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Abstract: The tension between the Hubble constant values obtained from local measurements and cosmic mi-

crowave background (CMB) measurements has motivated us to consider the cosmological model beyond ACDM.

We investigate the cosmology in the large scale Lorentz violation model with a non-vanishing spatial curvature. The

degeneracy among spatial curvature, cosmological constant, and cosmological contortion distribution makes the
model viable in describing the known observational data. We obtain some constraints on the spatial curvature by
comparing the relationship between measured distance modulus and red-shift with the predicted one, the evolution of
matter density over time, and the evolution of effective cosmological constant. The implications of the large scale

Lorentz violation model with the non-vanishing spatial curvature under these constrains are discussed.
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I. INTRODUCTION

The present Hubble constant value can be measured
in several ways, e.g., by the ACDM model with CMB
measurement fixing its parameters at a relatively early
universe, or by the distance ladder method at a relatively
late universe. The discrepancy between the values of
these different methods is known as the Hj tension prob-
lem.

In the late 1990s, the use of Type Ia supernovae as
standard candles led to the discovery that the expansion
of the universe is accelerating. Large-scale observations
indicate a cosmological acceleration phase that occurs at
a late time [1]. Hence, several attempts have been pro-
posed to describe the cosmic accelerated scenario. In gen-
eral, there are two types of interpretations for this cosmic
phase: 1) postulating an exotic form of energy with negat-
ive pressure commonly called dark energy or ii) modify-
ing the laws of gravity. Numerous models have been pro-
posed based on these two branches; however, it is diffi-
cult to determine the correct one owing to the degen-
eracies in the parameter space. Nevertheless, the ACDM
model with six parameters could excellently fit almost all
observational data, and has been set as the standard mod-
el of cosmology [2]. By assuming a flat space in the
ACDM model, the final full-mission Planck measure-
ments of the cosmic microwave background (CMB) an-
isotropies have deduced a value for the Hubble constant

Hy = (67.27£0.60) km/s/Mpc. This is compatible with
many earlier and recent estimates of Hy. In contrast, mul-
tiple local expansion rate measurements find slightly
higher Hj values and slightly larger error bars. In addi-
tion, the latest value from the Supernovae and H for the
Dark Energy Equation of State (S HyES) project, together
with GAIA DR?2 parallaxes, is Hy = (73.52 +1.62) km/s/
Mpc, which has a more than 30 tension with the Planck
CMB data [3]. This tension is one of the most intriguing
problems in modern cosmology. There have been several
attempts to solve the problem, such as introducing new
physics beyond the standard ACDM cosmological model.
The non-zero spatial curvature may be a choice solution
to the Hy tension problem. Observing that the Friedmann

equation &> +K = %pa2 in the ACDM model with spa-

tial curvature can be written as

1 3K
l-—=——, 1
Q  8xGpa? M

8nG 2, . .
where Q= £ =% p(g) is cosmic density, one can
Pc 3 \a
3K 5 . ) .
find oc a* in the radiation dominated era while
8rGpa?
3K

S Cod? oc a can be found in the matter-dominated era for
nGpa
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1
pa’ = const. In other words, the absolute value of 1— a

should grow all the time from the early universe until
now if K # 0, because the cosmic scale factor is growing
all the time. From the Planck period until now, a(¢) in-
creased by dozens of magnitudes, followed by the value

of 1- a° which also increased by dozens of magnitudes.

Currently, the deviation of Q to 1 is observed to be a
magnitude of up to 1, followed by the current value of

1- ’ which should also be a magnitude of 1. Based on

existing conclusions, we can get the cosmological dens-
ity of the Planck period Q, =1+10"", where N is a con-
stant more than dozens. It suggests that at the end of the
Planck period, the critical and cosmic mass densities were
the same in several significant numbers, and the two
physical quantities were not exactly equal. Otherwise,
after the long evolution, there is a universe without the
present spatial quasi-flatness. The non-zero spatial
curvature encounters the problem of fine-tuning some-
how in the inflation scenario. However it is still sensible
to figure out whether the present distance observations
prefer a non-zero spatial curvature or not. Although the
current cosmological observations strongly favor a spa-
tially flat Universe, e.g., the combined Planck 2018 cos-
mic microwave background (CMB) and baryon acoustic
oscillation = measurements,  which  suggest that
Qg =0.001 +£0.002 [1], these constraints are based on the
pre-assumption of a specific cosmological model (e.g.,
the standard ACDM model). Because of the strong de-
generacy between spatial curvature and the equation of
state of dark energy [4], it is rather difficult to constrain
the two quantities simultaneously. In general, dark en-
ergy is assumed to be a cosmological constant for the es-
timation of curvature, or conversely, the Universe is as-
sumed to be flat in a dark energy analysis. Indeed, if the
density of dark energy is allowed to vary freely with time,
constraints on the geometry of the Universe may not only
become less stringent, but may even depend on the prop-
erties that dark energy was previously assumed to have
[5]. However, a simple flatness assumption may result in
an incorrect reconstruction of the dark energy equation of
state, even if the real curvature is very small, and a cos-
mological constant assumption may lead to confusion
between ACDM and a dynamical dark energy model [6].
Moreover, the tension between the most recent Snela data
and spatial flat assumption in the ACDM model [7] may
eventually support a spatial non-flat universe [8]. It has
been pointed out that the Planck 2018 CMB spectra
prefer a positive spatial curvature at more than 99% con-
fidence level (CL) [9, 10]. The combined analysis of
Planck CMB anisotropy and luminosity distant data sim-
ultaneously excludes a flat universe and cosmological
constant at 99% CL [11].

The motivation behind the choice of non-flat cosmo-
logy is that, as conventionally believed, an early infla-

tionary phase leads to an almost flat universe, although
not exactly with a perfectly zero spatial curvature. This is
not necessary if the number of e-foldings is not signific-
antly large [12]. It is still possible that there is a contribu-
tion to the Friedmann equations from the spatial
curvature when studying late-time universe, though sub-
stantially smaller than other energy components accord-
ing to observations. Recent observations have complic-
ated this problem by suggesting that the deceleration
factors of the expansion of the universe change over time,
and that the universe went from decelerating to acceler-
ated expansion approximately 6 billion years ago.

In the ACDM model, the cosmological constant can
be viewed from the perspective of vacuum energy dens-
ity, which is responsible for the accelerated expansion of
the universe. Considering the large scale Lorentz viola-
tion, the large-scale torsion distribution caused by the
Lorentz violation effect combined with the vacuum en-
ergy density is responsible for the accelerating expansion
[13]. Therefore, we can introduce the effective cosmolo-
gical constant, which is responsible for the accelerating
expansion of the universe. Using the evolution of matter
density Qy and initial conditions, one can constrain the
bare cosmological constant to a desirable range. The im-
plications of the large scale Lorentz violation model with
non-vanishing spatial curvature under these constrains
will be discussed in this paper.

II. COSMOLOGY OF THE GRAVITATION THEORY
WITH LARGE SCALE LORENTZ VIOLATION

The large scale Lorentz violation gravitation model
with zero spatial curvature is discussed in Ref. [13]. The
general FRW metric, including the open and closed spa-
tial geometry, is expressed as

ds® = d? —a® (0)(dr?/ (1 - Kr?) +r2d6” + °d6” + Psin®6de?)
)

The equations of motion for the gravitational field equa-
tion is

G, =R, ~1/2Rs", = 87G/c*(Ty + T (3)

in which G*,, R,, and R denote the Einstein tensor,
Ricci curvature tensor, and Ricci curvature scalar of the
spacetime with Levi-Civita connection, respectively. Ta
represents the energy-momentum tensor of the dark part-
ner contributed by the contortion tensor, which is re-
sponsible for the accelerated expansion of the universe,
[TAl%, = diag(oa,—pa, —Pa,—pa). The dark partner en-
ergy density pa and pressure p, are expressed as

A

a
=g (37(2 +6K —Ao) )
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and

A

PAZ%

(7(2 L4k o - Ao) , )
a

where K (1) =K, = K9, =K, represents the non-zero

components of the contortion tensor and A is the bare

cosmological constant, the geometrical contribution by
vacuum energy density. The modified Friedmann equa-
4

. . . . C
tions in geometrical unit %G = 1 can be expressed as
JT

(E) 2255+ — =z (p+Ao) (6)
a a a 3
and

. a 1 1 d

a= 2(p+ 3p)+3al\0 ” @K) . N

As a reference, the Friedmann equations for ACDM mod-
el are

Godew
and
&z—g(p+§)+%aA. )

This research attempts to explore the implications of the
large scale Lorentz violation model with non-vanishing
spatial curvature. It should be noted that the model lacks
the evolution of K (¢), and the set of Eqgs. (6) and (7) is
not closed. As discussed in [13—15], the scales of the
Lorentz violation region during the quantum gravity dom-
inating era are stretched out beyond the horizon by infla-
tion, and the region with sub-scale may reenter the hori-
zon during normal expansion. In principle, the specific
quantum gravity and inflation models are required to
provide the prediction on the evolution of K (7).
However, the evolution of % (¢) can be approximated by
employing the ACDM model or assuming an equation of
state satisfied by the dark partner phenomenologically.
One can add an independent equation from the set of
Friedmann equations of the ACDM model to close the set
of modified Friedmann equations with two choices, as in
[14, 15]. The third approximation comes from adding the
equation of state for the dark partner to the modified
Friedmann equations set. The three types of approxima-
tion can be given as follows [14, 15].

Notice that (6) and (7) can be combined into one
equation when the equation of state p = wp is assumed,

.. 1/a\2 R ] 1
a,3wt (f) +Gw+2) L g 2 g
2 \a a
3w+l K w+l
SR A— Y :0, 10
> 2 M (10)
with a reference equation
a 3w+ljay> w+l
-=- - A 11
a 2 (a)+ 2 (1

in the ACDM model. The first kind of approximation
named Case A is

1 1 d
5(1/\0 - gal\ = & (a‘K), (12)

obtained by combining (7) and (9). The second type
named Case B is

3w+l_, 3w+l K w+l
= A-Ag)=
7 KA atTy W ho=0,

(13)

Gw+2) 37(+7'<+

obtained by combining (10) and (11), while the third one
named Case C is

(4+6wq) g«+ (143w K2 +2K = (wo+ D Ao,  (14)

with the assumption that the equation of state for dark
partner is

PA = WopPA - (15)

The Friedmann equation of the ACDM model can be
expressed as

A:3(—)2—p. (16)

Similarly, the modified Friedmann equation of the large
scale Lorentz violation model can be expressed as

R K )
A0—6W3—37<2—3—2=3(f) —p. (17)
a a a

Comparing (16) and (17), it is not only the bare cosmolo-
gical constant A that contributes to the accelerated ex-
pansion of the universe in the large scale Lorentz viola-
tion model, but also the contribution from % (r), whose
total contribution can define the effective cosmological
constant
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3K

At = Ag—6HK —3K* — —..
a

(18)
The initial value of K (¢), the contortion component value
at present, can be obtained by the Friedmann equation of
the ACDM model with two possible choices. The first
type of initial value is

7((;0):110{—“\/1 K _A AO}, (19)

—_—— — — + —_—
2772 2 2
a}H? 3H? 3H.

while the second one is

7((;0)=HO{—1—\/1—L A AO}. (20)

-——t—
2172 2 2
aH2 3H2 3H

To ensure the values of contortion components take real
numbers, there should be a constrain condition satisfied
by the bare cosmological constant, cosmological con-
stant observed, and spatial curvature, K /a% +A/3—
Ao/3<H?,ie.,

3K
Ao > A+= —3H}. (21)
a
0

For a specific large scale Lorentz violation model, the
spatial curvature constant K, current cosmic scale factor
ap, Hubble constant Hy, and bare cosmological constant
Ay are the free input parameters given by observation or
predicted by a more fundamental theory model. It can be
defined that

3K
Amin = A+= —3H; (22)
a

0

from condition (21), such that there is a minimum for the
free input bare cosmological constant, Ay > A, to facil-
itate a feasible evolution of the universe.

Because the accelerated expansion occurs in the late
stage of the cosmic evolution, we mainly concentrate on
considering the matter-dominated era. In the case of
w = 0, the evolution of the Hubble parameters and contor-
tion can be obtained by the modified Friedmann equa-
tions (6), (7), and one of the three kind of approxima-
tions, (12), (13) and (14), with both the initial values of
K (¢) in (19) and (20). The evolution of H versus time in
different cases are presented in Figs. 1 and 2. Figure 1
shows that the behavior of the evolution of the Hubble
parameter in Case C2 deviates rather significantly from
other cases and the ACDM model. However, deviation
among different models become small after the scale
factor of the universe, a, becomes greater than 1. The

evolutions of Case B and ACDM models tend to be
identically the same globally.

Figure 2 shows that the evolutions of Cases A2 and
C2 in the case of K = —1 deviate from the behavior of the
ACDM model, while the deviations among Cases Al, B1,
Cl, and B2 and the ACDM models are very small. Figs. 1
and 2 illustrate that the evolutions in the three types of
approximations, respectively, are significantly close to
the evolution in the ACDM model when K = -1, where
K (r) takes the first initial value. Because the light ray
travels along the geodesic line even in the case of non-
zero torsion, the redshift formula for the large scale
Lorentz violation model is the same as that for the
ACDM model,

l47= 2, (23)
a

From the definition of luminosity distance, one can
obtain

4@ = (1472 sinh[\/Q_Kf H
0

Od’], 24
N an ™ Y

where d| represents the luminosity distance,

C
dy = — 25
h= (25)
the Hubble distance and
K
Qp=——"-— 26
e (26)

denotes the curvature density at present. Taking the deriv-
ative of (24) with respect to z, one can obtain

(1+2° 1= = d* @

H(z) = 27
© di/ (2)(1+2)—di(2) (@)
With the approximation
2 2
- Kdy (Z)2 ~— Kd " (2) . (28)
6102(1 +2) 2a02(1 +27)

and the relationship between the derivative, with respect
tozand ¢

d d dz d d
—=aH(@@)— =aH (@) —— =—(1+2)H(z) — 2
ks (@) ialc (@) T (1+2)H(z) o 29

in the case of w=~0, equation (10) can be rewritten in
terms of di. and z as
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KdLZ(Z) )2 ( Kd]_ () )2 ( KdLZ(Z) )
d” @)1 +2)°%1- 1+2)%1- d 1+2)%|1-
e ”)( 2itir) 0 2+’ | K KON 22
[d (2)(1+2)—d ()] U [d) @ +2)—dL (@] @0 dl (1 +2)—d(2)
KdL2 (Z) KdL (Z)
(1+z)2(1— ) (1+z)3(1——)
2a02(1+z)2 _ 2a02(1+z)2 ’ l 2 ﬁ_l _
d ) (1+2)—dp(2) K@ d' @ (1+2)—d(2) x (Z)+27( @+32 2A°_O’

together with the Case A approximation, and (12) is re-
written as

Kdi?(2)
1422 1_L—)
(1+2) ( 2ap2(1 +z)*
dl' (@)(1+2)—dL(2)

[K(2)-(1+2)K (2)]

(30)

the Case B approximation (13) in the case ofw ~ 0 is re-
written as

(1+z)2(1— )

Kd *(2)

2ap*(1+2)°
'/
. 2K 2) - (1+ 2K (2)]
dl' (@ (1+2)—dL(2)
1 , K 1
==(Ag—-A), (31 +=K (z)+—2+—(A—A0)=0 (32)
3 2 2a° 2
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Fig. 1.

®)
(color online) Hubble constant evolving with the scale factor when K = +1, Ag = —0.02A
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2.0 0

065101-5



Jing Li, Yongxiang Zhou, Xun Xue

K=-1,a0Hy=3.5,A0=
HiHo

Chin. Phys. C 46, 065101 (2022)
=-0.02/\ K=-1,a0Hy=3.5,A\g=—0.02/\
HiHo
H 1y ACDM
35 Y 30 [N
) CaseA1 MR CaseA2
L} AN}
3.0 [\ CaseB1 asb WA\ CaseB2
\) . \‘ \\ \\
25 ‘| \\ \\ \
A 20 RN
LY AR
2.0 \ \\\\\
AN \\‘\\
N 15 AN
15 ) N
. ., %,
‘s\ S
1.0 \\ﬁ--g, _ oo Tt EETE s —————
e . T e alag
05 10 15 05 1.0 15 2.0
(a) (b)
K=-1,a9Hy=3,A\g=-0.02/A K=-1,a9Hp=3,Ag=-0.02/A
HiHo HiHo
4.0
1 Y ACDM
35 1 v
\ CaseA1 0Pl CaseA2
\} Ve
3.0 1 CaseB1 a5 WAV CaseB2
“ \\ ‘\ \\
25 l‘ \\ \\ \\
20 AY
‘\ \\\\\\
2.0 s\ AN
Y AN
A Y 15 AN
g AN
1.5 Q, S,
s s
- wf o T
1.0 \___“2__—_ - ~--:-_=:::: __________
Tommee e alag = alag
05 1.0 15 05 1.0 15 20
(c) (d)
K=-1,a9Hp=2.5,A\g=-0.02/A K=-1,a0Hp=2.5,\g=-0.02/A
H/Ho HiHg
40 35
'-. W
35 \ 30F WV
1 1)
1 AR Y
3.0 [} \\ |\
‘I 25 \‘\\ \
25 % \\\\\
LY 20 W\
» AN
20 ° AN
Y \.
% 1.5 A\
15 N
Ny
N
4
10 e S b —
e T alag e ST e alag
05 1.0 15 05 1.0 15 2.0
(e)
Fig. 2.

and the Case C approximation (14) is rewritten as

Kdi*(2)
2(1+2)° 1—L—)
(1+2) ( 2a02(1 +2)%

dl' (2)(1+2)—dL(2)

[(2+3wo) K (2)
~(1+)K @1+ +3w)K2(2) =1 +we) Ao (33)
The distance modulus defined by

dr,
=25+51 —_— 34
M + og(MpC) (34)

is a way of expressing the distance often used in astro-
nomical observation [16]. Figs. 3 and 4 present the evolu-

tion of the luminosity distance versus redshift predicted
by the present model.

(color online) Hubble constant evolving with the scale factor when K = -1, Ag = —0.02A.

III. THE NUMERICAL PREDICTIONS

The modified Friedmann Eq. (17) of the large scale
Lorentz violation model can be expressed as

2
and
Qupr + Qe = 1, (36)
where
Qy = 3% (37)
denotes the matter density, while Q.= % - %(
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K=+1,a9Hp=3.5,\9=-0.02/A
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Fig. 3.
%K\’
a1 "7 represents the contributions of the bare cos-
a

mological constant, contortion, and spatial curvature. The
minimum value for Ay in the case of K=+1,-1 is
presented in Fig. 5. Utilizing the modified Friedmann
equation, for every type of approximation model, one can
obtain the evolution of the matter energy density with
time. The evolution of Q in the three approximation
model types at different values of Ay is presented in
Fig. 6. Q) will decrease to be negative along with the in-
crease in Ay beyond a critical value, Ap,x. This triggers a
constrain condition on the A value,

1- = 4=

3H? H

H

7 20, (38)

Ao 2K («)2
+

to ensure that Qj > 0. Constrain (38) sets a maximum
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(color online) Luminosity distance evolving with the redshift when K = +1,wp = -1,A9 = —0.02A.

Amax:
3K
Amax = 3H> +6HK +3K* + —, (39)
a

for the Ay value. When A > Anax, the value of Qy, will
be less than zero. Tables 1 and 2 present the Ay.x values
for all the cases in consideration.

It can be observed that Q,; will decrease to be negat-
ive whenever Aq is positive. Hence, the reasonable val-
ues of Ay should be non-positive, i.e., Apax ~ 0. In [14,
15], the authors point out that there is a critical value for
Ag, named Ag_cir, Which represents the separation of two
phases in the evolution pattern of A.g versus 7, i.e., Acg
decreases monotonically along with the increase in ¢
when Ag < Ag_cric, While its evolution has a local minim-
um when Ag > Ag—cit, and the Ag_¢qe 18 approximately
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Fig. 4. (color online) Luminosity distance evolving with the redshift when K = —1,wg = -1, Ag = —0.02A.

K=+1 K=-1
Amin/A Amin/\
-0.5
2.5
-1.0
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1.0
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0.5
-3.0
aoHo
1.0 15 2.0 3.0 3.5 agHo
1.0 15 2.0 25 3.0 35
(a) (b)

Fig. 5. (color online) Evolution of the A, versus agHp.

zero. In other words, A.g monotonically decreases when Tables 3 and 4 present the values of Ag_qy for all the
Ao emerges from the string landscape, while At has a cases of approximation in consideration. In [17], it is
local minimum when Ay originates from the swampland. demonstrated that V(¢) is a monotonically decreasing
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K=+1,80H0=3.5,A0=-0.02/\

— CaseA1
— CaseB1
— CaseC1

K=+1,80H0=3.5,A9=0.02A

— CaseA1
— CaseB1
— CaseC1

00 alag

(a) (b)
Fig. 6. (color online) Evolution of the matter density Qy versus the scale factor.
Table 1. Values of Ap.x when K = +1
K=+1
Amax aoHp =2 (Q; =-0.25) agHy =2.5 (€ =-0.16) apHp =3 (& =-0.11) agHp =3.5 (& =-0.08)

Case Al 0.0008 0.0007 0.0007 0.0006

Case A2 0.0012 0.0014 0.0015 0.0015

Case Bl 0.0008 0.0007 0.0007 0.0006

Case B2 0.0012 0.0014 0.0015 0.0016

Case C1 (wg =-1) 0.0008 0.0007 0.0007 0.0006
Case C2 (wg =-1) 0.0012 0.0015 0.0015 0.0016
Case C1 (wp =—-8/9) 0.0008 0.0007 0.0007 0.0006
Case C2 (wg =-8/9) 0.0013 0.0016 0.0017 0.0018
Case C1 (wp =-7/9) 0.0008 0.0007 0.0007 0.0006
Case C2 (wg =-7/9) 0.0013 0.0016 0.0018 0.0019
Case C1 (wp =-2/3) 0.0008 0.0007 0.0006 0.0006
Case C2 (wg =-2/3) 0.0014 0.0018 0.002 0.0022
Case C1 (wp =-1/3) 0.0008 0.0006 0.0006 0.0006
Case C2 (wp =-1/3) 0.0025 0.0046 0.0056 0.0062

quintessence potential if Ay is negative or from the string
landscape, while V (¢) is a meta-stable de Sitter one if Ay
is positive or from the swampland when A.g is simulated
by a scalar quintessence field potential V (¢). The depend-
ence of Ag_qt on different values of agHy in both the
cases of K =+1 and K = -1 is investigated in this study,
and the numerical results are presented in Tables 3 and 4.
A specific example solution of the A.g evolution pattern
transition with the dependence on Ay is presented in
Fig. 7. Figure 5 demonstrates that Ay, is positive if agHy
takes a value less than 2 in the case of K=+1, i.e.,
Amin > Amax, such that Ag_.;; does not make any sense in
the case of K = +1 and agHy > 2.

When the wy value of Case C2 is greater tha 8 ,

Acr exhibits a quintessence like potential that decreases
monotonically over time without a local minimum, i.e.,
there is no solution for Ag_q;. It is possible that the beha-
vior is caused by the fixed value of wy, other than an
evolved one in the equation of state for dark partner. A

similar conclusion is reached based on the large-scale
Lorentz violation model without spatial curvature in [14,

15]. When wy > —§, the model prediction on the luminos-

ity distance modulus versus redshift curve of Case C2
does not match observation one in the case of K =0;
however, the prediction on the evolution luminosity dis-
tance modulus is compatible with observation one in the

. . 8
case of K # 0. The spatial non-flat Case C2 with wgy > 5

cannot be excluded by observation, similar to the spatial
flat case presented in [14, 15]. However, we find that the
Ao—ciic of Case C is always greater than Ap,x when
wp > —1 from Tables 1, 2, 3 and 4, i.e., the solution of
Ao—crit for Case C does not exist within the range of val-
ues that can be taken for Ay when wy > —1. Comparisons
of the luminosity distance di curve versus redshift z
among three models of approximation and the ACDM
model are presented in Fig. 8 to Fig. 13.

Figs. 8 to 13 show that the predictions of the luminos-
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Table 2. Values of A, when K = —1.

K=-1
Amax aoHo =15 (Q =0.44) aoHyp=2 (4 =025) aoHp=2.5 (% =0.16) apHy=3 (% =0.11) agHp =3.5 (& =0.08)
Case Al 0.0004 0.0005 0.0005 0.0005 0.0005
Case A2 0.0023 0.002 0.0019 0.0018 0.0018
Case B1 0.0004 0.0004 0.0005 0.0005 0.0005
Case B2 0.0023 0.002 0.0019 0.0019 0.0018
Case C1 (wp =-1) 0.0003 0.0004 0.0005 0.0005 0.0005
Case C2 (wg =-1) 0.015 0.0027 0.0023 0.0021 0.002
Case C1 (wp =—-8/9) 0.0003 0.0004 0.0005 0.0005 0.0005
Case C2 (wp = -8/9) 0.0033 0.0033 0.0026 0.0024 0.0023
Case C1 (wp =-7/9) 0.0003 0.0004 0.0005 0.0005 0.0005
Case C2 (wo =-7/9) 0.0032 0.0032 0.0032 0.0028 0.0026
Case C1 (wp = —2/3) 0.0003 0.0004 0.0004 0.0004 0.0005
Case C2 (wp = -2/3) 0.0185 0.0091 0.0054 0.0037 0.0031
Case C1 (wo =-1/3) 0.001 0.0005 0.0005 0.0005 0.0005
Case C2 (wp = —1/3) 0.0147 0.0119 0.0105 0.0097 0.0092
Table 3. Values of Ag_; in the case of K = +1
K=+1 K=0
Ao—crit agHy =2.5 agHy =3 agHy = 3.5
Case Al —-0.072 —0.064 —0.059 0.05
Case A2 —0.14 —0.0159 —0.167 —-0.18
Case Bl —0.094 —0.083 —0.078 —0.066
Case B2 —0.154 —0.176 —0.187 —0.2144
Case C1 (wg =-1) 0 0 0 0
Case C2 (wo =-1) 0 0 0 0
Case C1 (wg = —8/9) 0.162 0.152 0.146 0.119
Case C2 (wp = —8/9) 0.09 0.086 0.083 0.075
Case C1 (wo=-7/9) none none none none
Case C2 (wp = -7/9) 0.173 0.164 0.164 0.152
Case C1 (wog =-2/3) none none none none
Case C2 (wg = -2/3) 0.246 0.235 0.228 0.225
Case C1 (wg=-1/3) none none none none
Case C2 (wg =—1/3) 0.354 0.368 0.375 0.397

ity distance modulus of the three cases of the approxima-
tion models for different spatial curvature values with the
restricted range of A values are all compatible with the
observational data within the error range [16]. In other
words, the luminosity distance observations are ineffi-

cient in choosing the models.
. A
The evolutions of Qu = IR in ACDM model,

Q. (K =0) in the large-scale Lorentz violation model
without spatial curvature, and Q. (K = +1) in the large-

scale Lorentz violation model with spatial curvature are
presented in Fig. 14, which demonstrates that the evolu-
tion behaviors of Qu, Qe (K =0), and Q.5 (K = +1) are
similar; hence, their contributions are degenerate in the
results.

Fig. 15 illustrates the evolution of the energy density

of the spatial curvature Qg = — versus scale factor a

a*H?
based on the modified Friedmann equations for both the

cases of K=+1 and K = —1, respectively. The maximum
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Table 4. Values of Ag_; in the case of K = -1

K=-1 K=0
Ao—crit agHy=-1.5 agHy = -2 agHy = -2.5 agHy = -3 agHp =-3.5
Case Al —-0.023 —0.033 —0.038 —0.041 —0.044 —-0.05
Case A2 -0.214 —0.208 —0.203 —0.198 —0.195 —0.187
Case Bl —0.03 —0.042 —0.049 —0.053 —0.056 —0.066
Case B2 —0.284 —0.262 —0.248 —0.239 —0.233 -0.2144
Case C1 (wp =-1) 0 0 0 0 0 0
Case C2 (wo = -1) 0 0 0 0 0 0
Case Cl(wo = -8/9) 0.05 0.086 0.102 0.107 0.115 0.119
Case C2 (wp =—8/9) none 0.03 0.052 0.059 0.064 0.075
Case C1 (wo =-7/9) none none none none none none
Case C2 (wp =-7/9) none 0.079 0.104 0.118 0.131 0.152
Case C1 (wog =-2/3) none none none none none none
Case C2 (wp =-2/3) 0.03 0.15 0.173 0.189 0.198 0.225
Case C1 (wg =-1/3) none none none none none none
Case C2 (wo = —1/3) 0.203 0.25 0.278 0.309 0.343 0.397
and minimum values of Qg can also be obtained from the
s evolution of Qg. When K =+1, Case Cl exhibits the

NefilHo?

CaseA1 -0.069/A
— CaseA1 -0.059A
CaseA1 -0.049/\

1.90 2 4

6

Fig. 7. (color online) Evolution pattern of A4 versus scale
factor shifting from a monotonically decreasing quintessence
type to a local minimal type with a dependence on Ay.

Distance modulus

e
‘ Sy
p,‘.ﬂsf"* d
F
:a? ACDM
R oo Caseh
I CaseB1
====- CaseClwp=-1
.Redshll'l
(a)

minimum curvature energy density of Qg = —0.34, while
Case Al has the maximum of Qg =0.6 when K =-1.
The evolution of the absolute values of the curvature en-
ergy densities always increase at the first stage, then de-
crease to zero after reaching the maximum. Figs. 1 to 2
can also indicate the evolution tendency of the absolute
values of the curvature densities, where the evolution of
H decreases, and a>H? has a minimum value during evol-
ution.

The evolution of the acceleration of the universe ex-
pansion & can also be obtained by the modified Fried-
mann equations and the approximations considered. The
evolution of & versus scale factor @ is presented in Fig.
16, from which it can be approximately obtained that the

| o bigdes st
AP
o el
2 .
24
E
g
H
s |f ACDM
' CaseA2
:IJ - CaseB2
----- CaseC2 wy=-1
Redshift
(b)

Fig. 8. (color online) Comparison of the measured distance modulus [16] with the corresponding predicted values when K = +1,

Ao = —0.02A, and apHp =3.5.
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Fig. 9. (color online) Comparison of the measured distance modulus [16] with the corresponding predicted values when K = +1,
Ao = —0.02A, and apHy = 3.
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Fig. 10. (color online) Comparison of the measured distance modulus [16] with the corresponding predicted values when K = +1,
Ao =—-0.02A, and agHy =2.5.
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Fig. 11.  (color online) Comparison of the measured distance modulus [16] with the corresponding predicted values when K = -1,
Ao = —OAOZA, and agHy =3.5.
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Fig. 12.  (color online) Comparison of the measured distance modulus [16] with the corresponding predicted values when K = -1,

Ao =—0.02A, and agHy = 3.
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Fig. 13. (color online) Comparison of the measured distance modulus [16] with the corresponding predicted values when K = -1,
Ao = —0.0ZA, and agHy = 2.5.
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Fig. 14. (color online) Evolution of Qp, Qeg (K =0), Qe (K = £1), and €.
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Fig. 15. (color online) Evolution of Qk with the scale factor.
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Fig. 16. (color online) Evolution of & versus the scale factor.

erating expansion to accelerating expansion, thus provid-
ing further side proof for the confidence level of the large

expansion of the universe decelerates before the cosmic
scale Lorentz violation model with non-vanishing spatial

scale factor reaches 0.5ag, and the universe starts acceler-
ating afterwards. This conclusion is consistent with the

observed universe experiencing the transition from decel- curvature.
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IV. SUMMARY AND OUTLOOK

The cause of the H, tension between high and low
redshift measurements remains unknown to date, al-
though several solutions to Hy tension have been pro-
posed. It was suggested that this was owing to systematic
errors;, however, these claims were quickly disproved
[18—21]. The gravitational waves from the binary neut-
ron star (BNS) merger may be able to provide independ-
ent measurements of Hy [22], although future observa-
tions should be able to reduce the error [23— 30].
However, this current measurement method has a large
error (due to being a single event); hence, it does not re-
solve the tension between H, measurements. Further-
more, as one of the simplest alternatives to the ACDM
model, quintessence fields with smooth potential energy,
rolling slowly or at moderate velocity in the non-flat
FRW universe, are expected to resolve the tension
between Hubble constant measurements. However, after
combining the latest CMB, SNe, and BAO data, it was
deduced that this model does not reduce the Hubble con-
stant tension [31].

A previous study [32] presents a novel solution to the
Hubble constant problem. The solution is based on the
Simsilun simulation (relativistic simulation of the large
scale structure of the Universe) with the ray-tracing al-
gorithm implemented; the Simsilun simulation relativist-
ic and nonlinear evolutions of cosmic structures lead to
the emerging spatial curvature phenomenon, where the
mean spatial curvature evolves from spatial flatness of
the early universe towards the slightly curved present-day
universe. The deduced Hubble constant, Hy=(68.1+
2.0)km/(s-Mpc), alleviates the tension between the CMB
and distance ladder measurements of the Hubble con-
stant, and it is argued that the Hj tension is a manifesta-
tion of rigidity in the FLRW geometry.

At the current stage, the existence of spatial curvature
appears to be a viable solution to the Hubble constant
problem. In fact, we can also counter that the tension is

an indirect evidence of the emerging spatial curvature.
From the perspective of astronomical observations, no
direct measurement of spatial curvature has yet been ob-
tained at low redshifts (the constraint obtained is also
only the result of fitting FLRW to the data, which is not
equivalent to a direct measurement).

In conclusion, although the large scale Lorentz viola-
tion model with non-vanishing spatial curvature has one
more cosmological scale contortion parameter than the
ACDM model with non-vanishing spatial curvature, the
inputs are well constrained in a variety of ways, and the
theoretical predictions of distance modulus, cosmic ex-
pansion acceleration, etc., agree well with observations.

The temperature fluctuation in the CMB power spec-
tra can fix the cosmological parameters of the ACDM
model strictly. The Hubble constant predicted by the
large scale Lorentz violation with a non-vanishing spatial
curvature is also constrained by the CMB data and com-
pared with the one predicted by the CMB data based on
ACDM model, to evaluate the improvement on the Hj
tension problem by the large scale Lorentz violation with
a non-vanishing spatial curvature model. The cosmolo-
gical parameters of the specific cosmological model, such
as the ACDM model, can be obtained from CMB data,
using numerical software, such as the Code for Aniso-
tropies in the Microwave Background (CAMB). It is
pointed out that the spatial flatness assumption may be re-
sponsible for the Hy tension, and the non-vanishing spa-
tial curvature is an alternative choice. This study provides
a feasible solution to Hj tension by investigating the con-
strain on the spatial curvature provided by the large scale
Lorentz violation cosmological model with spatial
curvature. We infer that the non-vanishing of the spatial
curvature is compatible with the present observation. The
model provides a feasible premise to solve the H, ten-
sion problem using the spatial non-flat cosmological
model. The numerical software (such as CAMB) needs to
be extended to the model with non-trivial contortion dis-
tribution to present the Hy value in this type of models.
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