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Abstract: According to gauge/gravity duality, we use an Einstein-Maxwell-dilaton (EMD) model to study the run-

ning coupling constant at finite chemical potential and magnetic field. First, we calculate the effect of temperature on

the running coupling constant and find the results are qualitatively consistent with lattice guage theory. Sub-

sequently, we calculate the effect of chemical potential and magnetic field on running coupling. It is found that the

chemical potential and magnetic field both suppress the running coupling constant. However, the effect of the mag-

netic field is slightly larger than that of chemical potential for a fixed temperature. Compared with the confinement

phase, the magnetic field has a large influence on the running coupling in the deconfinement phase.
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I. INTRODUCTION

Color confinement [1] and asymptotic freedom [2—4]
are important concepts for Quantum Chromodynamics
(QCD) as a non-Abelian gauge theory with a coupling
constant decreasing with the increase of energy scale.
That is, free quarks do not exist, one can only observe
color-neutral hadrons at low energy, and quarks behave
as almost free particles at high momentum transfer [5].
The investigation of the fundamental forces between
quarks and gluons is an essential key to the understand-
ing of QCD and different phases are expected to show up
when going from low to high temperatures and/or baryon
number densities.

Heavy quarks closely resemble static test charges
which can be used to probe microscopic properties of the
QCD vacuum, in particular the anatomy of the confine-
ment mechanism [6]. Forces between static quarks, i.e.
static test charges in a thermal and dense medium, change
because the gluons, which mediate the interaction
between the static quarks, also interact with the constitu-
ents (quarks and gluons) of the thermal bath. The inter-
play between short- and long-distance length scales plays

a crucial role for a quantitative understanding of hard as
well as soft processes in relativistic heavy ion collisions
[7]. As is well known, the running behavior of QCD
coupling with densities reflects the essential properties of
strongly interacting matter, which can be shown by solv-
ing the renormalization group (RG) equation [8]. At short
distances precise knowledge of the running coupling con-
stant is needed to match the growing accuracy of hadron
scattering experiments as well as to test high-energy
models unifying strong and electroweak forces. It is also
necessary to know the behavior of the running coupling
constant at long distances, such as the scale of the proton
mass, in order to understand hadronic structure, quark
confinement and hadronization processes [9]. In this
work, we expect that fundamental forces between quarks
and gluons get modified at finite temperature and chemic-
al potential. Furthermore, it has been found in recent
years that strong magnetic fields play essential roles in
non-central heavy ion collisions [10—23]. For instance,
the magnetic fields produced at the top collision energies
of the Large Hadron Collider can reach the order of
eB ~ 15m2. Such strong fields may have consequences for
the transport and thermodynamic properties of the
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quark —gluon plasma (QGP) formed in later stages of
heavy ion collisions.

With the discovery of AdS/CFT correspondence
[24-26] or gauge/gravity duality, it has become an effect-
ive tool to study strongly coupled systems. The unique
advantage of holography makes it possible for us to study
the various properties of the QGP through weakly-
coupled gravitational theory. With the development of
holographic QCD, the QCD phase transition [27—45],
glueball and meson spectra [46—54], heavy quark poten-
tial [55—60], jet quenching [61—67] and many aspects
[68—93] of QCD have been studied both from top-down
and bottom-up models in the last 20 years.

In this paper, we mainly investigate qualitatively the
QCD coupling constant with finite chemical potential and
magnetic field at short and large distances in a holograph-
ic framework. The rest of this paper is organized as fol-
lows. In Sec. II, we give a review of the EMD model with
two Maxwell fields. In Sec. III, we study the effect of
chemical potential and magnetic field on the running
coupling constant. Finally, we make a summary in Sec.
Iv.

II. REVIEW OF EMD MODEL

First, we briefly review a 5-dimensional EMD model
with two Maxwell fields [87]. The action of this model is

1

FMN

BWWWW@WL (1)

where F(un and Fouy are the field strength tensors, ¢
is the dilaton field, and R is Ricci scalar. We can con-
sider A; as the dual of a (neutral) flavor current, capable
of creating mesons, while A, is the dual of the electro-
magnetic current. f1(¢) and f>(¢) are the gauge kinetic
functions representing the coupling with the two U(1)
gauge fields respectively. V(¢) is the potential of the
dilaton field, whose explicit form will depend on the
scale function A(z), and Gs is the Newton constant in
five-dimensional spacetime. The presence of magnetic
field is introduced by adding a U(1) gauge field which is
dual of the electromagnetic current in the gravitational
action. For our current purposes, we will just introduce a
constant magnetic field B, that is, we have no interest in
the fluctuations of the Abelian gauge field. We assume
the form of metric is

L? 1
SZ(Z) [(—g(z)dr2 + —dz* +dy?

ds* =
g 2@

+eB7(dy + dyd)|, )

where S (z) is the scale factor and we set the AdS radius L
to one in this paper. Note that B is the five-dimensional
magnetic field which is related to four-dimensional mag-
netic field with a factor of 1/L [94]. Thus, the unit of B is
GeV. From the action, we can obtain below equations of
motion (EoMs) [87]
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We impose the following boundary conditions,

g0)=1

A0)=p
S0)=1,
$(0) =0. )

and g(zy) =0,
and A(zy) =0,

Magnetic field is along the y; direction and we set
S (z) = e*4@_ In this model, A(e) and fi(¢) are fixed from
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QCD phenomena and V(¢) is solved from the equation of
motions. This scenario is named as the potential recon-
struction approach, introduced in some early literature
[58, 95, 96]. After those, there were many other works
exploring this approach in holography. The form of the
gauge coupling function fij(¢) can be constrained by
studying the vector meson mass spectrum. We take the
following simple form of f(z) = e <8¢/ +/S(z) for the

LZ eZBZzZ +2A(2)

L) =-

x| g(2) (432z +6A’(2) - %) + 2g’(z)], (10)

=1+ TEESAO (K ¢ 11
reason that the vector meson spectra can be shown to lie 8@ f aere (&s 2cL?e# el2e® (b
on linear Regge trajectories for B=0 and the mass
squared of the vector mesons satisfies m2 = 4cn.
: =2
Moreover, the parameter ¢ can also be fixed by matchm/g Le % e BE I
with the lowest lying heavy meson states J/¥ and ¥, Koo 2cI2 Y0 1
and by doing this we get ¢ = 1.16 GeV? [37, 87, 97]. The 37T 7 degeBE-300 ’ (12)
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where A = A(z) + V1/6¢(z). Following [37], we will as-
sume A(z) = —az> and take a=0.15GeV? for a decent
match with the lattice QCD deconfinement temperature at
B =0. The Hawking temperature is given as

2,eA@)-BE

[T
T=-3  (Kky+ e 16
4 (3 2cL? ) (16)

The Nambu—Goto action of a string in the worldsheet
is given by

d?¢ [~ detgup, (17)
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where g, is the induced metric, el is the string ten-
T
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Through the standard procedure, we can get the renor-
malized two-flavor free energy of the QQ pair,
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The inter-quark distance of the QQ pair is
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Following the discussions on the running of the QCD
coupling [98—102], Refs. [7, 103] define a running coup-
ling constant from the perturbative short- and long-dis-
tance relations for the singlet free energy as

3r2dFpp
s= 90 24
400 =" g, @9

III. NUMERICAL RESULTS OF RUNNING COUP-
LING CONSTANT AT FINITE CHEMICAL
POTENTIAL AND MAGNETIC FIELD

Before turning to the finite chemical potential and
magnetic field cases, we first numerically calculate the
running coupling constant at finite temperature in order to
compare with lattice results and other models, as shown
in Fig. 1. T. =266 MeV is the deconfinement phase trans-
ition temperature of the system at vanishing chemical po-
tential and magnetic field, as determined from the free
energy [87]. Figure 1 (a) shows that the running coupling
constant is an increasing function with the increase of
inter-quark distance at small L. At vanishing temperature,
we have g(z) =1. For T/T.=1.05, we can see that the
running coupling constant changes slowly at small dis-
tances (r<0.1 fm) and then increases quickly until the
running coupling reaches a maximum, then decreases
quickly. At the same time, the quark—antiquark becomes
deconfined. For higher temperatures, the maximum run-
ning coupling decreases. From the above discussion, we
know that the temperature will significantly affect the

0.8f
0.6 (a)
e}
o
S — T/T:=0
== T/Te=1.05
o2t L e TIT.=1.5
...... T/Te=3
0.0 . .
0.0 0.1 0.2 0.3 0.4 0.5 0.6

r(fm)
Fig. 1.

running coupling constant at large distances. However,
the temperature has little impact on the running coupling
constant at the small distances. We take the maximum
running coupling constant at fixed temperature and plot
in Fig. 1 (b). This shows that the temperature will signi-
ficantly influence the maximum value of running coup-
ling constant and it will slowly tend to zero at extremely
high temperatures. These results are qualitatively consist-
ent with lattice [7] and other works [104, 105] which use
the original soft-wall qualitative analysis in this paper.
Nevertheless, the EMD model is self-consistently solved
from the Einstein field equations and the EoMs for ¢ and
A,. If we want to get the results very close to lattice, we
need to adjust the form of A(z) and the parameters. We
only focus on qualitative analysis in this paper.

In Fig. 2, we show the effect of chemical potential on
the running coupling constant for a fixed temperature 7 =
1.05T7.. We find that the maximum running coupling is a
decreasing function of chemical potential and the chemic-
al potential still has little impact on the running coupling
constant at small distances. From the right panel, the
maximum running coupling decreases slowly at small
chemical potential then decreases quickly at large chem-
ical potential. However, the effect of chemical potential
on running coupling constant is still less dramatic than
the effect of temperature. The qualitative results are in ac-
cordance with the quasiparticle model [106, 107].

Next, we show the effect of parallel magnetic field on
the running coupling constant for a fixed temperature T =
1.05T. in Fig. 3. The qualitative behavior of the running
coupling constant under the magnetic field is similar to
that at finite temperature and chemical potential. But the
effect of magnetic field is larger than chemical potential
and smaller than temperature. From the right panel of Fig.
3 (b), we can see the maximum running coupling con-
stant will decrease smoothly with magnetic field. The dir-
ection of magnetic field perpendicular to the string can
also be calculated in principle, but we haven't shown the
results here since we find the difference between parallel
and perpendicular direction is extremely small for the

0.8}
[ ]
0.6
(e
€]
) 0.4
0.2 N
i (] . . °
0.0
2 4 6 8
TIT

(a) Running coupling constant as a function of inter-quark distance L for different temperatures. 7. =266 MeV. Black line is

T/T. =0, dashed line is 7/7T, = 1.05, dot-dashed line is 7/7. = 1.5 and dotted line is 7/7. = 3. (b) Maximum of running coupling con-

stant at fixed temperature as a function of 7/7..
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(a) Running coupling constant as a function of inter-quark distance L for different chemical potentials for a fixed temperature

T =1.05T. Black line is u = 0, dashed line is x = 0.1 GeV, dot-dashed line is = 0.2 GeV and dotted line is u = 0.3 GeV. (b) Maximum of
running coupling constant at fixed temperature as a function of chemical potential .
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(a) Running coupling constant as a function of inter-quark distance L for different magnetic fields at a fixed temperature

T =1.05T. Black line is B =0, dashed line is B =0.15 GeV, dot-dashed line is B=0.3 GeV and dotted line is B =0.4 GeV. (b) Maximum
of running coupling constant in fixed temperature as a function of magnetic field B.

magnetic field created in present experiments. The
Polyakov—Nambu—Jona—Lasinio (PNJL) model [8, 108,
109] also shows that the running coupling constant de-
creases with the magnetic field strength, which is consist-
ent with our model.

Finally, we discuss the running coupling in the con-
fined phase which corresponds to thermal-AdS in this
model. It is easy to find that the metric is independent of
zp and u. In the confined phase, the inter-quark distance
can't be infinite, as discussed in Refs. [110, 111]. The dis-
tance of string breaking occurs at around L= 1.2 fm and a
heavy meson decays to a pair of heavy—light mesons. The
detailed discussion of string breaking in different magnet-
ic fields will be left to future work. We can study the ef-
fect of magnetic field on the running coupling in Fig. 4.
We find that the running coupling will decrease with the
increase of magnetic field and the influence of magnetic
field in the deconfined phase is larger than the influence
of magnetic field in the confined phase.

IV. CONCLUSION

In this paper, we use a holographic model to calcu-
late the running coupling constant constant at finite
chemical potential and magnetic field. First, we calculate
the effect of temperature on the running coupling con-

4
— B=0
1] ’
S B=0.15GeV 73
----- B=0.3GeV s
.f‘/
1t e
0 " . . . .
0.0 0.2 0.4 0.6 0.8 1.0 1.2
r(fm)

Fig. 4.
quark distance L for different magnetic fields. Black line is
B =0, dashed line is B=0.15GeV, dot-dashed line is B= 0.3
GeV.

Running coupling constant as a function of inter-

stant constant. In Fig. 2 of Ref. [7], lattice results show
that «,, agrees with the zero temperature result at short
distances. Thermal effects only become visible at larger
distances and lead to a decrease of the coupling relative
to its zero temperature value. At temperatures 7 > T, the
running coupling has a maximum value beyond which it
will decrease with the increase of distance, and this max-
imum value decreases with the increase of temperature.
The results of this holographic model are also qualitat-
ively consistent with lattice results in Fig. 1.
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Then, we study the chemical potential and magnetic
field on running coupling. The interaction between two
quarks are reflected by the running coupling or the heavy
quark—antiquark potential (free energy). In our previous
study [81, 92], we found that chemical potential and mag-
netic field will change the free energy of QQ. Since the
running coupling is extracted from the free energy of QQ
[7, 103], we can infer that the chemical potential and
magnetic field should have an influence on the running
coupling. More discussions of the running coupling in the
presence of the chemical potential and magnetic field can

be found in Refs. [8, 106—109]. In our paper, we find the
presence of chemical potential and magnetic field will de-
crease the maximum of the running coupling constant and
have little influence on the running coupling at small dis-
tances (large momentum transfer). Furthermore, the influ-
ence of the magnetic field on the running coupling con-
stant is larger than that of the chemical potential, for a
fixed temperature. Finally, we find that the magnetic field
has a larger influence on the running coupling in the de-
confinement phase compared with the confinement phase.
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