is, e(r)—r = 0 at r=ry, to the
above equation, we get

5

,

0 _4c=o.
r3+4A{26_3

After simplifying, we obtain

L Tbr0=0)

4cge

(12)

Now, substituting the value of 4 into Eq. (11), we get

»

S )
74+r3(r0—C)

(13)

e(ry=r—

The graphical representation of e(r) is positive and
can be seen in Fig. 1. The graphical analysis of e(r)—r is
initially positive and then becomes negative with the
movement of the radial coordinate, as shown in the
middle panel of Fig. 1. It is also noted from the right pan-

el of Fig. 1 that &) approaches zero with the move-
r

mentof the radial coordinate. The left panel of Fig. 2
e(r)—re'(r)

> 0 is satisfied. Thegraphicalrep-
€'(r)

shows that

0020 — 16
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T
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Fig. 1.
r = ry, and the 3rd plot shows that

r

4

r
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r

(color online) Wormhole shape function e(r) was examined and shown in the 1st plot. The 2nd plot shows that e(r)—r = 0 at
=0 at r — oo to represent the actual wormhole structure for , =2 and C=1.9.
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e(r)-re'(n

Fig. 2. G
1.7 (yellow), C = 1.8 (orange), and C = 1.9 (green).

resentation of €'(r) is less than one, which is also a basic
condition for the WSF as shown in Fig. 2.

III. EMBEDDING DIAGRAM

We utilize an embedding diagram to describe worm-
hole geometry and extract useful information. An embed-
ding diagram is useful for understanding how gravity
works in our universe. Spherically symmetric space-time

. Fis
allow us to set an equator slice, # = = and ¢ = const, that

maintains a lot of the geometric information. Using these
preconceptions in Eq. (7), this then becomes

ds = ——dr? + Pdg?, (14)

r—e
The above embedding equation can also be written in
three dimensional cylindrical coordinates (r, 4, ¢)

2
ds? = dr? +dh? + 2d¢?, ds* = dr2(1 +(3—h) )+ r*d¢*. (15)
r

Furthermore, by comparing Eq. (14) and Eq. (15), we get

()

< h(n>0

Fig. 3.

— 16
17

04 :
02 \ — 138
05 0.0 4

-02 — 19

06 T ——|
1.0 1.2 14 16 1.8 2.0

r

(color online) 1st plot shows that L’j(') is always positive and the derivative of e(r) is less than one for C = 1.6 (blue), C =

After simplifying,

& :(1_5)’7'. (16)

An example of an embedding diagram for the bottom
and top universes, A(r) > 0 and h(r) < 0, respectively, us-
ing a slice ¢ = const and 6 =x/2 with regard to the radial
coordinate is shown in Fig. 3 and Fig. 4. Moreover, Eq.
(16) indicates that the embedded surface at the throat is

. dh . .
vertical because PR We also investigate how space
r

. . dh
is asymptotically flat away from the throat because P

,
approaches infinity when » approaches zero. The embed-
ded diagram is shown in Fig. 3 and Fig. 4 for the upper
and lower universes, respectively, in radial coordinates
with 27 rotation about the /4 axis.

IV. ASPECTS OF f(R, ¢, X) GRAVITY
The action of the f(R, ¢, X) theory of gravity is defined

as

(=1 .
S—f\/_g(16ﬂG[f(R,¢,X)]+Lm)dX- (17

Here, L, denotes the Lagrangian field, and g repres-

(color online) Plot of embedding diagram for the upper universe, h(r) >0, with respect to the radial coordinate with slice

t=const and 6 = 5. For full visualization of the wormhole surface, 2r rotation is taken around the A-axis.
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h()<0

Fig. 4.

(color online) Plot of embedding diagram for the lower universe, i(r) <0, with respect to the radial coordinate with slice

t=const and 6 = 5. For full visualization of the wormhole surface, 27 rotation is taken around the /-axis.

ents the metric determinant. Moreover, f(R,¢,X) = f is an
analytic function, which depends on R (Ricci scalar), ¢
(Scalar potential), and X (kinetic term), respectively. The
field equation of the f(R,¢,X) theory of gravity can be
obtained by varying the metric tensor g,, as below.

1
fRGuv_E(f_RfR)gv - VuVVfR +g,uvvarvaf(R)

€
5[5 (Vud)(Vs$) = T, (18)
where fr = Z—j;, fx= STJ;’ and V, represents the covariant

derivative. For our study, the stress energy momentum
tensor is defined as

THV =(p+ pr)u,uuv —(pr— Pr)Vqu, (19)

where v, and v, are four vectors defined as u,=e* ¢}, and
vv=e§62. Moreover, p, p,, and p; are the energy density,
radial pressure, and tangential pressure, respectively.
Substituting these into Eq. (18), we get

b1

—b pr -b U

— — 2 — 4 —

¢ Jr ¢ (4 r)fR
-b 4a’ 1

+ S 20 v —ab + 2 fo— = f = 0. (20)
4 r 2

a/l

1 ’ ’ 4 ’ 1 ”
z—eh(a +2b +;)fR_2_eb(a +7

ab  2b 1 L€
by oo

-5 fi=Rp,. @

—2f7e;

1 2 1

—b 1 ’ ’ / ’ ’

R (R Ve (O
20 2 1

-t _)fR +5f= i p;. (22)

r

where prime is used for the derivative with respect to the

radial coordinates 7. For our convenience, we use
k*> =87nG = 1. The field equations can be simplified by
taking the redshift factor to be a fixed value while dis-
cussing wormhole solutions in advanced theories. It is
worth mentioning that Eqgs. (20) —(22) are significantly
more complicated, and it is very difficult to find analytic-
al solutions. Now, we investigate generic models of f(R)
gravity theories to find wormhole solutions.

V. MODELS OF THE f{R) THEORIES OF GRAV-
ITY AND ENERGY CONDITIONS

In this section, we focus on energy conditions and at-
tempt to create methods of detecting the presence of
wormhole geometries. Energy conditions are very import-
ant and helpful for explaining traversable wormhole geo-
metry because the violation of energy conditions may
predict the presence of wormbholes. In this part, we con-
sider several specific models of the f(R) theories of grav-
ity and observe the behavior of energy conditions using
Egs. (20)—(22). For this, we conduct a graphical analysis
of energy density, pressure terms, and energy conditions
for the considered f(R) gravity models.

Energy conditions:

Energy conditions are very important for investigat-
ing the geometry of wormhole solutions. There are four
main energy conditions: the null energy condition (NEC),
strong energy condition (SEC), weak energy condition
(WEC), and dominant energy condition (DEC).

1- Null Energy Condition (NEC):

According to the NEC, the sum of energy density and
radial pressure and the sum of energy density and tangen-
tial pressure must be positive. In terms of mathematics,
this can be depicted as p+ p, >0 and p+ p, > 0. The NEC
may be found by exploiting field equations using the
Raychaudhuri equations (Raychaudhuri 1957). Further-
more, the NEC is very important because the violation of
the NEC indicates the existence of exotic matter and
wormholes.
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2- Strong Energy Condition (SEC):

The SEC states that the sum of energy density and ra-
dial pressure, the sum of energy density and tangential
pressure, and the sum of energy density, radial pressure
and tangential pressure should be positive. In terms of
mathematics, this can be represented as p+p, >0,
p+p; =20, and p+ p,+2p; > 0. The violation of the SEC
may predict the presence of exotic matter and will indic-
ate the existence of wormhole geometry owing to the
exotic matter.

3- Weak Energy Condition (WEC):

According to the WEC, the sum of energy density and
radial pressure, the sum of energy density and tangential
pressure, and independent energy density must be posit-
ive. In terms of mathematics, this can be represented as
p=0,p+p,>0,and p+p; > 0.

4- Dominant Energy Condition (DEC):

The DEC is a combination of the difference of en-
ergy density and radial pressure and the difference of en-
ergy density and tangential pressure, which must be posit-
ive. In terms of mathematics, this can be represented as
p=Ips>0and p—|p]>0.

For the above energy conditions, we investigate how
energy circumstances, especially the NEC and WEC, be-
have to learn more about wormhole formation. The fail-
ure of the NEC is a prerequisite for the occurrence of
wormholes. The violation or non-violation of energy con-
ditions in the framework of wormhole solutions has been
studied in literature employing the framework of differ-
ent gravity theories [52— 54]. Furthermore, we discuss
wormhole solutions in the f(R) theories of gravity in up-
coming sections.

A. f(R) theory of gravity

In this case, we assume a special model of the f(R)
theory of gravity.

fR.$,X)= fo*R:. (23)

where fj is a free parameter, and R is a Ricci scalar. This
method is used because it has already been investigated in
several research papers in which effective solutions were
identified. Using the above model (23) in Egs. (20)—(22),
we get

1. . 3 _ 4a’
Kp=— SFoR: + Ze b s \/R(—
p

+ad?-db + 2a"), (24)

1 s 3 1
Kpr=- S5 JoR? — Ze_bfo ‘/E( 2

Ea
20 1
- Ea'b' +a"), (25)
1 ;3 2 26
Kpi==foR - —e o VR| = - Z= ' -1,
2 4r r r
(26)

The graphical analysis of energy density p is positive
and has a decreasing nature, as shown in the left part of
Fig. 5. The graphical representations of p+ p, and p+ p,
are negative, which indicates that the NEC is violated, as
shown in the middle and right parts of Fig. 5. We also
note that the graphical representation of energy density is
positive, but p+ p, and p + p; are negative. Therefore, we
can conclude that the WEC is violated. The graphical
analysis of p— p, is positive and has a decreasing nature
when we move toward the boundary, as shown in the left
part of Fig. 6. Similarly, the nature of p— p, is similar to
p—pr, as shown in the middle panel of Fig. 6. Hence, it
can be concluded that the DEC is satisfied in this case.
The representation of p+p,+2p, exhibits negative
trends, as shown in the right panel of Fig. 6. Owing to the
violation of this component, we can conclude that the
SEC is also violated. The significant consequences of en-
ergy condition violation, especially the violation of the
NEC, may indicate the presence of exotic matter, which

— 14

o+pr

— 15

.
of 12131415

— 11
12 Lb
13

—_11

© +pt

12
13
— 14

— 15

L L L L L
11 12 13 14 15
r

Fig. 5.
(green), C = 1.4 (orange), and C = 1.5 (pink).

(color online) Graphs of energy density p and the NEC (p+ p,) >0 and (o + p;) >0 for C= 1.1 (blue), C = 1.2 (yellow), C=1.3
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-20fF

N B -30fF
?l 30 cIL 30 ? 40F
Q Q 5 -
20 20 N _s0f
10F 10 -60F
of ERERERLY 0 12 13 14 15" -70F 12 13 14 15
X 12 13 4 s " 12 13 4 15 X 2 3 14 15
r r
Fig. 6. (color online) Graphs of the DEC ((o—p,) >0, (o—p;) > 0) and SEC p+ p, +2p, >0 for C = 1.1 (blue), C=1.2 (yellow), C=1.3

(green), C = 1.4 (orange), and C = 1.5 (pink).

may justify wormhole existence in the f(R) gravity mod-
el.

B. f(R,¢) theory of gravity

In this case, we consider the following f(R,¢) gravity
model for discussions on wormhole geometry:

J(R.¢.X) =Rx[¢(n]", 27)

where ¢ is a scalar potential function that depends on the
radial component 7. If we select some power of the Ricci
scalar, we are unable to obtain the required results. For
our current analysis, we further consider ¢(r) = r#, where
[ is any arbitrary constant. Using the above model (27) in
Egs. (20)—(22), we get the following field equations:

Bp == 502V R 01+ o
+ (=1 +mymr 2B P)y=2+mpg2y

- 2e-bmr—1+ﬁ(rﬁ)—1+mﬁ(l + b—')
r 4

1 Ad’
+ Ze-b(rﬁ)'"(i +d*-a'b +2a"), (28)
r

kzpr = %(fﬂ)mR + %e_bmr_l+ﬁ(rﬂ)—l+m
><,B(‘—1 +d +2b’) - le—b(’,ﬂ)m
r 2

1 2 1
X (—a'2 - —-=a'b' + a"), (29)
ro 2

2

1, . 3 2 2
Kpi==foR: = —e’fo VR[= = Ze’ +a’ -1’ |.
2 4r ror
(30)

By analyzing the above equations, we may examine
the physical properties of wormhole geometry. The
graphical analysis of energy density p is positive and in-
creases when we move away from the center, as shown in
Fig. 7. We know that the validation of the NEC is con-

nected with (o+p,) >0 and (o+ p;) > 0. The middle and
right panels of Fig. 7 show that the two expressions p + p,
and p+ p, are negative, which indicates that the NEC is
violated. It is noted that the WEC is also violated be-
cause the WEC is connected with the NEC. Furthermore,
the graphical representations of p— p, and p— p; are both
positive, which indicates that the DEC is satisfied, as
shown in the left and middle parts of Fig. 8. The compon-
ents p+ p,, p+ p;, and p + p, +2p, exhibit negative trends,
which indicates that the SEC is not satisfied, as shown in
right panel of Fig. 8. It is noted that the negative nature of
these pressure components, especially the NEC, WEC,
and SEC, indicates the presence of exotic matter, which
may justify wormhole existence in the f(R,¢) gravity
model.

C. f(R,9,X) theory of gravity

In this case, the following f(R,#,X) gravity model is
considered for discussions on wormhole geometry:

f(R,¢,X) = ¢(r) + R+ h(x), (1)
where
p(r)=1r°, (32)
h(x) = kiy + ko, (33)
x =56y, (34)

where ki, k», and & are arbitrary constants. Now, substi-
tuting this model into Egs. (20)—(22), we get

Kp=—ebr 2P —1+p)B+ %(—k2 -PR

1 1 b
+e Pk PPRE | - 2e BB - 4 =
2 r 4
1 4a’
+Ze_br3(i +a’2—a’b+2a”), (35)
r
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(37)

Equations (35)—(37) are very important when discuss-
ing wormhole solutions in the modified f(R,,X) theory
of gravity. The graphical representation of energy dens-
ity p is increasing and has decreasing trends, as shown in
Fig. 9. The graphical representation of p+ p, is negative
near the origin and becomes positive when we move to-
ward the boundary, as shown in the middle part of Fig. 9.
The right panel of Fig. 9 shows that p + p, exhibits negat-
ive trends, which is a basic reason for the violation of the
NEC. We note that the WEC is also violated because val-
idation of the WEC is linked to the validation of the
NEC. The graphical analysis of p— p, has a positive and

13 14 15 1.1 12 13 14 15

r

(color online) Graphs of the DEC ((o—p,) >0, (0—p,) > 0) and SEC p+ p, +2p, >0 for C = 1.30 (blue), C = 1.34 (yellow), C =

decreasing nature, as shown in the middle panel of
Fig. 10. However, p— p, has an interesting nature; it ini-
tially exhibits negative trends before becoming positive
with movement along the radial coordinate, which is
shown on the left of Fig. 10. Therefore, we can conclude
that the DEC is violated near the origin but satisfied when
we move away from the origin. Furthermore, the SEC is
also violated owing to the negative behavior of
o+ pr+2p;, as shown in Fig. 10. It is noted that the negat-
ive nature of these pressure components, especially the
NEC, WEC, and SEC, indicates the presence of exotic
matter, which may justify wormhole existence in the
f(R,¢,X) gravity model.

VI. CONCLUSION

The goal of this paper is to examine wormhole solu-
tions using the framework of the f(R) theories of gravity.
The concept of wormhole geometry in cosmology at-
tracts a large number of research specialists. As a result,
several approaches to investigating wormhole geometry
in various orientations are employed. In our study, we ex-
amine useful and intriguing results about the presence of
genuine wormhole geometries using standard matter al-
location in f(R,¢,X) gravity models. We use three specif-
ic models of the f(R) theories of gravity and examine the
energy conditions for each case. Furthermore, we ob-
serve NEC violation in all considered cases because the
violation of the NEC is required for the realization of
wormbhole solutions.
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The graphical analysis of energy density p is positive
and has a decreasing nature. The graphical representa-
tions of p+p, and p+ p; are negative, which indicates
that the NEC is violated. It is also noted that the graphic-
al representation of energy density is positive, but p + p,
and p+ p; are negative. Therefore, we can conclude that
the WEC is violated. The graphical analyses of p— p, and
p—p; are positive and have a decreasing nature when we
move toward the boundary. Hence, it can be concluded
that the DEC is satisfied in this case. The representation
of p+p,+2p, exhibits negative trends, which indicates
that the SEC 1is also violated. The significant con-
sequences of energy condition violation, especially viola-
tion of the NEC, may indicate the presence of exotic mat-
ter, which may justify wormhole existence in the f(R)
gravity model.

The graphical analysis of energy density p is positive
and increases when we move away from the center. We
know that the validation of the NEC is connected with
(o+p)>0 and (p+p,) >0; the expressions p+ p, and
p + p; are negative, which means that the NEC is violated.
We note that the WEC is also violated because the WEC
is connected with the NEC. Furthermore, the graphical
representations of p—p, and p—p, are both positive,
which indicates that the DEC is satisfied. Moreover, the
components p+ p,, p+ py, and p+ p,+2p, exhibit negat-
ive trends, which indicates that the SEC is not satisfied. It
is noted that the negative nature of these pressure com-
ponents, especially the NEC, WEC, and SEC, indicates
the presence of exotic matter, which may justify worm-

(color online) Graphs of the DEC ((p-p,) >0, (o—p;) > 0) and SEC p+ p,+2p; >0 for C=0.5 (blue), C = 0.6 (yellow), C =

hole existence in the f(R,¢) gravity model.

The graphical representation of energy density p is in-
creasing and exhibits decreasing trends. The graphical
representation of p + p, is negative near the origin and be-
comes positive when we move toward the boundary;
however, p + p, has negative trends, which is a basic reas-
on behind the violation of the NEC. Furthermore, the
WEC is also violated because validation of the WEC is
linked to the validation of the NEC. The graphical analys-
is of p— p, has a positive and decreasing nature; however,
p—p- is initially negative and becomes positive with
movement along the radial coordinate. Therefore, we can
conclude that the DEC is violated near the origin but sat-
isfied when we move away from the origin. Furthermore,
the SEC is also violated owing to the negative behavior
of p+ p,+2p,;. We note that the negative nature of these
pressure components, especially the NEC, WEC, and
SEC, indicates the presence of exotic matter, which may
justify wormhole existence in the f(R,#,X) gravity model.
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